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ABSTRACT: 

We have s y s t e m a t i c a l l y made t h e numer ica l e x p l o r a t i o n 
about t h e p e r t u r b a t i o n e x t e n s i o n of a r e a - p r e s e r v i n g mappings 
to t h r e e - d i m e n s i o n a l o n e s , in which t h e f i x e d p o i n t s of a r e a -
p r e s e r v i n g a r e e l l i p t i c , p a r a b o l i c o r h y p e r b o l i c r e s p e c t i v e l y . 
I t has been o b s e r v e d t h a t : ( i ) t h e i n v a r i a n t m a n i f o l d s in t h e 
v i c i n i t y of t h e f i x e d p o i n t g e n e r a l l y d o n ' t e x i s t ( i i ) when 
the i n v a r i a n t c u r v e of o r i g i n a l t i ro-dimensional mapping e x i s t s 
t h e i n v a r i a n t t u b e s do a l s o i n t h e neighbourhood of t h e i n v a r 
ian t c u r v e ( i i i ) f o r t h e p e r t u r b a t i o n e x t e n s i o n of a r e a - p r e s 
e rv ing mapping t h e i n v a r i a n t m a n i f o l d s can o n l y be g e n e r a t e d 
in t h e s u b s e t of t h e i n v a r i a n t m a n i f o l d s of o r i g i n a l two-d ime
ns iona l mapping, ( i v ) fo r t h e p e r t u r b a t i o n e x t e n s i o n of a r e a -
p r e s e r v i n g mappings w i t h h y p e r b o l i c o r p a r a b o l i c f i x e d p o i n t 
t he o r d e r e d r e g i o n near and f a r from t h e i n v a r i a n t c u r v e w i l l 
be d e s t r o y e d by p e r t u r b a t i o n more e a s i l y t h a n t h e o t h e r o n e . 
This i s a r e s u l t d i f f e r e n t from t h e c a s e wi th t h e e l l i p t i c 
f ixed p o i n t . In t h e l a t t e r t h e o r d e r e d r e g i o n near i n v a r i a n t 
curve i s s o l i d . Some of t h e r e s u l t s have been demons t r a t ed 
e x a c t l y . 

F i n a l l y we have d i s c u s s e d t h e Kolmogorov Ent ropy of t h e 
mappings and s t u d i e d some a p p l i c a t i o n s . 

INTRODUCTION 

Many s t u d i e s of t h e m e a s u r e - p r e s e r v i n g mappings wi th even 
dimension have been made i n c o n n e c t i o n wi th v a r i o u s problems 
in p h y s i c s and as t ronomy, because r k m i l t o n i a n sys tems p o s s e s s 
always even d imens ion and one can u s e t h e KAM theorem. But 
m e a s u r e - p r e s e r v i n g mappings wi th odd d imension do not seem t o 
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have been c o n s i d e r e d . Fo l lowing a s u g g e s t i o n of M.He*non,we 
began t o s tudy in 1980. The f i r s t n o n - t r i v i a l c a s e i s d imen
s ion 3 . Cons ider t h e l i n e a r i z e d mapping in t h e v i c i n i t y of a 
f i x e d p o i n t , a t l e a s t one e i g e n v a l u e i s r e a l and t h e p r o d 
uc t of a l l e i g e n v a l u e s i s equal t o o n e , t h e r e f o r e , in g e n e 
r a l , t h e r e a r e some e i g e n v a l u e s whose modul i a r e l a r g e r t h a n 
o n e . Thus f i x e d p o i n t s a r e g e n e r a l l y u n s t a b l e in t h e l i n e a r 
app rox ima t ion and we c o n j e c t u r e d t h a t t h e mapping i s c h a o t i c 
in t h e whole domain of d e f i n i t i o n . We have s y s t e m a t i c a l l y 
made t h e numer ica l e x p l o r a t i o n about t h e p e r t u r b e d e x t e n s i o n 
of a r e a - p r e s e r v i n g mappines t o - t h r e e - d i m e n s i o n a l o n e s in which 
t h e f i x e d p o i n t s of a r e a - p r e s e r v i n g mappings a r e e l l i p t i c , p a r a 
b o l i c r e s p e c t i v e l y . Ebme of t h e numerical r e s u l t s have been 
proved t h e o r e t i c a l l y . 

