LMS J. Comput. Math. 14 (2011) 155-172 © 2011 Author
doi:10.1112/S146115701000001X

Numerical-symbolic exact irreducible decomposition of cyclic-12

Rostam Sabeti

ABSTRACT

In 1992, Goran Bjorck and Ralf Froberg completely characterized the solution set of cyclic-8.
In 2001, Jean-Charles Faugere determined the solution set of cyclic-9, by computer algebra
methods and Grébner basis computation. In this paper, a new theory in matrix analysis of
rank-deficient matrices together with algorithms in numerical algebraic geometry enables us to
present a symbolic-numerical algorithm to derive exactly the defining polynomials of all prime
ideals of positive dimension in primary decomposition of cyclic-12. Empirical evidence together
with rigorous proof establishes the fact that the positive-dimensional solution variety of cyclic-12
just consists of 72 quadrics of dimension one.

1. Introduction

For n >3, cyclicn is a series of benchmark notorious polynomial systems [7]. Let z =
(z1,...,x,) € C™. The general form of the cyclic-n polynomial system is f1 =0, ..., fn—1 =0,
fn =n, where, for 1 <i<n,
n j+i—1
£i=Y "1 = (1)
j=1 k=j
and we also identify x, 11 =1, Tpio =22, . ...
Historically, in [8], Bjorck established a relationship between specific solutions of (1) and
a type of function which has a constant modulus and whose Fourier transform also has a
constant modulus. We temporarily shift the index j in (1) to start at 0 and end at n — 1.

A solution z € C™ of (1) is called unimodular if |z;| =1 for all j. Consider z = (20, . . ., Zn—1) €
C™ as a complex-valued function on Z,, :={0,...,n — 1} and its Fourier transform by 2 =
(20, ..., 2n—1) and 2, = Z;L;Ol z;alV, where o = exp(2mi/n). If z # 0 and |z| is independent of

j, then z is called equimodular. If Z is also equimodular, then we say that z is bi-equimodular,
see [8]. For z € (C—{0})" and x € C", where z; = z;41/2;, Bjorck proved that z is bi-
equimodular if and only if x is a unimodular solution of (1). For n =4, cyclic-4 consists of
the following set of polynomials:

p1 = a1+ 22+ a3+ x4 =0,

P2 = 1T + Toxg + T3%4 + 2421 =0, (2)

P3 1= T1X283 + T2x3%4 + T3T4%1 + Tax122 = 0,

P4 1= T12203%4 — 1 =0,
where (z1, 29, 23, 14) € C*. It is easy to see that the solution variety of (2) consists of two
curves

Vi = {(I1,$2,$3,$4)€(C43$1+$3:0,$2+$4:O,1‘1$2— 1=0}
and
Vo = {(xl,x27x37x4)€(c4:x1—|—a:3=(),x2—|—x4=0,x1x2—|—1:0}

of dimension one.
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Nearly a decade since the advent of computer algebra software, Bjorck, Froberg and Backelin
partially used this software to find concise lists of solutions of cyclic-n for n <7 [1, 9].

In [10], Bjorck and Froberg characterized the solution set of cyclic-8 which consists of 16
components, eight of which are of degree 16 and eight of degree two plus 1152 isolated roots.
In 2001, Faugere [12] determined the solution set of cyclic-9, which has six components of
dimension two and degree three plus 6642 isolated roots.

For n =12, the system is

f1 =T +1’2+...+1’11+.’£12:0,
fo =10 + X223 + ...+ T11T12 + 1221 =0,

: 3)
f11 = X1X2%3...011 +X2X3T4 ... L12 + ... FT12T1T2 ... T10 = 0,
f12 = X1X2x3...212 — 1=0.

The main goal of this paper is to derive the exact form of all defining polynomials of prime
ideals of positive dimension in primary decomposition of cyclic-12.
Consider a polynomial system

P(x):=(p1(z),...,pn(x)):=0, z=(x1,...,2,)€C", (4)

where p; € Clzy,...,z,], i=1,...,n. It is well known that, for example, see [11], the affine
algebraic variety V of the solution set of (4), which is defined by

V=VP) =P 0)={(z1,...,2,) €C"|P(xy,...,z,) =0}, (5)

has a unique decomposition V=V, U... UV, into algebraic varieties Vi, V; ¢V}, i #j,
0<m<n—11is a finite number and dimV; =4, i =0,...,m. Note that for ¢ =0,...,m,
V; is the union of i-dimensional components V; = Uje I Vij, such that each I; is finite and, for
J € 1;, Vi; is not contained in a union of a collection of V;.; unless V;; appears in that collection.
Therefore, we have

V:V(P):GW:GUWJ-, o<m<n—1. (6)
i=0 i=0 jeI;

In order to obtain a numerical version of this decomposition, an approach called numerical
algebraic geometry pioneered by Sommese et al. [17, 18, 25] has been introduced. Among the
concepts, we may consider cascade of homotopies, witness point set and numerical irreducible
decomposition.

The approach is basically an embedding of the system into a larger polynomial system such
that the numerical solutions of a cascade of homotopies gives us a set of generic (witness)
points on positive-dimensional components of (5).

Generally, in this article we present an algorithm which takes (4) as input and (in numerical
phase) implements algorithms in numerical algebraic geometry to calculate generic points on
V and (in symbolic phase) introduces a new theory in matrix analysis that establishes a link to
numerical phase. This link (Theorem 2.4), which appears in step 2 of Algorithm 1 and step 5
of the main algorithm (Algorithm 2), generates defining polynomials of the prime ideals of
positive dimension in primary decomposition of I(V) as output.

The main work in numerical algebraic geometry appeared in [25], where slicing the
components with generic linear subspaces helps us to get generic points of the original system
as isolated solutions of another system. The divergence of many paths in this approach led
people [17] to build a theoretical framework (which basically relies on variants of Bertini’s
theorem, see [13, 26]) to get a less-expensive numerical scheme. For the first time, interpolating
polynomials have been used to sample a component (see [18, 21]).
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Numerical intersection of two components of two separate systems or two components of a
single system has been done via diagonal homotopies in [22, 24]. Further aspects of numerical
irreducible decomposition could be found in [19].

