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1. Notation and outline of the paper.

1.1. Notation. Throughout the paper we shall work over an algebraically
closed field K of characteristic p =0 or p > 2 and use the basic terminology of
bialgebras A(m|n), general linear supergroups GL(m|n), Schur superalgebras S(m|n)
and superderivations ;D from papers [6, 8]. All modules considered in this paper will
be left modules and all superderivations will be right superderivations. In this paper
we shall only work with G = GL(2]2) and S(2|2) and can therefore describe them in a
down-to-earth fashion as follows.

Start by defining the parity |i{| of symbols i=1,...,4 by |1| =12 =0 and
|3] = |4] = 1, and the parity |c;| of an element ¢; by |c;| = |i| + |j| (mod 2). Elements
of parity 0 will be called even and that of parity 1 will be called odd. Let 4 = A(2]2)
be a commutative superalgebra freely generated over K by elements ¢; for 1 <i,j < 4,
where C11, C12, C21, €22, €33, C34, C43 and C44 are cven and C13, C14, C23, C24, C31, C32, C41
and ¢4, are odd. The superalgebra 4 has a structure of a bialgebra given by co-
multiplication § : 4 — A4 ® A defined as 8(¢;) = Y, cik ® ci. The superalgebra 4 has
a natural grading given by the total degree and is a direct sum A = @,-04(2|2, r) of
its homogeneous components 4(2|2, ). Each component 4(2|2, r) is a coalgebra and
its dual A(2]2, r)* is the component S(2|2, r) of degree r of the Schur superalgebra
S(2|12) = @,505(212, ). The localization of A(2|2) by elements di» = ci1¢22 — C12€21
and ds4 = c33¢44 — C34¢43 18 the coordinate superalgebra K[G] of the general linear
supergroup G. The general linear supergroup G is a group functor from the category
SAlgk of commutative superalgebras over K to the category of groups represented by
its coordinate ring K[G], that is G(A4) = Homs 44, (K[G], A) for A € SAlggk. Here for
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g € G(A) and f € K[G] we define f(g) = g(f). Modules over Schur superalgebra S(2|2)
correspond to polynomial representations of G.

In order to study the structure of G-modules, we will use the superalgebra of
distributions Dist(G) of G described in Section 3 of [3]. Denote Dist,(G) = (K[G]/m?)*,
where * is the duality Homg(—, K) and m is the kernel of the augmentation map € of the
Hopf algebra K[G], and by e; the elements of Dist;(G) determined by e;(ci) = Sindjk
and ¢;(1) = 0. Denote the parity of e; to be sum of parities |i| of i and |j| of j. Then e;
belongs to the Lie superalgebra Lie(G) = (m/m?)*, which is identified with the general
linear Lie superalgebra gl(m|n). Under this identification e; corresponds to the matrix
unit which has all entries zeroes except the entry at the position (i, j), which is equal to
one. The commutation relations for the matrix units e; are given as
(_1)(\a\+\bl)(lfl+|d\)

[eab» ecd] = eu4Spc + echSud-

Let Uc be the universal enveloping algebra of gl(m|n) over the field of complex

numbers. Then the Kostant Z-form Uz is generated by elements e; for odd ¢, e =Y

] !
for even ¢; and (%) = @t@=D=le=rtD) for g1 > 0,

We will consider all G-modules as left modules and use the terminology of right
superderivations ;D of A(2|2) defined on generators ci; as (cx);D = i and (cx)yD =
0 for / #i. There is a surjective map Dist(G) — S(2|2, r) explicitly described in
Lemma 4.2 of [6]. Composition of this map with the representation S(2|2,r) —
Endg(A(2)2, 7)) given by a left action of S(2|2,r) on A4(2|2,r) gives a left action

of Dist(G) on A(2|2,r). Under this action, the generators e, egjt) and (e) of

Dist(G) correspond to ;;D, ;D" and (] D), respectively, where ;D = f " and (" P =
M for more details, see Section 4 of [6]. Therefore, the action of
S(2|2, r) on A(2|2,r) is completely determined by right superderivations ;D. While
doing computations, we extend the superderivations ;D of A4(2|2) to superderlvatlons
of A(2]2); = K[G]. Since the simple module Ls(m)(k) is included in the costandard
module Vgp)(A), which in turn is included in A(2|2, r) (by Proposition 3.1 of [6]), we
conclude that the action of S(2|2, r) on Ls(2) (1) is completely determined using the
action of superderivations ;D.

Let G, >~ GL(2) x GL(2) be an even supersubgroup of G, Lie(G.,) =~ gl(2) x gl(2)
be the corresponding Lie algebra of G,, and S = s/(2) x sl(2). Let B be the lower
triangular Borel subsupergroup of G. Fix a dominant weight A = (A1, A2|A3, A4) of G,
that is A; > A; and A3 > A4. Following [8], we denote by Hg(k) the induced G-module
H°(G/B, K;), where K, is the one-dimensional (even) B-supermodule corresponding
to the weight A. Finally, using the restriction of B to G,,, denote by H, gw (1) the induced
G,,-module corresponding to the weight A. The induced G.,-module ng ),
denoted by V/, can be identified with the subspace of superalgebra K[cy1, 12, ¢21, ¢22,
€33, C34, C43, C44] generated by polynomials

di3eiicly T iy
where d = di» = cr1¢20 — c12¢21, d3a = 3344 —c3acs3 and 0 <a < A; — Ay, 0<b <
A3 — Agq. The induced G-supermodule Hg(k) can be described explicitly using the
isomorphism ¢ : Hg (M) ® Kc13, c14, €23, C24] — Hg(k) defined in [8, Lemma 5.2, and
p. 163]. This isomorphism ¢ is given by

o(d2) =din, @) =ci,  ¢lern) = e,
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C€22C13 — C12023 C22C14 — C12024

o(c3) = -4 =y, ¢cs) = -4 = )14,
—C21C13 + €11€23 —C21C14 + C11C24
@(c3) = — 5 =rs @(crs) = — 5 =rs

d(c33) = 033 — 31Y13 — €30Y23 = 21, P(C34) = €34 — C31V14 — CV24 = 22

and

d(dsa) = (33 — €31013 — €32V23)(Ca4 — Ca1V14 — C42)24)

—(c34 — 31014 — c32y24)(Ca3 — ca1y13 — Ca2y23) = X.
Then the supermodule Hg(k) has a basis

A AM—A2—a da b _r3—ra—b_€13_ €14 €3 €
w(a, b, €13, €14, €23, 624) =d zcclllclé i 421223 4 yl?ylz‘yzz;yzif
with a, b as before and €3, €14, €23, €24 € {0, 1}. The weight of w(a, b, €13, €14, €23, €24)
is

(A+a—e3—€u, i —a—en—eulrs+b+ €3+ €3, A3 —b+e€1a +en).

We shall write v, for w(a, b,0,0,0,0) and v = vy,_,,1,-2,- Then v is the highest
vector of the simple G-module L()).

1.2. Outline of the paper. We will now explain the basic approach of the paper.
For analogous results for S(2|1) and S(3|1) see [4] and [7].

The basis of our investigation is the description of the G,,-module structure of
HY(2) and its simple submodule Z(1). Although it would be natural to describe the
G,,-module structure using the Lie algebra Lie(G,,) =~ gl(2) x gl(2), it is easier to work
with modules over the Lie algebra S = s/(2) x s/(2), since the S-weights are described
by only two parameters (instead of four for Lie(G,,)). The structure of G,,-modules
can be easily retrieved once their S-module structure is known. One advantage of
this approach is exhibited in Section 4.1, where we use a certain isomorphism @ of
S-modules.

If the characteristic p of the ground field K is bigger than two, then using the
Steinberg Theorem (see Theorem 4.4 of [5]), it is enough to determine the structure of
the simple S(2]2)-module Lg(2) (1) for A restricted, that is when A; — Az, A3 — A4 < p.
If A is restricted, then the action of even elements eff’) € Dist(G) for r > 0 on Hg(k)

is trivial. Since the G,,-structure of H? (1) is known, the G-structure of Hg(k) is then
determined completely by the action of superderivations ;D.

In Section 1 we compute the action of superderivations ;D on elements in ng )
and on elements ¢(X],). Furthermore, we define the concept of atypicality of the
weight A (extending the classical definition of Kac from characteristic zero case).

The module Hg(k) decomposes into a direct sum of S-submodules Fy(1) &
Fi(A) & Fo(A) & F5(A) & F4()), where the submodule Fi(A), which will be called the

. 4
k-floor, is given as a K-span of all vectors w(a, b, €13, €14, €23, €24), Where D ", €4 = k.
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Equivalently, Fi()) is spanned by vectors of weights u = (w1, 2|3, 1g) such that
k=A1+ Ay — 1 — 2 = 3 + g4 — Az — Ag. Clearly, each Fi(1)is a S-module. Denote
by Y a four-dimensional S-module spanned by elements y;3, y14, ¥23 and y»4. Then
FFLV)=V.Fim)=VQY, HLEAW=V(YAY), A=V AYAY) and
FsA) =V Q&Y AYAY AY). The complete description of the S-module structure
of each floor F; will be carried out in Sections 2 through 5.