F i n a l l y we have d i s c u s s e d t h e Kblmogorov e n t r o p y of t h e 
mappings and s t u d i e d some a p p l i c a t i o n s . 

THE MAPPINGS 

We s tudy t h e f o l l o w i n g t h r e e - d i m e n s i o n a l mappings which 
a r e t h e p e r t u r b e d e x t e n s i o n s of a r e a - p r e s e r v i n g mappings wi th 
e l l i p t i c , p a r a b o l i c o r h y p e r b o l i c f i x e d p o i n t r e s p e c t i v e l y . 

(1 ) The mapping ^ 

kn+l x n + y n + B s i n z n > 

Tx -\ yn+l = y n + A s i n x n + l ' ( m o d 2lT> 

Jn+1 
z n + C s i n yn+l< 

where A i s a p a r a m e t e r , B,C t h e p e r t u r b a t i o n p a r a m e t e r s . When 
B = C = 0, t h e mapping T, w i l l be reduced t o t h e s t a n d a r d 
mapping, fo r -4 < A < 0 t h e o r i g i n i s an e l l i p t i c f i x e d 
p o i n t . 

(2) The mapping T„ 

n+1 Ayn + B s i n z n > 

'n+1 

V/n+l 

x + y n J n Ay + C s i n x ., , n n+1 

z n + D s i n y n + 1 + E. (mod 2IT) 

where A i s a p a r a m e t e r , B,C,D,E, t h e p e r t u r b a t i o n p a r a m e t e r s . 
When B = C = D = E = 0 t h e mapping T2 w i l l become an a r e a -
p r e s e r v i n g mapping, fo r any A t h e f i x e d p o i n t ( 0 , 0 ) i s p a r a 
b o l i c t y p e , t h e c a s e A = 1 has been s t u d i e d by Ch i r ikov and 
Simo [ 1 ] , [ 2 ] . 
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(3 ) The mapping Tg 

f x n + l = s ( x n c o s *n " y n s i n V + A c o s V 

{ y n+l = S " 1 ( x n S i n *n + y n c o s V + B s i n V 

K+l = zn + C c o s < x n + l + y n + l > + D ' (mod 2tr) 

* = (x n + y n ) , 

where s , k a r e p a r a m e t e r s , A,B,C,D t h e p e r t u r b a t i o n p a r a m e t e r s . 
For A = B = C = D = 0, t h i s i s a h y p e r b o l i c t w i s t mapping wh i 
ch has been s t u d i e d by Eas ton [ 3 ] , The o r i g i n i s a h y p e r b o l i c 
f ixed p o i n t . 

NUMERICAL RESULTS 

The Mapping T-

As we do not know any t h e o r e t i c a l c o n c l u s i o n s , we s t a r t 
wi th numer ica l e x p l o r a t i o n by LCN's (Lyapunov C h a r a c t e r i s t i c 
Numbers) method L4] . We make a t r a n s v e r s a l e x p l o r a t i o n a long 
t h e y - a x i s , f i g u r e 1 i s t h e p l o t of LCN's r ^ ( P ) ( i = 1 , 2 , 3 , 

N = 10 : t h e number of i t e r a t i o n s , P : i n i t i a l p o i n t ) . We can 

see t h a t i n a lmos t a l l c a s e s t h e LCN's p o s s e s s a p p r o x i m a t e l y 
t h e same v a l u e s , however we f i nd one p a r t i c u l a r se t of v a l u e s 

N 
r 1 ( P Q ) (PQ = ( 0 . 1 , - 2 . 5 , 0 . 0 ) , i = 1 , 2 , 3 ) of LCN's, whose a b 
s o l u t e v a l u e s a r e much s m a l l e r . 
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Fig.l:Variation of the Y. 1 0 0 0 0 ° (P o ) ( i= l ,2 ,3 ) of mapping ^ ( A ^ l .5 , B=003) 

for the i n i t i a l points P =(0.1,y 00)with -ir <_ y <_ +TI: (+y^00000(P )i 
.,100000 . - .™°™ * 1 
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Fig. 2: Variation of the -y] (P ) of mapping T., (A= -1.5, B = 