ForO0<i<nandz e C" L;(z):={Li(x),..., Li(z)} stands for a set of ¢ linear hyperplanes
Ly,...,L; in C" with random coefficients. It is known that the overdetermined system
{P(z) =0, L;(z) = 0} has isolated solutions if and only if the solutions lie on a component V;
of V of dimension 4, and the number of intersection points is deg(V;) (see [26]). We denote this
set by W, Z; it is called the witness point superset for dimension 4. Generally, for 1 <i<n — 2,
points on I/VZ may lie on (J;; Vi. In this case, we have W W; U J;, where J; N V; = (. We
call W; and J; true witness point sets and junk points for dimension i, respectively. Note that
Jn—1 = 0. Unlike the developed procedures in [26], to clear up junk points from the witness
point superset we apply the heuristic idea (Kuo—Li) in [14]. In this paper, a complete revision of
the Kuo-Li idea will be addressed as JunkRemove, in which we basically work on embedded
systems. In terms of functionality, JunkRemove and the idea in [14] are totally different. The
main advantage of JunkRemove in comparison to the junk-point removal algorithm in [26]
is to avoid the construction of expensive interpolating polynomials especially for high-degree
components. We denote the general form of the numerical irreducible decomposition of (5) by

w={J U wy (7)

i=0jel;
2. Main algorithm

2.1. Numerical irreducible decomposition

Fix 1<i<n—1. For x=(xq1,...,2,)€C", z=(21,...,%)€C! define & :=(x,z) and
&= As in [17], we consider

pl(x) + /\1,12’1 4+ ...+ )\171‘2’1' =0,

pn(.%') + )\n,lzl + ...+ )\m—zi = O,

’Pl(fl) = Ll(l‘) + zZ1 = 07 (8)
Li(z)+ 2 :=0,
where, for 1 < j <4, A;; are random complex numbers, and we call it an embedded system.
For 0 <t < 1 a series of homotopies joining embedded systems defined by
Pic1(&—
(et =1 -opie) + o6 ) —o o

is called a cascade of homotopies. The starting level of the cascade is an arbitrary integer i,
1<i=1l<n—1,in (9). For future reference in this paper, we use Cascade as an abbreviation
of [17, Algorithm 1]. Also, SVD stands for a complex version of an algorithm to calculate
singular pairs of various matrices, see [14].

__As a brief discussion about JunkRemove, suppose that we want to remove junk points in
WJ(J We select wg € WJO, and then SVD calculates ky singular values and their associated
singular vectors. In case kg =0, wp is a true witness point. If kg =1, then we assume (ASy)
dim(X,,,) =1, where X,,, denotes the piece of component of V(P;,) that contains wy. AS; is
equivalent to stating that the solution set of Pj () = 0 contains a curve. To check the validity
of AS;, we follow this curve by a predictor—corrector scheme to a considerable length. If ky > 1,
then we may set up several assumptions (ASy) dim(X,,,) =k, k= ko, . . . , 2, and we test them
by applying an appropriate predictor—corrector scheme on augmented overdetermined systems
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built on Pj, (§) = 0. Then when we add k new generic hyperplanes, a;(§ —wo) =0,j=1,...,k,
where ai, ..., a; are random complex numbers. In this revised version, the extensive body of
the JunkRemove algorithm is eliminated.

The following example explains JunkRemove in detail.

EXAMPLE 1 (Simulated example for JunkRemove). Assume n = 10, [ = 8. The numerical
irreducible decomposition (NID) of this system is given by

7

W= (U Wz) U Wh.
i=0

We denote the exact irreducible decomposition by V = Uf o Vi, dim(V;) = .

Suppose that we are in the middle of the junk-point removal process, and we have already
removed junk points from W6 and W7 So, we have /@entlﬁed true witness point sets Wg and
W-. This means that our current NID is formed as W (UZ 0 W) UWe U W7 U Ws.

We pick wqg € W5 We want to determine whether wy € Js or not. We know that wq is a
numerical solution of P;(§) =0 in (8) for i = 5.

Suppose that wy is an approximation of the generic point wy = (Z¢, 0) on V, where Zo € C1°.
To form this example, we let o € V7 denote the original location of Zg, and X;CD C V7 be the
piece of exact irreducible component on which Zg lies. Also, denote the overdetermined system

{p1(Zo) = ... =p10(To) = L1(Zo) = ... = Ls(Z9) =0} by P5(Zo) =0. Denote the number of
(exactly) zero singular values of JP5(Zo) by Ky. Clearly, Ko = 2.

Note that we have numerical values like wq := (%0, 21, - - ., 25), where 2o € C!9 and |z;| ~
10716, =1,...,5.

We use SVD to compute all kg singular pairs (o1, vi), ..., (Oky, Vi,) of JP5(wp), where

01 < ... < 0y, are less than a preassigned small threshold & > 0. Since we deal with numerical
calculations, we may easily have kg > K or kg < K. Usually, we should take a moderately
small threshold.

Let X,, be a piece of numerical irreducible component of V(Ps) that contains wy. In
JunkRemove, we approximate dim(Xjz,) by dim(X,,)-

Since ky may not exactly determine dim(X,,), we rely on other criteria to calculate
dim(X,,) more accurately. These criteria consist of testing several assumptions. Assume
ko=3>Ky=2.

Suppose that o1 and o9 are very close to zero, and the singular pair (o3, v3) is a poor
approximation. At the beginning, we made the assumption ASj : dim(X,,) = 3.

Having assumed AS3 means that another generic linear hyperplane of codimension two in
C'5, which passes through wq like

with aj, as € C!% random, intersects P5(£) = 0 at a one-dimensional solution set Y, of
P5(§) =0,
Ps(€) == af (€ —wo) =0,
all (¢ —wg) =0.

To test AS3, we need to follow a curve {z(t)} in Y,,, C V(P5) by a predictor-corrector scheme.
Since P5(§) vanishes along the curve, the tangent to the curve is in the kernel of JPs5(x(¢)),
t € R. We know that rank(JPs(z(t))) = 12 for all ¢t € R. Then

JPs(x(t))
rank(JPs(x(t))) := rank all = 14.

af
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Evidently, there is a unit vector u in C*® with JPs(wp)u = 0. Obviously, there are complex
numbers aq, as and ag such that u:= ayvy + asve + azvs. The term asvs is a problematic
term, because the pair (03, v3) is a poor approximation. We predict the next point in Yy, as
£ = wo + 0u, for an initial step size § = &y > 0. To solve Pj, (&) =0, this predicted point serves
as the initial point to the following Gauss—Newton correction iteration:

60 = g; §m+1 =" — [J']SE)(gm)]TﬁS(gm)v m=0,1,..., (10)
where
Ps(£),
u” (& —wo).
Most of the time, poor approximations of singular pairs like (o3, v3), cause non-convergence
of (10). In this case, we reject AS3 and we assume ASj : dim(X,,) = 2. Set

. Ps(£) =0,
Pele) = {agl((?— wo) = 0.

