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Abstract

We prove an explicit inverse Chevalley formula in the equivariant K-theory of semi-infinite flag manifolds of
simply laced type. By an ‘inverse Chevalley formula’ we mean a formula for the product of an equivariant scalar
with a Schubert class, expressed as a Z [qil]—linear combination of Schubert classes twisted by equivariant line
bundles. Our formula applies to arbitrary Schubert classes in semi-infinite flag manifolds of simply laced type
and equivariant scalars e, where A is an arbitrary minuscule weight. By a result of Stembridge, our formula
completely determines the inverse Chevalley formula for arbitrary weights in simply laced type except for type Eg.
The combinatorics of our formula is governed by the quantum Bruhat graph, and the proof is based on a limit from
the double affine Hecke algebra. Thus our formula also provides an explicit determination of all nonsymmetric
g-Toda operators for minuscule weights in ADE type.

1. Introduction

Let Qrg be the semi-infinite flag manifold. This is a reduced ind-scheme whose set of C-valued points
isG(C((z))/(H(C)-N(C((z)) (see [11] for details), where G is a simply connected simple algebraic
groupover C, B = HN C G is aBorel subgroup, H is a maximal torus and N is the unipotent radical of B.
For each affine Weyl group element x € Wy = W= QV, with W = (s; | i € I) the (finite) Weyl group and
0"=6p ;1 Za! the coroot lattice of G, one has a semi-infinite Schubert variety Qg (x) C Q'¥, which
is infinite-dimensional and is given as an orbit closure for the Iwahori subgroup I ¢ G(C[[z]]). We
distinguish the semi-infinite Schubert variety Qg := Qg(e) C Qr(‘}t associated to the identity element e
of the affine Weyl group, and also call it the semi-infinite flag manifold.

Our main object of study is the equivariant K-group Kgxc-(Qg)—and that of Q™', denoted by
Krxc (QrGat)—which is a variant of the K-group Ki’ (Qg) introduced recently in [13]. Our K-group is a

module over the equivariant scalar ring Z [qil] [P], where P is the weight lattice of G, Z[P] = Z[e* :
p € P] is the character ring of H and g € R(C”) is the character of loop rotation. Therefore, the K-group
Knxc+(Qg) is aZ [g*'] [P]-submodule of an extension of scalars of the equivariant K-group K{(Qc)
of [13] with respect to the Iwahori subgroup I and loop rotation.

© The Author(s), 2021. Published by Cambridge University Press. This is an Open Access article, distributed under the terms of the Creative
Commons Attribution licence (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution, and reproduction in
any medium, provided the original work is properly cited.

https://doi.org/10.1017/fms.2021.45 Published online by Cambridge University Press


doi:10.1017/fms.2021.45
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/fms.2021.45&domain=pdf
https://doi.org/10.1017/fms.2021.45

2 Takafumi Kouno et al.

A fundamental result of [13] is the combinatorial Chevalley formula for dominant weights in
the K-group Ki' (Qg) (and hence in Kyxc+(Qg)). This formula describes, in terms of semi-infinite

Lakshmibai—Seshadri paths, the tensor product of the class of the line bundle [OQG (/1)] associated to
a dominant weight 1 € P* with the class of the structure sheaf [Oqg; (x| of a semi-infinite Schubert
variety Qg (x) C Qg forx = wrg € Wffo =W x QY* C Wy, where QV* := 3,7 Zsoe; € QV. This
was followed up in [24] by another combinatorial Chevalley formula in Kgxc:(Qg), giving the tensor
product of a Schubert class with an antidominant line bundle. The two Chevalley formulas—dominant
[13] and antidominant [24]-were unified in [19], giving the general Chevalley formula in Kgxc+(Qg)
for arbitrary weights 1 € P.

The Chevalley formulas of [13, 24, 19] thus provide the complete analogue for semi-infinite flag
manifolds of their previously well-understood K-theory counterparts for the standard Kac—Moody flag
varieties [26, 22, 7, 20, 21]. In all such formulas, the objective is to expand the tensor product of
a Schubert class with an equivariant line bundle, as a linear combination of Schubert classes with
equivariant scalar coefficients. In the case of Qg, by [19], this takes the form

[Oaen ] = D vk e [Oggin] - (1.1)

>0
yeWs
HEP

with x,y € WaZfO, A, u € Pand cij’y‘ eZ [qil]. We note that the sum on the right-hand side of equation
(1.1), while generally infinite, satisfies a notion of convergence introduced in [13].
In this paper, we shall study the inverse! expansion in Kgxc+(Qg):

et [Ogew] = D Al [Oguiy (W] (1.2)

>0
yeWs
MHEP

for x € W;fO and A € P. In contrast to equation (1.1), the expansion in equation (1.2) is finite, as

established in [25] for simply laced G—namely, d;lj’y‘ €z [qil] forany A,u € Pand x,y € Wazfo’ and
the right-hand side of equation (1.2) is always a finite sum. (These properties are expected to hold for
arbitrary G.)

We call any formula for the right-hand side of equation (1.2) an inverse Chevalley formula for A € P
in Kgxc+(Qg). The analogous expansion for finite-dimensional flag manifolds G/B was studied by
Mathieu [23] in the context of filtrations of B-modules (compare [23, p. 239]). In fact, by [10, Proof of

Proposition 1.15], one has a surjective map of Z[ P]-modules given by

trunc

Kuxc:(Qg) — Ku(G/B)

gr—1
Ox( )] ifyeW,
@) [Ox 1.3
[ QG(y)] — {0 otherwise, (1.3)
where [Oxy) | for y € W denotes the structure sheaf of the Schubert variety
X(y) =Byw.B/Bc G/B (1.4)

and w, is the longest element of W. The map trunc also respects the tensor product by equivariant

1Provided their existence, the coefficients c;ljg, dﬁ:;’ €7 [qﬂ] are unique, since both {e’l . [OQG(X>]} d

xew 20 aep 0
{[OQG (x) (/U]}XEWZO 1ep Are (topologically) Z [qi]]-linearly independent sets in Kgxc* (Qg). Existence follows from

[13, 24] for equation (al .1) and [25] for equation (1.2).
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line bundles. Thus, for x € W, the image of equation (1.2) under trunc produces the analogous inverse
Chevalley expansion in Ky (G /B) (see also Remark 3.13). In this sense, any inverse Chevalley formula
(1.2) must incorporate the necessary ‘corrections’ in Kpgxc+(Qg) to the classical inverse Chevalley
formulas in Ky (G/B).

We note that in the case of Ky (G/B), there is a simple transformation to pass between ordinary and
inverse Chevalley formulas (as explained in, e.g., [23, p. 239]). The lack of such a transformation for
K xc-(Qg) justifies the independent study of inverse Chevalley formulas in the semi-infinite setting.
Moreover, the finiteness of equation (1.2) offers an advantage over equation (1.1).

The purpose of this paper is to prove a completely explicit, combinatorial inverse Chevalley formula
in the equivariant K-group Kgxc+(Qg) in the case of a simply laced group G and a minuscule weight
A € P. Before stating our results more precisely, let us discuss further motivations for this work.

L.1. Nil-DAHA and q-Heisenberg actions on Kpyxc-(Q%')

One approach to understanding equations (1.1) and (1.2) is that they relate two actions of the group
algebra Z[P] on Kgxc+ (Qré‘), one given by equivariant scalar multiplication (the left-hand side of
equation (1.2)) and the other by the tensor product with equivariant line bundles (the left-hand side of
equation (1.1)). These actions of Z[ P] extend to that of two distinct algebras on Kpgxc- (QrGa‘): the nil
double affine Hecke algebra (nil-DAHA) and a g-Heisenberg algebra.

Multiplication by equivariant scalars extends to a left action of the nil-DAHA Hy on Kgyxc- (QE‘;‘),
in a way that is conceptually similar to the action of nil-Hecke algebras on the equivariant K-theory of
Kac—Moody flag varieties [8]. On the right, however, instead of a nil-Hecke algebra, one has an action
of a g-Heisenberg algebra $. This is generated by tensor products with equivariant line bundles [O(2)]
(A € P) and translations Q¥ = H(C ((z)))/H(C[[z]]). The two actions commute, making Kpxc- (Qg')
an (Hp, $)-bimodule.

