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ON THE DIRICHLET PROBLEM OF ELLIPTIC TYPE

MAREK GALEWSKI

We investigate the existence of solutions and their stability for elliptic Dirichlet prob-
lems with nonlinearity of a convex-concave type. By relating the primal action and
the dual action functionals on certain subsets of their domains we get the existence of
solutions which are further stable with respect to a numerical parameter. We allow
also for the differential operator to depend on a numerical parameter.

1. INTRODUCTION

In the paper we consider the existence and stability of solutions the following family
of boundary value problems for £ =0,1,2,...

(L1) — div (e (y, [V2]") V2" ?Vz) + HE(y, 7) = Gi(y,2)
z(y)lsn = 0,z € Wy™(R)

GX(y,z) = Gy, z), HE(y,z) = HX(y,2), ox(y,T) = wo(y, T) almost everywhere on Q,
for all z in a certain interval that will be specified later, 1/n+1/m =1, ¢, : xR — Ris
a Caratheodory function, that is, it is continuous with respect to z for almost everywhere
y €  and measurable in y for every z € R; there exist constants M¥*, M¥ > 0 such that
for almost everywhere y € Q and for allt € R,

(1.2) MY < oi(y,t) < Mj

and such that the sequences {MF}2,, {M%}R jare bounded by M; and M, say; Q C R”
is a region with a regular boundary, n > r; there exist constants my > mg > 0 such that
for all a 2 b, a,b € R and almost everywhere y € Q

ok (y,a)a — @ (y,b) b > my (a—b).

Let {di}32, be a sequence of decreasing positive numbers bounded away from 0. Let
¢s, C denote the best Sobolev constants from the inequalities

(1.3) leea‘gfl:c(y)l < Gl Vzllin@y, 1zlln ) € Cl|Vz|lin@).
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By (H*)*, (G¥)* : @ x R — R we understand the Fenchel-Young duals of functions H*,
G* : Q x R — R with respect to the second variable defined by, see [1]

(H*)"(y, u) = sup{zu — H*(y, 2)}, (G*)'(y,u) = {supou - G*(y,2)}.
TER TER

We assume for all k =0,1,2,... that

Gl. G*, G%:Qx[—do, do] = R are Caratheodory functions, G* is convex with respect
to z for almost everywhere y, G¥(y,z) = +oc for (y,z) € Q x (R\[-dy, do]) and

(vol(Q))V/mca? c

(1.4) M ax |Gi(y,z)| < df™!

sele Gado]

G2. G%(y,0) # 0, for almost everywhere y € Q, function y — (G*)*(y, 0) is integrable.

G3. G* is differentiable in x on [—dy, do] for almost everywhere y € Q and there exists
a constant a > 0 (independent of k) such that

1.5 max |G*_ (y,7)| < a.
(1.5) ::E[—do,do]| (v, )|

H1l. H*, Hf:Qx R — R are Caratheodory function, H* is convex with respect to
the second variable,

(1.6) H*(y,z)z > 0 for z € R, H(y,0) =0, for almost everywhere y € Q,
function y — (H*)*(y,0) is integrable, there exists a constant 3 (independent of k)

(1.7) :e[dod.,]lHk(y’ z)| < B.

H2.  Hf is differentiable in x on [—di, di] for almost everywhere y € {2 and there exists
a constant b > 0 (independent of k) such that

. : HE (y,z)| < b.
(1.8) [ ax, [Ho(y,3)]

Let us define for all £ = 0,1, 2,... the following number

1.9 =essesup max |GX(y,
(1.9) 9x yenp:e_dodoll (y,2)|.

We prove that for each £ = 1,2,. .. there exists a solution z, to problem (1.1) satisfying:
ze(y) € [—di,di] on © and [|Vai||77n, < C(vol( Q))l/m/(Mk)gk Moreover from a
sequence {zx}52; we may choose a subsequence {zy;}?2, such that such that hm Tk; =T

weakly in W,™(Q2) and

(1.10) — div (o (3, IVZ""")|VI"-2VZ) + H2(y,7) = G2y, 7),
Z(y)lon = 0,z € Wy ().
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The only growth type assumption that we impose on the nonlinearity G, is (1.4).
In the following example we show the family of functions for which G1-G3, H1-H2 are
satisfied.

