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On the rate of growth of random analytic
functions, with an application to linear
dynamics*

Kevin Agneessens and Karl-G. Grosse-Erdmann

Abstract. We obtain Wiman-Valiron type inequalities for random entire functions and for random
analytic functions on the unit disk that improve a classical result of Erdés and Rényi and recent results
of Kuryliak and Skaskiv. Our results are then applied to linear dynamics: we obtain rates of growth,
outside some exceptional set, for analytic functions that are frequently hypercyclic for an arbitrary
chaotic weighted backward shift.

1 Introduction

We are interested in what might be called the probabilistic Wiman-Valiron theory. Our
investigation leads to an extension of a classical result of Erdds and Rényi, and to an
improvement of recent results of Kuryliak and Skaskiv, see Theorems 1.1 and 1.2 below.
We also present an application of our work to linear dynamics.

Let us start by explaining the background.

1.1 Wiman-Valiron theory

The classical theory of Wiman and Valiron studies the relationship between the maxi-
mum modulus and the maximum term of an entire function. More precisely, let f(z) =
Ym0 anZ", z € C, be a non-constant entire function. Denoting, as usual, by

Mg(r) = max |f(2)] and pz(r) = max|an|r" (1.1)
z|=r n>

the maximum modulus and the maximum term of f for » > 0, respectively, then one
of the main results of the Wiman-Valiron theory states that, for any 6 > 0, there is a
(measurable) set E C [0, 00) of finite logarithmic measure and some C > 0 such that

1
My (r) SCuf(r)(logyf(r))2+6, reE, (1.2)
see Wiman [37] and Valiron [34], [35], [36, p. 106]; recall that E is of finite logarithmic

measure if fEn[l w) %dr < o0. Inequality (1.2) was later improved by Rosenbloom [28]
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who showed that, for any § > 0, there is a set E C [0, co) of finite logarithmic measure
and some C > 0 such that

My(r) < Cuy(r) (log s () * (loglog (1), r ¢ E. (1.3)

Further strengthenings can be found in [28], [11] and [12, Theorem 6.23]; see also [9] for
a survey.

For introductions to the Wiman-Valiron theory we refer to [11], [12, Section 6.5] and
[13].

1.2 Probabilistic Wiman-Valiron theory

A probabilistic variant of inequality (1.2) was first considered by Lévy [23], see also [6,
p- 55]. Let (X, )n>0 be an independent sequence of Steinhaus random variables defined
on a probability space (Q, A, P); recall that a complex random variable is Steinhaus if it
is uniformly distributed on the unit circle T. For an entire function f(z) = X, anz”",
let us consider

o
Z anXn(w)z", ze C,w € Q.
n=0
This defines a random entire function. Then Lévy showed the following, under some
regularity assumptions on the coefficients a,,: for any 6 > 0 there exists almost surely a
set E C [0, o) of finite logarithmic measure and some C > 0 such that
(e8]

Zaanz") < Cpf(r)(log,uf(r))%m, re¢E. (1.4)
n=0

max
lz|=r

In other words, randomizing the coefficients allows to lower the exponent 3 in (1.2)to %
in (1.4); in the recent literature, this is referred to as Lévy’s phenomenon, see for example
[22] and [17].

Erdds and Rényi [6] showed that (1.4) holds for any non-constant entire function f if
the X, are independent Rademacher random variables, that is, if they are uniformly +1-
distributed. More importantly, they also obtained the same improvement for inequality
(1.3): for any 6 > O there exists almost surely a set E C [0, ) of finite logarithmic
measure and some C > 0 such that

Zaanz"| < C,uf(r)(logyf(r))z(loglogyf(r))H&, re¢E. (1.5)
n=0

max
lz|=r

For our intended applications to the theory of linear dynamics these results are,
however, not good enough: we need to consider complex random variables X, of full
support, for example complex Gaussian random variables; see Section 6. It turned out
that a similar problem had already been posed by O. B. Skaskiv who had asked whether
Lévy’s phenomenon also holds for unbounded random variables, see [17, p. 12]. Kuryliak
[17, Theorem 3, Corollary 1] has obtained a positive answer for an independent centred
subgaussian sequence of random variables (see Definition 2.1), however with exponent
% + ¢ instead of 1 + § in (1.5).

