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Introduction

The topic of this note is the Riesz decomposition of excessive func-
tions for a ‘“‘nice” strong Markov process X. Ie. an excessive function
is decomposed into a sum of a potential of a measure and a “harmonic”
function. Originally such decompositions were studied by G.A. Hunt [8].
In [1] a Riesz decomposition is given assuming that the state space E is
locally compact with a countable base and X is a transient standard
process in strong duality with another standard process X having a strong
Feller resolvent. Recently R.K. Getoor and J. Glover extended the theory
to the case of transient Borel right processes in weak duality [6].

In a different direction K.L. Chung and M. Rao [2] discussed the
Riesz representation and other related topics without assuming duality.
Their conditions are analytic ones imposed on the potential density
u(x,y). To be precise, they assume that u(x,y) is the potential density
of a transient Hunt process and satisfies:

u(x,y) is extended continuous in y for any fixed x, u(x,y) > 0 for

any (x,y) and u(x,y) = oo if and only if x = y.

It is proved in [2] that the Riesz decomposition holds for any ex-
cessive function. In [9] Ming Liao extends the results of Chung and Rao
under slightly weaker assumptions.

The frame for this note is a transient Borel right process X on a
Lusin topological space E with potential density u(x,y) with respect to
a given excessive reference measure m. No duality is assumed. In Sec-
tion l—using pure potential theoretic standard H-cone technique—we
construct the potential part Uy, of the Riesz decomposition of a given
excessive function s. The assumption on u(x, y) needed for this construc-
tion is properness and a point separating property of the dual operator
U defined by
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OF(x) := [ f5)uly, Dmidy),

for non-negative Borel measurable functions f. In Section 2, which is
more probabilistic in nature, it is proved under further conditions on U
that the function A in the decomposition s = Uy, 4 A is harmonic in the
following sense: h = P .h for every set K compact in a specified topology
r where P. is the kernel associated with first penetration time. The
main results are contained in Theorems 1.2 and 2.1, and the principal
assumptions are contained in Assumptions 1.1 and 2.1.

Section 0. Notation

We shall use the standard notation ([1], [6]) of Markov processes
without special mention. The following notation and minimal hypothesis
will remain in force throughout.

(0.1) E is a Lusin topological space ([5]) with Borel ¢-field #(F).

0.2) %(E), = {f: E— R|f bounded and Borel measurable}
H(E), = {f: E— R {c}|f non-negative and Borel measurable}
B(E),. = B(E), N B(E).

0.3) (P):s, is a Borel semigroup on (E, Z(E)) with resolvent (U%),x,.

04) X=(Q %,F,X@),06, P") is a Borel right process in E with tran-
sition function (P,), lifetime &, death point 4.
(As usual 4 is adjointed to E as an isolated point.)

(0.5) m is a o-finite excessive reference measure for X:
(0.6) g is an element of #(E),, so that 0<¢g<1 and 0< Ug < 1.
(U= U".

If £, g are Borel measurable functions, {f, g) denotes the integral ff-gdm.

Using (0.5) and Theorem 14, Chapter IX in [4], we can construct a
family of submarkovian Borel kernels (P,) so that for ¢ > 0,

(f,Pgy=<Pfg) fgeRBE),.

Section 1.

Let & denote the cone of (P,)-excessive functions finite [m] a.e., i.e.
sis in & if
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a) scHE), and m((s = x)) =0
b) Ps(x) < s(x), xeE, t >0
c) sup,s, P.s(x) = s(x), xe E.

The properties of the potential density required in this section are
gathered in the following assumption.

AssumpTioN 1.1. There exists a non-negative #(E)X #(E) measura-
ble function u(x, y) such that

U(x, dy) = u(x, y)m(dy) for xe E,
x —> u(x, y) is excessive for X for ye E,

and there exists {g, g, i = 1} & #(E),, so that
1) 0<g 0Zg, g and (g, 1) < oo.
2) 0< Ug < oo everywhere.
3) (Ug,/Ug, i = 1) separates points in E.
4) If a Borel measurable function % satisfies (|&|, g)> < oo and

(k,g,> = 0 for all i, then k= 0[m] a.e. and m((k = o0)) = 0.

Denote by @, the positive rational numbers and let A denote the
smallest set of functions which is closed under finite sums, multiplica-
tion by positive constants, finite minimum and contains the following
functions:

Ug,, Ug, UPg NUg, UPgNANUg ix=1,teqQ..