Q03 ) as functions 01 the number N of iterations for 
ini t ia l point PR = (0.1,-,2.5, 0.0): (+Y ' ( P ) # ( A ) y / ( P ) 
(O)Y' (P ) ° ' 2 ° 

3 ° 
According to the usual relation between the LCN's and 

the ordered property of the orbit, we conjecture that the po
int P = (0.1,-2.5,0.0) may be on an invariant manifold. In 

N order to confirm i t , we study the variations of r . (P )(i = 

1,2,3) as functions of the number N of iterations upto N=10 . 
.N 

N 
|r£(PQ)| = 0 (i = 1,2,3). Figure 2 shows clearly that lim 

On the other hand, we plot the slice-cutting of mapping T̂  
with the same ini t ia l point P = (0.1,-2.5,0.0) (see Fig. 3), 
which are defined by 

|zn - Q| < 0.01, Q = (k-5)n/4, k = 1,2, . . . ,9 

- T T < X < + IT , -IT < y < + T T 

— n — — n — 

n = 1 , 2 , . . . , N 
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Fig. 3 : Sect ions of mapping Tt(A = - 1 . 5 , B = 0.03) by 
z = (k-5)ir/4, k = 1 , 2 , . . . ,9 with i n i t i a l point 
Po = ( 0 . 1 , - 2 . 5 , 0 . 0 ) . 
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Fig. 4: Enlargement of the leftmost i s l and- tube in Figure 3, 
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and we find that the orbit with initial point PQ l ies indeed 
on invariant tubes which we shall call island-tubes.Figure 4 
is the enlargement of the leftmost island-tube in Fig.3.Fig
ure 5 displays the orbits near the island-tube studied above, 
it also exhibits the self-similarity structure analogous to 
that of the standard mapping, in the center of tube there must 
be an invariant curve. But for the orbit with initial point 
PQ = (0.1, 0.1,0.0) which is near the origin, a very slow di
ffusion away from the origin appears. 

Fig. 5: Sections of mapping Tt (A =-1.5, B = 0.03). 

Now a problem appears i .e . for the perturbed extension 
of standard mapping the large ordered region in the neighbour
hood of fixed point (0,0) of the standard mapping disappears, 
but in the small island region far from the origin the invari
ant manifolds survive? We think that perhaps it is related to 
the variation of z. In order to confirm i t , we add another 
parameter D to control the variation of z i .e . we study the 
following mapping [5], 

(xn+l = xn + yn + B s i n z n ' 

T'l | y n + l = yn + A s i n x n + l ' ( m o d 2lT > 

tn+1 = zn + C s i n yn+l + D ' 
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At f i r s t we analyse the exis tence of invar iant curve. 
Let 

x = F (z ) , y = G(z) 

be the invar iant curve of the mapping TJ because C,D are 
small, we ob ta in approximately 

F(z) = 0, G(z) = - B sin z 
therefore along the invar iant curve, we have 

to = Zn+1 " z n * D ~ B C s i n 2 n ' 

When D > BC , tz > 0 i . e . z v a r i e s between - i r and +TT, 
the invar ian t curve e x i s t s and t h e r e will ex is t the invar iant 
tubes surrounding i t . When D < BC , z tends to a fixed value 
z*,in t h i s case the invar iant curve degenerates to a point 
and the image po in t s of mapping in the neighbourhood of inva
r ian t curve tend to the plane z = z* . As the mapping i s meas
ure-preserving , t he d i f fus ion along t h e plane z = z* will app
ear. F igures 6,7, which are 9 s l i c e - c u t t i n g s as defined i n ( l ) , 
exhibit t he above two cases r e s p e c t i v e l y . Moreover, we study 
the perturbed extension of quadrat ic a rea-preserving mapping 
and obta in the analogous r e s u l t s [ 6 ] . 