Our first main result confirms Lévy’s phenomenon for independent centred subgaus-
sian sequences of random variables.
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Theorem 1.1  Let f(z) = Xy anZ" be a non-constant entire function and (X, )n>o an
independent centred subgaussian sequence. Then Y a4, Xn 2" defines almost surely an entire
function. Moreover, for every § > 0, there exists aset E C [0, o) of finite logarithmic measure
and a constant C > O such that, almost surely, there exists ro > O such that

[oe]

Z aanz"| < C,Uf(r)(IOgﬂf(V))% (loglog us(r)'™*°

n=0

max
lz|=r

foreveryr >ro, v ¢ E.

Note that the exceptional set and the constant are independent of w € Q.
This theorem contains the result of Erdés and Rényi as a special case, and it improves
that of Kuryliak.

1.3 Wiman-Valiron theory in the disk

The Wiman-Valiron theory in the unit disk D was initiated by Kovari [16]. Let f(z) =
Yimeo anz", z € D, be a non-constant analytic function in D. The maximum modulus
and maximum term functions are defined as in (1.1). Unlike for the plane, there does
not seem to be a canonical version of the Wiman-Valiron inequality (1.2): the place of an
additional term ﬁ and the way the exceptional set is measured vary in the literature,
see [16, Theorem 1], [33], [7, Theorem 2], [31, Theorem 1]; see also [9] for a survey.

Our starting point was a special case of a Wiman-Valiron inequality established by
Suleimanov [33], see also [20, p. 83] and [9]: for any § > O, there isaset E C [0, 1) of

finite logarithmic measure and some C > 0 such that

Mf(l") <C

w) (e
(1_r)1+6(1o 1—r> L r ¢ E;

here, E is said to be of finite logarithmic measure if fE ﬁdr < 00.
This was recently improved by Skaskiv and Kuryliak [31] who essentially showed
that one even has that

B (LR N e
Mf(r)Scl_ (IOgl—r) (Iog 1—r) (loglog 1—r) ,r¢E; (1.6)

see Theorem 5.2 below for more details.

1.4 Probabilistic Wiman-Valiron theory in the disk

Kuryliak, Skaskiv and Skaskiv have shown that variants of the Lévy phenomenon also
hold in the unit disk, see [21, Theorem 2.3], [18, Theorem 2, Corollary 2], and [19,
Theorem 1, Corollary 1]. The first two results concern centred bounded random vari-
ables. In [19], centred subgaussian random variables are considered, however under an
additional assumption (see Remark 4.6). In our second main result, using a different
proof, we obtain an improved inequality, and we show that the additional assumption
in [19] can be dropped.
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Theorem 1.2 Let f(z) = Xo_,anZ" be a non-constant analytic function in D and
(Xy)nzo0 an independent centred subgaussian sequence. Then Y, anX,z" defines almost
surely an analytic function in D. Moreover, for every & > O, there exists a set E C [0, 1)
of finite logarithmic measure and a constant C > 0 such that, almost surely, there exists
ro € (0, 1) such that

0 r 1 \2+6 )\ 3 r)\1+6
max Zaanzn <C #o )1 (lo )4 (logﬂf—())4(loglog #o ))
lz|=r I £ (1-r)2 1- 1-r 1=

forro<r<1lré¢E.

Kuryliak and Skaskiv seem to conjecture in [18, p. 755] that the optimal exponent of
log ﬁ should be }1 + 0, at least for certain random variables.

1.5 Notation and organisation

We will use a < b to indicate an inequality up to a multiplicative constant that is inde-
pendent of the running variable in the expressions a and b. The notation a < b means
a<bandb < a.

In inequalities like (1.2) one can omit the constant C, which is often done in the
literature. For the sake of coherence we prefer to state all results with a constant C.

The paper is organised as follows. We start with some results that do not distinguish
between the plane and the disk. We then deduce Lévy phenomena in the plane, including
Theorem 1.1 (Section 3), and in the disk, including Theorem 1.2 (Section 4). Section 5
unifies the previous results. Section 6 presents applications to linear dynamics.

Remark 1.3 In the probabilistic Wiman-Valiron results of Sections 1 to 5 we demand
for brevity that the sequence (Xj,), of complex random variables is independent. Of
course, it would in each case suffice to demand that both the real parts (Re X},),, and
the imaginary parts (Im X},),, are independent, as is done in the work of Kuryliak and
Skaskiv. To see this, it suffices to apply the results to these two sequences separately.

2 Some preliminary results

We introduce briefly the objects of our study. Throughout, all (real or complex) random
variables are defined on a probability space (Q, A, P).