This bimodule structure is a fundamental tool in the study of K xc- (Qrcat), as standard methods such
as localisation are not available. Furthermore, as explained in [25], it gives a geometric realisation of
the nonsymmetric g-Toda system introduced in [4] (see [1, 2, 5] for related results on the usual g-Toda
system and [14, 15] for its (g, t)-extension given by Macdonald difference operators in type A). For
us, the fact that the Hy-action on Kgxc: (Qrét) includes the operators of multiplication by equivariant
scalars is key. We use the limit construction [25] of the Hy-action on Kgyxc+ (Qrg) to find and prove our
inverse Chevalley formula in Kg«c- (Qg), which is given by Theorem 1.

1.2. Quantum K-theory of G/B

In [10, 12], Kato established a Z[ P]-module isomorphism — with Z[ P] acting by equivariant scalars —
from the (completed) H-equivariant quantum K-group QKy (G/B) := Ky (G/B) ® Z[[QV"*]] of the
finite-dimensional flag manifold G / B onto the H-equivariant K-group Ky (Q¢ ) obtained by specialising
q = 1in Kgxc(Qg). (Here Z [[QY-*]] is the ring of formal power series in the (Novikov) variables
Q;,i € 1.) Kato’s isomorphism respects Schubert classes and intertwines the quantum multiplication in
QKpy (G/B) with the tensor product by line bundles in Ky (Q¢). Thus it provides a means to transport
formulas from Ky (Qg) to QK g (G/B). In the sequel [16] to this paper, we will use Kato’s isomorphism
to derive a corresponding inverse Chevalley formula in QK g (G/B).

1.3. Our results

Let us now explain our results in more detail. Recall that a weight 4 € P is called minuscule if
(A,a") € {0, «1} for all @ € A. Nonzero minuscule weights exist in all types except Eg, Fy and G».
Our results explicitly describe the inverse Chevalley formula in K xc+(Qg) for arbitrary minuscule
weights 4 € P in the case when G is simply laced. By iteration, our formulas completely determine
the inverse Chevalley rule for arbitrary weights in ADE type (except in type Eg). Indeed, a result of
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Stembridge [27] (as stated in [18, Theorem 2.1]) asserts that in all types except Eg, F1 and G, the
minuscule weights form a set of generators for the weight lattice. (The full version of Stembridge’s
result, which holds in arbitrary type, requires quasi-minuscule weights. We plan to take up the study of
our constructions in the case of quasi-minuscule weights elsewhere.)

Any minuscule weight belongs to the Weyl group orbit of a dominant minuscule weight — that is, a
minuscule fundamental weight. Suppose @y € P* is a minuscule fundamental weight. Set J = I \ {k},
and consider the parabolic subgroup W; = <sj |jed > which is the stabiliser of @y. Let W/ be the set
of minimal coset representatives for W/W; . Finally, let 1 = x@; € P be an arbitrary minuscule weight,
where x € W7

1.3.1. Algebraic formula

For G simply laced, A as before and any w € W, our first main result gives an algebraic expression for
the product el [OQG(W)] € Kpxc+(Qg) in terms of the right g-Heisenberg action on Kpyxc- (Qrg).
This is given explicitly as a sum over a set QW ,,, of walks (w1, ..., w,) in the quantum Bruhat graph
QBG(W) [3], beginning at wg = w and with steps prescribed by a set of positive roots determined by
A. (Here n is the length of the minimal representative of the coset w,W;.)

Theorem 1 (= Theorem 3.11). Assume that G is of ADE type but not of type Eg. For any minuscule
weight A = xwy € P, where x € W7, and any w € W, we have

et [Ogsim ] = 2 (06w ] - X 15, (1.5)

w=(Wi,..., wi) €EQW 4,

where | = {(x) and §;LVX_W°WI_IV§V_V is an element of the q-Heisenberg algebra $ given explicitly by
equations (3.63) and (3.64).

Acting by translations from the g-Heisenberg algebra, one immediately obtains a corresponding

formula for e - [OQG(th)] € Kyxce (Qrg), for any & € QV.

In order to prove Theorem 1, we apply the main result of [25]. The main step in our proof (see Theorem
3.7) is the intricate computation of a limit, as t — 0, from the polynomial representation of the double
affine Hecke algebra (DAHA). Thus one should also regard Theorem | as an explicit determination of
all nonsymmetric g-Toda operators, in the sense of [4, 25], for minuscule weights in ADE type.

1.3.2. Combinatorial formula
Our second main result expresses the same product e - [OQG(W)] combinatorially. To achieve this,

we enhance the set of quantum walks QW, ,, to a set QVV Aw Of decorated quantum walks. Roughly

speaking, a decorated quantum walk (w,b) € (jW 2w consists of a quantum walk w = (wq,...,w,) €
QW ,, together with a decoration b : S(w) — {0, 1}. The latter is a {0, 1}-valued function on an
explicit subset S(w) C {f : w, = w;_1} of the stationary steps in the walk w. Each (w,b) € QVV,LW
carries a sign (—1)™-P) ¢ {£1}, a weight wt(w,b) € Q" and a degree deg(w, b) € Z. For details, see
Section 3.4.1.

Our combinatorial inverse Chevalley formula reads as follows:

Theorem 2 (= Theorem 3.14). Assume that G is of ADE type but not of type Eg. For any minuscule
weight A = xwy € P, where x € W, and any w € W, we have

et [Ogq )]

= Z (_])(w,b)qdeg(w,b) - [Oqq (Wnt_ys (wi(w,b))) (_WOW;l/l +wt(w, b))]. (1.6)

(W.b)eQW,, .,

Theorem 2 is obtained as an immediate consequence of Theorem 1, by fully expanding the right-hand
side of equation (1.5) in the g-Heisenberg algebra. Our combinatorial framework is designed to record
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the terms in this expansion. We find it satisfying that the DAHA-based limit used to prove equation (1.5)
automatically manufactures the combinatorics of decorated quantum walks necessary for both formulas.
We mention that equation (1.5) gives the extension to K «c+(Qg) of Lenart’s rule [17, Theorem 3.1],
which holds in K(SL(n + 1)/B), for multiplying a Grothendieck polynomial by a variable.

In Appendix A we work out some further details in the type A case, including concrete examples of
equation (1.5) in equations (A.1) and (A.2) and the important special case w = w,, k = 1 in equation
(A.7). We also explain, following [25, §5.1], how to obtain the usual g-Toda difference operator by
symmetrising Theorem 1.

1.4. The sequel

In [16] we will establish a different, equivalent version of our inverse Chevalley formula (1.6) in terms
of paths (instead of walks) in the quantum Bruhat graph. By means of this alternate formula, we will
give a separate and logically independent proof of Theorem 2 in type A, based on the Chevalley formulas
of [13, 24] and an equivalent set of character identities for Demazure submodules of level 0 extremal
weight modules. Finally, we will use Theorem 2 to derive a corresponding inverse Chevalley formula
in the quantum K-ring QKg (G /B), by means of Kato’s isomorphism.

2. Basic notation
2.1. Root system

Let G be a simply connected simple algebraic group over C. As in the introduction, we fix a maximal torus
and Borel subgroup H € B C G. Set g := Lie(G) and ) := Lie(H). We denote by (-,-) : h* xh —» C
the canonical pairing, where §* = Home (), C).

Let A C h* be the root system of g, A™ C A the positive roots (with respect to B) and {a; };e; C A*
the set of simple roots. We denote by a” € § the coroot corresponding to @ € A. Also, we denote by

0 € A" the highest root of A, and we set p := (1/2) 3, ,ea+ @. The root lattice Q and the coroot lattice
QY ofgare Q := 3 Zaj and Q" := 3, ; Za .

Fori € I, let w; € h* be the fundamental weight determined by <w,-, cx}/
d;,; denotes the Kronecker delta. The weight lattice P of g is defined by P := }’;; Zw;. We denote by

Z[ P] the group algebra of P —that is, the associative algebra generated by formal elements {e’l | e P},
where the product is defined by ete# := et for A, u € P.

A reflection s, € GL(D*), @ € A, is defined by 54(1) := A= (2, a") a for A € h*. We write s; = sq,
for i € I. Then the Weyl group W := (s; | i € I) of g is the subgroup of GL(H*) generated by {s;};e;-
We denote by £(w) the length of w € W with respect to {s; };;.

> = 0;,j forall j € I, where

2.2. Quantum Bruhat graph

The quantum Bruhat graph QBG(W) (compare [3, Definition 6.1]) is the A*-labelled directed graph
whose vertices are the elements of W and whose edges are of the form x N y,withx,y € Wanda € A*,
such that y = xs,, and either of the following holds: (B) £(y) = £(x)+1or (Q) £(y) = £(x) -2 {p,a")+1.
An edge satisfying (B) (resp., (Q)) is called a Bruhat edge (resp., a quantum edge).