^ 

^ 

' ^ • 

^ 

^ 

^ 

^ 

Q 

s 

1 I i L 

-0.1 0. 0.1 

F ig .6 : Sections of mapping T^ for A= . - 1 . 5 , B=C=0.03,D= 0.001 
with i n i t i a l point P = (0.00, - 0 . 0 1 , 0 .00) . 
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F i g . 7 : S e c t i o n s of mapping T' fo r A = - 1 . 5 , B = C = 0 . 0 3 , 
D = 0.0008 w i t h i n i t i a l p o i n t PQ = ( 0 . 0 , 0 . 0 , 1 . 0 9 5 1 4 4 2 ) 

The Mapping T„ 

Using t h e same methods a s s t u d i e d i n ( 1 ) , we g e t t h e 
c r i t e r i o n fo r t h e e x i s t e n c e of i n v a r i a n t m a n i f o l d s of mapp
ing T2 [ 7 ] . 

E > D ( B / A ) ( 1 / 3 ) 

When A = 1 .5 , B = C = D = 0, t h e r e s u l t s d i s p l a y t h e 
s e l f - s i m i l a r i t y s t r u c t u r e and a l a r g e o r d e r e d r e g i o n i n t h e 
v i c i n i t y of p a r a b o l i c f i xed p o i n t ( 0 , 0 ) ( see F i g s . 8 , 9 ) . For 
A = 1 .5 , B = C = 9 3 T 0 . 0 3 , E = 0 .009 which s a t i s f y t h e c r i t e 
r i o n E > D(E/A)( ' ', we f i nd t h e i n v a r i a n t t u b e which i s g e 
n e r a t e d by t h e i n v a r i a n t c u r v e of o r i g i n a l two-d imens iona l 
mapping ( i . e . B = C = D = D = 0 ) ( see F i g . 1 0 ) . But fo r t h e 
i n i t i a l p o i n t ( 0 , 0 , 0 ) we do not g e t t h e i n v a r i a n t c u r v e a s 
expec ted and a c h a o t i c r e g i o n a p p e a r s ( s e e F i g . 1 1 ) . This r e 
s u l t i s d i f f e r e n t from t h e mapping T£. We can f i nd t h e small 
i s l a n d - t u b e s o n l y i f t h e p e r t u r b a t i o n p a r a m e t e r s a r e v e r y 
small ( s ee F i g . 1 2 ) . 
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-1.5 
F i g . 8 : The mapping T2 fo r A = 1 . 5 , B = C = D = E = 0 , wi th 

i n i t i a l p o i n t s P_ 
( 0 . 8 1 5 , 0 . 0 0 0 ) 

0.15 

( 0 . 0 5 , 0 . 0 0 ) ; ( 0 . 2 , 0 . 0 ) : ( 0 . 4 3 , 0 . 0 0 ) : 

0.00 

-0.15 
0.65 

F i g . 9 : The mapping T2 f o r A = 1 . 5 , B = C = D = E = O.with in
i t i a l p o i n t s 
( 0 . 8 1 5 , 0 . 0 0 8 ) 

PQ = ( 0 . 8 1 5 , 0 . 0 0 3 ) ; ( 0 . 8 6 7 7 5 , 0 . 0 0 0 0 0 ) ; 
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0 

1.5 

-1.5 

0 

0 

-1.5 0 1.5 
F i g . 10 : S e c t i o n s of mapping T2 fo r A = 1 . 5 , B = C = D = 0 . 0 3 , 

E = 0 .009 wi th i n i t i a l p o i n t Po = ( 0 . 0 8 , 0 . 0 0 , 0 . 0 0 ) . 

1.5 

-1.5 
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1 

t 

1 

1 

t 

I 

1 

1 

-1.5 1.5 

F i g . 1 1 : S e c t i o n s of mapping T2 fo r A = 1 . 5 , B = C = D = 0 . 0 3 , 
E = 0 .009 , w i th i n i t i a l p o i n t P (0 .00 ,0 .00 ,0 .00 ) . 
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0.15 

0.00 

-0.151 1 1 1 
-0.65 0.80 0.95 

F i g . 1 2 : S e c t i o n s of mapping T2 fo r A = 1 . 5 , B = C = D=0.0003, 
E = 0.0004 w i t h i n i t i a l p o i n t P = (0.86775,0.00000, 
0 . 0 0 0 0 0 ) . 