Definition 2.1 A random variable X is subgaussian if there exist constants K, 7 > 0
such that P(|X| > 1) < Ke™"*/* forall 1 > 0.

A sequence (X;)n>0 of random variables is subgaussian if each X,,, n > 0, is
subgaussian with the same constants K and 7.

Note that a real random variable X is centred subgaussian if and only if there is some
o > O such that, forall1 € R,

E(e™) < e”z’lz, 2.1
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see [14, pp. 4-6] and [15, Exercice 10, p. 82]; see also [2]. Thus a centred complex
subgaussian random variable is one for which the real and imaginary parts satisfy (2.1).

Subgaussian random variables have been considered by Kahane [14], [15], who takes
(2.1) as definition and therefore demands that they are centred. Of course, any Gaussian
random variable and any bounded random variable is subgaussian.

We call the sequence (X,,), >0 centred if each X, is centred. The following result on
centred subgaussian sequences is crucial for our work; it is proved in Kahane [15, Chap-
ter 6, Theorem 2]. For any complex trigonometric polynomial g(¢) = 2,1:]:7 N ae™
we wite [1glles = maxefo.2a) [g(0)]

Lemma 2.2 (Kahane) Let (X,,),>0 be an independent centred subgaussian sequence. Then
there exists a constant C > 0 such that, for any positive integers M, N > 1, and any sequence
(qn) Q/i o of complex trigonometric polynomials of degree less than or equal to N,

nqn

M 1
2 C
> ClogN( ||qn||;)2) <
o n=0

Note that the constant C may only depend on the constants K,7 > 0 of the
subgaussian sequence.

We now consider functions f(z) = )., a,2" that are analytic for [z] < R, 0 <
R < co. Let (X;),> be a sequence of complex random variables. If they are uniformly
bounded, then, for every w € Q, 3> an X, (w)z" also has radius of convergence at
least R. This is also almost surely true if (Xj,); >0 is subgaussian, as we will now see.

Proposition 2.3 Let 0 < R < oo, and let f(z) = Y, anz™ be analytic for |z| < R. Let
(Xn)nzo0 be a subgaussian sequence. Then the random series Y, an Xn 2" has almost surely
radius of convergence at least R.

Proof By assumption we have that lim sup,, ., |@,|"/" < 1/R. Thus, for every 0 <
r < R, thereexist0 < p < 1andng > 1 such that, for every n > ng, \/IOE lan|r™ < p™.
This implies that ;" v/logn a,z" has radius of convergence at least R.

It suffices to prove the claim for real subgaussian sequences (X},);,>0. Fix ¢ > 0, and
let K > 0 and 7 > 0 be constants associated to this sequence. Then we have that

(o) (e8]

K
P(|1Xn| > ¢ logn <KZ —c*(logn)/7* _ Z

2 2
n=1 n=1 n=1 ne I
If > > 7% then Yoo  P(|X,| > cylogn) converges. It follows from the Borel-

Cantelli lemma that, almost surely, |X,| < c+/logn for n large enough. Therefore also
Ym0 dnXnZ" has almost surely radius of convergence at least R. ]

In particular, for any subgaussian sequence (Xj,),>0 and any function f(z) =
Yo anZ" thatis analytic in C or in D, the (formal) series Y’ a, X, 2" is almost surely
well-defined and analytic in C or D, respectively. This proves the first assertions in
Theorems 1.1 and 1.2.
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We now prepare the proofs of the main parts of these theorems by some lemmas that
do not depend on the radius of convergence. The first two lemmas are inspired by [12,
Lemma 6.15], [20, Lemma 1] and [21, Lemma 3.2 and p. 143].

Lemma2.4 LetO<p <R <ocoLetg:[p,R) — [0,00)bea continuously differentiable
increasing function withlim, g g(r) > land h : [p, R) — [0, 00) a continuous increasing
function. Then, for every & > O, there exists an open set E C [0, R) with fEm[p,R) h(rr) dr <
oo such that, foreveryr > p,r ¢ E,

di logg(r) < k) ( logg(r))l+5.

r r

Proof By assumption on g we can assume p so large that g(r) > 5 for somen > 1 and
allr > p.Let E C (p, R) be the set where the inequality of the lemma does not hold.
Since both sides of the inequality are continuous, the set E is open. Using the change of
variables x = log g(r) (note that log g need not be strictly increasing, see [29, p. 156])

we obtain that

h 41 r R |
/ﬁdrs/%drs/ —5dx < oo,
E T E (logg(r)) logn X

which gives the desired restriction for E. |

Lemma 2.5 Let 0 < R < oo. Let the real power series g(r) = Y ant”™, with a, > 0
forall n > 0, have radius of convergence at least R, and suppose that lim, g g(r) > 1. Let
h:[p,R) — [0, c0) be a continuous increasing function, where p € [0, R). Then, for every

