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SUBSOCLES SUPPORTING ISOTYPE 
AND BALANCED SUBGROUPS 

PAUL HILL AND CHARLES MEGIBBEN 

ABSTRACT. We identify a condition, which we refer to as cohesiveness, on a sub
group S of the socle G[p] — {x G G : px = 0} of an abelian /?-group G which is 
necessary for S to be the socle of an isotype subgroup of G. It is shown, when S is 
countable, that this condition is both necessary and sufficient. A further restriction, de
finable in terms of the coset valuation on G/S, leads to the notion of S being completely 
cohesive in G. When S is countable, this latter condition is both necessary and sufficient 
for S to serve as the socle of a balanced subgroup of G. Also noteworthy is the fact that 
if H and K are, respectively, balanced and isotype subgroups of G with H[p] = K[p], 
then K is necessarily balanced in G. 

1. Introduction. All groups considered herein are abelian p-groups written addi-
tively. Recall that if G is such a group then the underlying vector space G\p\ — {x G G : 
px = 0} is called the socle of G, and any subgroup S of G[p] is known as a subsocle. If S 
is a subsocle of G and H is a subgroup for which H\p\ = S, then we say that S supports 
H. This, along with terminology not explained, is in agreement with Fuchs [2]. 

Much attention has been given to the fundamental problem of determining under what 
conditions a subsocle S supports a pure subgroup H of G, and this has led to many results; 
see [5] and [6] for classical theorems and, for example, [1] and [3] for more recent ones. 
However, known results concerning the natural generalization of this problem to iso
type subgroups are embarrassingly sparse even though isotype subgroups, introduced by 
Kulikov [4] in the early 1950's, play a major role in the structure theory of abelian groups. 
In this paper, we give necessary and sufficient conditions for a specified countable sub
socle S of G to support an isotype subgroup, and we also find necessary and sufficient 
conditions in order that S support a balanced subgroup. 

As in many of our earlier papers, we find it convenient to denote the height of an 
element x in the group G by \x\, or by \X\G when necessary for clarity. Likewise, if H 
is a subgroup of G, we denote the coset valuation of x relative to H by \\x + H\\. To 
summarize, \x\ = a if x G paG \pa+lG (with \x\ = oo if x G paG for all ordinals a), 
and ||JC + # | | = sup{|x + h\ + 1 : h G H}. As one further convention, limit ordinals are 
assumed to be nonzero. 
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420 P. HILL AND C. MEGIBBEN 

2. Cohesive subsocles. The results of this paper are based on the following new 
concept. 

DEFINITION 2.1. Let S be a subsocle of the p-group G. Then the lineage of G relative 
to S, denoted by Lin(G,S), is defined as follows: If |JC| < u or \x\ — oo, then x G 
Lin(G, S). If |JC| = fi + n where \i is a limit ordinal and n < UJ, then x G Lin(G, S) if and 
only if there is a y G G such that \\y + 5|| = p and pn+ly = x. 

Although Lin(G, S) in general is not a subgroup of G, it does enjoy the following 
important closure properties. 

PROPOSITION 2.2. Let S be a subsocle of the p-group G. 
(1) (Absorption) Ifx G Lin(G, S) and \z\ > \x\, then x + zG Lin(G, S). 
(2) (Weak Additivity) If x\,x2 G Lin(G,S) and if \x\ + x2\ = min{|xi|, |*2|}, then 

x\ + x2 G Lin(G, S). 

PROOF. Clearly we need only deal with the situation where the elements have trans-
finite height. Suppose that |JC| = \x + n where p is a limit ordinal and n < UJ. Then 
|z| > |JC| implies that there exists a w G p^G such that pn+lw = z. If ||y + S|| = p and 
//*+1y = x, then it is readily seen that ||(y + w) + 5|| = p andpn+l(y + w) = JC + z, that is, 
x + zG Lin(G, 5). By the absorption property just established, the proof of (2) reduces 
to the case |JCI +x2\ = \x\\ — \x2\ = p, + n where /x is a limit ordinal and n < UJ. Since 
x\,x2 G Lin(G, 5), there exist elements y\ and y2 in G such that ||yi +S\\ — \\y2 + S\\ = /i, 
pn+ly\ = JCi and/?n+1y2 = x2. Notice then that bothpy\ and py2 are necessarily in/?^G, 
and therefore |p(yi +y2)\ — p is a consequence of the fact that |JCI +x2 \ = \x+n. It follows 
that ||yi +y2 + 5|| = /i and hence JCI + x2 G Lin(G, 5). 