2.3. Affine root system

Let gar := (g ®C [z, z‘l]) ® Cc @ Cd be the (untwisted) affine Lie algebra over C associated to g,
where c is the canonical central element and d is the degree operator. Then h,r := h ® Cc @ Cd is the
Cartan subalgebra of g,r. We denote by (-, -) : b X hor — C the canonical pairing. Regarding 4 € h* as
A € b, = Home(bar, C) by setting (4, ¢) = (4,d) = 0, we have h* C b;,. In this identification, we see
that the canonical pairing (-, -) on b, X b,r extends that on h* x .
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Let us consider the root system of g,r. We define ¢ to be the unique element of b, which satisfies
(0,hy =0forall h € b, (§,c) =0and (5,d) = 1. We set g := =0 + 6 € b;. Then the root system Ay
of gqr has simple roots {a; };er,, where Iyr := I U {0}.

For each a € A,f, we have a reflection s, € GL(b,f), defined as for g. Note that for @ € A C Ay,
the restriction of a reflection s, defined on b, to h coincides with a reflection s, defined on . Set
S; 1= Sq, fori € I,;. Then the Weyl group Wy of g4 (called the affine Weyl group) is defined to be the
subgroup of GL(b,r) generated by {s;}icr,, namely Wyr = (s; | i € Iy). In [9, §6.5], it is shown that
Wat = Wi {tov | @¥ € QV} = Wi QV, where t,v is the translation element corresponding to @’ € QV.

2.4. Simply laced assumption

While the definitions we have given are completely general, we will in fact assume throughout that G is
simply laced. As a result, we almost always identify h* with b, roots with coroots and so on. We do this
by means of the nondegenerate W-invariant symmetric bilinear form (-,-) : h* X h* — C, normalised
so that (@, @) = 2 for all @ € A. We write |A|*> = (1, 1) for A € h*.

2.5. Extended affine Weyl group
Let Wex = W P be the extended affine Weyl group, which we let act on P & Zg by the level O action

wiy () =w(d) = (u, )6, wt,(6) = 0. 2.1

Here we choose e to be the smallest positive integer such that e - (P, P) C Z.
We also define the group IT = P/Q, which we realise as the subgroup of length 0 elements in Wey.

2.6. Parameters

Let us introduce a parameter ¢'/¢ such that (ql/ e)e = ¢, where ¢ € R(C") is the equivariant parameter
corresponding to loop rotation on Qrg‘. We will also use a related, but distinct parameter q'/¢, as well

as parameters t, v such that t = vZ. Our base field for DAHA constructions will be K = Q (ql/ e, v).

2.7. Matrices

For any ring R with 1, let Maty (R) denote the R-algebra of W X W matrices with entries in R.
Let {e,, }wew be the standard basis of the free R-module R'Y!. For A € Maty (R), we denote by
Ay e =D ew Aw vey the row of the matrix A indexed by w € W.

3. Inverse Chevalley formula via DAHA

In this section we use the methods of [25], based on the (Hy, $)-bimodule structure of Kgxc- (Qgt), to
prove the inverse Chevalley formulas (1.5) and (1.6).

3.1. K-groups

Let Kj (Qrg) be the equivariant K-group of Qrca;t introduced in [13, §6], where I = I~ C* is a semidirect
product of the Iwahori subgroup I ¢ G(C[[z]]) and loop rotation C*. Correspondingly, Kj (Qrg) isa
module over Z[ P] ((q‘l )), which acts by equivariant scalar multiplication.

One has the following classes in Kj(Qg'), for each x € Wyt and A € P:

o Schubert classes [Oq (x)]
o Equivariant line bundle classes [O(1)]
o Classes [OQG (x) (/l)] corresponding to the tensor product sheaves Ogq; (x) ® O(4).
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We follow the conventions of [13] for indexing equivariant line bundles and Schubert varieties in Qrg.

Definition 3.1 ((H x C*)-equivariant K-groups of Q' and Qg). Let Kpyxc- (Q) be the Z [¢*'] [P]-
submodule of Kj (Qrg) consisting of all convergent infinite Z [q*l ] [ P]-linear combinations of Schubert
classes [OQG( x)] for x € Wy, where convergence holds in the sense of [13, Proposition 5.11].
Similarly, we define Kpxc+(Qg) to be the Z [¢*'| [P]-submodule of Kj(QE') consisting of all
convergent infinite Z [¢*'] [ P]-linear combinations of Schubert classes [Oqg; (x) | for x € W2°.

The classes {[OQG(X)] }eraf satisfy a notion of topological linear independence in Ki(Qg“) given
by [13, Proposition 5.11]; thus they form a topological Z [qil] [P]-basis of Kgxc+ (Qg‘). Also, one
has [OQG( x) (/1)] € Kyxc (Qrg) for any x € Wy and A € P, thanks to the two Chevalley formulas for

dominant weights [13] and antidominant weights [24]. Similar (in fact, equivalent) assertions hold for
K HXxC* (QG ) .

Definition 3.2. Define K C Kpyxc- (Q) to be the Z [¢*'|-submodule consisting of all finite Z [¢*!]-

linear combinations of the classes {[Oqq (x) (D]} e, 1ep-

By definition, K is only a Z [¢*'|-submodule of Kpxc- (Q%'). But, as shown in [25, Theorem 5.1], it
is indeed a Z [¢*'| [P]-submodule of Kprxc- (Q'). We note that the classes {[Oqg; (x) (1) ] }
are linearly independent over Z [qil] , by the Chevalley formula of [13].

To summarise, we have the following chain of Z [¢*'| [P]-modules, and Kj (QY) is in fact a
Z[P] ((¢™"))-module:

xeW,s,AeP

K c Kuxc (Q¢) © Ki (Q) .

where K is equipped with the Z [¢*!|-basis {[Oqq; (x) (1) ] }xewf 1ep and Kpxce (QE') with the topo-
logical Z [qil] [P]-basis {[OQG( x)] }x Wy Next we discuss additional structures on these modules.

3.1.1. g-Heisenberg algebra
Let $ be the g-Heisenberg algebra defined as a Z [¢*!/¢|-algebra by generators

X" (veP), t,(ueP), (3.1
and relations
Xxr = x*v (3.2)
Tute = tusg (3.3)
X0=1=1 (34
XVt =g, X" 3.5)

forall A, u,v,& € P.
Let § C $ be the Z [¢*'|-subalgebra generated by X” (v € P) and 15 (8 € Q).

Proposition 3.3. There exists a unique right $-module structure on K and Ky xc- (Qrét) such that

[Ogc (D] - X =[O (1 +7)] (3.6)

[Oqc (D] 15 =47 - [OQG(xt,WD,;)(/l)] 37
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Jorall x € Wy, A,v € P and 8 € Q. Moreover, K is free as an $-module, with $-basis given by
{[Oec ]}y ew
Proof. See [10] and [25, Proposition 2.3]. We note that our conventions here differ slightly from those

of [25], where the class [OQG( x)] is denoted by [54 This accounts for the twist by —w, in the action
of l"g. [m]

3.1.2. Nil-DAHA
Next we turn to the nil-DAHA Hy, which is the Z [q*' | -algebra (note the notational distinction between
g and ¢g) defined by generators

T‘i (l € Iaf), XV (V € P)7 (38)
and relations

T =T;T; - (mi; = |s,~sj| factors on both sides) (3.9)
T(T,+1) =0 (3.10)
X0=1 (3.11)
XV XH = XV (3.12)

XV — XSi(V)
an — XSi(V)]’i — —1 X s (313)

where it is understood that X¢ = g. We alsouse D; = 1+T; (i € Ir). These elements satisfy the braid
relations as before and quadratic relations Df =D;.

Proposition 3.4 [13, Theorem 6.5]. There is a left Hy-action on Kgxc+ (Qrc";‘) uniquely determined by

- [Og6 ) V] = a7 [Ogg 10 (V)] (3.14)
X" [Oqg 1) (D] = ™ [Oqg 1) (V] (3.15)

D; - [Oqg (1) (D] = [Ogg 1) (D] (3.16)
Do - [0qq (1) (D] = [Oqq (sota) (D] (3.17)

foralliel, a € Qandv,A € P.

We warn the reader that X (v € P) can be viewed both as an element of Hj and as an element of $).
Its left and right actions on Kgyxc+ (Qrg) differ drastically. From the left, X” € Hj acts as equivariant
scalar multiplication by e™, whereas from the right, X¥ € § acts as the line bundle twist by O(v).