2GR (11)

Again we calculate singular pairs of JPs(wp). This time, since we introduced a generic
hyperplane, experience showed that the chance of having miscalculation of singular pairs
diminished by a considerable amount. Ky = 2 implies rank(.JPs(wg)) = 1, and the only singular
vector of Ps(wp) will be taken as u. Then we start the predictor—corrector scheme by letting
€ = wg + ou for an initial step size § = &y > 0.

For a preassigned tolerance € > 0, if the correction (10) converges to & with ||P5(&7)]l2 <,
then & will be taken as a numerical solution of P5(£) =0, which in turn implies P5(&5) = 0.
In the case of non-convergence, we cut the step size by half and repeat the above procedure
until convergence. If § is less than some small §, then we claim final non-convergence.

The above prediction—correction procedure will be repeated at & (which means that the
iteration function (11) will be changed via replacement of wg by £}). Since the rank of JP5 (&)
is 14, it must have a very small singular value. We calculate the unit singular vector u of
JPs(£5) corresponding to its smallest singular value that is less than & > 0. The sign of u must
be consistent with £} — &, which makes the tangent appropriate as our next prediction step at
&}. We continue to produce consecutively a sequence of points &7, &5, . . ., along with successful
step sizes d1, d2, . . .. The assumption AS, will be accepted if the accumulated successful step
sizes reach a sufficient length. From the new iteration function (11), it is clear that (see above
explanation)

1€ =& ille=0s, i=1,2,....

Therefore,

d;
1

S(m), m>1.

7

m
Z ngk - SleQ >
i=1

We admit the existence of X,,, (which implies that wy is a junk point or wg € J5) if S(m) > n,
where 1 > 0 is a preassigned length for a certain m > 1.

m

Recent advances (see [2]) in this field shed light on the challenging problem of junk-point
removal for polynomial systems of moderate size.

REMARK 1. The point of departure in [2] is p a numerical approximation of a point on
V(P). As the output of Algorithm 3, page 3617 in [2] shows, it seems that it returns the
dimension and component number of an irreducible component of which p is a member. Rich
theoretical setting makes this algorithm valuable for polynomial systems of moderate size. In
our large-scale problem, cyclic-12, adding one more variable (for homogenization) makes the
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original problem of calculating witness points for a system of size n = 13 into an impossible or
at least extremely time-consuming problem. In order to apply this method for our case, another
complication is the construction of multiplicity matrices which deal with partial derivatives for
a set of 13 variables. The heuristic nature of the Kuo—Li idea in the junk-point removal process,
compared to the local dimension test algorithm, appears in [2, Example 3.2, p. 3619].

Let the range of ¢ and j be as in (7). In order to break up each witness point superset WZ into a
union of witness points on numerical irreducible components Wj; in (7), we apply monodromy
grouping with linear trace validation [20, 26]. In our implementation of monodromy and
linear trace, we solve the necessary overdetermined systems which consist of a polynomial
system P(z) =0 together with a set of generic hyperplanes, by the following form of so-called
overdetermined homotopy

H(z, )= (1—1) (i%) +t<12((?)> —o. (12)

Instead of matrix inversion in Newton correction as in regular continuation, we apply pseudo-
inversion of matrices and Gauss—Newton iteration as corrector. In this homotopy, Ly is the
original set of linear generic hyperplanes used in (8), and Lo is another arbitrary set. So,
every time, we start at solutions of {P =0, L; =0} (that is, the current set of numbered true
witness points) and we reach solutions of {P = 0, Ly = 0} and then move backward by changing
the systems in (12) as {P=0,L; =0} - {P=0,Ly =0} and {P=0,Ly; =0} — o{P =0,
L; =0}, where « is a random complex number. Our implementation of monodromy and trace,
together with JunkRemove, makes our algorithm on numerical irreducible decomposition.

2.2. Deficiency pattern for rank-deficient matrices

This section introduces new facts in matrix theory. This theory provides the main aim of this
paper, which is a link between numerical phase to symbolic phase of the main algorithm. The
fundamental fact in Theorem 2.4 establishes this link. Throughout this section, we fix integers

m, n, k with 0 <m <n and k > 0. Suppose A =[Aq,...,A,] € C™*" with rank(A) =k and
NullSpace(A) = span{vi, ..., V,_}, where v; = (vj1,...,vj,)T €C", for j=1,...,n—k,
are called zero vectors (of A). The proof of the following lemma is simple. We state it for
convenience.

LEMMA 2.1. With the above notation, suppose Q:={1<i<n:vj;=0forall j=
1,...,n—k}. Then Z(A):={A,;:i€Q} is a linearly independent subset of C™.

Proof. Letl>0andQ={r <...<mn}. Forj=1,..., 1 leta,, €Fbesuchthat o, A, +
oryAr, + ...+ ap Ay, = 0. Therefore,

v=(0,...,0,0,,,0,...,0,0.,,0,...,0,a,,0,...,07

is in NullSpace(A), where o, is in the 7;th position for j =1,..., . Therefore, ¥ is a linear
combination of vi, ..., v, _g. Since vj, =0for j=1,...,n—kandt=1,...,[, then a,, =0,
j=1,...,1. The same reason shows that all A, ,..., A,, are non-zero. |

The indices in ) can be identified by just comparing any set of zero vectors. We define the
elements in Z(A) as isolated columns of A. The other columns of A are called non-isolated.

Any arbitrary linear combination of columns of A corresponds to a zero vector none of whose
non-zero elements corresponds to an isolated column of A. See the proof of the next lemma.

LEMMA 2.2.  With the above notation, #Z(A) < k.
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Proof. Let #Z(A) = k. Since rank(A) =k, Lemma 2.1 shows that for non-zero A; ¢ Z(A),
Z(A)U{A,} is a linearly dependent set. So, there exists a zero vector w such that w; # 0 and
w;, 7# 0, where A, is an isolated column. Since w;, # 0, Lemma 2.1 gives a contradiction. [

THEOREM 2.3. With the above notation, let N :=N(A) :=[vy,..., v, ] € C"*(=k),
There exists a non-singular transformation P € C(»=k)*(=k) gych that
1 0 0 ... 0
0 1 0 ... 0
P'NT =N(A)= |[V@ 0 VI 0 v® 1 o0 vy
0 0 0 1
where each 1 from left to right is in the iy th, . . ., i,_pth column, respectively, for integers i; <

... <in_p. Moreover, for j=0,1,...,n —k, we have VU) € C("=k)xL; for ;20 (;=0, V)
is a degenerate block), and
VD=0, s=j+1,....n—k t=1,...,1;. (13)
Evidently,
rank(N7) = rank(N(A)) = n — k. (14)

Proof. Start from the upper-left corner of N7 and search for the first non-zero term in
the corresponding row and apply successive Gaussian elimination to N7 from the left and,
whenever it is needed, apply a row interchange permutation matrix to it. Note that column
interchange is not allowed.