EXAMPLE 1.1. Let 8 = (((vol(Q))"’"cg-l)/(Mf)c) T Fork=0,1,2... we put

Guly2) = B3¢ - 32* - fulw)2?),

where fr € L*®(Q) with essesup fx(y) € [1,2] and with lem fx(y) = fo(y) for almost
yeq oo

everywhere y € Q and let n = 5. Now we show the existence of the sequence {di}32,
of decreasing positive numbers bounded away from 0. We need to show that (1.4) is
satisfied, that is,

1, 1, ,
1. _1,5_ <
=Ef?i}fdk1(2e 2% fk(y)z) <d;

The above inequality is satisfied for dy < 18. The remaining assumptions obviously hold.
As far as function H is concerned we may take any function H*(y, z) = fi(y)z? + he(z),
where fr € L®(Q) for k =0,1,2..., fi(y) 2 0 and hy : R — R is a convex continuously
differentiable function such that hi(z)z > 0 for all z € R.

In the paper we construct a variational method which is derived by considering the
action and a dual action functionals connected with the investigated equation. The rela-
tions between both functionals are obtained with the aid of a Fenchel-Young conjugacy,
see (1, 8]. In order to provide an approach that will apply not only for Dirichlet problem
(1.1) but also for some other type of Dirichlet problems we write a duality theory for some
more general Dirichlet problem. In this paper we substantially modify the variational
method form [2] and also provide the possibility of considering the differential operator
varying with k. In order to prove existence and stability results we investigate relations
between the critical values and critical points of a certain type to the primal and dual
action functional, see formulas (2.4) and (2.5). The idea of stability of solutions for the
Dirichlet problems which we apply originates mainly from work [9]. Although it is the
approach of the author’s previous work [2] that we use.

By other methods, that is, by mountain pass approach or some other differential or
topological approach, the Dirichlet problems of elliptic type are considered for example
in [3, 4, 5, 7]. A dual variational method is applied [6] but for less general differential
operator that does not depend on a numerical parameter. The existence results in the
papers cited differ substantially from ours.
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2. DuALITY RESULTS AND THE EXISTENCE OF SOLUTIONS
We shall develop the existence results for the following family of Dirichlet Problems
for k=0,1,2,...
(2.1) —div F¥(y, Vz(y)) + Hi(y,z) = GE(y, z)
z(ylan = 0,z € Wy™(Q)

where we denote —yi(y, |[Vz|"!)|Vz[*~2Vz by F¥(y,Vz(y)) and by F¥: Q x R" - R
we denote its potential. We first fix £ = 0,1,2, ... and consider the following set

v i/m
———'—( 0153;) Gk
— div @k ([ V2 ()" )| VO V2()) + HE(,2()) € L@, B)}.

X, = {:1: € W), z(y) € [~dk,dx] on Q, ||Vx|[L,,(Q) c

LEMMA 2.1. Assume Gl, G2, H1. Foranyu € X, there exists a solution z € X,
to Dirichlet Problem

(22)  —div(pu(y,1Val"")Va[" V) + HE(y, 2) = Gh(y, ), o(ylan = 0.

PROOF: Indeed, we take any u € X;. We show the existence of solution to (2.2) by
a direct variational method, [5]. Indeed the action functional

Ji(z) =/QFk(y,Vz(y))dy+/QH'°(y,z(y)) dy—/nG"(y,U(y))x(y) dy

for which (2.2) is the Euler-Lagrange equation is by (1.2) and by (1.6) and by convexity
of H coercive on W, "*(Q2). Being convex it is also weakly lower semicontinuous. Hence
the action functional J4 has a minimum over W"™(2) which satisfies its Euler-Lagrange
equation, that is, (2.2). By (1.4) we obtain

—div (cpk(-, |V2()|"™) |Vz(-)|"_2Vz(-)) + HE(-,z())) € L(, R).

Hence

/n dw(cpk (v |Vz(@)|" ) |Va(¥)|" > Va( y))z(y)+H"(y, ())z(y) dy

= /n G (y, u(y))=(y) dy.