3.1.3. K as a bimodule

By [25, Theorem 5.1], the Hp-action on Kpxc: (Qf) leaves K stable. Thus K is an (Ho, $)-bimodule.
Since K is free as a right $-module, the nil-DAHA action on K and hence on Kgxc- (Qrg‘) is therefore
characterised by the unique ring homomorphism g : Hy — Maty ($) satisfying

H - [Oqgow] = Z [Oge (] - 00(H)yw (3.18)

vew
forall H €e Hy and w € W.
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For us, the key point is that the matrices encoding the inverse Chevalley formula (1.2) are exactly
00 (X~4) for A € P.

3.1.4. Further observations
For any i € I,y and x € Wy, we have

[Oqq s ] if six <x,

D; - [Ogs ] = { (3.19)

[OQG(X)] if s;x > x,

where < is the semi-infinite Bruhat order on Wy (see [13] or [25]). In the special case where i € [ and
x =w € W, we have

[OQG(SiW)] if siw <w,

Di - [Oqoom] = { (3.20)

[OQG(W)] if s;w > w,

where < is the (usual) Bruhat order on W.
It follows from equation (3.20) and Proposition 3.4 (see also [13, Proposition 6.3]) that the nil affine
Hecke Z [qil]-subalgebra Ho C Hy generated by

D;(iel), X" (veP),
leaves Kpyxc (Qg) € Kyxc (Qer) stable. (Our inverse Chevalley formulas make this explicit.)

We also deduce from equation (3.20) that [OQG(Wo)] generates K as an (H, £)-bimodule (in fact,
the action of $ and the D; for i € I on [Oqy; (w,) | are sufficient to generate all of K).

3.2. DAHA

The main result of [25] gives an algebraic construction of the homomorphism g : Hy — Maty (9)
of equation (3.18), as a limit as t — O from the polynomial representation of DAHA. Let us recall the
necessary details of this construction.

3.2.1. Definition of DAHA R
Recall thatK = Q (ql/ ¢,v),wheret = v2. The (extended) DAHA H is the K-algebra defined by generators

Ty(ely), X (veP), x(xell), 3.21)
and relations
TT;-=T;T;-- (mi; = \sisj| factors on both sides) (3.22)
(Ti -H(T; +1) =0 (3.23)
XY XH = XVHH (3.24)
x0=1 (3.25)
X" = XOT, + (1= 1) (1 — X%)"! (X" - XSM) (3.26)
alin ! = T; (m(@i) = a;) (3.27)
aX’n = x* (3.28)

foralli, j € I, v, u € P and & € I1. Here it is understood that X9/e = ql/“.
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One has well-defined elements Y” € H (v € P) given by

YY =y Zia fk”Ti]ﬂ ... TE (3.29)

i

for any reduced expression ¢, = 7s;, ---5;, € P =< W = W, where iy € I,y and n € II, and where
€ € {1} are determined by

amft) e 5
These elements satisfy
YYYH = yViH (3.31)
Yo =1 (3.32)
TYY —YSO)T, = (1= 1) (1 — y~)"! (Y" - YS"(")) (3.33)

forany i € I and v, u € P. (To extend the latter relation to i € Iy, see, e.g., [25, §3.2].)

3.2.2. Polynomial representation

Let K(P) be the field of fractions of K[P] = K[X” : v € P]. The extended affine Weyl group W acts
on K[P] by automorphisms as follows: #,w(X") = g~ (W) Xxwv By a ‘difference-reflection operator’
we mean an element of the smash product

K(P) = W = K(P) @ K[Wex] (K-linear isomorphism)

acting from the left on K(P) by multiplication operators (first tensor factor) and the induced action of
Wex (second tensor factor). We note that K[ P] = P, where P = {t# THE P} C Wex, is nothing but the

g-Heisenberg algebra 5 with scalars extended to K.

The polynomial representation o : H — End(K[P]) is a faithful representation of H given as follows:
©0(X") is multiplication by XV, the elements 7 € I C Wy act by the automorphisms already discussed
and 7; (i € I) act by Demazure—Lusztig operators:

P G B
i) = Si .
@ X — 10T Xai _ 1

(3.34)

In general, elements of H acton K [ P] by difference-reflection operators from K(P) = Wy; therefore,
they are represented uniquely as sums of f7,u = f ® t,u, where f € K(P) and t,,u € We,. Obviously,
not all elements of K(P) x W leave K[P] stable, but those from H do. As in equation (3.34), we
will simultaneously regard o(H) for H € H as an element of End(K[P]) and as a difference-reflection
operator — that is, an element of K(P) = W.

3.2.3. Limiting procedure
Consider the homomorphism

% 1 K(P) » Wex — Maty (K(P) = P),

which for f1,u € K(P) = We, and v, w € W is given by

(V_l ! f)|Xv (o) XV t(p,v’l;t)t‘r](#) if v =uw,
g = o 3.35
) {0 otherwise. (3.35)
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By [25, Theorem 5.1], the sought-after matrices og (X"l) from equation (3.18) can be obtained by
applying a simple automorphism to the result of the entry-wise limit

0y (r') = timx (o (¥*)) € Matw (). (3.36)

v—0

The existence of this limit for any A € P is ensured by [4, Theorem 4.4]. The significance of Y here is
that it is the image of X ~1 under the DAHA duality anti-involution; see [25, §3.2] for further details.

3.3. Computing limits

Our goal is thus to compute certain o (Y’l) given by formula (3.36). To do so, we will work with
compositions of the auxiliary difference-reflection operators

ti]_XT] ti]_l
*= + — Sy
T 1-X1  1-X7

forn e Azf. These are cousins of the Demazure-Lusztig operators o(7;):

G

(3.37)

G, =sio), Gy, =(65) " = o (1)

As we wish to take v — 0, all rational functions in such operators will be expanded in
Z [q*'/¢] [P] ((v)). In this context, we shall write A ~ B to mean that A and B have the same low-
est term — that is, that A and B have the same order with respect to v and that A — B has strictly greater
order than that of A and B.

Set 7 € A*. By equation (3.35), we see that a matrix entry of x (G;—;) vanishes unless it is indexed by

(w,w) or (w, snw) for some w € W. The nonvanishing entries are given as follows:

B ., ifwln >0,
t —t~(eow™n) xw () »
x(ey) = 1 < t(1=x) i o) =1 (338)
wow ] — = (pw™'n) xwl ()
t if (p,w™y) < -1
t—1 -1 if w™ln >0,
%(Gj) = X S i 1 v (3.39)
7 w,spw 1 _t(P,Wfl’l)X—w’]U t (p-w U)XW moif W_ln <0
—wly 1) —
=1 _ = (eow™ ) xw™ (1) L=x=" 7 if (p,w 77) =1,
%(G,‘,) - (o) () if (p.w™'n) > 1, (3.40)
w,w —_t\pwn wTi(r
1-1 X ! ! ifw <0
t1—1 ! if w™ln >0,
%(G)—?) - - o (3.41)
wosyw 1 — tleow™n) x-w-ln —t(ew )=l xw™n gy, n < 0.

Remark 3.5. These computations are closely related to those of [3, §4] involving quantum Bruhat
operators. The precise connection to the quantum Bruhat graph will be made later.

3.3.1. Expanding products as sums over walks
Using the vanishing of the matrix coefficients, we obtain the following row expansion (see Section 2.7)

for any w € W and any sequence 7j = (171, . ..,1,) € (A*)":
% (G;71 Gy, G'_7")w,. = Z P (G;“)WO’W1 % (G;n)wmv2 o (G;in)wn_l’wn €y, » (3.42)
weW’;’v
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where wg = w and Wz is the set of sequences w = (wy, ..., w,) of elements of W such that

we € {wi_1, 5y, w1} foreacht=1,...,n. (3.43)
We call elements of Wz walks in W.
3.3.2. Quantum walks

We will see that the matrices describing our inverse Chevalley formula are given by sums over subsets
of walks given as follows:

Definition 3.6. We call w = (wy,...,w,) € W:’; a quantum walk if it defines a directed walk in the
quantum Bruhat graph QBG(W) —that is, foreach 1 < ¢ < n, either w; = w,_1 orw,_1 — w; = 55, W1
is an edge in QBG(W).

We note that such an edge w;—; — w; in QBG(W) is labelled by th__llTlt~ In the case when
Wi_1 > wy, the requirement for an edge is that £(w,_1) — £(w;) = (2p, _W:Nh) -1

3.3.3. Main limit
Now we proceed to the limit computation which will give our first main result. Let w; € P, be a
minuscule fundamental weight. (Thus we implicitly assume that our simply laced group G is not of type
Eg.) As in the introduction, let J = I \ {k}, let W; = (sj | j € J> C W be the corresponding parabolic
subgroup, which is the stabiliser of @y, and let W denote the set of minimal coset representatives for
W/W;.Forw € W, let [w] € W’ be the minimal representative of its coset wW.