Equations (13) in compact matrix form are given by

) (4)
() — Z
vo =[]

where Z) is a non-zero matrix in CJ*% O

Large-scale examples clearly show a non-trivial block structure of N(A) in the above proof.
See Example 3.

EXAMPLE 2. Suppose

1 —4 0 -3 1
0 0 2 3 -1
A=1| 1 -2 1 0 0f.
-1 -8 -2 -9 3
1 -14 3 —6 2

We see that rank(A) =3 and v; = (0, 1,2,0,4)T and v, = (0,0, 0, 1, 3)T are two basis vectors
in Nullspace(A). Clearly, the representation of Theorem 2.3 in this example reflects on columns
of A as Ay +2A3+4A5 =0 and Ay + 3A5 =0, and also we have

S 0120 4
N(A){o 00 1 3}

Z(A) ={A;}, which means that the only isolated column of A is A; and Q = {1}. The other
parameters of Theorem 2.3 follow as i1 =2, i3 =4, lp=1,11 =1, I =1 and also

© _ |0 W _ |2 2 _ |4
v _[0], v _M and V _M.
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DEeFINITION 1. With the above notation, suppose i1 <...<i, j and let ﬁ(A) be as
in Theorem 2.3, and, for 1<j<n—k, let A; ={i; <t<n:(N(A));#0}. Then, for
1 < j <n—k, the following unique set of linear combinations:

A+ ) (N(A));, 1A =0 (15)
tEAij

of columns of A is called the deficiency pattern of A. The indices i1 < ... <1,_j are called
the leading indices of the pattern.

The deficiency pattern of A in Example 2 is Ay + 2A3 +4A5 =0 and Ay + 3A5=0.

EXAMPLE 3. A large-scale example is given by

(<10 1 0 -2 0 1 100
0 -3 -1 0 6 1 -2 =2 0 0
1 0 0 0 2 2 1 1 00
-5 2 2 1 0 -1 3 -1 0 0
A— —6 1 3 0 0 0 0 0 0 O
Tl 4 -2 =2 1 0 0 0 0 0 O
1 0 0 -2 0 1 1 1 00
2 2 0 1 0 2 0 2 00
—4 1 1 3 6 1 -2 -2 0 0
-3 -2 2 1 0 1 2 10 0 |
It is easy to verify that rank(A) =6 and
1 0 2 0 0 00 -1 0 0
~ 0 0001 —20 2 0 0
N(A) = 0 000 O 0 0 01 0
0 00 0O 0 0 0 0 1
In this example, we have Z(A) = {Az, Ay, Az}t and Q={2,4,7}, i1 =1,4i5 =5, i3 =9, is = 10,
lo=0,11=3ls=3and l3=1;,=0. VO, V) and V@ are degenerate and
0 2 0 00 -1
(1) _ 0 0 O (2) _ -2 0 2
V= 0 0 0’ Vo= 0 0 0f"
0 0O 0 0 0
The deficiency pattern of A is as follows:
A +2A3—Ag=0,
As —2A6+2A3=0,
Ay =0,
A10 =0.
Suppose that we calculate n + 1 witness points X, ... X+ on a typical irreducible

variety V' C 'V in C"™ with dim (V') > 0. Then we may easily form the following numerical matrix
in (C(n+1)><(n+1):

x® o xP
ALing = |: oo :
xm o x Y
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DEFINITION 2.  With the above notation, A ;,qg is called a linear generic matrix or generic
matrix of order 1 associated with V.

Let rank(Ap;ng) =k. By Theorem 2.3, there exist integers 1 <41 <...<ipt1—p<n+1
such that

ALGG -+ Z ALGG (ALinG)t = 07 ] = 13 B 1 + 1-k (16)
tEA

is the deficiency pattern of Aj;,q. So, the linear polynomials

pj('rla" y Tn) =x;; + Z (ALing)) z,,tajtv J=1...,n+1-k (17)
tEA,

vanish on V. Thus, we have the following theorem.

THEOREM 2.4. With the above notation, I(V') contains the ideal generated by the linear
polynomials (17).

Once we have found linear generators, we need to find out whether the ideal generated
by pi1, ..., Pnt1—k covers the whole I(V) or not. We realize this by finding the generators of
higher total degrees. Apparently, we want to define generic matrices built on monomials of
higher total degree than one. But, the size of matrices rises. Hence, we need to eliminate some
of the variables.

REMARK 2. Suppose that we found m <n linear generators gi,...,g, of I(V).
Evidently, there exists a finite subset of {1,...,n}, say {j1,...,js}, such that ¢1,...,gm €
Clyrs -y Yn—s)xjy, - .- xj.], where {y1, ..., yn—s} ={z1,. .., xn} —{xj,, ..., 2. }.

We fix a lexicographic term order z;, >...>xz; >...on{z1,...,z,}. We apply a standard
division algorithm [11] to obtain non-zero remainders hq, . .., hx € Cly1, ... , Yn—s| on division
of the original polynomials of the system (p1,...,pn) by {g1,--.,9m}. To get a full set of
generators, we should be able to express hi, ..., hy in terms of higher-order polynomials.
Therefore, the next step is to define a quadratic generic matrix or generic matrix of order two,
A Quac- To this end, consider Ip := (”_§+2) generic points on V, say Y j=1,..., 1y, and
then define Agyqc as it shows after the remark. See Section 3 for the result of cyclic-12, where
we have s =10, j1 =3, ..., j10 =12 and y; = x1, y2 = x2. We just have h; as the remainder of
fi12 by {p1, ..., P10} with the lexicographic order as x3 > x4 > ... > 13 > 1 > Ta.

To follow the discussion started in Remark 2, we let

1 1)y -(1 1)y-(1 1 Dy (1
(Yl( ))2 Yl( )Y2( ) Yl( )YTE—)S (Y2( ))2 Y’Q( )Yé( ) o1
AQuaG = . .
(YI(IQ))2 Yl(l2)Y2(l2) o Y1(l2)Y7£l—22 (Y2(12))2 Yz(lz)ys(lz) 1

This means that if, for a quadratic generic matrix Agyqc we have rank(Aguec) = u < la, then
there are I3 — u quadratic generators for I(V).

To continue, we use the same set of variables as in the quadratic case, for third-degree
generators. Clearly, by the same token, we may define generic matrices of order ¢ for i > 3. If
we continue this procedure, at any stage we have a current set of generators, say {h1, ..., hq},
whose zero set is a subset of the irreducible component involved, which is V. Suppose that the
variety of the original system P(x) =0 is V. Since V C V, we stop the procedure if

I(V) CL(V) CI({h, ..., hy}). (18)
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REMARK 3. To verify the stopping criterion (18) at any stage, we apply the division
algorithm we discussed in Remark 2, to get the remainder of each polynomial in the original
system P(z) =0.