6 > 0, there exists an open set E C [0, R) with fEﬁ[p R) h(rr)dr < oo such that, for every
r>pré¢kE,
1+6
Znanr" < h(r)g(r)(logg(r)) *°.
n=0

Proof First notice that, for every » € (0, R), one has %g(r) =r 1 y® na,r" and

thus
S d d
Z nayr" =r—g(r) =rg(r)—logg(r)
dr dr
n=0
for r sufficiently large. Then the result follows from Lemma 2.4. [ ]
e R h(r) _
We note that the two lemmas are only non-trivial if /p ——dr = co. In our

applications, the latter condition will be satisfied.

3 Lévy’s phenomenon in the plane

We first study the rate of growth for random power series on C with subgaussian
coefficients. Our aim here is to give a proof of Theorem 1.1.
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The main ideas in this section come from Erdés and Rényi [6], Steele [32], Kuryliak
[17], and Kuryliak, Skaskiv and Skaskiv [21].

Let f(z) = Yoo dnZ" be an entire function. We have already defined its maximum
term p ¢(r), r > 0. In addition, we will need the expressions

(<) l (o)
S5 = ( Y lanl?r™)" and G (r) = 3 lanlr™
n=0 n=0

Note that ur(r) < Sg(r) < Gy(r). It might also be of interest that, by Parseval’s
identity,

550 =57 | e Pa)

which is also denoted as M ( f, ). In the present context, the function S () has already
appeared in Erdds and Rényi [6] and Steele [32].

All three functions are continuous in r (see [13, Satz 4.2] for y15), and if f is non-
constant then they tend to infinity as » — oo.

Recall also that a (measurable) set E C [0, 00) is of finite logarithmic measure if
fE A[1.00) %dr < 00, Obviously, in order to show that some property holds outside a set of
finite logarithmic measure, it suffices to prove that there exists a set of finite logarithmic
measure such that the property holds outside this set and for r sufficiently large.

Applying the Rosenbloom inequality (1.3) to the entire functionz — Y, |an|2" we
obtain the following; note that its maximal modulus function is G y and its maximum
termis uy.

Lemma 3.1 Let f(z) = Z;’fzo a7t be a non-constant entire function. Then, for every & >
0, there is an open set E C [0, o) of finite logarithmic measure and a constant C > 0 such
that, forany r ¢ E,

Gy(r) < C/Jf(r)(log,uf(r))%(loglog,uf(r))H6.

Here, E can be chosen to be open because both sides of the inequality are continuous.
In the sequel, for ease of writing, we use the notation

Lfll- = Mg(r) = max |f ()]

Lemma 3.2 Let f(z) = X_oanZ" be a non-constant entire function and (Xp)n>o an
independent centred subgaussian sequence. Then Y a, Xn 2" defines almost surely an entire
function. Moreover, for any & > 1 and 6 > O, there exists a constant C > 0 and an open set
E C [0, ) of finite logarithmic measure such that, forany r ¢ E,

(e8]

C
P( ZaanZn > C\/lOgNSf(V)) < N
n=0 r
%+6‘

whenever N > (log p1¢(r))

Proof The first assertion is given by Proposition 2.3.
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Next, let § > 0. We then apply Lemma 2.5 to the power series G ¢ (7) = X lan|r",
to the function i(r) = 1,r > 0, and to /2; note that the exceptional set is then of finite
logarithmic measure. Let E C [0, 00) be the open set of finite logarithmic measure that
is the union of the open sets in that lemma and in Lemma 3.1, also applied for §/2. Then
we have, for any r ¢ E sufficiently large,

oo
6

anan|r < G(r)(logGs(r)'*? (3.1)
n=0
and
Gy(r) < /,tf(r)(log,uf(r))f(loglogpf(r))l+7. (3.2)

Let @ > 1. We define B, := {|X,| > n'"Y?} c Qforn > 1. Since (X,), is

subgaussian there is some 7 > 0 such that, forn > 1,
_2-2]a 2 1

P(B,) <e ™ T < —.