LemMma 1.1. For all hin A, h-dm is an excessive measure for X and
there exists a constant a(h) = 0 so that 0 < h < a(h)Ug.

Proof. Since every h in A is finite everywhere, hAdm is o-finite.
Denote by A the subset of A having the desired properties. A is then
stable under finite sums, multiplication by positive constants and forming
a finite minimum; therefore it suffices to prove that A contains the set
of functions listed above. Because Ug > Ug,, i =1, only the excessive
property needs to be verified.

For k in #(E),, and all ¢ in @, we have

(ky UP,gy = (PUR, g) < (b, Ug,

and likewise <k, UP,g> < (k, Ug).
This means Uﬁtgt < Ug, and ljlf’tg < Ug[m] a.e. Thus we need only
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prove that Ukdm is excessive for ke #(E),, with Uk < . But this is
clear.

LEmMMA 1.2. For all h in A there is a unique o-finite measure 7, on
(E, #(E)) so that

hdm = 1,U <= '[n(dy)U(y, dx)) .
Proof. Let hin A be given. Define v:=hdm and p:= a(h)gdm.
For all ke #(E),, we have
[ k0U@) = [ UkGI)
= (Uk, a(h)g) = {k, (n)Ug)

ie. U= a(h)Ugdm, and thus v < pU. The result is now implied by
Theorem 4.2 and Proposition 1.1 in [7].

Remark. Easy computations show that 7y, = gdm, 74, = g.dm, 1, =
Pgdm if h=UP,g A Ug and 1, = P,g,dm if h= OP,g, \ Ug..

Define C:={se & |{s,g) < }.
LEMMmA 1.3. fs(y)rh(dy) < o for seC, heA.

Proof. Let seC and he A be given. Theorem IXT64 ([8]) implies
that there exist (&,)7.; S #(E),, so that U@, ts. Therefore

fS(y)Th(dy) = sgpj Uz (0)7(dy) = sup{3,, h)
< sup{J., a(m)Ug) = sup (UD,, a(h)g) < a(h){s, 8> < co.
Define # := A — A.
2 is a linear space of finite real valued Borel functions stable under

finite minimum and finite maximum.
For s in C, denote by L(s, -) the function on 2 defined by

w1 L(s, %) := f sdr, — sdTn,

where h;€¢ A, i=1,2 and A = h, — h,.

The proof of Lemma 1.3 shows that L(s-) is a well defined positive
linear functional on s# and that s — L(s, k) is additive for each A in /2.
Likewise, if s, s, and s, are in C with s = s, + s,, then we have
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1.2 L(s, h) = L(s,, h) for he 2, .
Define # := {h/Ug|h e #).

Then # is a linear space of bounded real valued Borel functions
stable under finite infimum and finite maximum, containing constants
and separating points in E. Furthermore, 5, is separable in the sup-
norm. Let E denote the compactification of E by means of #, ([5]). E
is a compact metric space with Borel field #(E). The assumptions imply
that Ec #(E) and #(E) = #(E)NE. Since E is dense in E, every ele-
ment h in s has a unique continuous extension % to E, and # :=
{h|he #} is dense in Z(E).

Daniell’s theorem implies that every positive linear functional L on
# 1is of the form

1.3) L(h) = J R + f nzs

where ;; and g; are uniquely determined bounded measures on (E, Z(E))
satisfying p(E) = 0 and p(E\E)= 0. Thus p; is a bounded measure
on (E, 4(E)).

Every positive linear functional L on 52 can be regarded as a posi-
tive linear functional L on # through the formula :

L(R) = L(h) where h = h/Ug.

Since Ug > 0 everywhere, this proves that every positive linear func-
tional L on 2 is of the form

(14) L = [ hdp + | hOgdp.,

where y, is a uniquely determined o-finite measure on (E, Z(E)) and g,
is a bouned measure on (E, Z(E)) so that g,(E) = 0.

NoOTATION. A positive linear functional L on s is called singular
if g, = 0, and it is called an integral if g, = 0.

Remark. Daniell’s theorem implies that a positive linear functional
L on 57 is an integral if and only if

(1.5) Lif) 0 if (f)s#. and f,]0.

https://doi.org/10.1017/50027763000001422 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000001422

128 S. E. GRAVERSEN

A consequence of this is that L is an integral if there exists (L) all in-
tegrals, so that L,(h) 1 L(h) for all h in #,.

