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Notes on Spherical Harmonics.

By JOHN DOUGALL, M.A., D.Sc.

(Read 12th December 1918. Received 30th March 1914).

This paper contains
(a) an explicit solution of the problem of finding a function

which is harmonic within a given sphere and takes at
the surface the same value as a given rational integral
homogeneous function of the rectangular coordinates of
a point referred to the centre of the sphere as origin;

(6) a concise symbolical expression for the integral, over the
surface of the sphere, of the product of any three
rational integral spherical harmonics.

I believe that the results are new. The expression, for two
spherical harmonics, corresponding to that of (6) has been given
by Cayley.*

1. Write as usual
*>, (1)

9a;2 dy- dz'

If un is a homogeneous function of x, y, z of degree n, it is easy
to prove that

S7i(r>'un)=p(p + -2n + \)r'-2un + r>'\?-un, (3)

and thence that, if n is a positive integer, the function defined by
the finite series

"> - 1 ^ - T T f V X + 2 . 4(2n - \) (3» - 3)
is a rational integral spherical harmonic of degree n, which we may
denote by H(wn). From (4) it is obvious that, if H(M,,) vanishes,
«„ contains r as a factor.

* Cf. a paper "On a certain expression for a spherical harmonio, with
some extensions," Proc. Ediu. Math. Soc, Vol. VIII.
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Interesting examples of (4) are obtained by taking

(?)
With regard to (7) it is worth noting that the series (4) will
terminate for any value of n, provided n - m is a positive integer.

2. It is well known, and will be proved immediately, that uH

can be expanded in a finite series of the form

where Yn, Yn_2, ... are harmonic functions of the degrees indicated
by the suffixes. The usual way of determining YM, Yn_.a ... is as
follows. By successive applications of V2> w e get from (8) with
the help of (3)

V X = 2(2«- l)YM_a + 4(2n-3)raY,_ + , (9)
VV.= 2 . 4 ( 2 n - 3 ) ( 2 » - 5 ) Y _ + , (10)

and so on.
The last of such equations will give the lowest harmonic Y

explicitly; then the last equation but one will give the lowest
harmonic Y but one; and so on. But it does not seem to have been
noticed that a general formula for any of the harmonics Y can
easily be found. For it is obvious that an identity exists of the
form

u.= H(u.) + Cy-H(VX) + <V4H(VX) + , (11)
where Ca, C,, ... are constants.

This is easily seen if we write down a few terms in full, say

n-l) V n + 2 .4(2n- l ) (2n-3) V " " '

(12)

2 . 4 ( 2 n - 3 ) ( 2 , t - 5 ) \ V X ~ - J,4(2w-3)(2w-5)1

Here the coefficient of r" in the second line is taken so that the
term in r2Vs«» naay disappear; then the coefficient of r* in the
third line so that the term in r4V4Mn may disappear : and so on.
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But, once the expansion (11) is seen to be possible, the co-
efficients C2, C4, ... are easily obtained thus. Operate on both
sides of (11) by V2, V4. ••• • Then, as at (9), (10)
V \ = C ! .2(2n- l )H(VX) + C 4 . 4 ( 2 n - 3 ) r H ( V \ ) + , (13)

V\= C4.2.4(2ra-3)(2n-5)H(VV,) + ---> (14)
and so on.

Now the process described at (9), (10) shows that only one
expansion of the form (8) is possible. And (11) then shows that
the highest harmonic in the expansion of V2"u in the form (8) is
H(V2««)- Thus from (13)

C s .2 (2»- l ) = l (15)
Similarly, C4. 2 . 4(2n - 3) (2n - 5)= 1, (16)

and, generally,

C2p.(2A...2P)(2n-2p+l)(2n-2p-l)...(2n-4p + 3)=\... (17)

The values of un in (5), (6), (7) give useful examples of (11).
The solution of the problem stated in (a) follows easily, for it is
seen at once from (11) that the function which is harmonic within
the sphere r = a, and takes the same value as un at the surface, is

H(Mn) + C2a
2H(V2Mn) + C 4 « 4 H ( W ) + (18)

3. Since the surface integral of any rational integral harmonic
of degree greater than zero vanishes when taken over the surface
of a sphere with centre at the origin, it follows that the surface
integral of the function un depends only on the constant term, or
harmonic of degree zero, in the expansion (11).

If n is odd, this harmonic does not occur, and the surface
integral vanishes.

If n is even, the last term of (11) is

and in this case, if n = 2p, and the radius of the sphere is a,

4. For an application of (19) take

uip

where
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As a consequence of (18) the functions (a^x + 6,y + c}zf and
(a2a: + b^y + c^)m are both harmonic.

Hence

and, continuing the process of taking V2> w e s e e that V2?M2ji wi
vanish unless l — m, but that

+ cic2y (21)

Hence, if I, m are different,

but

\fax + bty + c,z)! fax + b^y + c^s)mdSa = 0 ; (22)

5. These results may be generalised so as to give expressions
for the surface integral of any two spherical harmonics. For if
«, is a harmonic of degree I, we may write symbolically

y, 2) = i _ ( a ; A + y 2 + , l - ) . M((ai> &„ Cl) (24)

"c' ) = 0 (25)

Applying the processes of Art. 4 to any harmonics «„ um, M,,
in their symbolical forms, we find

u,umdSa = 0, if l + m, (26)

but

2" / 3 3 3 3 3 3 \ p

11 \3oti Sctg ^ 1 362 3cj 3co/

" p ^ ) 1̂1 Cl)Vp(a2> 2̂1 C2) (27)

6. Results analogous to those of the last two articles may be
obtained for the integral of the product of three harmonics.
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Let M,

\ (28)
c3«)n>J

where a^ + b? + c,2 = 0, I
a2

2 + 62
2 + c2

2 = 0, I (29)
J

If l + m + n is odd, the integral of the product of the three
harmonics obviously vanishes.

Suppose then that l + m + n is even and equal to 2p.

In order to find V!p(MiMmMn) consider

u— {A(a,a; + b1y

= {(Xd! + /iOj + vas)x + (X6, -

We have
pu = (2p) !{(Xa1 + /Mja + va3)

2 + (X61 + /*62 + v63)' + (Aci + /ic2 +yc,)2}*

h + 6S*! + c3c,)

+ bfo + c]C2)}",... (30)
on account of (29).

Now equate the coefficients of A'/i'V on the two sides of (30).
On the right side the coefficient will come from a single term
involving, say, (/*v)a(vX)"(Z./i)'1',
where {S + y = l, y + a. = m, a. + )8 = n,

so that
m + n-l _ n + l-m l + m-n

Hence if any one of I, m, n is greater than the sum of the
other two, then

but if any two of I, m, n are together not less than the third, then

(2/>)! p !
I! m ! n ! ' m"" ~* ' ' " a.! j3 ! 7 !

&, + c3c1)P(a1o2 + 6,62 + CiCa)7 (32)
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Thus, by (19)

I I I tn n a ) • • • • • • • • . . . • . . . . . . . . y j

if any one of I, m, n is greater than the sum of the other two;
otherwise

r r
jju,umun .

(
\ 2

l+n

(34)
"Verify that this reduces to (23) when l = p, m=p, n = 0.
The generalised results for any three spherical harmonics may

now be written down at once as at (26), (27).
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