The following algorithm summarizes the whole discussion as a symbolic part of our main
algorithm. As input it takes a collection of generic points C on a positive-dimensional irreducible
variety V' and, as output, it gives a set of generators for I(V).

AvLcoriTHM 1. Exact generator
Input: A collection C of generic points on an irreducible variety V' with dim(V) > 0.
Output: A set of generators for G for which I(G) :=I(V).
Step 0: Initialize G := (. Set the current set of variables as z1,...,x, and i :=1.
Loop: Do While (I(V) — I(G) # 0) ‘Check condition (18)’.
Step 1: Form the generic matrix of order i say A; based on the current set of variables.
Step 2: If A; is rank deficient, then
Calculate the deficiency pattern of A;,
else
exit with current G.
End If
Step 3: Find the corresponding generators of total degree 1.
Step 4: Update G := G U {new generators}.
Step 5: If (i = 1), then apply the type of elimination as in Remark 2 and
update the current set of variables
Step 6: i:=7+1
End for (Loop)

Our goal is to present an algorithm that takes the polynomial system (4) as input and
calculates a set of generators for each I(V;;) as output, where V;; is an exact irreducible variety
in exact irreducible decomposition (6). First of all, in order to deal with generic matrices
(linear, quadratic or cubic, etc.), we should be able to calculate a sufficient number of generic
(or sample) points on each V;;, given a set of true (pure) witness points W;; on it. We take the
initial set of pure witness points in overdetermined homotopy (12). Then we circulate La(z)
and pick up a new witness point on the variety. However, if we let them be picked up without a
considerable distance, then we have trouble in finding SVD of the generic matrices involved. In
order to avoid miscalculation of numerical ranks of generic matrices, we need a well-separated
set of sample points. By this, we mean a set of sample points S ={w = (w1, ..., w,)} such
that for two given positive real numbers as and o, we have

Vw,we S |lw— w2 > a (19)
and (or)

Vw,we S min |w; — 0| > . (20)
1<jsn

The sampling algorithm will be denoted by Sample. In Sample, while we generate sample
points, we filter the current set of sample points based on (19) and (20). The main algorithm
follows.

ALGORITHM 2. Main algorithm
Input: Polynomial system P(z) =0 and [y : top dimension of V.
Output: The generators for ideals I;;, where I;; := I(V;;) and V;; are as in (6).
Step 0: Initialize NV :=10 and k := 0.
Step 1: Find the numerical irreducible decomposition W = Ui:o U

el Wij of V.
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Loop: For i from 1 to Iy
For j e I;
Step 2: k:=k+1
Step 3: Choose appropriate ag, a,
Step 4: Call Sample to get enough well-separated generic
points on V;; and call the resulting set of points as Cj;
Step 5: Apply Algorithm 1 on C;; and get generators of I,;.
Step 6: If (k> N), then
Next j
else
Goto Step 2
End if
End For j
End For Loop

3. Main results on cyclic-12

The system cyclic-12 with level one of cascade, [ =1, is an embedded system of size 13 which
can be solved numerically by HOM4PS-2.0 [15]. The number of true witness points of this
system is 144. These 144 points came out of a system with a mixed volume equaling 983,952.
To search for witness points on dimensions two and three, we ran the code with { =2, 3. No
witness point appeared.

A typical monodromy break up of 144 witness points for this system is given as

144 —- 109 —- 101 - 86 — 74 —-73 =73 =72 —>T72—T72....

Therefore, we conclude (based on this numerical decomposition) that we have 72 numerical
irreducible components of second degree on dimension one. We write

W=W2U...UuWs3,. (21)

To form linear generic matrices for each of the 72 components, we need 13 well-separated points
starting from one sample point on each component. In this example, we used (19) and (20)
as separation strategies with 0.01 < aeg, aioo < 0.12 uniformly for all components. We see that
all linear generic matrices are of rank three. These 72 components will be partitioned into 12

groups Cq, ..., C1a.

As a more specific example, the zero vectors of Ap;,c corresponding to W3 are
(1,0,0,0,0,0,0,0,0,0,—&,0,0),(0,1,0,0,0,0,0,0,0,0,0, —©, 0),
(0,0,1,0,0,0,0,0,0,0,w,0,0),(0,0,0,1,0,0,0,0,0,0,0,w, 0),

(0,0,0,0,1,0,0,0,0,0,1,0,0),(0,0,0,0,0,1,0,0,0,0,0, 1, 0), (22)
(07 07 O? 07 O? 07 17 07 07 07 a}’ 07 0)’ (07 O? 07 O? 07 O? 07 17 07 0’ 07 a}’ 0)7
(0,0,0,0,0,0,0,0,1,0,—w,0,0), (0,0,0,0,0,0,0,0,0, 1,0, —w, 0),

where w:= % — z§ In actual numerical calculation of the above vectors, we reached an
approximation of the algebraic number @ (~0.866025403784439), which appeared in a related
idea of tropism in [27].

These zeros correspond to the following linear equations:

P1=1T1 — WT11, D2 = Ty — WT12, D3 = T3 + wT11, P4 = T4 + wWT2,
Ps =5 + 211, Pe = Te + T12, p7 =27 + W0r11, Pps = T8 + Wxi2,
P9 =2T9g —wWx11, P10 = T10 — WT12.
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Based on the first two polynomials, we may express the variables z3, ..., 19 in terms of x;
and x2. We have

P1 =121 — WT3, P2 = T2 — WTy, P3 = X1 + W5, P4 = T2 + W,
ps =21 + X7, Pe = X2 + g, D7 = X1 + WXy, ps = T2 + WTo,
P9 =1 — WT11, P1o = T2 — Wx12.