The proof of the following Lemma is immediate and therefore omitted.

LemMma 1.4. Let L, and L, be two positive linear functionals on 5 so
that L(h) = Lyh) for all h in 5#,.. Then

L, is an integral (singular) —> L, is an integral (singular).

Translating these results gives that for s in C

(16) L(s,h)zj hdps—l—j_ rlUgdp,, he#,
E AE

where g, is a uniquely determined o¢-finite measure on (E, #(E)) and g,
is a bounded measure on (E, #(E) so that g(E) = 0. Furthermore se C
is called singular (an integral) if L(s, -) is singular (an integral).

Denote by S(I) the set of singular (integral) elements in C.

THEOREM 1.1. Let s, and s, in C be given. Assume s, > s, (strong
order). Then

$,eSU)=—>s,¢e8(0).
Proof. Use Lemma 1.4 and formula (1.2).

In order to state the main theorem of this section, we need to define
the so-called “harmonic” elements in C.

DeFINITION. s in C is called “harmonic” iff uel and s > u=>u=0.
Let H denote the set of “harmonic” elements in C. Clearly S & H.
TaEOREM 1.2. For s in C, the following decomposition is valid,
s= Uy, + s,

and Up,eI and s,€ H. Furthermore, a decomposition of s into a sum of
an integral and a “harmonic” element is unique.

The proof of Theorem 1.2 is based on the following lemmas.

Lemma 1.5. s in C admits at most one decomposition of the form
u + v, where uel and ve H.

Proof. Lemma 1.5 is related to the “Riesz splitting proparty” see
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[12]. Let s in C be given and assume s = u; + v;,, where u, eI and v,e H
for i=1,2.

Uy £ 8= Uy = Uy + Un, where u,, < u, og U, K V.

Since uy, € u, and uy K U, Uy, equals 0 by Theorem 1.1. Thus u, € u,
which by symmetry gives the result.

LemMMA 1.6. s = Uy, for all s in I

Proof. Let s in C be given. For all i > 1 we have
<U[~‘s9 gi> = J ng dﬂs = L(Sy ng)
= J‘Sdrﬁgi = <s,gi> < o ’

which by Assumption 1.1 provides the result.

Lemma 1.7. For s in C, A, ={ueC|s> u,ucl} admits an upper
bounded in the strong order.

Proof. Let s in C be given. Since I is stable under addition, it fol-
lows that A, is upwards filtering in the strong order. Theorem 1.5, p. 198
[1] now implies the existence of a sequence (u,) S A, so that u, € u,,,
n =1 and sup, u, = sup {u|ue A} (pointwise). u, := sup, u,. A simple
argument shows that u.,e C and u, < s.

Because u, € U,,1, 1= 1, there exists (@521 S #(E),, so that

a) gr=ovh,nzl, k=1,

b) U(DD 1w Uy, n = 1.

a) and b) imply that U(@™ 1 ... u. Therefore

L(u, h) = lim { @7, h) = lim (@™, h) = L(u,, h)

for all A in s and all n, > 1.
But by monotone convergence we have

[war— [u.ar,  foral hin 2,

and thus L(w,, A)t,... L(u., h) for he #,. u. is therefore an integral.
The fact that u. is an upper bound for A, is immediate.

Proof of Theorem 1.2. Only the existence of a decomposition remains
to be shown. Let s in C be given and let u be the upper bound for A,
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constructed in Lemma 1.7, .
us—=—=>3veCis=u-+wv.

If v does not belong to H, there exists v, e IN{0} so that v > v, but
this leads to a contradiction because in that case u 4 v, will be an ele-
ment of A,. The proof of Theorem 1.2 is thus complete.

Section 2.

Throughout the rest of this paper we will assume, together with As-
sumption 1.1, the following

AssumpTioN 2.1. There exists a second countable metric topology =
on E so that

a) %(z) = #B(E).

b) Every function in 4 is z-continuous.

¢) r is finer than the given topology on E.

d) There exists a Borel semipolar set B so that z|;. is coarser than
the fine topology restricted to Be.

The aim of this section is to show that the elements in H deserve
the name ‘“harmonic” elements.

DerFintTION. For every Fe #(E), let T, denote the penetration time
into F, i.e.