In order to describe Lgop)(A), we will use the Poincaré-Birkhoff-Witt (PBW)
theorem, and corresponding to our choice of the Borel subsupergroup B, we order the
generators of Dist(G) as follows: eg) for i < jfirst, followed by (") and eg') fori > j,and
then by odd ey, where i > j. The simple module Lg2) () is generated by the vector
v. The elements efj’) € Dist(G) for i < j act trivially on v and elements (") and eff)
for i > j applied to v generate the module V. Using the previously discussed action
of Dist(G) on A(2|2, r), we conclude that Lg»2 (1) is generated by V' and its images
under compositions of superderivations ;D for i < j. We can identify these images with
elements of various floors Fy. Since the superderivations ;D supercommute, the maps
¢1 : F1(L) — Fi(\) given by

Vap @ Vi = (Vap)iD,
¢o : F>(A) — F>(A) given by
Va,b ® Vigjy A Virjs) 7 (Va )iy Dinjy D
¢3 : F3(L) — F5(\) given by
Va,p @ (yiljl A Vigjy N Viaji) 7 (Vab)ivjy Disjy Dijy D,
and ¢4 : F4(1) — F4()) given by
Vab @ (V13 A y23 A Y14 A y2a) = (Va,p)13D23D14D24 D
are well defined. It is easy to check that they are S-morphisms. We will compute images
d1(F1), p2(Fr), ¢3(F3) and ¢4(Fy) in Sections 2 through 5. These images together with 1
constitute the whole module Lg(2)(A).

In each Section 2 through 5 we follow this procedure: We first determine primitive
vectors in characteristics zero, then we establish the S-module structure of each floor.
Special care is taken in the cases when either A; — A; or A3 — A4 is equal to p — 2 or
p — 1, since in these cases Hg(/\) is not semi-simple as an S-module. Afterwards we
compute the S-module structure of the image ¢y (Fy(1)).

Finally, in Section 6 we combine the results of preceding sections and determine
the character and dimension of the simple module Lg(2)(2).

2. Basic formulas.

2.1. Basic formulas for S(2|2). It is clear that V = HY (A)=L(}) is an
irreducible S-module if X is restricted.
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LEMMA 2.1. The action of superderivations 12D, 21D, 13D, 14D, 23D, 24D, 34D

and 43D on elements d, x, c11, c12, Y13, Y23, V14, V24, 21 and z5 is given in the following

table.
2D | D 13D 14D 213D 21D 34D |a3D
d 0 0 dyi3 dy14 dy» dyz 0 0
X 0 0 X13 X)14 Xy23 Xy24 0 0
car | e 0 Cl1Y13 + c12y23  |C11Y14 + C12y24 0 0 0 0
12 0 i1 0 0 Y3ty |enyiatcenya |0 0
13 0 —)23 0 —J13)14 Y13)23 —)23)14 yisa |0
Y23 |=y13 0 Y23)13 —V13)24 0 —)23)24 yau | O
V14 0 —)24 —)14)13 0 Y13)24 V14)24 0 |yi3
V4 |—Vi4 0 Y23)14 V24)14 —)24)23 0 0 |y
z1 0 0 Z1)13 22013 Z1)23 22)23 2 0
z 0 0 Z1)14 22)14 Z1)24 22)24 0 )

Proof: Itis straightforward computation using the properties (cx;); D = &jicy;, where
81; is the Kronecker delta, and (ab);D = (—1)iP1%l(a); Db + a(b); D, where the symbol
| | denotes the parity. ]

As a consequence, we obtain the following fundamental formulas.

LEMMA 2.2.

(Vap)12D = avy_14,

(Vap)21D = (A1 — A2 — A)Var15,

(Wap)3D = (hy + 24 + b+ Qvapyi3 + ava—1py23 + (A3 — s — D)y p1 V145

(Wap)1aD = (A + A3 — b+ @)vpY1a + ava1 pY24 + bV 1313,

(Wap)sD = (A +Aa + b — @) pyas + (A1 — hy — @Var15Y15 + (A3 — Aa — D)V p11V24,
(Vap)2aD = (A + 23 — b — @ py2a + (A1 — Ao — @Vay1.V14 + DVap_1Y23,

(Vap)34D = bvgp_1,

(Vap)azD = (A3 — Ag — D)vgps1.

Proof. 1t follows by repeated applications of Lemma 2.1. ]

Other identities of interest are

dy13ys = c13¢23,  dy1ayrs = c14¢24,  d(Y13V24 + Y1ay23) = C13¢24 + C14023.

2.2. Further notation. The simple S-module of the highest weight p© and the
highest vector w shall be denoted either by L(u) or L(w) depending on the
circumstances.

Denote Ay — A, = A4 and A3 — A4 = B. Further, denote w;p = A1 — Ay, w3y =
M=t on=rA+A+ 1L ou=r+ A, 03=%+2r3and wy =i+ 14— 1.

If p = 0, then we shall write §; = 0 if w; = 0 and §; = 1 otherwise, and §; = 1 if
wy =1 and 8;- = 1 otherwise. If p > 2, then we denote §; = 0 if w; = 0 (mod p) and
8; = 1 otherwise, and §; = 0if w; = 1 (mod p) and 8] = 1 otherwise.

DEFINITION 2.3. A weight A is called typical if §13614823824 = 1,

A is called 13-atypical if §;3 = 0 but 8148238624 = 1,
A is called 14-atypical if 814 = 0 but 813623624 = 1,
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A 1s called 23-atypical if 83 = 0 but 813814624 = 1,

A is called 24-atypical if 8,4 = 0 but 813814623 = 1,

A is called (13,14)-atypical if §13 = 814 = 0 but 823824 = 1,

A is called (13,23)-atypical if §13 = 83 = 0 but 814824 = 1,

A is called (13,24)-atypical if §13 = 84 = 0 but 14823 = 1,

A is called (14,23)—atypical if 814 = 83 = 0 but 81364 = 1,

A is called (14,24)-atypical if §14 = 824 = 0 but 813823 = 1,

A is called (23,24)-atypical if 653 = 8,4 = 0 but 813814 = 1,
Ais called (13,14,23,24)-atypical if 813 = 814 = 823 = 824 = 0.

It is easy to see that if p = 0, then every dominant weight A is either typical,
14-atypical, 23-atypical, 24-atypical or (14,23)-atypical.

If p > 2, then weights of all the above atypical types are possible. In this case
observe the following. If A is 13-atypical, then B # p — 1 (mod p). If A is 23-atypical,
then B#£p —1 (mod p) and A # p — 1 (mod p). If A is 24-atypical, then 4 £ p — 1
(mod p). If Ais (13, 14)-atypical, then B=p — 1 (mod p)and 4 # p — 1 (mod p). If A
is (13,23)-atypical, then 4 =p — 1 (mod p) and B p — 1 (mod p). If A is (14,24)-
atypical, then 4 =p —1 (mod p) and B=#p —1 (mod p). If 1 is (23,24)-atypical,
thenB=p —1 (mod p)and 4 # p — 1 (mod p). If Lis (13, 24)-atypical, then 4 + B =
p—2 (mod p)and 4, B# p — 1 (mod p). If Ais (14, 23)-atypical, then 4 = B (mod p)
and 4, B# p — 1 (mod p). If A is (13,14, 23, 24)-atypical, then 4, B=p — 1 (mod p).

Furthermore, denote v ~ w if and only if both v, w # 0 and one of them is a
constant multiple of the other.

3. First floor.

3.1. Characteristic zero. In order to describe V' ® Y as an S-module, consider
the following elements:

h=v4®yn,

b =v4p® Y2 — V4819 y23,

B=v48®y13+V4-18® V23,

ls=v43R@ Y14 +V4-1,B@ Y24 — V4 -1 ® Y13 — Vy—1,-1 & }23.

LEMMA 3.1. The module V' ® Y is isomorphic to the direct sum L(/}) @ 834 L(L) ®
812L(53) @ 812834L(14).

Proof. The vectors [}, 1,5 and /4 are primitive vectors. A dimension count
completes the argument. O

The image of the first floor under the action of superderivations is given in the
following Proposition.

PropPoSITION3.2. Let¢p; : V® Y — V' ® Y be a morphism of S-modules given by
v ®yy = (U)!'jD. Then the image (Ve Y) = 523L(1]) (&) 834824L(12) D 512513L(13) &)

812834814 L(1s).
Proof. We compute ¢1(/1) = wnli, ¢1(h) = wub, ¢1(h) = wizlz, ¢1(ls) = wials,
and the claim follows. O

3.2. Characteristic p. Assume that the weight X is restricted.
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The question of describing the S-module structure of V' ® Y is related to a classical
problem of decomposing the tensor product of a simple module and the natural or
dual of the natural module over the general linear group GL(#n). These questions were
studied in [2] in relation to a complete reducibility criterion, primitive vectors and
socles of the tensor products of the above type. In particular, costandard filtrations of
these modules were described in [2, p. 88].