Fix x € W/ and let A = x@y € P, which is an arbitrary minuscule weight. Let y € W be the unique
element such that |w, | = yx. Since @y is minuscule, we have £(|w,|) = £(y) + £(x); indeed, on W/,
the Bruhat order coincides with the left weak Bruhat order [6, Lemma 11.1.16].

We fix reduced expressions x = s, ---s;, and y = s;, - - - 5;,,, and we define
Br = 8iSji Sipa (@) 1< <, (3.44)
Vs = SipSipey St (@), 1< s <m. (3.45)

Hence, if we set
Inv(w) = A" Nw (-A7), (3.46)

then Inv(x) = {B1,.... Bt and Inv (y71) = {y1, ..., ym}. i
Now, for any w € W, define the set of walks W, = W, where 7 is given by

77:(nl’-"ann):(ﬁl7"-»ﬁl’717"-»ym) (347)

andn = [+m.Let QW ,, denote the subset of quantum walks in W/, (These sets depend on the choice
of reduced expressions for x and y, even though our notation does not indicate this.)

The inverse Chevalley formula for minuscule weights is an immediate consequence of the following,
which is the main technical achievement of this paper:

Theorem 3.7. For any minuscule A € P and w € W, we have

20 (Y’l) = Z gv_vtwf]/lg;ewn, (3.48)

W=(Wi,...,wn) €QW .,
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with
L= X ifw, = wey and (p,w'\me) = 1,

=<l | otherwise

1- pr_—llm ifwy = w1 and (p’wt_—llnt) =-1L
l—[ thi]] s ifwt < W¢—1,

+_
gw - .
I<t<n -1 ifwe >wig,
1 otherwise.

13

(3.49)

(3.50)

For the proof of Theorem 3.7, we will need the following notions, which rely heavily on A € P being

minuscule. For w € W, and with all other notation as before, let us define

Inv(w)y ={y eInv(w) | (v, ) =1}, £(w) =#Inv(w)y,
Inv(w)y ={y eInv(w) | (y,A) = -1},  £;(w) =#Inv(w)y,
and
Inv(w)y, =Inviw) N {Br, Brets .- Bi}s €3, (w) =#Inv(w)y .,
Inv(w)} s = Inv(w) 0 {¥s, Ysts- o2 Ym}s 0 (W) = #Inv(w)] ¢,

where ]l <r <land1 <s <m.

3.51)

(3.52)

(3.53)

(3.54)

The following lemma seems to be well known, but we give a simple proof in Appendix B for the

convenience of the reader:
Lemma 3.8. With all notation as before, the following are true:
1. We have

20(x) = €(Lwo]) = =2(p, ).
2. Foranyw e W,

(p=wp, ) =L (w) =L (w)
and

Inv(w); =Inv(w) N Inv(x),
Inv(w)] = Inv(w) N Inv (y_l) .
The proof of the following proposition will be given in Appendix B:

Proposition 3.9. With all notation as before, the following are true:

1. If sg,w <wforl <r < then
L(w) =€ (sgw) =2 (l’ir(w) -0, (sﬁrw)) - 1.

2. If sy, w <wforl <s <m, then

L(w) = (sy,w) =2 (f;ys(w) -l (sysw)) -1.

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

Remark 3.10. Equations (3.59) and (3.60) generalise the following well-known formula for length

differences in the symmetric group S,:

ew) = C((i)w)y =1+2-|{k i<k <jandw™ (i) > w ' (k) > w ' ()}],

https://doi.org/10.1017/fms.2021.45 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.45

14 Takafumi Kouno et al.

where 1 < i < j < n, w € S, is a permutation such that w™'(i) > w~!(), and (ij) denotes the
transposition swapping i and j.

Proof of Theorem 3.7. Let © € II be the length O element of W, corresponding to coset @y + Q in
P/Q. We have the formula ¢4, = 7 [w,] = myx (which may be taken as the definition of ), and hence
ty =Xxmy.

Using equations (3.33) and (3.55), we find

yA = sz(x)—f(LWoDT;}l T,y
=t V7 AT,
in H, and
0 (Y/l) =t PV, (T;}l)x_ltay_lé) ()
—t Gp, - Gp Gy, -G}

in the polynomial representation. Thus we need to compute the limit

06 (Y’l) = lim x (G;l -~~G§l)t_(p’/l)}t(t/1)x (G:;l . -G;m) .

v—0
The matrix t~®Vx(z,) is diagonal with entries

D (1) = t(p’w_l’l)_(p”l)twq/l.

Using equation (3.56), we can write =V x(t;) = %, Tax%, where %7 and 7, are the diagonal matrices
given by

(#7) sy = 1Y), (T)wow = Lyt 1o (23) o =AY (3.61)

Our strategy is to commute ], to the left past x (Gél -+ Gy, ) and 7 to the right past » (G:;l e G;m).

After we have done so, all negative powers of v will disappear.
Forr=1,...,1, we have

1-X""Brif (p,w1B,) =1,
% (G_ ) .t[;,r(w) ~ tg/{,rﬂ(w) x<1 if (p,W_lﬂr) > 1,
Br wow
1 if w8, <0,

and

P (G/_i’r) . t'f,ir(sﬁrw)

W.Sg, W
o O {1+ (s w) =G, O0) if w7, >0,

_t_(p’w_lﬁr)*{;,r(Sﬁrw)_[;,r(W)Xwilﬁr if Wﬁlﬁr <0
— t[;,rﬂ (w) X V_1+F(SﬁrW)_[(W) if Wﬁlﬂr >0,
- _V—(2p,w'1,B,)—l+[’(s/grw)—[’(w)Xw’],Br if Wﬁlﬂr <0,

where we use equations (3.59) to obtain the last equality. Notice that in all cases, each factor after the
bracket involves no negative powers of v. Moreover, after commuting », all the way to the left, we arrive

at tam ™) = 1 for any w € W.
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Similarly, for s = 1, ..., m, we have
1 if wly, >0,
00 W) Ly (G;) s W s d o xw s gf (0w lys) = -1,
w,w
1 if (p,w_lys) < -1,
and
t_fjl..s (w) X (G; )
ST w,sygw
I (s W) =6 (w) if wly, >0,

=0 (sy,w)
~t "SI VYs X _ " " B
{t(p’w L (W) =) xw Ty ymly <0

el () o [0 ifwlys >0,
- ’ V—(Zp,w’l)/s)—l+€(sysw)—t’(w)Xw'lyS if W_l')’s <0.

As before, each factor after the bracket involves no negative powers of v, and after commuting 7 all the

way to the right, we arrive at toma (W) = 1, forany w € W.

To complete the proof, we expand the product of resulting matrices (including 7,) and take v — O.
Taking into account the exponents of v, one sees that the surviving terms are exactly those indexed by
quantum walks QW .. O

3.4. Inverse Chevalley formula

By means of [25, Theorem 5.1], Theorem 3.7 immediately gives the following algebraic form of the
inverse Chevalley formula in Kgxc+(Qg), which is our first main result:

Theorem 3.11. For any minuscule A € P and w € W, we have

e [Ogq ] = > [Ogqww]  ToX "1 gy, (3.62)

w=(wi,..., Wn) EQW/LW
in terms of the g-Heisenberg action of Proposition 3.3, with

L= X ifw, = wey and (p,whme) = 1,
8w = l_[ —XWeW ifwr <wei, (69

I<r<l | otherwise

1 = XWewiim ifwe = w1 and (,O,W;llnt) =-L

= -1
—_ X WVt ifw, < wp_q,
8w = l_[ . (3.64)
I<t<n -1 lth > Wi-1,
1 otherwise,

and XP = q- tﬁX'Bforﬁ €A.
Remark 3.12. The elements XA commute, as one easily checks.

Remark 3.13. The image of equation (3.62) under the map trunc of formula (1.3) recovers the corre-
sponding inverse Chevalley formula in Kz (G/B) given by [23, p. 239]; note that under the map trunc,
the class [(’)QG (,u)] for u € P corresponds to the class [(’)G/B (,u)], which is denoted by [L(—u)] in
[23]. We note also that the image of equation (3.62) under trunc has positive coefficients for 4 € —P,
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(i.e., when | = n), and alternating coefﬁcienls for 4 € P, (i.e., when [ = 0). Informally, the ef-
fect of the map trunc is achieved by setting X# = 0 in equations (3.63) and (3.64), where 8 € A"
always.