Therefore using definition of gx, see (1.9), inequality (1.3) and (1.2) we get
Mt 192" + B2 @)e@)dy < | on(wnV0)"™)|Vato)]"
o

+ H} (v, z(y))z(y) dy < Cgx { /QIV-'B(y)I"dy-
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Since /Hf (v,z(y))z(y) dy > 0 and by (1.4) we obtain
Q

(vol(€))/™

IVz||Zngy < C ME k.-

Therefore and by (1.4)

(vol(@)) /e !

lzliEm) < C
c@ S MF

g < dp7h

Thus z(y) € [—dk, dx) for all y € Q. 0

Therefore we may for each k = 0,1,2,... define the X; C W'P(Q) in the following
manner: for each z € X} the relation

(2.3) _ div F¥(y, Vi) + HE (5, 3) = GE(y, )
Z(y)loa = 0,F € W™ ()

implies T € Xj.

In view of Lemma 2 we may put X; = X k- By its definition X} is weakly compact
in Whr(9Q). '

Let W = {p € L(Q) : divp € LI(R)}. The functional J; : W'?(Q) — R for which
(2.1) for k =0,1,2... is the Euler-Lagrange equation reads

(2.4) Jk(w)=/QF"(y,Vz(y))dy+/QH"(y,z(y))dy—/QG"(y,x(y)) dy

and the dual functional Jp, : W x L9(Q) — R is given by

(2.5) Jp,(p,q) = /Q (G*)" (y, — divp(y) + q(y)) dy

—/(H")‘(y,q(y)) dy—/(F")‘(y,p(y)) dy.
Q 13

For each k =0,1,2,... we now define a set X,f which comprises of these (p,¢q) € W
x L1(Q) for which there exists an z € X such that

p(y) = FF(y,2(v)), q(y) = H:(v,Z(v))

almost everywhere and where Z € X is related to z by definition of X}, see relation
(2). By its definition it follows that X is nonempty and relatively weakly compact in
W x LI(R).
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THEOREM 2.2. Assume Gl, G2, H1. For any k = 0,1,2,... there exists a triple
(Fk, Br, ) € WHP(Q)W x LI(Q) satisfying the system

(2.6) (p,;&fxg I, (P, 9) = Ip.(Pr, %) = Je(Tk) = zlen)g,, Jk(z),
(2.9) —divp(y) + % (v) = GE(v, % (v)).
PrOOF: Let us fix k = 0,1,2,... . We observe that J; is bounded from below

on X;. Thus and by the properties of X there exists a minimising sequence {z{c}j‘;l
for Ji which may be assumed to be weakly convergent in W'?(Q2) and thus strongly in
LP(Q). Since X is weakly compact, the limit Zj of the sequence {:r:-,"}‘]”;1 belongs to Xj.
Since J; is weakly lower semicontinuous X, we obtain Jy(Zx) = zien)gk Ji(z). In order to

demonstrate that system (2.6)-(2.9) is satisfied, in other words to show that equation
(2.1) has a solution, we shall have to construct a duality theory relating both action
functionals. First we relate the critical values to both functionals on sets X, X and
later by showing that there exists (B;,g,) € X¢ corresponding to T we have system
(2.6)-(2.9) satisfied.

We begin with demonstrating

. inf J ,q) = inf .
(2.10) o D, (P:q) inf Ji(z)

We consider the following auxiliary functional Jﬁhper, : Xg x Xy — R defined by

T} pert(P: 0, T) = /n F*(y, Vz(y)) dy + /n H*(y,z(y)) dy
+ [(@* (- divee) + aw) dy - [ (- divo(w) + atw)z(w) dy
First we prove that for any (p,q) € X¢
(2.11) nf JB, pere(P0,7) = I, (p,0).

Fix (p,q) € X¢ and observe that by the Fenchel-Young inequality and the definition of
the Fenchel-Young transform for convex integral functionals, see [8], we obtain

/(— div p(y))z(y) dy—/F"(y,Vz(y)) dys/(F")‘(y,p(y))dy
0 Q ¢}

and

T - k ky\*
/Q a(y)z(y) dy /n H*(y,z(y)) dy < /ﬂ (H*)" (v,9(v)) dy
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for all € X;. Moreover by the definition of X¢,
p(y) = Ff (v, Z,(v)), a(y) = HE (v, Z,(v))
for certain z,, T, € X} related by (2). Therefore we get
| avp)z @ ds- [ P 5 dr= [ r) d

and
/q(y):?p(y) dy—/H"(y,ip(y)) dy=/(H'°)‘(y,q(y)) dy.
Q Q Q

Hence

(2.12) / * (v, p() dy+/(H (v, a(y)) dy
= sup {/ﬂ(—divp( )+ a(y))z(y) dy — /F" (v, Vz(y)) dy - /H" (v.z )dy}

z€X;
ky» ky\»
< /n (F*)* (v, p(w)) dy + /n (H*) (3, a(v)) dy

and thus (2.11) follow.
Next we prove that for any z € X;