We will only need a description of the tensor product of the simple module with the
natural module for G = GL(2). Actually we will only determine its explicit structure
over St = sl(2). Assign to a Gt-weight AT = (A1, A,) its corresponding restricted
St-weight 4 = 1) — Ay < p.

Let V' be a simple S*-module generated by an element v} of the highest
S*-weight 4. Then the dimension of ¥+ is 4 + 1 and V" is a span of vectors v};_; for
0 < i< A such that (v}_)nD = (4 — iy}, |, Wi_)uD=iv} ,,,, and ,D?) and
51 D) for k > 1 act trivially.

Denote by W the two-dimensional S*-module which is a K-span of
elements w;” and w*, for which (w)»D =0, (w’)uD=w{, (WD =w',
(w*))i2D =0, and 1»D?) and 5 DP) for k > 1 act trivially.

The following lemma describes the S*-module structure of '+ @ WT. Although
it is a classical result, we include it here for the convenience of the reader.

LEMMA 3.3. The ST-module structure of the module V" ® W+ is given as follows.

If A=0, then VTt ® W= U/, where U = (uf = v @w]), is a simple
S*t-module.

If0<A<p—1,then VT ® W= U & U, where U;' is as above and U =
(uy =vi | ®@w — vl ®w?)),isasimple ST-module.

If A=p—1,then V't ® W has a composition series

Uy
|

rte wt=Ut,
I

Uy

where U}, Uy as above, and Uy = (uf = v} ® w?)) is a simple ST-module.

Proof. Since (1)1 D = 0, u is a primitive vector of the highest weight 4 + 1. If
A = 0, then dimensions of both V" ® W and U;' are equal to 2.

If 4> 0, then (1), D =0 shows that uj is a primitive vector of the highest
weight 4 — 1 and dimension A. Assume 0 < A < p — 1. Then the dimension of U}t
is A+ 2, and the dimensions of U;" and U5" add up to the dimension of V' ® W+.
Since (u] )12D # uy, Exti.(U;", Uy) = 0, and the ST-module structure of V@ W+
follows.

Assume now 4 = p — 1. Then (u 1D = “1 shows that u3 is a primitive vector of
weight 4 — 1 and dimension p — 2. The vector ;] is primitive of weight p and L(u)
has dimension 2 (and is spanned by »; and (u] )12DP). Since u3 is a primitive vector
of weight 4 — 1 and dimension p — 2, dimensions of U;", U, and U; add up to the
dimension of ¥+ ® W*. Finally, (u] )1»D = —uj implies that the S*-module structure
of ¥ ® Wt is as stated. O
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The even supergroup G,, of G is a product of two copies of GL(2), the first
copy (based on letters 1 and 2) can be be identified with Gt and we can denote the
second copy (based on letters 3 and 4) by G~. Assign to a G—-weight A~ = (A3, A4) its
corresponding restricted S~ = s/(2)-weight B = A3 — A4 < p. Then we can define V'~
and W~ analogously to '+ and W+ and obtain the following analogous result for the
S~-module structure of V'~ @ W~.

LEMMA 3.4. The S™-module structure of the module V'~ ® W~ is given as follows.

If B=0, then V- ® W~ = U, where U] = (4] = vz ® wy), is a simple S™-
module.

If0<B<p—1,then V@ W~ = U] & U,, where U; as above and U, =
(u; = vy @ w; —vz ® w_,),is asimple S”-module.

If B=p—1,then V- ® W~ has a composition series

Uy
|

VoW =Uy,
|

Uy

where U, U, as above, and U; = (u; = v; @ w_,) is a simple S™-module.
Now we are ready to describe the S-module structure of the first floor.

PROPOSITION 3.5. The S-module V' ® Y is described as follows.

(OWIfA,B<p—1,then V® Y = L(l}) & §34L(L) & §12L(13) & 812834L(14).

2QIfA=p—1land B<p—1,then V® Y = Ls & §34Ls. Here the indecompo-
sable module Ls is given as

L(ls)
|
Ls = L(l),
|
L(k)

where /s = vy p ® y13. The indecomposable module L¢ is given as

L(ls)
|

Lo = L(h),
|

L(ly)

where o = —v45-1 ® Y13+ V4.8 ® Y14
B)IfA<p—land B=p—1,then V® Y = L; & §1,Ls. Here the indecompo-
sable module L7 is given as

L(l7)
|
L; = L(h),
|
L(b)
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where /7 = v4 p ® y24. The indecomposable module module Lg is given as

L(ly)
|
Ly = L(l3),

|
L(ly)

where ls = v4_1 5 ® Y24 + Va5 ® V14
@HIfA=B=p—1,then V® Y = Ly has the composition series

L(ly)
/ AN
L(ls) L(l)
AN /
L(ls) L(ly) L(lg)
AN / AN /
L(b) L(b)
AN /
L(ly)

of simple S-modules, where Iy = v4 g ® y14.

Proof. There is an isomorphism of S-modules W+ ® W~ and Y which sends

wf R w; > Y3, wfr Qw_; > Yo, wfl ® w; = —y13 and wfl QwW_; = —ya.

For an S-module V' of the highest weight (4, B) there is an isomorphism V' =
VT ® V—, where V' and V'~ are defined as above.

The claim follows from Lemmas 3.3 and 3.4 using the standard properties of tensor
products. ]

3.3. Imageunder ¢;. Thestructure of the S-module ¢; (V' ® Y)is given as follows.

ProposITION 3.6. The following statements describe S-modules isomorphic to
Vi=¢g(V®Y).

If A, B < p—1,then V| = 853L(11) @ 834824 L(2) ® 812613L(13) ® 512834814 L(14).

Assumed =p—land B < p— 1. If Aistypical, then V] 2 V' ® Y. If 1is (13, 23)-
atypical, then V] = L(l3) ® 334L¢. If 1 1s (14, 24)-atypical, then V| = Ls @ §34L(14).

Assume 4 <p—land B=p— 1. If Aistypical, then V] Z2 V' ® Y. If Lis (13, 14)-
atypical, then V] = Ly & 812 L(lg). If 1 is (23, 24)-atypical, then V| = L(L) @ 812 Ls.

Assume A = B=p— 1. If A typical, then V1 =V ® Y. If A is (13, 14, 23, 24)-
atypical, then V| =

L(—=ls + L3)
/ AN
Ly = L(h) L(L).
AN /

L(ly)
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Proof. Assume first that 4, B < p — 1. The images of generators /1, I, /3 and Iy of
V' ® Y were determined earlier. The image V| = 83 L([)) @ 834824 L(hh) D 812813L(13) &
812834614L(14) as in the characteristic zero case.

Next assume that 4 =p — 1 and B < p — 1. The images of additional primitive
vectors under ¢ equal ¢1(ls) = wi3ls — I3 and ¢1(lg) = wials — I4. The structure of ¥
follows.

Now assume that 4 <p—1 and B=p — 1. Then the images of additional
primitive vectors under ¢; equal ¢ (7)) = wol7 + 1L and ¢i(lg) = wials + I4. The
structure of V; follows.

Finally, assume that 4 = B = p — 1. We compute first the image of the generator /y
under ¢ as ¢1(ly) = wigly — Is + lg. If A is typical, then p1(V Q Y)EV Q Y. If A is
(13, 14, 23, 24)—atypica1, then ¢(l5) = —h, ¢1(l) = b, ¢1(lg) = —14, $1(lg) = Iy, and the
images of the remaining elements /; vanish. In this case V] is an indecomposable module
generated by —ls + 3 = v4.p_1 ® y13 + v4-1.8 ® Y24 that has the structure described
in the statement of the proposition. O

4. Second floor.

4.1. Characteristic zero. The S-module Y A Y is a direct sum of two irreducible
modules Y| = (y23 /\y24) and Y, = (y23 /\y13).

Consider the following elements:

m; = v4p ® Y23 N Y24,

my = —204-18Q ¥23 A Y2 — V4p Q@ Y13 A Y24 + V4B ® Y14 A y23 and

M3 =V4-28Q V23 NYV24+V4-1 8@ V13 ANYV24 —Va-1B® V14 N Y23 +Vap®
Y13 AN Y4,

ny =v g ® Y13 A y23,

=20 p-1®Y13AY23 — Vg V13 AV — Vap ® y1a A y23 and

N3 =V482QV13ANY23—V4B-1QV13ANY24—V48-1QV14ANY23+ V4R
Yia N yos4.