3.4.1. Decorated quantum walks

We now proceed to further combinatorialise equation (3.62). First we enlarge the summation set, so
that each term on the right-hand side of equation (3.62) is a product of monomials in the g-Heisenberg
algebra.

Given w = (wy,...,w,) € QW ,, let S7(w) denote the set of steps z, for 1 < ¢ < [, such that
w; = w1 and (p,w; ! n;) = 1. Similarly, let S*(w) denote the set of steps 7, for [ < r < n such that
w =w,_y and (o, w7 ) = —1.

Let S(w) = S™(w) U S*(w), and define the set of decorated quantum walks (‘Q‘W 1w to consist of all
pairs (w, b) where w € QW ,, and b is a {0, 1}-valued function on S(w). Then equation (3.62) can be

written as

. . —we —1/l~_

e [Ogsm] = D [Oectun ] Blum X Ty 00

(w,b)eQW,, .,
with
_ _1_\b(®)
(_X—wow,_lm) ifr € S™(w),
g(_w,b) — l_[ _iwowtill un if wr < W1, (366)
I<t<l otherwise

b
(_ Fwow, m) if 1 € S*(w),

= -1
~ _ XWoW, Tt if we < wpy,
Zwm = | | Lo et (3.67)
I<t<n -1 if We > Wi_1,
1 otherwise.

Next, to expand equation (3.65) further, let us introduce some more notation. For (w, b) € (jW Lws
define the sign

™= [T o [] o [] o0

1<t<l I<t<n teS(w)
Wi <wWi—| Wr>Wi—|

and partial weights (in Q)

wto(w,b) =0
—b(t)wow;_llnt ifr € S7(w),

wt,(w,b) = wt,_;(w,b) + wowt‘_lln, ifw, <w;,_y, forl<r<l
0 otherwise
b(t)wowt‘_]ln, ift € S*(w),

wt; (w,b) = wt,_ 1 (W, b) + {wow ! 1, ifw, <w,_y, forl<t<n.

0 otherwise
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Define the weight of (w,b) to be wt(w,b) = wt,(w,b) € Q, and set d;(w,b) = wt,(w,b) —
wt,_j(w,b) for1 <7 < n.
Define the partial degrees (in Z):

deg,(w,b) =0

|d; (w,b)[*
2

deg; (w,b) = deg; (w,b) + (—wowl_l/l, wit;(w, b))

deg; (w,b) = deg,_,(w,b) + + (d¢(w,b), wt;_1(w,b)), forl<t<lI

|d; (w,b)?

degf (W, b) = deg;_ (W, b) + ——

+ (dy(w,b), wt;_1(w,b)), forl <t <n.

Define deg(w, b) = deg} (w,b) € Z.
Then, from equation (3.65), we obtain our second main result, the combinatorial form of our inverse
Chevalley formula:

Theorem 3.14. For any minuscule A € P and w € W, we have
'+ [Ogq (w)]
D Y G At e Y 1o Y (R TRtay B0 0} | IR EX )

(w.b)eQW,,,,,

Proof. Proceed from right to left in equation (3.65), commuting all translations to the left of line bundle
twists, and then act on [Oq; () |- ]

Appendix A. The type A case
We briefly consider the type A case. For this appendix, let G = SL(n + 1,C).

A.1. The root system of type A

Let {g; : 1 <i < n+ 1} be the standard basis of Z"*'. We realise the weight lattice as P = Z"*! /Z(g +
-+ + &u41), and by abuse of notation, we continue to denote the image of &; in P by the same symbol.

Thus @y =& + -+ &, for k € {1,...,n}, are the fundamental weights of G.

We set @; := & —gip1 fori € {1,...,n} and @;; == @; +as1 +---+a; fori,j € {1,...,n}
with i < j. Then the root system is A := {iai,j |[1<i<j< n}, with the set of positive roots
At = {a'l-,j |[1<i<j< n} and the set of simple roots {ay, ..., a,}.

We identify the Weyl group W with the symmetric group &,,4; in the usual way. Regarding w € W
as a permutation, we have we; = €,,(;) fori € {1,...,n+1}. Thus, fori, j € {1,...,n} withi < j, the
reflection s, ; corresponds to the transposition (7, j + 1) € S;.1. The longest element of W is given by
wo(i)=n+2—iforie{l,...,n+1}.

A.2. Generators

Each fundamental weight wy (k = 1,...,n) is minuscule. Moreover, we have w, @y = —w@,+1—-¢. Since
the g; generate P, the inverse Chevalley rule in Kpxc- (Qrg) is completely determined by Theorem
3.14 in the case of A = +g;, where 1 < i < n + 1. (That is, A belongs to the W-orbit of either @) or
Wy = —Eptl.)

A.3. Examples

We give two concrete examples of our inverse Chevalley formula (3.62) in type A.
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First, for G = SL(3,C) and A = @, we have
™ [0 | = [Oas (51 (-Wes1@1)] = 4 Og sy (~We)|

_ [OQG(SISZ)(_Woslwl):I +q [OQG(IQI)(_WOWI)] . (A1)

Indeed, |wo] = s251, L = 0,77 = (y1,72) = (@1 + az,a1) and three of the four possible walks are
quantum walks, namely

QW 5, = {(s1,51), (5152, 5152), (51, ) }.

(The reason the remaining walk (5152, 52) € W, 5, is not a quantum walk is that s;so — s2 is not
an edge in QBG(W).) The right-hand side of equation (3.62) produces the following expression for

@ [Oqg i ]:

([OQc@])] “8lson * [Oea | Bl spmisn) + [ O o] '§Zsl,e)) XTI,
where the g-Heisenberg elements are
g(S] sy =1- XWesian — Gty X,
g-('-slsz s182) -1,

g(sne) = X" = gl X

Finally, we use the formulas in Proposition 3.3 to obtain equation (A.1).

For our second example, we consider G = SL(4,C) and A = sp@, = £1+&3.Onehas |w, | = 52515352,
[=1and 7= (B1,v1,¥2,¥3) = (@2, @] + @2 + a3, a1, a3). Using one-line notation for permutations in
W =S4, equation (3.62) gives

e”*% . [Oge312)| = [Oqg3in)] - (1 - )?‘W“") Xwew '

[OQG(3412)] Xwean xy—wow™'a

~ [Oqg 32n | - ( - )?—woa]) x-wewla
[OQG(MZ])] )?_Wf)"lx—wow*‘/z

+ [Oqq (1342)| - Xwelar+a) y-wow™'a
[OQG(mz)] X Welar+am) y—wow ™'
[OQG (2341)] X (entan) y-wow ™12
+[Oq 2431 | - X Welatar) x-wow™' 2

where w = 4312. We note that g, = 1 and w; = w for all quantum walks in QW , ., 431,. Using
Proposition 3.3, we obtain

e [Oggany | = [OQG “312) (—Wowfl/l)] -q [OQG (431240, (—wo (w’]/l + al))]
+q 7OQG(3412.MI) (—wo (w-u +a ))]

- [OQG (4321 (—WoW‘lﬂ)] +q [OQG (@321410,) (—wo (w‘l/l + a/l))]
- 4| Oqq 32140, (e (w24 1))

+q OQG(1342~tal+az) (_Wo (W_lﬂ +a; + QZ))]
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-q [OQG(1432¢Q]+Q2) (_W" (W_l/l rart az))]
-q [OQG(234l-l(ll+a2) (_w° (w_l/l rar+ az))]

+q [OQG(2431~tal+az) (—wO (w_l/l +a + az))] s (A.2)

where w 'A=g)+e3, wl+a; =1 +ezand w4+ ) + a2 = ] + &s.

A.4. Special case: w = w, and k =1

For G = SL(n+1,C), we consider the special case w = w, and k = 1; the latter means that A = g7, for
some 0 < [ < n. In the setting of Section 3.3.3, we have

[Wol =85+ 51 (A.3)
=Sp SIS 8 (A4)
————— ——
=y =X

and77=(n1,....170) = Brs. .., B1s V1 -+ Ym), Where m = €(y) = n — [ and

Br=¢&r—611, 1=r<l, (A.5)
Vs = El+1 — Ens2-s, 1 <5 <m. (A.6)

Let us abbreviate our notation as follows: W‘(z) =W, wand QWS&) =QW,,  w-
The following lemma describes the set QWEQ. Its proof is straightforward and is left to the reader.