These 10 linear polynomials will be shared among six components, which makes group Cy. The
members of Cy differ by the last (11th) polynomial, which is quadratic. Since p1, ..., p1o in
the above set of polynomials have been expressed in terms of z; and x5, we may set up the
quadratic generic matrix Aguqg based on the monomials x%, T1xo, x%, x1, T2, 1 (keeping the
order). The corresponding A gyqc for each component in Cy has only one zero vector. For six
members of C, we get the following zeros:

(0,1,0,0,0,+1), (0,1,0,0,0,+w), (0,1,0,0,0,=+w). (23)
Therefore, we may denote the exact irreducible decomposition of cyclic-12 by

V=V UVEYUVES UL VR UVEY UTES

12 12 12°

(24)

Below, we list all of the corresponding 72 ideals with their generators we derived. See the
Appendix for polynomial expressions of some fi, ..., f5 in (3) in terms of generators of Ial

+1 .
Iz,

(J;l — Wr3, Ty — WTy4, 1 + WT5, To + WTg, T1 + T7, Lo + T8, T1 + W9,

Zo + wWx1g, 1 — DT, To — WT12, T12T2 £ 1),

Ig‘f = (r1 — wxs, Ty — W4, T1 + OT5, To + OTg, T1 + T7, To + Ty, T1 + WTg,
xo + wTri10, 1 — (.4_)1‘11, To — 5)1‘12, X1 + (IJ>,

Ia" = (21 — wxs, Ta — WTy, T1 + OT5, T2 + OTe, T1 + T7, T2 + Ts, T1 + Wy,

Zg + wig, T1 — WT11, T2 — WT12, T122 £ W),

+1 . -
I, = (v1 — was, X2 + 24, T1 — T5, Ta + WT6, T1 + T7, T2 + T, T1 + Wy,

Ty — X190, T1 + 11, T — WT12, T122 £ 1),

Ijéf = (1 — wxz, T2 + Tq, T1 — Ty, T2 + WX, T1 + Ty, T3 + Tg, T1 + Wy,
Ty — 10, T1 + T11, T2 — W12, T1T2 £ ©),

Ig‘; = (r1 — wxs, Ta + X4, T1 — T5, T2 + OTg, T1 + Ty, T2 + Tg, T1 + W,

To — T10, T1 + T11, T2 — DT12, T1T2 L W),

IS = (11 — @a3, T2 + 4, ¥1 — T35, T2 + WTG, Ty + Ty, Ty + Ts, T1 + Do,
T2 — T10, T1 + T11, T2 — w12, T122 £ 1),

Igf = (r1 — Wx3, Ta + X4, T1 — T5, T2 + WTg, T1 + Ty, T2 + Tg, T1 + O,
Ty — T10, T1 + T11, Tg — WT12, T1T2 T W),

Ia" = (x1 — X3, T2 + Tq, T1 — Ty, T2 + WT, T1 + Ty, Tg + Tg, T1 + WTg,
Ty — T10, T1 + T11, T2 — W12, T1T2 L w),

+1 - - -
Is, = (1 — W3, 9 — WT4, T1 + WT5, T2 + WTe, T1 + Ty, T2 + Ty, T1 + W,

o + (I)Ilo, r1 — Wr11, T2 — WT12,T1T2 :l: 1>,

Igf = (J;l — Wx3, Ty — WTy4, 1 + WT5, To + WTg, T1 + T7, Lo + T8, T1 + W9,
Zo + @Wx10, 1 — WT11, To — WT12, 129 £ D),

Igf = (11 — W3, Ty — W4, T1 + WT5, To + WTg, T1 + T7, T + Tg, T1 + WTg,

To + WT10, T1 — WT11, T2 — WT12, T1T2 £ w},
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(w1 + w3, X2 — WT4, T1 + W5, T2 + WT6, T1 + Ty, T2 + T, T1 — Ty,
xro + @Ilo, xr1 — (1)1’11, xro — @1‘12, T1T2 :t 1>,
<x1 + T3, xo — WTy, T1 + WTs5, T2 + Wxg, T1 + T7, To + T8, T1 — T9,
To + Wx19, T1 — WT11, To — WT12, T1X2 + (I}>,
(w1 + w3, X9 — WT4, T1 + W5, T2 + WT6, T1 + Ty, T2 + T8, T1 — Ty,

Tp + W10, T1 — WT11, Tz — WT12, T122 £ W),

(1 — Wxs, T2 + T4, T1 + WT5, T2 — T, T1 + T7, T2 + T, T1 + Wy,
Ty — T10, X1 — WT11, T2 + T12, T122 £ 1),
(T — W3, T2 + T4, T1 + WT5, T2 — T6, T1 + X7, T2 + T8, T1 + OTy,
Ty — T10, T1 — W11, T2 + T12, T1T2 £ 0),
(1 — Wxs, T2 + T4, T1 + WT5, T2 — Tg, T1 + T7, T2 + T, T1 + WTy,

Ty — T10, L1 — W11, T2 + T12, T1T2 £ W),

<a:1 — wr3, T2 + T4, T1 + W5, T2 — T, L1 + T7, T2 + T8, T1 + WTo,
Ty — X190, X1 — WT11, T2 + T12, T122 £ 1),
(1 — wxs, T2 + 4, T1 + WT5, T2 — Tg, T1 + T7, T2 + T, T1 + Wy,
Ty — X190, X1 — W11, T2 + T12, T122 £ ©),
(1 — w3, T2 + T4, T1 + W5, T2 — Te, T1 + T7, T2 + T8, T1 + W,

Ty — T10, T1 — WT11, T2 + T12, T1T2 T W),

(1 — W3, x9 — D4, T1 + OT5, To — T, T1 + T7, Tg + Tg, T1 + DTo,
To + Wx19, T1 — WX11, T2 + T12, T1To £ 1>,
<a:1 — WT3, Tg — WT4, T1 + W5, Tg — Tg, L1 + T7, T2 + T8, T1 + W9,
To + WT10, T1 — W11, T2 + T12, T122 £ W),
<.731 — Wx3, Tg — WTy4, 1 + WT5, Lo — Tg, T1 + T7, T + T8, T1 + WT9g,

Zo + WT10, T1 — WT11, T2 + T2, T1Z2 £ w),

(1 + 23, T2 — Wy, T — T5, To + WT6, T1 + T7, T2 + Ty, T1 — T,
To + wrig, T1 + T11, T2 — WT12, T122 £ 1),
<x1 + X3, X9 — WTy4, 1 — T, To + WTg, T1 + T7, Ty + T8, T1 — Tg,
To + wx1g, T1 + T11, T2 — WT12, T1To £ (D),
(T1+ 23, T2 — WTg, TN — T5, T2 + WT6, T1 + T7, T2 + T8, T1 — To,

To + wrio, T1 + T11, T2 — WT12, T1T2 £ w),

<ac1 + X3, X9 — WTy, 1 — T, To + WTg, T1 + T7, Ty + T8, T1 — T9g,
To + Wx19, T1 + T11, T2 — WT12, T1To £ 1>,
(1 + 23, T2 — W4, 1 — T5, To + WL, T1 + T7, T2 + Ty, T1 — T,
To + WT10, T1 + T11, T2 — WT2, T1T2 £ ),
<a:1 + X3, X9 — WTy, L1 — T, To + WTg, T1 + T7, Ty + T8, T1 — Tg,