LEMMA 4.1. The module V' ® (Y A Y) is isomorphic to the direct sum L(m;) ®
L(ny) @ 812L(m>) @ 834L(n2) @ 81281, L(m3) @ 83483, L(n3).

Proof. The action of 34D, and 43D on V ® Y| is given by (vyp ® y1)3aD =
bvgp—1 @ y1 and (vgp ® ¥1)azD = (A3 — Aa — b)v,p41 ® y1 for any y; € Y;. The action
of 2D,and 21D on V' ® Y> is given by (vap @ y2)12D = av,_15 @ y2 and (vgp @
y2)21D = (A — A2 — @)vat15 ® y2 for any y; € Ya.

Since the vectors myj, m, and mj are primitive, the dimension count gives
that the module V' ® Y; is a direct sum of simple modules L(m;) ® 812 L(my) &
8128}2L(rn3). Analogously, since the vectors n;, n, and n3 are primitive, the
dimension count gives that the module V' ® Y, is a direct sum of simple
modules L(n;) @ 334L(ny) & 8348§4L(n3). Therefore, V@ (Y A Y) = L(my) ® L(n;) ®
812L(m2) @ 834 L(n2) @ 81281,L(m3) D 83483, L(n3). 0

If ¢, 5 > 0, then L(my) = L(ny) = L(A1324). We shall denote the simple module
L(X13,24) by L.

LEMMA 4.2. The S-morphism ¢, is described completely by images of generating
vectors
$a(m1) = wrzwaamy,
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da(n1) = wizonn,

Pr(m2) = [(ha + A3 + DAy + hg) + BBy, GGl o)y
— (=) +A3—24) _ _ G3=2)ritra+223)

$a(n2) = 5 my + [(A2 + A3 — D(A1 + A3) > Jna,

hr(m3) = wizwaM3,

$2(n3) = w1awun3.

Proof. 1t is a straightforward computation. ]

LEMMA 4.3. The image ¢,(m;) vanishes if and only if wy3wi3 = 0 and s = 0. The
image ¢,(n,) vanishes if and only if wy3wy4 = 0 and t = 0.
If s, t > 0 and wi3wi4wr3wrs = 0, then ¢r(my) ~ Pa(n7).

Proof. Lemma 4.2 shows that ¢,(m;) = 0 implies s = 0, and ¢»(n2) = 0 implies
t=0.1Itis easy to verify that ¢, (1m2) = wyzwi3my for s = 0 and ¢y (12) = wyzwr4m; for
t=0.

If s, ¢ > 0, then the restriction ¢, of the map ¢, to the two-dimensional space of
primitive vectors (mjy, np) of weight u is represented by a matrix

()»2_,_)\3_,_1)@2_,_;»4)4_% =M =20)C+A3—h4a)
—(ha— 2 _ _ V420 .
(A3 M)(Z +A1—22) (a4 23— DO +23) — (A3 /\4)()»12+>L_+ A3)
The determinant of this matrix is wj3wswy3wr4 and our claim follows. O

PROPOSITION 4.4. The image (VY ANY) = 8384 L(my) & 813623L(n1) © 8123112
813814L(m3) D 8348},814824L(n3) @ Z, where

Z = L& Lif wozwiawsws # 0;

Z = L if w3w14w23w24 = 0 and one of the following conditions is satisfied:

5,1 > 0,

e t=0,5 > Oandw23w247é0and

e 5s=0,7> 0and wyw3 #* 0;

and Z = 0 if one of the following conditions is satisfied:

e t=0,5 > 0and wywyu =0,

e s=0,¢> 0and wyw;3 =0 and

es=1r=0.

Proof. 1t follows from Lemmas 4.2 and 4.3. U

4.2. Characteristic p. Assume that the weight A is restricted.

As in the case of characteristic zero, we also have that the S-module Y A Y is a
direct sum of two irreducible S-modules Y; = (y23 A ya4) and Y2 = (y23 A y13).

We shall determine the S-module structures of V' ® Y; and V' ® Y> first and
then combine them. Since S~ acts trivially on V' ® Y; and St acts trivially on
V' ® Y,, instead of S-modules we shall deal with appropriate s/(2)-modules and the
computations shall become easier.

4.2.1. Module V' ® Y;. Define the elements ms = v4 3 @ (V13 A Y24 — V14 A Y13)
andms = —3v4 25 ® (V23 A y24) + V4.8 ® (V13 A Y1)

LEMMA 4.5. The S-module structure of the module V' ® Y is given
(1) If as follows: A < p — 2, then V ® Y| = L(my) @ 812L(my) @ 8128}, L(m3).
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(2)If A =p—2,then V® Y| = My @ 8,L(m3), where the S-module M, has the
composition series

L(my)
|

M4 = L(Wl]) .
|

L(m;)

B)IfA=p—1,then V® Y| = Ms® L(m;), where the S-module M5 has the
composition series

L(ms)
|
M5 = L(WZ]) .
|
L(m3)

Proof. Since (my)1 D = (m2)21 D = (m3)21 D = 0, we obtain that the vectors my, my
and mj3 are primitive, of the highest St-weights 4 + 2,4 and A — 2 respectively.

To find possible extension between L(m,), L(m;) and L(ms), we compute that
(m2)12D # m3; (my)12D ~ my if and only if A = p — 2; and (m;)12D*> ~ m3 if and only
ifA=p—1.

If A <p—2, the dimensions of modules L(m;), L(m;) and L(ms) are (A4 + 3)
(B4+1),(A+ 1)(B+ 1) and (4 — 1)(B+ 1) respectively. Since (4 + 3) + §;p(4 + 1) +
6128}2(A —1)=3(4+1), the dimension of the module L(m;)® 8oL (m;) ®
8128}2L(M3) is the same as the dimension of V' ® Y;. Since there are no extensions
between L(m,), L(m;) and L(mj3), part (1) follows.

If A = p — 2,then (imy4)21 D = —2m; shows that the vector mi4 is a primitive vector of
the highest S*-weight 4. Since L(m,) has dimension 2(B + 1), L(,) and L(m4) have di-
mensions (p — 1)(B + 1),and if 4 # 1, then L(m3) has dimension (p — 3)(B + 1); the di-
mensions of these modules add up to the dimension of V' ® Y. Since (m4)1 D = —2m
and (m;);nD = my, and (my4)12D * m3 and (my)12D # ms, we infer the S-module
structure of the module V' ® Y.

If A =p — 1, then (ms), D*> = m; shows that the vector ms is a primitive vector
of the highest S*-weight 4 — 2. Since the dimensions of the modules L(m,), L(m,),
L(ms)and L(ms)are 4B+ 1), p(B+ 1), (p — 2)(B+ 1) and (p — 2)(B + 1), respectively,
they add up to the dimension of V' ® Y. Since (m5)21 D* = my, (m;)12D*> = 2ms3, and
(m1)12D 7 my, we infer the S-submodule structure of the module V' ® Y. O

4.2.2. Module V' ® Y,. Define the elements ns = v4. 5 ® (V13 A Y24 + Via A ¥23)
and ns = _%UA,B—Z V13 AY23+ V4B V14 A Yos.

LEMMA 4.6. The S-module structure of the module V' ® Y5 is given as follows:
(DIfB <p—2,then V@ Ys = L(ny) ® 834 L(n2) @ 8348, L(13).
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(2) If B=p—2, then V' ® Y, = N4 & 8},L(n3), where the S-module N, has the
composition series

L(ny)
|

N4 = L(l’l]) .
|

L(ny)

B)If B=p—1, then V® Y, = N5 & L(ny), where the S-module Ns has the
composition series

L(ns)
Ns = L(Ll).
L(|”3)
Proof. It is symmetric to the proof of Lemma 4.5. ]

4.23. V® (Y A Y). Combining the descriptions of V' ® Y and V' ® Y, we get
the following.

PROPOSITION 4.7. The S-module V' ® (Y A Y) is isomorphic to
(1)Case0 < A,B<p—2

L(my) & L(m) & L(my) & L(ny) @ 81,L(m3) & 83, L(n3).
2)Case A=0,0<B<p-2

L(my) @ L(m) @& L(ny) & 83,L(n3).
(3)Case0 <A <p—2,B=0

L(my) ® L(m) @ L(my) & 81, L(m3).
4)CaseA=B=0

L(my) ® L(ny).
B)CaseA=p—-2,0<B<p-2

My & L(ny) @ L(ny) & 81, L(m3) & 83, L(n3).
6)Case A=p—2,B=0

My® L(ny) ® 8112L(m3).
(MCase0<A<p—-2,B=p—-2

L(m)) & Ny & L(my) @ 8{,L(m3) & 8},L(n3).
@8)Case A=0,B=p—2

L(m)) ® Ng & 81, L(n3).

9)Case A=B=p—2

My @ Ny & 8}, L(m3) @ 83, L(n3).