Lemma A.1. A walk w € Wg) belongs to QWSé) if and only if one of the following holds:

@ w=(wi,...,wi,wy,...,w;), where (wWy,...,w) € W&,fl’l """ al’[).

(B) W= (Wo,..., Wo, Wigls...,Wy), Where (Wiy1,...,wy) € WSVL:M’" """ QM’M).

We have S™(w) = @ in all cases, and S*(w) = @ unless | < nand w = (W, ..., w,), in which case
S*(w) = {n}. (Note that the two cases in the lemma share the walk w = (wo, ..., W,).)

Combining Lemma A.1 with Theorem 3.11, one obtains the following (where we seti =1 + 1):

Proposition A.2. In Kgxc-(Qg) for G = SL(n + 1,C), one has

e - [Oggwa ] = [Oqe (we) (—€1)| = Liicns1y - q - [@QG( )(_8i+1)] (A7)

Wol_yuo (a;)
+ > -na|o

o#{i1 < <ig}c{l,...,i-1}

o (&)
QG((ll”'lal) Wot—wo(a/- . I))
iy.i-

+ > -)*'g-|O

o#{j1<-<jp }c{i+l,n+1}

(_8jb) >
)

Qc((ijl )Wl ()

where 1 <i <n+1and

1 ifi<n+1,
1 i<n = AS
{i<n+1} {O otherwise. (A-8)
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Remark A.3. The leading term [OQG(WO)(—si)] in equation (A.7) recovers the ‘classical’ analogue
of this formula in Ky (G/B), via the map trunc of formula (1.3), while the remaining terms give the
explicit corrections in Ky xc+(Qg)-

Remark A.4. Applying the diagram automorphism * —w,,” which sends

[OQG(W’B) (”)] ~ [OQG(wowwot,%(ﬁ))(—Wo/l) ,

and an equivariant scalar e? > ™1, one obtains a similar formula for e~ - [Oqq (w.)| in
Kpuxc(Qg). By the observations in Section 3.1.4, the action of ¢! on Kyxc:(Qg) for any A € P is
then completely determined by iteration of these two formulas together with the D; fori € I.

A.5. Symmetrisation

The usual g-Toda difference operators are realised geometrically by the ‘spherical part’ of K, which is
the free $-submodule generated by [OQG]. By [25, Corollary 5.3], the action (of a spherical nil-affine
Hecke subalgebra of Hy) on the spherical part is obtained by taking the (e, ¢)-entry of the corresponding
matrix in Maty ($), namely

FX) - [0qs] = [0qs] - 00(fe.es (A.9)

for any symmetric Laurent polynomial f = f(X) € Z [qil] X1V c Hy.
Applying equation (A.9) for G = SL(n + 1, C) to the symmetrisation of @', one obtains

n+l

S

i=1

n+l

> e [Oaa] = [0a] - e

i=1

, (A.10)

e,e

and we can use equation (3.62) to compute the right-hand side. One can easily show that just a single
term contributes to the (e, e)-entry for each i = 1,...,n+ 1. The contributing terms are those given by
the stationary walk (e, ...,e) € QWff_l). Thus equation (3.62) immediately results in the following:

n+l ntl
Zesi : [OQG] = [OQG] X 4 ZX_wogi (1 -q- twoaiIX_woai_l)) : (A.1D)
i=1 =2

The element of $ acting on the right-hand side of equation (A.11) is an equivalent form of the usual
first-order g-Toda difference operator (compare [5, equation (2)]).

Appendix B. Proofs of Lemma 3.8 and Proposition 3.9
Recall the setting of Section 3.3.3. Equation (3.55) follows from the formula

p—-wlp= Z a forweWw, (B.1)

aclhv(w!)

applied to the cases w = x and w = [w,], by using the fact that (o, @) = 1 for all @ € Inv (w™!)
AT\ A% withw € WY . Equation (3.56) follows from equation (B.1), using the fact that (1, y) € {0, +1}
forall y € A.

The following lemma is well known; indeed, it follows from the Cauchy — Schwarz inequality:

Lemma B.1. Fora, 8 € A, we have (a, B) € {0, +1, 12}. In addition, (a, B) = £2 ifand only if @ = £p.

LemmaB.2. 1. (1,8,)=—-1forall1 <r <.
2. (Br.Br) €{0,1} forall 1 <r, t <l withr #1.
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Proof. (1) We see that

(4,B,) = (Sjlsjl—l SRS ks S Sy S (ajr))
-1
= (SjrSjH S8y Tho ajr) = (m,v ajr) .
—_—
=V
i =SS e SLS; J with s; i Lo e —(AT\ A*
Since v = sj,5;,_, -+~ 5,55, € W/ with s;, v < v, it follows that v-'a;, € — (A" \ A%). Therefore, we
have (@, v 'a;,) < 0; since @y is minuscule, we obtain (@, v~ 'a;,) = -1, as desired.

(2) By Lemma B.1, we have (B,,,) € {0,£1}. Suppose, for a contradiction, that (8,,8,) = —1.
Then sg (B8;) = B + B: € A. By (1), we have (4, 5, + 8;) = =2, which contradicts the assumption that
@}, is minuscule. This proves the lemma. m}

Equation (3.57) follows from Lemma B.2(1). Equation (3.58) follows from equation (3.57) using the
Dynkin diagram automorphism w : I — I induced by w, (see Appendix B.2).

In Appendices B.1 and B.2, we provide a complete proof of Proposition 3.9, since we do not know
of a suitable reference for these assertions.

B.1. Proof of equation (3.59)
Fora =3¢y c;a; € O, we setht(a) := Y5 ¢; € Z.
Lemma B.3. Ser 1 <r <t <L If(B,B:) = 1, then ht(B,) > ht(B;).

Proof. We prove the assertion by induction on [ = ¢(x). If = 0 or / = 1, then the assertion is obvious.
Assume that [ > 1.If t = [, then B; = ; = aj,, and

Sjir* Sjenr (@) = $5Br = 58,8 = Br = Br-

Hence B, = B +sj,_, - 5j,., (@, );note that s, , ---s;,.., (a;,) € A*,sinces;, -5, 5j, isreduced.
Therefore, we obtain ht(8,) > ht(3;).
Assume that # < [ — 1. Note that x’ := s;,x € W/ with £(x”) = £(x) — 1, and that x’ = SjprtSpS)

is a reduced expression for x’. We set
[ —
Bu=Sj . Sjun (@) =8Bu forl<u<l-1.

Since 1 < r <t <1 -1 satisfy the condition that (B/, /) = (B, B:) = 1, it follows by our induction
hypothesis that ht (3;.) > ht (3;). Here we remark that

r

Br =ﬁ;_ (ﬁ;"ajl)afl’ B =,3;_ (ﬁ;’aﬁ)a/}l’
S— SN—
=a =b
where a, b € {0, -1} by Lemma B.2(2).Ifa = —1 orif a = b = 0, then it is obvious that ht(3,) > ht(8;),
since ht (8) > ht(B;) by our induction hypothesis. Assume that ¢ = 0 and b = —1. Suppose, for
a contradiction, that ht(8,) < ht(B,). Since ht(3;) = ht(B;) + 1 and ht(8,) = ht(B}), and since
ht (8.) > ht(B;) by our induction hypothesis, we have ht(8,) = ht(j3;). Since (B,,5:) = 1 by the
assumption, we see that 8, — 8y € A. However, ht(8, — B;) = ht(B,) — ht(B;) = 0, which is a
contradiction. Hence we conclude that ht(8,) > ht(;), as desired. This proves the lemma. O

Lemma B.4. Set 1 < r <[, and set h := ht(B,). Then

#r<t<Il|Bp)=1}=h-1, (B.2)

#{a@ € A" | ht(a) < ht(B,), (@, Br) =1} =2(h - 1). (B.3)
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Proof. We prove the assertion by induction on / = €(x). If / = 0 or [ = 1, then the assertion is obvious.
Assume that [ > 1. If » = [, then the assertion is obvious. Assume now that 1 < r < [ — 1. Note that
x'=sj,x € W/ with £(x") = £(x) — 1, and thatx’ = s, , - - 5;,5;, is areduced expression for x’. We set

Bl =Sj S (@) =8Bu forl<u<l-1.