The Mapping Tg 

T h i s i s a p e r t u r b e d e x t e n s i o n of h y p e r b o l i c t w i s t mapp
ing . Hadj idemet r iou has s t u d i e d a s i m i l a r t h r e e - d i m e n s i o n a l 
mapping i n c o n n e c t i o n wi th t h e e v o l u t i o n of an a s t e r o i d o r b 
i t p a s s i n g t h r o u g h 3 -'1 r e s o n a n c e . When A = B = C = 
D = 0, t h e mapping T3 w i l l be reduced t o t h e h y p e r b o l i c t w i s t 
mapping, t h e o r i g i n i s a h y p e r b o l i c f i x e d p o i n t and i t i s not 
a n a l y t i c but b e l o n g s t o C1 c l a s s a t t h e o r i g i n . Obvious ly i t 
i s a n a l y t i c in an a n n u l u s s u r r o u n d i n g t h e o r i g i n and i s sym
m e t r i c w i th r e s p e c t t o t h e o r i g i n . For p o s i t i v e k, f i g u r e 13 
shows t h e o r d e r e d , c h a o t i c r e g i o n s and h y p e r b o l i c s t r u c t u r e 
a t t h e f i x e d p o i n t ( 0 , 0 ) and f o r n e g a t i v e k near t h e o r i g i n 
t h e r e i s a l a r g e c h a o t i c r e g i o n sur rounded by t h e i n v a r i a n t 
c u r v e s . For t h e p e r t u r b e d e x t e n s i o n T3 t h e r e e x i s t s a c h a o t i c 
c y l i n d e r su r rounded by t h e i n v a r i a n t t o r i f o r both p o s i t i v e 
and n e g a t i v e k ( s e e F i g s . 1 4 , 1 5 ) [ 8 ] . T h i s r e s u l t shows t h a t 
t he o r d e r e d r e g i o n near t h e f i x e d p o i n t ( 0 , 0 ) of h y p e r b o l i c 
tw i s t mapping i s d e s t r o y e d more e a s i l y t han t h e one d i s t a n t 
from i t , t h i s i s a n a l o g o u s t o t h e mapping T„. For t h e d i s s i -
p a t i v e sys tem, we s t udy t h e p e r t u r b e d e x t e n s i o n of Henon map-

83 

https://doi.org/10.1017/S0252921100065957 Published online by Cambridge University Press

https://doi.org/10.1017/S0252921100065957


VM 

F i g . 1 3 : The mapping T„ f o r k = 1 . 5 , s = 1 . 0 5 . 
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mjj 
••'•if 

k"*38i ^ 

- f c „ i — J , . . . I i 

- 2 - 1 0 1 2 

F i g . 1 4 : S e c t i o n s of mapping T„ fo r k = 1 . 5 , s = 1.05,A = B = C= 
0 . 0 3 , D = - 0 . 0 4 . 
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Fig. 15: Sections of mapping To for k = - 1 . 5 , s = 1.05, A = 
B = C = 0.03, D = -0 .04 . 

Ping, i t seems tha t the strange a t t r a c t o r in Henon mapping i s 
destroyed by perturbed extension more e a s i l y than the i n v a r i 
ant manifold in standard mapping [ 9 ] , t h i s case i s s imilar a 
bit t o t ha t in t h e mappings T2 and T„. 

In add i t ion , we also d i scuss the v a r i a t i o n of ordered r e 
gion with the parameters for the above th ree kinds of mappings. 
The conclusion i s tha t t he ordered region decreases when the 
per turba t ion parameters inc rease . 

From t h e above d i scuss ions we come to the following main 
conclusions: 
( i ) For the perturbed extension the invar iant manifolds in 
the v i c i n i t y of fixed point genera l ly do not e x i s t . 
( i i ) When the invar ian t curve of perturbed three-dimensional 
extension e x i s t s the invar iant tubes do a lso in the neighbour
hood of i t . 
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( i i i ) For the perturbed extension of area-preserving mapp
ings the invar iant manifolds can only be generated in t h e 
subset of invar iant manifolds of o r i g i n a l two-dimensional 
mappings. 

( iv) For the perturbed extension of area-preserving mappings 
with parabol ic or hyperbolic fixed point the ordered region 
near and far from the invar iant curve wil l be destroyed by 
per turba t ion more eas i ly than the other one. This r e s u l t i s 
d i f fe ren t from the case with e l l i p t i c fixed po in t . In the 
l a t t e r , the ordered-region near invar ian t curve i s so l id . 