(213) inf JDk,pert(p q, l') ( )

(p.g)yeXxg

Fix z € X;. We obtain
/Q(— divp(y) + q(v))z(y) dy / (G*)* (y, — divp(y) + q(v)) dy < /G"(y, (v)) dy
and by definitions of X; and X,‘: it follows that there exists (pr, gz) € Xg such that

—divpa(y) + ¢=(y) = G (y, 2())-
This shows (2.13) by the same argument as applied above.
Now by (2.11) and (2.13) we have (2.10) since

. . # — i
zlen)gk (P,tll;lefxf JDk’pert(p’ 7.2) = (P,tll?efxd :l€n)¥ D k p"t(p 9:2).

Since Ty € Xk, there exists (B, ;) € X such that relation (2.9) holds. Hence and
by the Fenchel-Young inequality we get Jix(Zx) 2 Jp,(Di,Gx)- By (2.10) and by Ji(Zk)
= 1€nxf Ji(z) we obtain Jp, (B, 7x) = Je(Tx) and (2.6) follows. Thus we have

€ X}

/ (F*)* (v, Bul(y)) dy + / F*(y, VZu(y)) dy — / By (y) VE(y) dy

1] ) 0
/H"(y,fk(y)) dy+f(H")‘(y,ﬁk(y)) dy — /m(y)fk(y) dy =0.
N 1] 111

Since by the Fenchel-Young inequalities both terms are nonnegative we get (2.8) and
(2.7) satisfied. 0
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3. THE STABILITY OF SOLUTIONS

THEOREM 3.1. We assume G1, G2, G3, H1, H2. Let Gk(y,x) e Gy, ),
H¥(y,z) I Hl(y,z), ¢x(y,z) S voly,z) almost everywhere on §2 for any
T € [—do,do]. For each k € N there exists a solution zx to the problem (1.1) and
there exists a subsequence {z;}32, and T € X, such that Jl_iglo Ty; = T weakly in Wi (9)

and

(3.1) ~ div (o (y, V") IVZ[*2VE) + H(y, %) = G3(3, 7),
Z(y)lsa = 0.

ProOF: By Theorem 2 for each k = 1,2,... there exists a solution to (1.1). Since
dip < do for k = 1,2,... it follows that X, C X, for all k = 1,2,.... There exists a
subsequence {zx,;}32, of {zx}32, weakly convergent in W,y ™(2), which up to subsequence
may be assumed to be strongly convergent T € X, in L™*(Q).

We now prove that

(3.2) Jlim G% (y, 7k, (y)) = Go(y,Z(y)) almost everywhere,

possibly up to a subsequence. Indeed, we get

(3.3) G¥(y,z4,(y)) — G2(v,Z(v))

By (1.5) and by the mean value theorem we observe that

G¥ (.25, ¥)) - G% (1,2¥)) | < alos, W) - ().

Since {z,}52, is convergent almost everywhere it follows that

(3.4) lim (G (y, 2, (4)) - G¥ (v,2w))) = 0.

n—oo

Thus from (3.3) using the above and the assumptions we obtain (3.2). By the same
arguments we demonstrate that

lim HY (y,zx;(y))= HZ(y,Z(y)) almost everywhere.
By (1.4), (1.7) and by Ol we infer that —div(cpk(-,IVz(-)I"'l)|Vx(.)|""zvz(.)) is

bounded in L°°(2). Hence it is weakly convergent in L™(f2), up to a subsequence, to a
certain d € L™(2). We obtain by monotonicity and proceeding considerations for any
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T e W)

0

< [ (- div(on(w: V2" [V, " V)
Q

+div ((pk (v, |Vz[*") |Vz|*? Vz) ' Thy — z>

R /n<d(y) + div((pk(y, |VI|n_1) lel'” V:r) JE - a:>-

Hence d(y) = —div (<pk (y, |Vf(y)|"_l) |Vf(y)|n-2Vf(y)).

(7}

(8}
(9]

Since a weak limit is equal to an almost everywhere limit we finally get (3). 0
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