(10)Case A=p—-1,0<B<p-2

Ms & L(ni) @ L(my) @ L(ny) @ 83, L(n3).
(11)Case A=p—1,B=0

Ms @ L(ny) & L(my).

(12)Case0 <A <p—-2,B=p—1

L(m1) & Ns @ L(mz) ® L(m) @ 8}, L(ms).
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(13)Case A =0,B=p—1
L(m) & Ns © L(n).
(14)CaseA=p—1,B=p—2
Ms @ N4 @ L(my) @ 83, L(n3).
(15)CaseA=p—-2,B=p—1
M4 ® Ns @ L(np) @ 81,L(m3).
(16)CaseA=B=p—1

Ms & Ns & L(my) & L(na).

Proof. Combine Lemmas 4.5 and 4.6. O

The reason why we split the above Proposition into 16 cases instead of nine is to
prepare for its application in the next section.

4.3. Image under ¢,. We shall analyse the modules ¢>(}V ® Y)) and ¢»(V ® Y>)
first, and then determine ¢»(V ® (Y A Y)).

The starting point is Lemma 4.2, which holds in positive characteristic as well.
Lemma 4.3 is modified as follows.

LEMMA 4.8. If wywi;z =0 and B = 0, then (ﬁz(ﬂ’lz) =0. If wyzwiz =0 and B =
p — 2, then ¢y(n) = 0. If wrzwry =0 and A4 = 0, then ¢r(ny) = 0. If wy3wy4 = 0 and
A = p — 2, then ¢(m;) = 0.

In all other cases, when defined, the images ¢,(11;) and ¢, (n;) are non-zero, and if
A, B > 0 and wjzwiswrzwry = 0, then ¢y (mo) ~ ¢r(no).

Proof. Lemma 4.2 shows that ¢,(m;) =0 implies 4 =p—2 or B=0, and
¢a2(ny) = 0 implies A = 0 or B = p — 2. It is easy to verify that ¢,(m;) = wy3wi3m; for
B = 0, (bz(l’lz) = W3W13N) for B =p— 2, ¢2(I’l2) = W3W4M7 for 4 = 0, and (]52(1’}’12) =
Wo3W41M7Y for 4 = pP— 2.

The remaining arguments are as in Lemma 4.3. O

For computation of ¢, (V' ® Y;) and ¢»(V ® Y3) we shall use Lemmas 4.2 and 4.8
repeatedly.

To combine both ¢»(V ® Y)) and ¢»(V ® Y3) we shall need the following lemma.

Denote a K-span of ¢,(m;) and ¢,(n;) by X.

LEMMA 4.9. The dimension of the space X is described as follows:

dimX = 2 if and only if W13W14W23W24 # 0;

dimX =1 if and only if wj3wawr3w24 = 0 and one of the following conditions is
satisfied:

e A, B>0,

e 4 =0,B> Oandw23w247£0,

e A>0,B=0and ww3 # 0; and

dimX = 0 if and only if one of the following conditions is satisfied:

e 4=0 B> Oandw23wz4 =0,

e 4>0,B=0and wy;w;z =0and

e 4=B=0

Proof. Use Lemmas 4.2 and 4.8. O

If (M) = M and L(¢»(w)) = L(w), then we shall denote M = ¢»(M) and w =
¢2(w) respectively.
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4.3.1. Module ¢»(V ® Y;). We shall need the following lemma, a part of which
shall be useful for the determination of ¢»(V ® (Y A Y)).

LEMMA 4.10. If A = p — 2 and wy4 = 0, then ¢o(m4) = Po(n2) # 0.
Assume A =p —2 and wy; = 0. If B# 0, p — 2, then ¢o(my) ~ ¢a2(n2). If B=0,
then ¢y (m4) = 0 and ¢y(112) # 0. If B = p — 2, then ¢, (m4) # 0 and ¢o(n;) = 0.

Proof. If wyq = 0, then ¢y(my) = (2 + B)my — Bny = ¢r(ny).
If wy3 = 0, then ¢o(my) = —B(my + ny) and ¢a(n2) = (B + 2)(ma + na). O

The structure of the S-module ¢»(V ® Y7) is given as follows.

PrOPOSITION 4.11. The following statements describe S-modules isomorphic to
Vo1 = ¢a(V @ Y1).

Assume 4 < p — 2.

If A is typical, then Va; = L(my) @ 812L(112) @ 81281, L(m3).

If A is 13-atypical, then Vo1 = L(my) @ 812834L(m3).

If A is 14- or (13, 14)-atypical, then V5 = L(my) @ 812 L(m>).

If A is 23—atypical, then V51 = 812834 L(n>) @ 5128112L(WL3).

If A is 24- or (23, 24)-atypical, then Va; = 81, L(712) @ 81281, L(m3).

If & is (13, 24)-atypical or (14, 23)-atypical, then V5 = 812834 L(m3).

Assume now 4 = p — 2.

If A is typical, then Vo) = M4 @ 81, L(m;).

If A is 13-, 14- or (13, 14)-atypical, then V> = M.

If A is 24- or (23, 24)-atypical, then V21 = L((B + 2)my — Bnp) @ 8}, L(m3).

If A is (13, 24)-atypical, then V5 = L((B + 2)my — Bny).

If A is 23—atypical, then V5 = 634L(my + o) @ (SllzL(m_g).

If A is (14, 23)-atypical, then V1 = L(my + n).

Finally, assume 4 = p — 1.

If A is typical, then Vs = Ms & L(m).

If A is (13, 23)-atypical and B # 0, then V) = L(ms) @ L(imy).

If A is (13, 23)-atypical and B = 0, then V3 = L(mis).

If A is (14, 24)-atypical, then V5 = L(mis) & L(n1).

If & is (13, 14, 23, 24)-atypical, then V5 = L(my).

Proof. If A < p —2, then V' ® Y; is semi-simple by the first part of Proposition
4.5 and the highest weights of primitive vectors are pairwise different. Therefore, it is
enough to determine whether the images of these primitive vectors under ¢, vanish or
not, and this follows from Lemmas 4.2 and 4.8.

For A = p — 2, we use the second part of Proposition 4.5. Since L(m,) is the S-socle
of M4, Lemma 4.8 shows that ¢,(M4) = M, provided wyzwyg # 0. If wy3wy4 = 0, then
using Lemma 4.2 we infer ¢,(m;) = 0, and therefore ¢,(My) = ¢»(L(my)). Lemma 4.10
determines ¢»(m4) and Lemma 4.2 concludes the proof in the case 4 = p — 2.

Now assume that 4 =p — 1. If A is typical, then Lemma 4.2 shows that
@2 (V1) = V1. Assume now A is not typical, then w3 = wy; and w4 = wy4 Which
implies wozwag = 0. Since ¢p(m1) = wrzwramy, using the third part of Proposition 4.5 we
conclude ¢, (Ms) = ¢(L(ms)). We verify that wp; = 0 implies ¢,(ms) = (B + 1)m3 and
wy4 = 0 implies ¢y(ms) = —(B + 1)ms. Therefore, ¢p(ms) = 0 if and only if B=p — 1.
Lemma 4.2 concludes the proof. ]
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4.3.2. Module ¢»(V ® Y>). We shall need the following lemma, a part of which
shall be useful for the determination of ¢»(V ® (Y A Y)).

LEMMA 4.12. If B=p — 2 and w3 = 0, then ¢y(ng) = pa(my) # 0.
Assume B=p —2 and wy3 = 0. If 4 #£ 0, p — 2, then ¢(ng) ~ ¢d2(my). If 4 =0,
then ¢»(n4) = 0 and ¢y(my) £ 0. If A = p — 2, then ¢(ng) # 0 and ¢o(my) = 0.

Proof. If w3 = 0, then Pa(ng) = —Amy + (2 4+ A)ny = pa(my).
If wy3 = 0, then ¢p(ng) = —A(my + ny) and g (my) = (2 + A)(my + ny). Il

The structure of the S-module ¢, (V' ® Y>) is given as follows.

PrOPOSITION 4.13. The following statements describe S-modules isomorphic to
Vo = ¢o(V ® Y2).

Assume B < p — 2.

If A is typical, then Vo = L(ny) @ 834L(12) @ 8348§4L(n3).

If A is 14- or (14, 24)-atypical, then Vy, = L(ny) @ 834L(13).

If & is A is 24-atypical, then Voy = L(n) @ 812834 L(72).

If A is 13- or (13, 23)-atypical, then Vo = 834 L(72) @ 83483, L(n3).

If & is 23-atypical, then Vo = 812834 L(712) ® 83481, L(n3).

If A 1s (13, 24)-atypical or (14, 23)-atypical, then V5, = 812834 L(17).

Assume now B =p — 2.

If A is typical, then Vo = Ny @ 8}, L(n3).

If A is 14- or 24- or (14, 24)-atypical, then Vy = Ny.

If A is 13- or (13, 23)-atypical, then Vo = L(—Amy + (2 + A)np) & 81, L(n3).