When applying weak additivity, it is helpful to keep in mind the following elementary 
observation: If \a\ > \a + b\, then \a + è| = min{|a|, \b\}. The restriction |JCI + x2\ = 
min{|xi |, |JC2| } in Proposition 2.2 is necessary. For example, if G is a p-group containing 
elements x\ and z with |JCI | < |z| = UJ, then both x\ and x2 = z — JCI are in Lin(G, 0) = 
p^GUiG^G) while JCI +x2 = z£ Lin(G, 0). The relevance of Lin(G, S) to the question 
of when S supports an isotype subgroup is evident from our next result. 

PROPOSITION 2.3. Let S be a subsocle of the p-group G. If H is an isotype subgroup 
of G with H[p] Ç S, then H Ç Lin(G, S). 

PROOF. It suffices to consider x G H with |JC|G = \X\H = M + n where \i is a limit 
ordinal and n < UJ. Fix a y G / / with |/?y|G = \py\H — M a nd pn+1y = x. Then, for 
each a < /i, there exists an /za G /? a / / such that /?/za = py. Hence, for each a < //, 
s« = ha — y G //[p] Ç S and |y + sa\c = \ha\c > oc. Since \y + S\G < n for ail s G 5, it 
follows that ||y + 5|| = /x and therefore, by definition, x G Lin(G, S). 

DEFINITION 2.4. A subsocle S of G is said to be cohesive in G if 5 Ç Lin(G, 5). 
Although the definition of cohesiveness given in 2.4 is the most convenient one for 

our purposes, the following easily established paraphrase may provide the reader further 
insight into the meaning of the concept: A subsocle S of G is cohesive if and only if, for 
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each limit ordinal /x and each n < u9 SHp^G Ç pn+lS^ where S^ = f)a<fi(S+PaG)- BY 
Proposition 2.3, being cohesive in G is a necessary condition for S to support an isotype 
subgroup H of G. Since, however, all subsocles of separable ̂ -groups are cohesive and 
an uncountable subsocle need not support a pure subgroup [7], cohesiveness does not 
suffice. Nonetheless, we prove in the next section that every countable cohesive subsocle 
does support an isotype subgroup. The proof of this fact requires one further preliminary 
result about cohesive subsocles. 

PROPOSITION 2.5. Suppose that the subsocle S is cohesive in G. 
(l)If\\y + S\\=fjL is a limit ordinal, then y G Lin(G, S). 
(2) Ifx G Lin(G, S) with \x\ — /?, then there exists ay G G such that 

(a) py — x and 
(b) for each a < (3, there is an sa G S such that y + sa G Lin(G, S) and 

\y + sa\ > a. 

PROOF. (1) Choose an ordinal a such that \y\ < a < /i. Since \\y + 5|| = //, there is 
an s G S such that \y — s\ > a. Then \y — s\ > \y\ — \s\ and consequently y — s + (y — s) 
is in Lin(G, S) by absorption (Proposition 2.2) and the fact that S is cohesive in G. 

(2) It suffices to consider the situation \x\ — (3 = \i + n where \i is a limit ordinal and 
n < UJ. Since x G Lin(G,5), there is a w G G such that \\w + S\\ = JA and pn+lw = x. 
If n ^ 0, we let y = prtw. Indeed, in this case, y G Lin(G, 5) by Definition 2.1 and we 
may take all the sa's zero since |y| = f3 — 1. On the other hand, if n = 0, we need only 
let y = w. For then the desired sa's exist because \\y + 5|| = fi = /3 and (1) implies 
y + sGLin(G,S)forallsGS. 

3. Support for isotype subgroups. We are now in position to prove one of our 
main results. 

THEOREM 3.1. A countable subsocle S of the p-primary group G supports an isotype 
subgroup of G if and only if S is cohesive in G. 

PROOF. We have already noted that cohesiveness is a necessary condition for S to 
support an isotype subgroup. Suppose then that S is countable and cohesive in G. Assume 
next that H is any finite subgroup of G that satisfies the following conditions. 

