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T H E Z E R O E S O F F U N C T I O N S R E L A T E D T O 
D I R I C H L E T L-FUNCTIONS 

BY 

LENARD WEINSTEIN 

Hecke, [3], has shown for x a r e a l Dirichlet character modulo q, the 
associated Dirichlet L-function L(s, x) has infinitely many zeroes on the line 
Re(s) = i 

Here, using a method of Polya, [5], we show that both the real and imaginary 
parts of a function associated to L(s, x) through the functional equation, have 
infinitely many zeroes on any line Re(s) = a0. We prove: 

THEOREM 1. Let xbe a primitive Dirichlet character modulo q, and let L(s, x) 
denote the corresponding Dirichlet L-function. Define: 

*(s) - 7r-(1/2)(s+a)r(è(s + a))L(s, x) 

<ï>*(s) = 7r-(1/2)(s+a)r(i(s + a))L(s, x) 
where 

ro if * ( - i ) = i, 
a U if x ( - i ) = - i . 

Then 

Re 3>(o-0 + it) + Re **(o-0 + if) 

fias infinitely many zeroes, on any line Re(s) = cr0. 

COROLLARY 1. If x is a real primitive Dirichlet character modulo q, then 
Re <£>(cr0 + it) has infinitely many zeroes on any line Re(s) = a"0. 

THEOREM 2. Im <!?(cr0 + it)+ Im&*(<r0+ it) has infinitely many zeroes on any 
line Re(s) = or0. 

COROLLARY 2. If x is a real primitive Dirichlet character modulo q, then 
Im <I>(oo + it) has infinitely many zeros on any line Re(s) = or0. 

Berlowitz, [1], has considered the case of the Riemann zeta-function. 

LEMMA 1. Let x be a primitive Dirichlet character modulo q, such that 

x(-D = i. 
Define ^. , . 

*(z,x)= I X(n)e-2 i rz /q , 
n = l 

where z is a complex variable. 
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Then i//(z, x) is analytic for Re(z)>0 , and satisfies the functional equation: 

T(XH(Z, X) = (f)VV(^ X), Re(z) >0. 

Here r(x) is the Gaussian sum: 

r(x)= t x(n)e(-\ 
n=i V 

Proof. This is essentially proven on p. 70 of [2]. 

LEMMA 2. Let x be a primitive Dirichlet character modulo q, such that 
x ( - l ) = 1. Then ijj(z, x) °w>à oX\ its derivatives tend to 0 as z-* ±qi along any 
route in an angle \arg(z^ qi)\<TTl2. 

Proof. The proof of this lemma is similar to that given on p. 215 of [6]. 

Proof of Theorem. 1. We shall assume x C - ! ) ^ ! , the proof for x ( - l ) = - l 
following similar lines. 

We have: 

n \s)= \ e - y ^ - 1 dy, Re(s)>0. 

Setting y = n2jrx, and multiplying both sides of the above equation by x(n) 
we obtain: 

7T-{s,2)r&)x(n)n-s = ( ^(n)e- n^ xx ( s / 2 )- 1 dx. 
Jo 

Summing over n, we get: 

* ( s ) = f <l'(qx,x)xis/2)~1dx= \ ^(qx,x)x(s/2)~1dx+ [ ^(qx, xW8™'1 dx 
JQ J0 J\ 

= J°V(^ , ^~ ( S / 2 ) " X <*x + J°°^(qx, x)^™-1 dx. 

This last expression represents, by Lemma 1, an entire function, and gives 
the analytic continuation of <E>(s) over the plane. 

Now setting x = e2 t; s - cr0 + iu, we have: 

<&(a0 + iu) = 2 I e-^iqe-21, X)e'iut dt + 2\ e^Wqe21, x)eiut dt. 
Jo Jo 

Thus 

<Ï>(CTO + iu) + 4>Vo + iu) = 2 [ e - ^ f a e - 2 ' , x) + ^ ( ^ ' 2 t , x)]e ' i u t dt 
Jo 

+ 2 f e-°'[<Kqe2',x)+<Kqe2,,x)]eiu*<ft. 
Jo 
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Taking the real part of both sides, we obtain: 

{e-°°'[iKqe-2',X) + <P(qe-2,,x)] 
0 

+ e<T°t[^(qe2t, x) + ^(qe2\ x)]}cos ut dt 

= 2\ ù(t)cosutdt. 
Jo 

Now, we see O(f) and Re<J>(a0 + iu) + Re<l>*(o-o+iw) are even functions of f 
and u. 

Thus 

Re * (a 0 + in) + Re # V o + "*) = f &(t)eiut dt. 

Now H(f) is seen to be in the Schwartz space, (see [4], pg. 245), and thus we 
may apply the Fourier inversion formula to get: 

2irSl(-u) = [ [Re<D(ob+ if) + Re <P*(o-0 + H)]eiut dt 

= 2 [Re <I>(oo + it) + Re <ï>*(o-0 + if)]cos ut dt. 
Jo 

Now, by Stirling's formula, the left and right hand sides of the above 
equation, originally defined for u real, can be continued analytically through
out the region Re(e~2 u)>0, for u complex. 

Thus, we may define: 
oo 

ft(u) = ft(-u) = X ci(n)un, |u |<ir/4. 
n = 0 

Here for k an integer, fc>0, 

ft(2k)(0) (-l)k f°° 
Û<2fc) = - ? ^ = J 7 ^ Ï Ï [ R e ^ a o + i O + R e ^ V o + f t M r ^ d r ; (2fc)! 7r(2fc)!J0 

a(2fc + l) = 0. 

Now let us assume Re <I>(cr0 + if) 4-Re <ï>*(o-0 + if) has only finitely many 
zeroes, on the line Re(s) = a0. Assume that there exists a T > 0 , such that for 
t>T, 

Re <ï>(cr0 + if) + Re <ï>*O0 + if) < 0. 
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Then 

(-l)k7r(2k)\a(2k) = [ [R e O(o-0 + it) + Re <&Vo + it)]t2k dt 

< [ |Re O(o-0 + it) + Re **(cr0 + it)\ t2k dt 
Jo 

J
«T+2 

(Re O(o-o + it) + Re O*(a0 + it))t2k dt 
T + l 

< CxCIOT216 + C2(T)(T+ l)2 k , 

where 

CX(T)= [ |Re*(o-0+ir) + Re**(oro + ft)|dt>0. 
Jo 

pT+2 

C2(T) = (ReO((70 + it) + ReO*(o-0 + it)) dt<0. 
JT+I 

Thus for k sufficiently large, say fe>N = N(T), (-l)k7r(2fc)! a(2fc)<0, and 
thus (~l)ka(2k)<0. This however, leads to a contradiction: 

00 

D,(-iz)= X (-l)"a(2n)z2 n , |z |<ir /4. 
n = 0 

n ^ ( - i z ) = £ . . ( 2 W
0

} ' t ( - l ) " a ( 2 n ) z 2 " - w . 
n = N ( 2 n - 2 N ) ! 

This, implies, since (—l)na(2n) is negative for n>N, that (1(2N)(—iz) is 
negative and monotonically decreasing as z ranges through the values 0 to rr/4. 
This, however, contradicts Lemma 2. 

A similar argument applies if we assume ReO(o-0+iO + ReO*(o-0+ it)>0, 
for t>T. 

Corollary 1 follows from the fact that if \ is real then 

<£>(<T0+ it) = <$>*(a0+ it). 

Theorem 2 follows the same argument as Theorem 1. 
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