If A is (13, 24)-atypical, then Vo = L(—Am;y + (2 4+ A)my).

If & is 23-atypical, then V2, = 812 L(ms + m2) @ 83, L(n3).

If & is (14, 23)-atypical, then Vo = L(my + ny).

Finally, assume B=p — 1.

If A is typical, then Voy = N5 @ L(7»).

If A is (23, 24)-atypical and 4 # 0, then Vy, = L(ns) ® L(ny).

If A is (23, 24)-atypical and 4 = 0, then V5, = L(7is).

If A is (13, 14)-atypical, then V5 = L(ns) @ L(712).

If 1 is (13, 14, 23, 24)-atypical, then Vy = L(ny).

Proof. The proof is analogous to the proof of Proposition 4.11 and uses the
following identities. If B = p — 1 and w3 = 0, then ¢»(ns) = —(4+ V3. f B=p — 1
and wy3 = 0, then ¢y(ns) = (4 + 1)ns. O

4.3.3. Module ¢ (V ® (Y A Y)). Now we shall determine ¢»(V ® (Y A Y)).

PROPOSITION 4.14. The S-module V>, = ¢2(V @ (Y A Y)) is isomorphic to the
following modules:

(1)Case0 < A, B<p—2

o L(my) @ L(m) ® L(m>) & L(m>) & 8],L(m3) @ 81,L(n3), if A is typical,

* L(my) ® L(m>) @ 83, L(n3), if 1 is 13-atypical,

e L(my) ® L(n)) ® L(m,), if A is 14-atypical,

o L(71) @ 8{,L(m3) @ 83, L(n3), if A is 23-atypical,

o L(ny) ® L(m>) @ 8}, L(m3), if 1 is 24-atypical,

e [(my), if A is (13, 24)-atypical or (14, 23)-atypical.
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2)Case A=0,0<B<p-2

o L(my) ® L(m) ® L(m) @ 81, L(n3), if A is typical,

o L(my) ® L(>) & 81, L(n3), if A is 13-atypical,

o [(my) ® L(ny) ® L(m,), if A is 14-atypical,

o 81,L(n3), if A is 23-atypical,

e [(ny), if A is 24-atypical.

B)Case0 <A <p—-2,B=0

o L(m) @ L(m) & L(m>) @ 8],L(m3), if A is typical,

e [L(my), if 1 is 13-atypical,

o [(m) ® L(ny) & L(my), if A is 14-atypical,

* §],L(m3), if A is 23-atypical,

o L(my) ® L(m) @ 8}, L(m3), if 1 is 24-atypical.

4 CaseA=B=0

e [(my) ® L(ny), if A is typical,

e [(my), if A is 13-atypical,

e L(ny), if A is 24-atypical,

¢ 0, if A is (14, 23)-atypical.
B)CaseA=p—-2,0<B<p-—-2

° Ms® L(m) ® L(12) ® 8}, L(m3) ® 8},L(n3), if A is typical,
o My @ 81, L(n3), if A is 13-atypical,

o L(n) @ My, if A is 14-atypical,

o L(my + m) @ 8}, L(m3) ® 81, L(n3), if A is 23-atypical,
 L(n) ® L((B + 2)my — Bny) @ 81, L(m3), if A is 24-atypical.
6)Case A=p—2,B=0

o M4 @ L(n) & SIIZL(I/}’Z3), if A is typical,

o L(ny) ® My, if A is 14-atypical,

* §],L(m3), if A is 23-atypical,

e [(my), if A is (13, 24)-atypical.
(MHCase0<A<p—-2,B=p—-2

o L(m1) ® N4 ® L(m>) @ 8},L(m3) @ 83, L(n3), if A is typical,
® [(m)) ® Ng, if A is 14-atypical,

*Ns® 8112L(m3), if A is 24-atypical,

o L(my) ® L(—Amy + (A + 2)n2) @ 83, L(n3), if A is 13-atypical,
o L(my + m) @ 81, L(m3) @ 81, L(n3), if A is 23-atypical.

@) Case A=0,B=p—2

o L(my) & N4 @ 83, L(n3), if A is typical,

o [(m;) ® Ny, if A is 14-atypical,

¢ 8}, L(n3), if 1 is 23-atypical,

* L(ny), if A is (13, 24)-atypical.

9 Case A=B=p—2

oMy ® Ny ® 81,L(m3) ® 83, L(n3), if A is typical,

o My @ 81, L(n3), if A is 13-atypical,

o N4 @ 81,L(m3), if A is 24-atypical,

o [(my + my), if A is (14, 23)-atypical.

(10)Case A =p—-1,0<B<p-2

*Ms @ L(m) & L(m>) ® L(72) & L(ms) & 81, L(n3), if A is typical,
o L(m3) ® L(m>) @ 83, L(n3), if A is (13, 23)-atypical,

o L(m3) @ L(ny) @ L(my), if A is (14, 24)-atypical.
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(I1)CaseA=p—-1,B=0

*Ms @ L(ny) ® L(im>) ® L(ms), if A is typical,

e [(mj3), if A is (13, 23)-atypical,

o L(m3) @ L(my) @ L(ny), if A is (14, 24)-atypical.
(12)Case0 <A <p—-2,B=p—1

*L(my) ® Ns & L(m>) ® L(m) @ 8{,L(m3) & L(n3), if A is typical,
e [(my) & L(nz) & L(my), if A is (13, 14)-atypical,

o L(n3) ® L(my) ® 8}2L(m3), if A is (23, 24)-atypical.
(13)Case A=0,B=p—1

e L(my) ® Ns @ L(ip) ® L(nz), if A is typical,

o L(m)) @ L(ns) & L(ny), if A is (13, 14)-atypical,

e [(n3), if A is (23, 24)-atypical.

(14)Case A=p—1,B=p—2

*Ms @ Ny ® L(mz) ® L(m3) @ 81, L(n3), if A is typical,

* L(m3) @ L(ma + mo) @ 83, L(n3), if A is (13, 23)-atypical,
e L(m3) @ Ny, if 1 is (14, 24)-atypical.
(15)CaseA=p—-2,B=p—1

'M4 (&) N5 @ L(ny) @ 5112L(WI3) @ L(nz), if A is typical,

o L(n3)® L(my +my) ® 5112L(m3), if A is (23, 24)-atypical,
e L(n3) ® My, if A is (13, 14)-atypical.

(16)Case A=B=p—1

*Ms® Ns® L(my) ® L(mi) ® L(m3) @ L(n3), if A is typical,
o L(my), if A is (13, 14, 23, 24)-atypical.

Proof. It follows from Propositions 4.11, 4.13, and Lemmas 4.2, 4.8, 4.9, 4.10 and
4.12. For the convenience of the reader we shall point out cases when the non-zero
images under ¢, of different primitive vectors of the highest weight (A4, B) are collinear.

If A=p—2,0< B <p—2 and A is 23-atypical or 24-atypical, then ¢,(my4) ~
$2(12).

If0<A<p—-2,B=p—2 and A is 13-atypical or 23-atypical, then ¢»(n4) ~
$a(ma).

If A= B =p—2and X is 13-atypical, then ¢,(14) ~ ¢p>(m>).

If A = B=p—2and A is 24-atypical, then ¢,(m4) ~ ¢2(n2).

If 4 = B=p—2and X is (14, 23)-atypical, then ¢,(m4) ~ ¢2(ng) while ¢o(my) =
$2(m2) = 0.

IfA=p—1,0< B <p—2and A is (13,23)- or (14, 24)-atypical, then ¢, (1) ~
$2(m2).

If0<A<p—2,B=p—1and Ais (13, 14)- or (23, 24)-atypical, then ¢,(m;) ~
$a(n2).

IfA=p—1,B=p—2and A is (13, 23)-atypical, then ¢(ng) ~ ¢p2(m3).

IfA=p—1,B=p—2and A is (14, 24)-atypical, then ¢,(m;) ~ ¢2(n3).

IfA=p—2,B=p—1and Ais (23, 24)-atypical, then ¢,(m4) ~ P>(12).

IfA=p—2,B=p—1and Ais (13, 14)-atypical, then ¢,(m1;) ~ ¢o(12).

If 4= B=p—1and Ais (13, 14, 23, 24)-atypical, then ¢,(m3) ~ ¢2(n2). O

5. Third floor.

5.1. Characteristic zero. Denote 233 = ;3 A Va3 A Vo4, Zoa = Via A V23 A Voa,
Z13 = —Y13 A V14 A Y23, Z14 = —Y13 N Y14 N\ Y24.
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Furthermore, set k) = v4p ® 223, ko = V4p ® 224 — V4 p—1 ® 223, k3 = vy ® Z13 +
Va—1,p®@z3and ks = vap ® 214 + V4—1,8 ® 224 — V4 B—1 @ 213 — V4—1,8-1 @ 223.