(I) H[p] Ç S. 
(II) #ÇLin(G,S). 

(Ill) If h G H and \ph\ > a + 1, then there exists an s G S such that \h + s\ > a and 
h + s GLin(G,5). 

Our aim is to show that we can expand any such H to an isotype subgroup supported 
by 5. 

CLAIM A. If s G S, then H' = (H,s) continues to satisfy conditions (I)—(III). Clearly, 
H' satisfies (I). In order to demonstrate that//7 satisfies (II), it suffices to show that h+s G 
Lin(G, S) whenever h G H and s G S. Since both H and S are contained in Lin(G, S), 
Proposition 2.2 reduces consideration to the case where \h+s\ > \h\ = | s | .Le ta= \h+s\ 
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and observe that condition (III) implies that there exists an sf G S such that |ft + sf\ > a 
and ft + s' G Lin(G,S). But then |ft + s'\ > \h + s| = |(ft + s') + (s - s')\ implies that 
\h + s\ — min{|ft + sf\, \s — s'|} (see remark following the proof of Proposition 2.2) 
and hence, by weak additivity and the cohesiveness of S, ft + s = (ft + s') + (s — sf) 
is in Lin(G,S). Finally, H' also satisfies (III) by what has just been proved. Indeed if 
\p(h + s)\ — \ph\ > a + 1 and if s' is chosen as above, then s' — s is an element of S such 
that |(ft + 5) + (s' - s)| > a and (ft + s) + (s' - 5) = ft + 5' G Lin(G, S). 

CLAIM B. If H contains an element x fi pH with |JC| = ft ^ 0, then there is a _y G G 
such thatpy — x and H' — (H,y) continues to satisfy conditions (I)—(III). By finiteness, 
we may assume without loss of generality that |JC| > |jc+pft| for all ft G H. Now choose y 
to satisfy the conditions in part (2) of Proposition 2.5 and let H' — (H, y). Since x £ pH, 
it follows that H'[p] = H[p] and consequently H' satisfies (I). In order to verify that H' 
satisfies condition (II), it suffices to prove that ft + y G Lin(G, S) for every ft G H. First 
observe that \h+y\ < (5 since \p(h + y)\ — \ph + x\ < \x\ — (3. Then, by the choice of y, 
there is an s G S such that \y + s\ > \h + y\ = \(y + s) + (ft — s)\ and y + s G Lin(G, 5"). 
Since also ft — 5 G Lin(G, 5) by the proof of Claim A, it follows by weak additivity that 
h+y = (y+^)+(ft—s) is in Lin(G, 5), as desired. Finally, we need to show that H' satisfies 
condition (III). To do this, it is enough to consider the situation \p(h + y)\ > a + 1 where 
ft is an arbitrary element of H. Notice that a < ft since \ph + x\ < \x\ = ft, and also 
\ph\ > a +1 since the contrary would contradict \p(h+y)\ > a +1. Then, by the fact that 
H satisfies (III), there is an s G S such that |ft + s\ > a and ft + s G Lin(G, 5). By choice 
of y, there is also an s' G S with |y + s'\ > a and y + s' G Lin(G, 5). If |ft + s| + 1 < ft, 
we may furthermore choose sf so that |y + s'\ > |ft + ^| ; while if |ft + s\ + 1 > ft, we will 
have I (ft + s) + (y + 5;)| £ |ft + s| since /?(ft + 5 + ̂  + ^0 = ph +x has height at most ft. 
In either case, |(ft + 5) + (y + 5;)| = min{|ft + s|, |y + 5'|} and weak additivity implies that 
(ft + y) + (s + 5r) is an element of Lin(G, 5) having height at least a. This completes the 
proof of Claim B. 

To finish the proof the theorem, we fix an enumeration si, $2,.. . , sn , . . . of the count
able set S and note that x+pH Ç p / / ; when H' — (H,y) is as in Claim B. Thus repeated 
applications of Claim A and Claim B yield an ascending sequence of finite subgroups 

0 = H0ÇHiÇH2Ç---ÇHnC'.. 

that satisfy conditions (I)—(III) and for which the following also hold. 
(IV) sn£Hn+l. 
(V) HnnPGÇpHn+{. 