Since B; = aj,, we see by Lemma B.2(2) that (8, @},) = — (8-, @},) = —(Br,B1) € {0,-1}.
Case 1. Assume first that (8], a;,) = 0, or equivalently, (8,,a;,) = 0; in this case, B, = B/, and
hence ht (B;.) = ht(3,) = h. In addition, since 8; = a/,, it follows that

{r<t<l|(Bup)=1)={r<t<I-1](B.p) =1}
:{r<f§l_1|(Sjlﬁt’sjlﬁ'”)zl}
={r<i<i-11(8.8;) =1}

By our induction hypothesis, we have # {r <t<Il-1|(8,.B) = l} =h-—1,and hence #{r <t <1 |
(B:,Br) =1} = h — 1, as desired. Also, since 3, = 3. in this case, it is obvious that

{@ € A* | ht(@) < ht(B,), (@, Br) = 1} = {a@ € A" | ht(a) < ht (B]), (@, B;) = 1}.

Since #{@ € A* | ht(a) < ht(B}), (e, B,) =1} = 2(h — 1) by our induction hypothesis, we obtain
equation (B.3), as desired.

Case 2. Assume next that (8, @j,) = -1, or equivalently, (8,,a;,) = 1; in this case, B, = B, + a},,
and hence ht (8/.) = ht(B8,) — 1 = h — 1. In addition, since 3; = a},, it follows that

{r<t<l|Be.Br)=1}={r<t<1-1](B.B)=1}U{l}
={r<t<1-1|(s;Be5;Br) =1} u{l}
={r<e<i-1|(B.B)=1}u{l}.

By our induction hypothesis, we have # {r <t <1—1] (B;,B;) =1} = h—2, and hence #{r <t <[ |

(Br, Br) =1} = h — 1, as desired.
Let us prove equation (B.3) in this case. For simplicity of notation, we set

R=R, :={eeA"|ht(a) <ht(B), (e, ) = 1},
S=8,:={aeA*|ht(a) <ht(8]),(a.pB,) =1}. (B.4)

Since (B, ;) =1 and B, — @), = 5,8, = B, € A*, we deduce that @, B, — @, € R. We claim that
sja€S foralla € R\ {a;.B -} (B.5)

It is easily verified that s, € A* and (s, 8,.) = 1. We show that ht (s ;@) < ht (8.). By Lemma B.1,
(a,@j,) € {0, £1}. If (@, @;,) = 1, then it is obvious that ht (s, ) < ht (3].). Assume that (e, @},) = 0.
Suppose, for a contradiction, that ht (s, @) > ht (3,). Since ht(a) < ht(8,) and ht (8.) = ht(8,) — 1, we
have ht (s;,@) = ht (B;.). Since (s, B;) = 1, we see that B/ — s;,& € A. However, ht (8] — 5j,a) =0,
which is a contradiction. Assume that (@, ;) = —1; in this case, s;,@ = a + @j,. Suppose, for a
contradiction, that ht (s, @) > ht (B}); since ht (sj,@) = ht(e) + 1 and ht (3,.) = ht(B,) — 1, and since
ht(@) < ht(B,), ht (s;,@) is equal to ht (8].) or ht (8;) + 1. By the same reasoning as before, we see that
ht (s;,@) # ht (B;). Therefore, ht (s;@) = ht (8/.) + 1, and hence ht(a) = ht(B,) — 1. Also, we see that
Safr = Br —a € A*. From these, we deduce that @ = 8, — «; for some j € I. It follows that

-1=(a,a;) = (Br, ;) = (@), ;) =1 - (e, @),
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and hence (@}, ;,) = 2. This implies that j = j;, and hence @ = B, — a},, which is a contradiction.
Thus, we have shown that ht (s, @) < ht (3/) in all cases. Therefore, we obtain a map

sj, : R\ {a;. B, —a;} = S, a - sja.
Similarly, we obtain its inverse
sj S > R\ {a;.B —a;}, a e s;a.
Recall that ht (8;.) = ht(3,) — 1 = h — 1. We conclude that
#R=#(R\ {a;.B, - ;}) +2
=#S+2=2(h-2)+2=2(h-1),
as desired. This proves the lemma. O

Remark B.5. Keep the notation and setting as before. Set 1 < r < [. We set
R, :={a € A" | ht(a) < ht(B,), (a.B,) = 1}. (B.6)

If @ € R, then 5,8, = B, —a € A*; itis easily verified that 8, — @ € R,. Hence 0 : @ — B, — @ is an
involution on R, ; notice that o is fixed-point-free (otherwise, 8, = 2« for some @ € R,). By Lemma
B.3,

Br = {ﬁt | r<t< l’ (ﬁt’ﬁr) = 1}
is a subset of R, ; recall from Lemma B.4 that #B, = h — 1 and #R,, = 2(h — 1), where h := ht(8,). We
claim that o (B, ) U B, = R,. Suppose, for a contradiction, that o(8;) = 8, — B; € B, for some 3; € B,.
Let r < s <[ be such that o(8;) = Bs. Then B, = 85 + B;, and hence (4, ;) = (4, Bs) + (4, 5;) = -2

by Lemma B.2(1). However, this contradicts the assumption that A is minuscule. It follows that o-(B,) N
B, =0, and hence #(o(B,) U B,) =2(h — 1) = #R,.. Thus, we conclude that o (B, ) U B, = R,.

We will prove equation (3.59). For v € {w, s,grw}, we set

X(v):={y eInv(v) | s,y € A*},

Y(v):= {y elnv(v) | s, v € A_}.
Note that Inv(v) = X(v) LY (v) for v € {w, sg,w}. We see that the map X (w) — X (sg,w), ¥ — s5,7,
is bijective. Therefore,

L(w) = € (sg,w) = #Y (w) —#Y (sg,w).
Also, by Lemma B.1 and the assumption that sg w < w, it follows that
Y(w) ={B,} U (Inv(w) N R,), Y (sg.w) =1Inv (sg.w) N R,

(for the definition of R,, see Remark B.5). Recall from Remark B.5 that for 8; € B, 0(8;) = B — B; €
R, \ B,, and that R, = B, LI 0(B,). Since 8, € Inv(w), for each 3, € B,, one of the following holds:

@) Br, o (Br) € Inv(w).
(ii) B; € Inv(w) and o (B;) ¢ Inv(w).
(iii) B; ¢ Inv(w) and o (B;) € Inv(w).

We see that these are equivalent, respectively, to the following:

@) Br.o () & Inv (55, w).
(i) B; € Inv (sg,w) and o (B;) & Inv (s, w).
(i)’ B, ¢ Inv (s, w) and o (B;) € Inv (s, w).

https://doi.org/10.1017/fms.2021.45 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.45

24 Takafumi Kouno et al.

Therefore, if we set
a:=#{p: € By | Br,o(B:) € Inv(w)},
b:=#{B, € By | B € Inv(w), o (B;) & Inv(w)},
c:=#{B: € By | Br ¢ Inv(w), 5 (B;) € Inv(w)},
we have
#Y(w) = 1+#(Inviw)NR,)=1+2a+b+c,
#Y (s, w) =# (Inv (sg,w) NR,) =b+c,
and hence
E(w) = (sg,w) =#Y (w) —#Y (sg,w) = 1 +2a. (B.7)

Now we see that

f/;,r(w) - g;,r (Sﬁrw)
= #(IHV(W) N {ﬂr’ﬁrH, .. ’ﬁl}) —# (IHV (sﬁrw) N {ﬁr’ﬁrﬂa .. ’ﬁl})
= #({B-} U (Inv(w) N {Brats -, Bi})) = # (Inv (s5,w) N {Brat, .., Bi}) =t (),

where the last equality follows from the assumption that sg w < w. Also, we deduce that forr < s </
with (By, ;) = 0, Bs € Inv(w) if and only if B € Inv (sg, w). Therefore,

() = 1 +#(Inv(w) N B,) — # (Inv (sg,w) N B,)
=1l+(a+b)-b=1+a.

Thus we conclude that
_ _ (B.7)
2 (Q’,(w) — 0, (sﬁrw)) —1=2(1+a)—1=2a+1"E" t(w) = € (sp,w).

as desired. This proves equation (3.59).

B.2. Proofs of equations (3.58) and (3.60)

Let w : I — I be the Dynkin diagram automorphism induced by the longest element w, — that is,
Wolj = = (;) for i € I; note that |w,| @y = womy = —@ (k). We see that @,y is also minuscule.
In addition, y~! = 5;,, -+ - 55, € W) = WIM@®} We set v := y~ L, 1); for y € AT,

D=1 = (ro el m) =1 e (v ((Tow)) =1 &= 1) =-1.

Hence it follows that Inv(w)} = Inv(w), for w € W. Also, it is easily verified that f;’s(w) =, s(w)
for all w € W. Thus equations (3.58) and (3.60) follow from equations (3.57) and (3.59) (applied to v),
respectively.

This completes the proof of Proposition 3.9.
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