Let®: Y — Y A Y A Y beamap that sends y23 — 223, Vo4 > 224, Y13 > 213 and
V14 +> z14. Then © is an isomorphism of S-modules and it induces an isomorphism
of S-modules®p : VR Y > VR(YAYAY)VIaBpv®y;) =v®0(;) =vQ z
for appropriate 7, j.

LEMMA 5.1. The module V' ® (Y A Y A Y)isisomorphic to the direct sum L(k;) &
834 L((k2) @ 812L(k3) @ 812834 L(ks).

Proof. Since themap ® : ¥ — Y A Y A Y is an isomorphism of S-modules, the
module Y A Y A Y isirreducible of the highest vector z3.

Since the map @ is an isomorphism of S-modules and the S-module structure of
V' ® Y was already determined, we can use @ to describe the S-module structure of
VQ(YAYAY).

Using Lemma 3.1 weestablish V® (Y A Y A Y) = L(ky) @ 834L(ky) ® 81pL(k3) ®
812834 L (k). 0

PROPOSITION 5.2. The image ¢3(V X (Y AY A Y)) = 513623004 K1 D 634614623604 K>
@ 612813814023 K3 D 812034613814824K4.

Proof. The S-morphism ¢3 is described completely by images of generating vectors
$3(k1) = opopwuky, ¢3(k2) = wawiwuks, ¢i(ks) = wzwawsks, and ¢i(ks) =
W13W14W24K4. U

5.2. Characteristic p. Assume that the weight A is restricted.
Recall that the map ®p : V® Y —> V(Y A Y A Y) is an isomorphism of S-
modules, and for each 5 < i <9, denote Oy (/;) = k; and K; = Oy (L;).

PROPOSITION 5.3. The S-module V' ® (Y A Y A Y) is isomorphic to
(1)Case A, B<p—1

L(k1) @ 834 L(k2) @ S12L(k3) @ 812834 L(ky).
2)CaseA=p—-1,B<p—1

Ks & 834Ks.
B)Cased<p—1,B=p—1
K7 ® 612K5s.

4)Case A=B=p—1

Ky.

Here the composition series of the S-module K, for every 5 < i <9, is analogous
to that of corresponding S-module L; from Proposition 3.5.

Proof. The map Oy is an isomorphism of S-modules. Since the S-module structure
of V' ® Y was already determined, we can use ® to describe the S-module structure
of V® (Y A Y A Y). All that is necessary to do this is to replace every appearance of /;
and L; in Proposition 3.5 with k; and Kj respectively. O

5.3. Image under ¢3. The structure of the S-module ¢3(V (Y A Y A Y)) is
given as follows.

PrOPOSITION 5.4, The following statements describe S-modules isomorphic to
Vi=¢3(VQ(YAY AY)).
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If 4,B<p—1, then V3=613623004K) D 834814623624K> @ 812813614623K3 B
812634613814824Ky.

Assume 4 =p—land B <p — 1. If Listypical,then V3=V Q (Y A Y A Y). If A
is (13, 23)-atypical, then V3 = 834 L(k4). If A is (14, 24)-atypical, then V3 = L(k3).

Assume 4 <p—land B=p— 1. If Listypical,then 3 ZE VR (Y A Y A Y). If A
is (13, 14)-atypical, then V3 = L(k,). If A is (23, 24)-atypical, then V3 = 81, L(ky).

Assume A=B=p—1. If & is typical, then '3;ZEVQQ(YAYAY). If A is
(13, 14, 23, 24)-atypical, then V3 = 0.

Proof. If A, B < p — 1, then V3 = §13623824 K] D 634814823824 K5 D 812813814623 K3 @
812834813814624 K4 as in the characteristic zero case.

If A=p—1 and B < p — 1, then the images of generators of K5 and Kg are
@3(ks) = wzwiswnks — wizwisks and ¢3(ke) = wi3wiawrks — w14wasky. The structure
of V5 follows.

If A<p—1and B=p—1, then the images of generators of K7 and Ky are
$3(k7) = wrawiwasks + wyzwrsks and ¢3(ks) = wizwi4wauks — w13w14k4. The structure
of V3 follows.

If A =B=p—1,then w3 = w4 = wr3 = wrg = w. The image of the generator ko
of VR AYAY) is ¢3(ke) = 0’ky — w*kg — w?*kgy — 2wks and the claim
follows. O

6. Fourth floor.

6.1. Characteristic zero. The S-module Y A Y A Y A Y is the trivial module
of the highest vector y13 A y14 A ¥23 A y24. The S-module V(Y AYAY AY) is
irreducible of the highest vector I = v4p ® y13 A Y14 A V23 A Y24 and is isomorphic to
V as an S-module.

PrOPOSITION 6.1. The image ¢4(V @ (Y AY A Y A Y)) = 81381482384V @ (Y A
YAYAY)

Proof. The morphism ¢4 is given by ¢4(/) = wi3w14wr3w4!. O

6.2. Characteristic p. Assume that the weight A is restricted.
The S-module V(Y AYAYAY)=Lwsp® (V13 AYia A Yz A yau)) 1s irre-
ducible and isomorphic to V" as an S-module.

6.3. Image under ¢4,. The S-module structure of gs(V Q (Y AY A Y AY)) is
given as follows.

PROPOSITION 6.2. The S-module ¢p4(V @ (Y A Y A Y A Y)) is isomorphic to V' ®
(YAY AY AY)= VifAistypical, and is isomorphic to 0 if A is atypical.

7. Character and dimension of simple module Lg2)(A). Combining the previous
results, we obtain the following theorem.

THEOREM 7.1. The S-module Hg(k) is isomorphic to the direct sum Ve
VeY)e(VR@YAY))OVRYAYAY)®(VR(YAYAYAY)), where
the middle summands are described in Propositions 3.5, 4.7 and 5.3.
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THEOREM 7.2. The S-module Lgp)(A) is isomorphic to

V@ ¢1(F1(1) @ ¢2(F2(1)) © ¢3(F3(A)) © pa(Fa(r)),

where the images V1 = ¢1(F1()»)), Vz = ¢2(F2()\)), V3 = ¢3(F3()»)) and V4 = ¢4(F4()»))
are described in Propositions 3.6, 4.14, 5.4 and 6.2 respectively.

7.1. Characteristic zero. Combining previous results, we obtain the following
theorem.

THEOREM 7.3. The simple module Lg2) (1), viewed as an S-module, is isomorphic
to the direct sum V @ ¢1(F1 (1)) ® dp2(F2(L)) @ d3(F3(A)) @ pa(F4(2)), where the images
d1(F1(V)), d2(F2(1)), d3(F3(1)) and ¢4(F4(1)) are described in Propositions 3.2, 4.4, 5.2
and 6.1 respectively.

COROLLARY 7.4. The induced module Hg(k) is isomorphic to Lgp)(A) if and only
if A is typical which happens if and only if A, > 2.

In order to relate the last results to Hook Schur functions, we need to explain
how a simple module Lg2)A corresponds to a (2,2)-hook partition y = (y1, ..., ¥)-
The correspondence is such that y; = A1, y» = A, and the partition (ys, ..., y) is the
transpose of (A3, Aq).

The character of the induced module Hg(k) is given by the formula X(Hg(k)) =
(14 20 + 2+ A + 2505, (X1, X2)505,20 (1, ¥2), Where s, 5,)(x1, X2) - de-
notes the Schur function corresponding to the partition (A1, A2) and sg, a,)(V1, 12)
denotes the Schur function corresponding to the transpose of the partition (13, A4).
The character of Lg2)(2) is given by the Hook Schur function .S, (x1, x2; y1, y2).

Therefore, we have the following equivalence which strengthens Theorem 6.20 of
[1] in the case of (2, 2)-hook partitions.

PrOPOSITION 7.5. For a (2, 2)-hook partition A, the following are equivalent:
(D) r2 > 2,

(2) HS, (x1, X251, y2) = x(HA(L)),

(3) H2(1) is isomorphic to Lspp)(A).

Proof. If Ay >2, then in the notation of Theorem 6.20 of [1] we

have x (HY(A) = (x1 + y1)(x1 + p2)(x2 + y1)(x2 + y2)5,.(x1, X2)50(v1, y2) and HS, (x1,
X2 V1, V2) = X(Hg(k)). The remaining statements follow from Corollary 7.4. ]

7.2. Characteristicp. We give acompact formula for the character and dimension
of a simple S(2|2) module of restricted weight. Using the Steinberg Tensor Product
theorem we can then determine the same for an arbitrary highest weight A.

If (u; > o) is a dominant weight for the algebra s/(2), then the character of a
simple s/(2)-module with the highest weight (w1, i2) is given by the Schur function
S(Al,Az)(Xl, X2).

For a dominant weight & = (1 > ua|us > ug) for the algebra S, the character
S(w) of the simple S-module L(u) of the highest weight w is given by S, 1) (X1, X2)
Stus 1) (X3, X4).