Let H = \Jn<UjHrl. Obviously, conditions (I) and (IV) imply that H[p] = S. In order to 
show that H is isotype in G, we prove that H D paG Ç paH by induction on a. Since 
the induction automatically survives limits, it suffices to demonstrate that HDpa+{G Ç 
pa+lH follows from the assumption that HDpaG Ç paH. So let x be in HHpa+lG and 
choose n so that* G Hn. By condition (V), x — py for some y G Hn+\. Then \py\c > a+1 
and condition (III) implies that there is an s G S such that |y + S|G > a. But then ft = y + s 
is an element of H npaG Ç paH such that/?ft = x Hence x G pa+lH, as required. 
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Our concept of cohesive subsocles suggest a number of new problems. Recall, for ex
ample, that regardless of cardinality a direct sum of cyclic p-groups is pure-complete [5] 
in the sense that every subsocle supports a pure subgroup. Thus, for suitably restricted 
classes of p-groups, the cardinality of a subsocle should be irrevelant. In particular, 
it seems reasonable to conjecture that simply presented p-groups [2, §83] are isotype-
complete in the sense that all cohesive subsocles support isotype subgroups. Quite possi
bly the larger class of isotype subgroups of simply presented /?-groups enjoys this prop
erty. We also note, in view of the notion of cohesiveness, that the definition of "isotype-
complete" proposed in Problem 63 of [2] no longer seems viable since even countable 
/7-groups fail to satisfy Fuchs' version of the concept. Indeed it is easily seen that the 
(countable) Priifer group G = Hu+\ [2, p. 85] contains a noncohesive subsocle S which 
is nonetheless a cohesive subsocle of a larger p-group K ~ H^+i containing G as an 
isotype subgroup. 

4. Support for balanced subgroups. Recall that a subgroup of a p-primary group 
G is said to be balanced if H is both isotype and nice; that is, for each ordinal a, we 
have bothpaGDH = paH mdpa(G/H) = (paG + H)/H. A straightforward induction 
establishes the following fundamental fact: An isotype subgroup H of G is balanced 
if and only if the coset valuation \\x + H\\ never assumes limit values for any x in G. 
Balanced subgroups play a significant role in the structure theory of primary groups, 
and the important class of simply presented groups consists precisely of the balanced 
projectives [2, Theorem 82.3]. 

In this section, we extend the results of the preceding section concerning isotype sub
groups to corresponding results for balanced subgroups. More precisely, we find nec
essary and sufficient conditions for a countable subsocle S of G to support a balanced 
subgroup of G. In fact if the subsocle S supports an isotype subgroup of G, then we 
shall identify a further condition on S (independent of its cardinality) that insures that S 
supports a balanced subgroup of G. This new condition is already implicit in our next 
result. 

PROPOSITION 4.1. Suppose H is an isotype subgroup of the p-primary group G and 
let S = H[p], Then H is a balanced subgroup of G if and only if for each limit ordinal 
fi and each y G G, ||;y + S|| = [i implies that y is contained in the subgroup generated by 
Handp^G. 

PROOF. First assume that H is balanced in G and that ||y + S\\ = /i is a limit ordinal. 
Then, since \\y + H\\ > \\y + S\\ and \\y + H\\ cannot be a limit ordinal, it follows that 
||v+//|| > /x+1. Therefore there is an h G H such that \y+h\ > fi and hence y G H+p^G, 
as desired. Conversely, suppose {y E G : \\y + S\\ — ji) C H +p^G for all limit ordinals 
\i and assume by way of contradiction that H fails to be balanced in G. This means that 
there must exist some y G G such that /x = \\y + H\\ is a limit ordinal. Among all such 
pairs (y, /x), choose one for which y + p^G has minimal order. It must be the case that 
0(y+j^G) - p . For otherwise, since ||py+//|| > ||y+#|| andO(py+/^G) < 0(y+/^G), 
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it would follow that \\py + H\\ > p + 1; which, in view of the fact that pG Pi H = pH, 
yields a / = h+y such that h G H,/?/ G /^G and | | / + H|| = \\y + H|| = p. Thus, 
we have ||y + H\\ = p and py G p^G where // is a limit ordinal. We claim, however, that 
these conditions imply that \\y + S\\ = /i. Indeed, for each a < p, there exists an ha G / / 
such that |y + /za| > a where /?/za G / / Hpa+lG because py G p^G. But H is isotype in 
G and consequently /?/za = ph'a for some /^ G paH, that is, sa = ha — h'a is an element 
of 5 = H[p] such that |v + sa\ > a. Since we have such an sa for each a < /i, we see 
that /i < ||;y + S|| < ||_y + //|| = p. Finally then, our hypotheses force us to conclude that 
y G H + p^G, which is contrary to the assumption that \\y + H\\ — p. This contradiction 
completes the proof that H is necessarily balanced in G. 