3

For any real N > 1, define B(N) := J,;> yo Bn- Then
P(BIN) < > P(B) S ).

n>N¢® n>N®

On the complement of B(N) C Q we get for r > 0 that

H Z aanz"‘ < Z | X, lla,|r" < Z n' Vg, < N7! Z nla,|r".
r

n>N<« n>N¢« n>N¢« n>N¢«

1 1
—_ < —
nd ~ N2a

3
Now let ro > O satisfy us(ro) > e.Letr > ro,r ¢ E,andlet N > (log us(r)) EALIN
1 be a real number. Then we have on the complement of B(N), with (3.1) and (3.2),

—1 1+$
|| anXnz ” <N Gf(r)(long(r)) 2

n>N<y
< N7 (1) (log (1) (loglog (1) ¥ (1og (1)
< N7 g () (log g (0) 70 < pyp(r) < S,
Therefore there is a constant C; > Osuchthat,ifr > ro,r ¢ Eand N > (log pf(r))%w,
then
?(| X axa| > ci5,0) <2BO) < 15

n>N®
By Lemma 2.2 applied to ¢, (t) = a,r"e™,t € [0,2n],n > 0, with M and N given
by | N% |, we have on the other hand that there is a constant C; > 0 such that

P(” Z an X" “ >sz5f(r)) Nan

0<n<N@

Altogether there is some constant C > 0 such that

B zan 22| = CVIogNS; () $ m + 1w

NZa NZa/
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3
ifr >ro,r ¢ Eand N > (Iog ,uf(r)) %% This completes the proof. ]

We next need a lemma, versions of which seem to appear in every proof of Lévy’s
phenomenon; see, for example, Erdés-Rényi [6, p. 49], Steele [32, p. 555] or Kuryliak
[17, Lemma 8].

Lemma 3.3 Let ¢ : [p,00) — [1,00) be a continuous increasing function such that
limy 00 ¢(r) = o0, where p = 0. Let E C (p, o0) be an open set of unbounded comple-
ment. Then there exists an infinite set J C N and an increasing sequence (ry)gey in [p, o)
such that, for every k € J,

() re ¢ E,
(i) (rx) =k,
(iii) foranyr > p withr ¢ E there exists k € J such that r < ry and ¢(ry) < ¢(r) + 1.

Proof Define for each k > 1 the possibly empty set
Ue={r>p:k <o) <k+1}.

These sets are closed since ¢ is continuous, and bounded since lim, o ¢(r) = oo, and
thus they are compact. Define J := {k € N : Uy \ E # @}. For each k € J, there exists
ri € Ug \ E such that ry = sup(Uy \ E). This gives (i) and (ii). Since lim, _,, (1) = o0
and E is of unbounded complement, the set J is infinite.

Let r > p. Since p(p) > 1, there exists k € N suchthat k < ¢(r) < k + 1. If
r ¢ E then k € J,and r < r by definition of r. By definition of Uy, we also have

@(rr) < ¢(r) + 1. This gives (iii). |

We can now prove the main result of this section, which is stronger than Theorem
1.1. First, thanks to the Borel-Cantelli lemma, we will prove the desired inequality for a
suitable sequence (¢ )x>1 chosen with Lemma 3.3. The properties of this sequence and
the Maximum Principle will then conclude the proof.

Theorem 3.4 Let f(z) = Yo anZ" be a non-constant entire function and (X,)nxo an
independent centred subgaussian sequence. Then Y a, Xn 2" defines almost surely an entire
function. Moreover, there exists an open set E C [0, 00) of finite logarithmic measure and a
constant C > O such that, almost surely, there exists ro > O such that

max Z a,,an"| < CyJloglog iy (r)Sys(r)
lzl=r n=0

foreveryr >ro, r ¢ E.

Proof The first assertion is given by Proposition 2.3.

Now let E C [0, o) be the open set of finite logarithmic measure that is the union of
the open set in Lemma 3.2, taken for some @ > 1 and § > 0, and the open set in Lemma
3.1 for the same . Note that E has an unbounded complement.
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By Lemma 3.3 applied to ¢ = log Sy and p > 0 so large that logus(p) > 1 and
hence log S¢(p) > 1, we get an infinite set / C N and an increasing sequence (g )xes
in [p, o) converging to co and satisfying assertions (i), (ii) and (iii) of the lemma.