Denote by S(A1, A2|A3, A4) the product Sg, 1) (X1, X2)S;,0.4)(X3, X4) of two Schur
functions if A1 > A and A3 > A4, and S(A, A2|A3, A4) = 0 otherwise. For short, write
it as S(A) and call it the Schur function corresponding to A. Then S(k, 0|/, 0) = p(k, [).
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Denote y13=(=1,0[1,0), »14=(=1,0[0,1), y3=(0,-1]1,0) and y» =
(0, —1J0, 1) and write the ‘decorated’ weights derived from A as follows: A3 =
A+ Vi3, Aa = A+ Yia, Ay = A+, )»24 =A+u, M31a= A+ Y13+ V4, AM323 =
A+ yis+ s, Az =A+yiz+yu=>Aian=Axr A Vs + s, Maoa = A+ Y4+ va,
X324 —)»+J/23+)/24,)»14—k+V13+723+V24,?»13 =2+ yiat+ vty hay =A+
Y3 Via+ v i = A+ Y3+ via v A=A+ i3+ via + vz + v

Then the S-weights of these decorated weights are given in the following table.

A A3 A4 A23 o
(4, B) (A-1,B+1) (A—1,B—1) (A+1,B+1) (A+1,B-1)
13,14 13,23 X324 114,23 14,24 223,24
(4-2,B) (4, B+2) (4, B) (4. B) (4,B-2) (A+2,B)
X14 X3 X23 X4 by
(A+1,B+1) (A+1,B—1) (A—1,B-1) (A—1.B+1) (4, B)

We have already seen that weight X13’24 = X14’23 is of special significance and we
shall denote it by A.

The space spanned by all elements of the simple module Lg2 (1) that lie on the
ith floor shall be called the sector of that floor corresponding to A and shall be denoted
by L;(A). Each L;(%) is an S-module and to each L;(1) we assign a ‘partial’ character
xi(A) that records the multiplicities of weight spaces of L;(1). Then the character x ()
of the simple module Lg(2)(4) equals x (1) = xo(2) + x1(1) + x2(2) + x3(2) + x4(}).

The character and dimension of a simple S(2|2)-module Lg2)(A) of restricted
weight A are given below.

THEOREM 7.6. Let Lgp)(A) be a simple S(2]2)-module of the restricted highest
weight A.
If X is typical, then x(Lsop)(A)) =

S(A) +§(5~23) + S(hiz) + §()-24) + S():»M) + 5@13,23) + §(X23,24) + 5125(X)A
+6834S(A) + S(A13,14) + S(h14.24) + S(A14) + S(hag) + S(A13) + S(A23) + S(A)

and dimL()) = 16(4 + 1)(B+1).
If X is 13-atypical or (13,14)-atypical, then x(Lsep)(A)) =

S(A) + S(h23) + S(A24) + S(hia) + S(h2324) + 834S(L) + S(h1a24) + SChi3)

and dimL(L) = 8 + 44+ 12B + 84B.
If A is 14-atypical, then x(Lsp2)(A)) =

S(A) + S(h23) + S(hi3) + S(haa) + S(h13.23) + S(haz 4) + SCL) + S(R14)

and dimL(L) = 16 + 124 + 12B + 8A4B.
If & is 23-atypical, (13,23)-atypical or (23,24)-atypical, then x(Lsep2)(A)) =

S(A) + S(hi3) + S(hag) + S(h14) 4 81283aSA) + S(h13.14) + S(h14.24) + S(R23)

and dimL(\.) = 44 + 4B + 8AB.
If X is 24-atypical, (14,24)-atypical, then x(Lsep)(A)) =

S(A) + S(ha3) + S(h13) + S(hia) + S(h13.23) + 812S(L) + S(hi3.14) + SCiaa)
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and dimL(L) =8 + 124 4+ 4B + 84B.
If A is (13,24)-atypical, then

x(Ls@y(A) = S(L) + S(haz) + S(h14) + SR

and dimL(A) = 6 +4A4 4+ 4B+ 44B.
If A is (14,23)-atypical or (13,14,23,24)-atypical, then

X (Lspy (L) = S(A) + 834S(h13) + 812S(Roa) + 812834S(%)

and dimL(A) =2+ 44+ 4B+ 4A4ABif A #0or B# 0;anddimlL(A) =1if4 =B =0.

Proof. In the case A, B < p—2, we confirm that these formulas are valid by
inspection of Propositions 3.6, 4.14, 5.4 and 6.2, noting that most of 85, 834 and
5}2, 5§4 disappear due to the definition of S(1). The only remaining §;, and 834 are
coefficients at S(1). They reflect the intricacies of the S-module structure of Lsopy(A).
Looking at the S-weights of decorated As in the case 4, B < p — 2, we infer that there
is a straightforward correspondence between characters of simple modules with the
highest weight given as a decorated A and the product of the Schur function of the
corresponding decorated A. Adding up dimensions of simple S-modules in each case,
we arrive at the dimension of Lgp)(A).

In the cases when 4 or B equals p — 2 or p — 1, certain components of S-weights
of decorated As are equal to p or p + 1. Looking at the characters of various S-modules
introduced earli~er, we det~ermine that : N

x(Ls) = S(A23) + S(h13), x(Le) = S(A24) + S(A14).

x(L7) = S()»23) + 5(124) x(Lg) = S()»n) + S(h14),

X(Lo) = S(h23) + S(h24) + S(h13) + S(h14), x(L10) = S(has) + S(h13),

X (My) = S(A2324) + 812S(L), x(Ms) = S(h2324) + S(hi3,14),

X(Na) = S(h13.23) + 83aS(X), x(Ns5) = S(h13.23) + S(h14.24),

X(Ks) = S(hia) + SGhau), x(Ke) = S(h13) + S(ha3),

x(K7) = S()»14) + S(M3) x(Kg) = 5(124) + S(J23) and

X(Ko) = S(i14) + S(has) + S(h13) + S(h23).

We will verify the equality for x(Li9), since it is perhaps the most interesting, and
leave the remaining equalities to the reader.

We start with the following equality:

Statp—1,0-1)(X1, X2) = St 00—1)(X1, X2) (] + X5) 4+ Sis4p—2.10) (X1, X2),
which immediately implies
X(L(h) + x(L(l4)) = x(L(A24)) + x (L(*14)) = S(h24).
Analogously, we can derive
X(L(B)) + x (=15 + 1)) = x(L(A13)) + x (L(A14)) = S(h13).
Combination of the last two equalities yields x (Lio) = S(A2) + S(A13).
Using the above equalities we can inspect Propositions 3.6, 4.14, 5.4 and 6.2 in the

cases when A4 or Bequals p — 2 or p — 1 and arrive at the formulas in the statement of
this theorem. 0
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Let us note that the above formulas for the character of the simple S(2|2)-module
depend only on the nature of atypicality of the highest weight A and not on values of 4
and B.

In order to find the character of the simple module Lgp(A) for general
dominant A, we write A = A, + pA,, where both A, and A, are dominant weights
and A, is restricted. The Steinberg theorem ([S, Theorem 4.4]) states that Lgop)(A) =
Lsoin (X)) ® F*L(Ay), where F*L(A,) is the Frobenius twist of L(%,). This gives the
character of Lg2)(A), since the character of Lg(2)(A,) was determined in Theorem 7.6
and the character of L(},) is the product of the character of an S*-irreducible module
of the highest weight A, and an S™-irreducible module of the highest weight A, .

8. Concluding remarks. We conclude with an outline of a subsequent paper that
extends the computation presented here.

The highest weights of simple S(m|n)-modules in characteristic zero correspond
to hook weights A in the sense of [1]. The highest weights of simple S(m|n)-modules in
the case of positive characteristic were determined in [3].

The costandard module V(1) for S(m|n) coincides with the polynomial part of the
induced module Hp,, . (%). It can be proved that V(1) = H{ (4 if and only if A
is a hook weight (it is equivalent to A, > n).

For the Schur superalgebra S(2]2), the costandard module coincide with the
induced module if and only if A, > 2. Since the character of Hg(k) and all simple
S(2]2)-modules was determined earlier, using purely combinatorial techniques it is
possible to compute all simple composition factors in the filtration of costandard
modules V(1) for A, > 2. We shall do this computation for the case of the restricted
weight A and that way we determine the decomposition numbers in the process of
modular reduction of all simple S(2|2)-modules of the restricted highest weight.

In the remaining case, for every restricted highest weight A corresponding to simple
S(2|2)-module such that 1, < 1, we determine the corresponding costandard module
V(1), that is the polynomial part of Hg(k). For that purpose we shall utilize the
S-module structure of Hg(k) determined in Section 3 of this paper. Further, we shall
compute the characters of costandard modules V(A) with the restricted highest weight
such that A, <1 and then we shall determine all simple composition factors in the
filtration of those costandard modules.
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