DEFINITION 4.2. A cohesive subsocle S of the p-group G is said to be completely 
cohesive provided it satisfies the following condition: If \\y + 5|| = p is a limit ordinal, 
then there exists an x G G such that (1) x - y G p^G, (2) (jc)[p] C 5, and (3) 0(x) < 0(v). 

As in the case of cohesiveness, we have chosen here a définition for completely cohe
sive subsocles that leads most quickly to our desired results. The reader, however, may 
find the following alternative formulation more attractive: A subsocle S of the/?-group 
G is completely cohesive if and only if, for each limit ordinal \i and each n <cu, 

Snp^+nGÇpn+lS^ and S^[pn+{] C p-nS + p»G 

where S^ = na<^(S +paG) <màp~nS = {x G G : pnx G S}. 

THEOREM 4.3. Suppose S is a subsocle of the p-primary group G that supports an 
isotype subgroup. Then a necessary and sufficient condition for S to support a balanced 
subgroup of G is that S be completely cohesive. 

PROOF. First consider the case where H is a balanced subgroup of G supported by 
S and let y be an arbitrary element of G such that ||y + 5|| = /xisa limit ordinal. By 
Proposition 4.1, there exist elements x G H and z G p^G such that y — x + z. Thus 
x - y G p^G and (x)[p] Ç H[p] = S. If however 0(JC) > 0(y) = pn, then pnx G 
HC\p^nG = p^+nH and hence we have pnjt = pnh for some h G p^H. But then x' — x—h 
is an element of H with x' —y G p^G and 0(xf) < pn. We conclude that S is completely 
cohesive. 

Conversely, assume that S is a completely cohesive subsocle of G and let H be any 
isotype subgroup of G such that H[p] ~ S. We shall prove that H is necessarily balanced 
in G by demonstrating that the conditions of Proposition 4.1 are satisfied. Towards this 
end, suppose that \\y + S\\ — p is a limit ordinal. Since S is completely cohesive, we 
can write y = x-\- z where (x)[p] Q S, z E p^G and 0(x) < 0(y). If 0(y) = /?, then x 
must be an element of S — H[p] and we have the desired conclusion that y G H +/?MG. 
Proceeding by induction on 0(y) = pn+l, we may assume that g G / / + /?MG whenever 
g is an element of G with ||g + S|| = p and 0(g) < pn. In particular, if it should happen 
that 0(x) < 000, then ||JC + S\\ = \\y + S\\ = p and our induction hypothesis implies that 
x G H +p^G. Hence y = x + z is also in H + p^G, as desired. Thus we may assume that 
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pnx is a nonzero element of S. Recalling that \\y + 5|| = [i impliespy G p^G, we see in 
fact that pnx G 5 n / + w _ 1 G . Then, as in the proof of Proposition 2.3, we can exhibit an 
h G H such thatpnh = pnx and, for each a < /i, there exists an sa G 5 with \h + sa\ > <*• 
Consequently x' — x — h is an element of order at most/?" such that either \\x' — 5|| = \i 
or else \x' + s\ > \x for some s G 5. In the first instance, x G / / +p^G follows from our 
induction hypothesis; while in the second instance, x G H + p^G follows immediately 
from the fact that S Ç H. We conclude therefore that if is a balanced subgroup of G. 

COROLLARY 4.4. If K is a balanced subgroup of the p-primary group G and if H is 
an isotype subgroup of G with H\p] — K\p\ then H is necessarily balanced in G. 

Combining Theorem 3.1 and Theorem 4.3, we obtain our promised characterization 
of those countable subsocles that support balanced subgroups. 

THEOREM 4.5. A countable subsocle S of a p-primary group G supports a balanced 
subgroup if and only if S is completely cohesive. 
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