To + WT10, T1 + T11, T2 — WT12, T1T2 £ w),

(T — w3, T3 — Wry, T1 + WT5, T — Te, T1 + T7, To + Ty, T1 + W,

To + WTg, Tl — WT11, T2 + T2, T122 £ 1),
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T
I = (z1 — w3, 22 — wry, 1 + WT5, T2 — X6, T1 + T, T2 + Tg, T1 + W,

To + WT10, T1 — WT11, T2 + T12, T122 £ @),

tw
I = (1 — wxs, 2 — WTy, T1 + WTs, T — T, T1 + T7, T2 + T, T1 + Wy,
Ty + W1g, T1 — WT11, T2 + T12, L1202 £ w),
+1 . _
Iz, = (x1 + 23, T2 — Wx4, T1 + W5, To + WT6, T1 + T7, T2 + Ts, T1 — T,

Tp + W10, T1 — WT11, To — WT12, T122 £ 1),

To
I, = (w1 4 23, 2 — WT4, T1 + W5, T2 + WT6, T1 + T7, T2 + T, T1 — Ty,
Ty + W0, T1 — WT11, T2 — WT12, T1T2 £ ©),
tw
| (x1 + 23, T9 — Wx4, T1 + W5, T2 + WT6, T1 + T7, T2 + Ts, T1 — T,

To + W10, T1 — WT11, T2 — WTi2, T1T2 T w).
THEOREM 3.1. All of the above 72 ideals of cyclic-12 are prime and of codimension 11.

Proof. We take one typical ideal. Let
I‘él = <:v1 — Wwr3, Tg — WT4, T1 + W5, T2 + WTg, T1 + T7, T2 + T8, T1 + WTo,
To + wio, Tl — WT11, T2 — WT12, T122 + w) = (&1, .. ., &10, M)
where
§1 =21 — w3, &2 =T — wxyg, £3 1= 21 + W5, §4 1= T2 + W6, §5 1= 11 + X7, §6 1= T2 + Ty,

&7 1= 21 + W, £8 1= T2 + W10, &9 = T1 — WT11, 10 1= T — WT12, N i= T1T2 + w.

We define R
§1 = 8o =x1 — Wr11,
€2 1= 10 = T2 — W12,
€3 := (&1 — &o)/(—w) = x5 + w1,
4= (&2 — &10)/(—w) =24 + w12,
&5 = (&3 — &o)/® =5 + 211,
€6 == (€4 — §10) /0 = 6 + @12,
§7 = 65 — 59 =Ty + @1‘11,
€8 := &6 — §10 = Tg + W12,
o = (&7 — &) /w =19 — w1,
§10 = (&8 — &10)/w = 210 — W12,
Ml = (1 — 22§ — 21810 + €&10)/(—w) = 211212 — 1.
Let f € Ig, be defined as f := g1&1 + ... + g10&10 + gn, where g1, . . ., g10, 9 € Cl21, . . ., 212
Then, by adding and subtracting appropriate polynomial combinations of £ and &;¢ to each
term, we may consider f as f := Qlél +...+ gloélo + g7, where g1, ..., d10, § € C[z1, . . ., Z12].

We show that I can be written as

I:= (21 + Biw11, 22 + Bati2, T3 + B3211, T4 + Baz12, 5 + B5211, T6 + PoT12,
x7 + Bra11, T8 + PsT12, Tg + o1, T1o + BroT12, T11712 + K) (25)
for suitable non-zero constants 1, ..., B9, K in C.

Straightforward calculations with the Buchberger algorithm [11] show that the ideal of the
form (25) is a minimal Groebner basis with respect to lexicographic ordering 1 > ... > x1s.
For f,g€Clzy,...,x12], let fg €1. We need to show whether f €T or g € 1. Since (25) is a
minimal Groebner basis, then, on division of f and g by I, we have f = f¢ + F and g = g¢ + G,
where f: and g¢ are combinations of the ¢, and F' and G are unique remainders on division
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of f and g by I, and are denoted by ?I and g', respectively. Note that Tgl = 0 means FiGI =0.
Suppose F' 7$ 0; we will show G = 0.

Since FG =0, no monomial in F" and G is divisible by leading monomials of fl, e ,510, n
(z1,..., %10, T11%12, respectively). This means that the forms of F' and G are as follows:

F =%+ %12 + ao,
G:= 2/11 + 2/12 + b,

where, for positive integers m,n, k,l, all > 1 and complex constants a;, a;, by, b, (to be
determined), we let
Y11 =a1211 + -+ anzly,
Y1 :=biz12+ ... + b als,
'11 = a’lxn +...+ a%o:]fl,
lg = blxio+ ...+ bt
To prove G =0, we need to show af =...=aj, =b) =...=b,=by =0. Since F'G does not
have any term involving x1, ..., 219, we have FiGI = TG{wllw12+K}. Therefore,

{11712+ K} E/ = —{zuri+K}

71 [
FG = 2112/11 +E/11212 + 211
+ S12%85 + aoX; + boX11 + aoXis + boT12 + aobo.

Assume [ > m and k > n. The other cases are similar,

We consider two different sorted expansions of FG once with decreasing powers of x1; and
another time with decreasing powers of x12. Note that the powers of (say) x11 are among the
terms in the expansions 311X, 211212{m11z12+K} and 3115, S5, ety

The coefficients of &5, &P =1 . 2k, in the first expansmn (decreasmg powers of x11)
respectively are a,aj, ana)_, + an_1a), ..., ana5_, + ...+ alak + apaj,. Setting them equal
to zero one at a time gives rise to the conclusion aj, =aj_; =...=a},_, =0. Similarly, by
setting the coefficients of z05™, 24 3™, ...z}, equal to zero we get b =b_,=...=0b_,, =

Now we consider the coeflicients of ac’fl 1, ..., 211 one at a time and from 1eft to right. The
coefficients of x’ffl contain the terms involving a},, a},_4, - - ., aj_,,, which are all zero, and a
term involving a}.b; and anaj,_,,_,, which implies ag_,—1 = 0. Continuing in this way, we may
conclude that all a} (including bg) are zero. On the other hand, for coefficients of the powers
of 212, we may conclude that all b, are zero. This would end the proof of the primality part of
the argument.