Some Theoret ical Resul t s 

In the above numerical explora t ions , an important r e s u 
l t i s t ha t when t h e invar iant curve of perturbed three-d ime
nsional extension e x i s t s , the invar iant tubes do a lso in the 
neighbourhood of i t , t h i s conclusion i s s imilar to the Moser's 
exis tence theorem of invar iant curves . Now we shal l only give 
a simple desc r ip t ion of t h e o r e t i c a l proof, t he d e t a i l s of 
proof can be re fe r red in [ 1 0 ] , [ 1 1 ] . 

We assume tha t t he re i s an invar iant curve for the three 
dimensional ana ly t i ca l measure-preserving M. We consider a 
family of mappings near the curve, which i s of the form 

(X, = A(S)X + F (S.X) 
M l : 2 

\jSj_ = S+B(S) + GQ(S,X) (S mod 2ir, X e R ) 
where A,B,G ,G are a l l of them 2TT-periodic funct ions in S. o o 

FQ(S,X) = 0( | |X|p), G0(S,X) = 0(||X||) 

where || . || denotes the Euclidean norm. 

Analogous to the Birkhoff normalization of a r e a - p r e s e r 
ving mapping, we can prove tha t the mapping U. can be t r a n s 
formed into t h e following form 

!

^ 1 = i|) + f ( r ) + l ( r , 0 , « ) 

61 = 0 + g ( r ) + 0(r,9,ip ) 

r x = r + R(r,9,ifO 

2,B,R are a n a l y t i c a l funct ions on the domain 

| Im i|> | <_ p, | Im 9| <_ p, | r - r Q | <_ s, VrQ e [a,b ] 

|f| + | 0 | + |R| <_ d and f ,g are d i f f e r e n t i a b l e 
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f u n c t i o n s on t h e i n t e r v a l [ a , b ] . There i s rQ e [ a , b ] so t h a t 
g ( r ) = m/n, m,n: i n t e g e r s and f ( r ) s a t i s f i e s i n e q u a l i t i e s 

|k x f ( r 0 ) + 2m |>_ co\k\~V (cQ > 0,p > 1 ) V ( k , n ) e Z 2 / ( 0 . 0 ) 

and f ' ( r ) , g ' ( r ) f 0 . Then we can p r o v e t h e e x i s t e n c e of 
o 'rt, 

p e r i o d i c a l l y i n v a r i a n t c u r v e s i n t h e v i c i n i t y of t h e i n v a r i 
ant c u r v e . 

For t h e e x i s t e n c e of i n v a r i a n t t o r i i n t h e neighbourhood 
of t h e i n v a r i a n t c u r v e , a s t h e number of t h e f a s t v a r i a b l e s 
or a n g l e s i s l e s s t h a n t h e number of s low v a r i a b l e s o r a c t i o n s , 
we can not compensa te t h e change of f r e q u e n c i e s , due t o t h e 
a v e r a g e p a r t of t h e p e r t u r b a t i o n s , by c o r r e c t i n g t h e i n i t i a l 
c o n d i t i o n s in e v e r y a p p r o x i m a t i o n . T h i s d i f f i c u l t i m p l i e s t h e 
i n t r i n s i c d i f f e r e n c e between t h e sys tems in which t h e number 
of a n g l e s and a c t i o n s a r e equa l and t h e sys tems i n which there 
a r e more a n g l e s t h a n a c t i o n s . In o r d e r t o overcome t h i s d i f f i 
c u l t , a t f i r s t we p rove t h a t t h e r e i s a Cantor s e t w i t h p o s i 
t i v e Lebesque measure i n t h e f r equency i n t e r v a l such t h a t two 
f requency of a n g l e s s a t i s f y s t i l l i r r a t i o n a l i n e q u a l i t y i n 
e v e r y a p p r o x i m a t i o n . Ey s i m u l a t i n g t h e proof method of M o s e r ' s 
e x i s t e n c e theorem of i n v a r i a n t c u r v e s , we comple t e t h e proof 
of e x i s t e n c e of i n v a r i a n t t o r i . 