TF(w) :=inf{t = 0|[0, t] N {u = 0] X,(») € F} is uncountable}

T, is a stopping time and exact terminal time satisfying TF-@“ =0 on
{TF < o} [3]. For all s in & and F in %(E), denote by Ps(x) the value
E.(s(Xz,)). The properties of T, imply that x — P.s(x) is again an ele-
ment of &.

Lemma 2.1. Let O denote a t-open set. There exists a finely open set
V so that ON B° = VN B° and

P,s(x) = Pys(x) = E(s(X(T))))
for xe E and se &, where T, is the first hitting time to V.

Proof. Let se& be given. Using Assumption 2.1d), there exists a
finely open set V so that ON B°= VN B°. Since B is semipolar and
thus only visited countably often, we have T, = Ton scand T, = Tyn Be A.S.
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P for xe E. But since V is a finely open set, T, = f‘V a.s. P® for xe E.
Thus

To=T, as. for xeE,
so that P,s = Pys.

LeEmMmA 2.2. Let se H and K a z-compact set be given. There exists
a t-open set O containing K so that s + P,s.

Proof. Since s¢l, there exists h, {h,}, in #,, so that h,1h and
L(s, h) — sup, L(s, h,) = B> 0. Ug is strictly positive, so we can choose
e > 0 so that

K< {Ug>¢}.

Pick an « > 0 so that ae'(s,g)> < p. Since A — h, |0, a Dini argument
implies the existence of a r-open set O and an n, = 1, so that

KcO0c{Ug>¢ and OS{h—h, <a}.

We claim that s = P,s. Assume the opposite. Choose V finely open ac-
cording to Lemma 2.1 and the given set O. Since V is finely open and
B is semipolar, we can find, since s = 1303 = P,s (see page 88 in [1]),
(B S B(E),, satisfying U, 1s and supp(F,) E VN B S O for k> 1.

Now
L(s, h) — L(s, h,,) = im (@, h — h,,» < alimsup (&;, 1)
h—co k
< e limsup (@, Ug) < ae~'(s, 85 < §
k

i.e. we have derived a contradiction.

Remark. A similar argument implies that if s in C satisfies s = P,s
for a z-relative compact z-open set O, then sel.

DEFINITION. s in & is said to be minimal if, whenever u,v are in
& and s = u + v, both u and v are proportional to s.

NotaTioN. The set of minimal elements of C, I and H will be de-
noted C¢, I° and H°.

It is immediately seen that we have the following set identity
(2.1) C:=I'UH".

LEmma 2.3. For s in H® and every t-compact set K we have s = f’Kcs.
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Proof. Let s in H° and K a r-compact set be given. According to
Lemma 2.2 there exists a r-open set O containing K so that s = P,s.
Choose V finely open according to Lemma 2.1 and the given O,

s=Pss+a
where
0 on the fine closure of V
aQa =
s — P,s elsewhere.

Using a theorem of G. Mokobodzki ([12]), we have s = v + REa, where
ve & and v < P,s and Ra is the excessive regularisation of

Ra = inf{u|u = o and u supermedian}.

Since s is minimal and a # 0, we have s = gRa for some § in (0,1]. Let
O, denote a z-open set so that K < O, € O; < O, where — ¢ denotes the
z-closure. The existence of O, is ensured by the regularity of z. We now
now claim that s = 13023, where O, = (0)°. Denote by V, the finely open
set chosen according to Lemma 2.1 and O,. s = P,, on V,, and since we
have V,NB°= O,NB° 20°NB° = V'NB 2(V/)NB, s= P,s on
(V)\B. But B is semipolar and (V”)° finely open, so this implies s = P, s
on (V’)° and thus p~'P,, = R(s — Pys). The conclusion s = P,,s is now
immediate, and since K¢ 2 O,, we also have s = P.s.

THEOREM 2.1. For s in H and every t-compact set K we have s = Py.s.

Proof. Let s in H be given. A famous theorem of G. Mokobodzki
([13], see also [14]) ensures that s can be represented as an integral of
elements belonging to C°¢. But this implies, together with Theorem 1.1
and formula (2.1) that s can be represented as an integral of excessive
functions belonging to H°. The conclusion of the theorem is now a con-
sequence of Lemma 2.3 and Fubini’s theorem.

An example which fits into the framework of this paper but not into
that of [6]:

X is a Brownian motion of (— 1, 1) which is reflected at 0 when ap-
proaching from the right. Here no dual process exists, but the assump-
tions of this paper is fulfilled with r equal to the sum topology on
(—1,0U]lo0, 1]
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