Now consider the zero set of this ideal:

Z( (éjl) = {(I17...7$12)6C12:f(x17..-,$12)20’vf61"c‘)1}
= {($1>~~»x12)6([312:51207...,51020,77:0}

= V(£17 .. 75107 A)'
From 7) = 0, we can set 215 = w/x1; and all other deﬁnlng polynomials in 51, o 7510 can be
written in terms of one parameter x1;. Therefore, V(§1, - ,{10, ), and in turn I¢ ., are of
dimension one. O

4. Software and numerical data

The computer codes to produce the exact form of the above ideals consist of many parts
and are all written in FORTRAN90. Starting from a set of witness points at a given level of
cascade, we wrote a code for monodromy grouping according to overdetermined homotopy (12).
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This part is implemented in our algorithm of numerical irreducible decomposition. Another part
of the code is sampling and equation finder, which cover Algorithm 1.

In Algorithm 2, we let the user choose the constants s, as arbitrarily. However, these
values may differ from linear to quadratic generators. For the linear part of our example, we
take ag = aso = 0.05. The actual output of the code with satisfactory precision follows:

= (1.0000000000000, 0.0000000000000), a11 = (—0.5000000000000, —0.8660254037844),
a2 = (1.0000000000000, 0.0000000000000), a12 = (—0.5000000000000, —0.8660254037844),
= (1.0000000000000, 0.0000000000000), a11 = (0.5000000000000, —0.8660254037844),
a4 = (1.0000000000000, 0.0000000000000), a12 = (0.5000000000000, —0.8660254037844),

= (1.0000000000000, 0.0000000000000), a11 = (1.0000000000000, 0.0000000000000),
ag = (1.0000000000000, 0.0000000000000), a12 = (1.0000000000000, 0.0000000000000),

= (1.0000000000000, 0.0000000000000), a11 = (0.5000000000000, 0.8660254037844),

= (1.0000000000000, 0.0000000000000), a12 = (0.5000000000000, 0.8660254037844),
ag = (1.0000000000000, 0.0000000000000) a11 = (—0.5000000000000, 0.8660254037844),

a10 = (1.0000000000000, 0.0000000000000), a12 = (—0.5000000000000, 0.8660254037844).

The above set of data represents (22). But, to obtain the corresponding zeros in (23), we
need to increase o, s to 0.1. All modules of the software are at the research level. Executable
files are available upon request.

5. Conclusions and further research

The algorithm presented in this paper is applicable to other polynomial systems with higher-
dimensional solution sets. However, more research should be done to make the algorithm have
a wide range of applicability.

Beyond the above comment, we may well consider some options to calculate the exact form of
real components inside a complex component. This issue was numerically solved for plane curves
n [16]. Another type of symbolic-numerical algorithm was introduced in [4]. The basic needs
for higher precision of data, in our case higher precision in calculation of algebraic numbers
like w, convince people to put effort into developing software with such capabilities [3, 6]. The
same questions of exactness may well be posed for intersection of components as in numerical
versions [22, 24] and also for calculation of secant and join as in [5]. Current research of the
author focuses on exact factorization of large-scale multivariable complex polynomials; see [23].
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and help during the course of this research.

Appendix

This appendix contains polynomial expressions of the first five polynomials in the cyclic-12
system in terms of the generators of Ial Further expressions for this ideal and the others are
available upon request.

§1:= 11 —wrg, {2 1= T2 — Wy, §3 1= 11 + WT5, §4 = T2 + W, &5 1= X1 + T,
§6 = x2 + 18, &7 1= T1 + Wy, &8 1= T2 + Wx10, §o 1= T1 — W11,
&10 := 29 — Wx12, =TT £ 1,
1= (—0)&1 + (—0)62 + wés + wEs + &5 + 6 + W7 + WEs — wo — wéio,

f2 = (7(.:).1‘2 — (.A_}l‘4)€1 + (WZ1 — 5}1‘5)§2 —+ (1’2 + wxg)fg —+ ((.4_)1‘1 + wx7)§4 + (Ig — wx2)§5
+ (w9 — 21)& + (@72 + @210)&r + (Wr1 + D211)E8 + (B2 — WE12)E0 + 1V/3E10,
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f3:= (—Owaxy — DT 172 — DT4w5)E1 + (W15 + WE1T2 — DX5T6)E

(Wz122 + WreT7 + T2T6)E3 + (—wWr1T2 + WETTE + OT1T7)Ey
(—wr12y — WTaxs + T3T9)E5 + (WT1T2 + T9T10 — T1T9)E6

(Wx1Ty — Wx2T10 + WE10711)E7 + (—Wr1T2 + WT121 + OT11T12)E8
(-

OT1Ty — WT1T19 + TaT12)E + OT:E10,

WT4T5T6 — WT1T2T12 — WTT4T5 — W-Tlx2x4)§1
1‘1£U2 + WI1 XXy — WIT5TeL7 + wx1x5x6)§2
OT1T5 4+ DT 1ToTe + WTeTTTy + ToTex7)ER

WI1L2L7 + WI1X7X8 + WL7LLg — x1x2)§4

(

(

(-

(atgxgxlo — WToTgTy — WT1ToTg + WLiwo)Es
(@afas + warTaxy — T1T9T10 + ToT10711)E6

( T122X10 + WT10211%12 — WT2T10T11 — 931%)57
(-

WTr1Tex11 + T1T11212 + w$1$2)§8 + wx1x2§9 — 3313325107

—WT1T2T4T12 — WT2T4T5T6 — WT1T2T4T5 — WT1T2XT11T12 — wx4-735l'6$7)§1
2 2
WTsTeX7x8 + WTiTox12 + wxlxgmg, + Wwr1Tox5xe + wx1x5x6x7)£2
WITEL7LIT9 + To2XgL7I] + wm1:172 + wxr1x0T6T7 + wz1x2x6)§3

2.2 2
—WX1T2T7T + WI7LIX9X10 + WT1L7L8T9 — XTI Ty — x1x2x7)§4

(—wx1T228%9 — WT2TYTYT10 + w$1$2$8 + x3x9x10T11 + 371332)55
2 2.2
(w1291 + WEIT2L9 — WLTTZ — T1T9L10L11 + T9T10T11212)E6
2. 2 2
(WT1210T11T12 — WT2T10T11T12 + WT1T2T10T11 + WTTT; — T125T10)E7

wxlxgaju + wmlxuxlg + wx1x2 + Z\fxlxgmuxlg)fg

3 V3i 3 V3i
< wz%x% (2 + 2)$%1‘21‘12 + (2 + 2>Z‘1JL‘§CE12>£Q

+ (mfx%(l iV/3) + <—2 + \gz)xlxz)&o

++++++++A+++++++A++++A

REMARK 4. An abstract of this paper has been presented at the AMS Joint Mathematical
Meeting (JMM), Washington DC, 5-8 January 2009 and appeared in Abstracts of papers
presented to the AMS, Vol. 30, No. 1, Issue 155, Page 216.
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