THE KDLMOGOROV ENTROPY 

I t i s wel l known t h a t t h e Kblmogorov e n t r o p y i s a good 
i n d i c a t o r of c h a o s . P e s i n ' s formula h a s g i v e n t h e r e l a t i o n 
between t h e LCN's and t h e Kblmogorov e n t r o p y of a dynamical 
sys tem. Let P(P) d e n o t e t h e sum of a l l p o s i t i v e LCN's . The 
formula s t a t e s t h a t t h e t o t a l e n t r o p y i s g i v e n by 

h = / p(P)dvi 
v 

where u i s t h e Lebesque measure v . 

At f i r s t , we s tudy t h e Kblmogorov e n t r o p y of t h e mapping 
TV and o b t a i n 

1 i 
h ^ l i m r I n n |ABC c o s x. . . c o s y, .. c o s z. | 

i*«, ! k = i K + 1 K + i K 

For the large B,C, the mapping TV i s ergodic, according 
to the ergodic theorem, we can approximately replace 

h y lim — In u. |ABC cos x, ._ cos y. ... cos z . | 
* i— x

 k = l k + 1 k + 1 k 

by —K- / / ' " / ' " l n |ABC c o s x c o s y c o s z |dxdydz 
8TT 0 0 0 
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t h e n we have 

h ^ I n 
|ABC| 

8 

agreement between numer ica l and F i g u r e 16 shows t h e good 
a n a l y t i c a l c o m p u t a t i o n s [ 1 2 ] . 

Moreover, we compute t h e Kblmogorov e n t r o p y of t h e mapp
ing To. The r e s u l t s show t h a t t h e h y p e r b o l i c i t y of t h e f i x e d 
p o i n t ( 0 , 0 ) i . e . t h e pa ramete r s and t h e n e g a t i v e k p l a y more 
impor tan t r o l e i n g e n e r a t i n g t h e c h a o s t h a n t h e o t h e r pa rame
t e r s [ 13 ] . 

F i g . 1 6 : V a r i a t i o n of t h e e n t r o p y h wi th t h e p a r a m e t e r s B,C . 
The c r o s s e s show t h e numer ica l e s t i m a t i o n s . The cu rve 
g i v e s t h e a n a l y t i c a l r e s u l t s . 

F i n a l l y , we a p p l y t h e r e s u l t s of t h r e e - d i m e n s i o n a l meas 
u r e - p r e s e r v i n g mappings to t h e C o u e t t e - T a y l o r system in f l u i d 
dynamics . Because t h e f low of i n c o m p r e s s i b l e f l u i d can be r e 
l a t e d t o t h e m e a s u r e - p r e s e r v i n g mapping and t h e f low between 
two r o t a t i n g c y l i n d e r s wi th an i n f i n i t e l e n g t h i s c i r c u l a r 
d i r e c t i o n , i t w i l l co r r e spond t o a t h r e e - d i m e n s i o n a l m e a s u r e -
p r e s e r v i n g mapping which i s t h e compos i t i on of a two-d imens 
i o n a l t w i s t mapping and a one -d imens iona l o n e . The numer ica l 
s i m u l a t i o n s d i s p l a y some expe r imen ta l r e s u l t s . F e i n g o l d , K a d a -
noff and P i r o d i s c u s s t h e dynamics of a medium-sized p a r t i c l e 
( p a s s i v e s c a l a r ) suspended in a g e n e r a l t i m e - p e r i o d i c imcom-

88 

https://doi.org/10.1017/S0252921100065957 Published online by Cambridge University Press

https://doi.org/10.1017/S0252921100065957


p r e s s i b l e f l u i d f l o w which can be d e s c r i b e d by t h r e e - d i m e n s i 
o n a l m e a s u r e - p r e s e r v i n g mapp ings . For mappings wi th o n l y one 
a c t i o n t h e y f i nd s t r o n g e v i d e n c e fo r t h e e x i s t e n c e of i n v a r i 
ant s u r f a c e s t h a t s u r v i v e t h e n o n l i n e a r p e r t u r b a t i o n i n a 
KAM-like way. For t h e t w o - a c t i o n c a s e t h e mot ion i s conf ined 
t o i n v a r i a n t l i n e s t h a t b reak fo r a r b i t r a r y small s i z e of t h e 
n o n l i n e a r i t y [ 1 4 ] . 
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