Define for each k € J the real number

3
Ni = (log,uf(rk))ﬁ(S >1

and the set

Ap = {“ DlanX,2"| 2 C\/logNka(rk)},
n=0 Tk

where C > 0 is the constant of Lemma 3.2. Then (i) of Lemma 3.3, Lemma 3.2 and the
definition of Ny imply that

1
Z P(Ax) < —a = Z
kes N T (logup(re

1

)) a(3+26) °
By Lemma 3.1 we have, for every r ¢ E, that

1
up(r) <Sp(r) <Gyp(r) < pp(r)(logus(r))? (loglogyf(r))l+5.
This implies that
logSy(r) =<loguy(r)forr ¢ E. (3.3)

Therefore, using (i) and (ii) of Lemma 3.3, we have that

(e8]

1 1
P(Ax) < <) — <.
,;J kZJ (log (i) ") kz{ katze)

This in turn implies by the Borel-Cantelli lemma that, for almost every w € €, there
exists ko(w) € J such that, for every k € J with k > ko(w),

| > anxut@)z”
n=0

Let r > 7 (w) With r ¢ E. By (iii) of Lemma 3.3 there is some k € J with k >
ko(w) such that r < ry andlog Sy (rr) <logSys(r) + 1, hence S¢(ry) < eSy(r). The
Maximum Principle, (3.3) and (3.4) yield

|| iaan(w)z"“r < ” i aan(w)z"“rk < Cy/log Ni Sy (ri)
n=0 n=0

= (loglog u¢(rk)Sy(ri) < \/loglog S (ri)Ss(rk)
< (Jloglog S ¢(7)S ¢ (r) = yfloglog s (r)S¢(r),

which completes the proof. |

< Cylog NiSy(ri). (3.4)
Tk

In Kuryliak [17], the sequence (7 )x>1 Was constructed from the maximum term y f.
The idea of constructing this sequence from S y instead comes from [6] and [32].
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Rate of growth of random analytic functions 11

Theorem 3.4 generalizes Theorem 2 of Erdds and Rényi [6], who use Rademacher
random variables. Indeed, every bounded random variable is subgaussian. In their main
result, Theorem 1, Erd4s and Rényi obtain a rate of growth written in terms of the
maximum term. We obtain Theorem 1.1 in the same way.

Proof of Theorem 1.1 This result is a direct consequence of Theorem 3.4 and the
Wiman-Valiron inequality in the form of Rosenbloom. Indeed, let § > 0, and let E be
the union of the sets given by Lemma 3.1 and Theorem 3.4. By Lemma 3.1 we have for
r¢ k

S2(r) < pup(NG () < up(n)? (log s (r))* (loglog s (1) *°.

It remains to apply Theorem 3.4. u

4 Lévy’s phenomenon in the disk

We now study the rate of growth for random power series on D with subgaussian coef-
ficients. Our aim is to prove Theorem 1.2. The proof is very similar to that of Theorem
1.1, with a slight complication arising from the presence of an additional term ﬁ

Recall that a (measurable) set E C [0, 1) is of finite logarithmic measure if fE ﬁdr <
0. Again, it will always suffice to show that a property holds outside a set of finite
logarithmic measure and for all r close enough to 1.

The maximum modulus My of an analytic function f on D, its maximum term u f
and the functions Sy and G ¢ are defined exactly in the same way as for entire functions.

Applying the Wiman-Valiron inequality of Skaskiv and Kuryliak [31], see (1.6), to z —
Yimeo lan|z", we have the following.

Lemma 4.1 Let f(z) = Yoo anZ" be a non-constant analytic function on D. Then, for
every & > O, there is an open set E C [0, 1) of finite logarithmic measure and a constant
C > O such that, foranyr € [0,1),r ¢ E,

uy(r

G <C
rr) < 1-r

1 \z+0 0 pp(r)ys pr(r)y1+6
) (log 5T) (rogtos F5)

I
(Ogl—r

Again, E canbe chosen to be open because both sides of the inequality are continuous.
And we will continue to write || ||, = My (r) = max ;= | f(2)].

Lemma 42 Let f(z) = Yo oanZ" be a non-constant analytic function on D so that
lim, 1 py(r) > e, and let (X,)n>0 be an independent centred subgaussian sequence. Let
@ > land § > 0. Then ), an Xnz" defines almost surely an analytic function on D, and
there exists a constant C > 0 and an open set E C [0, 1) of finite logarithmic measure such
that, forany r ¢ E,

C
> C\/logNSf(V)) < N
,

] 5
n=0

uf(r) )2+(5
1-r

whenever N > “j—r)z(log
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12 K. Agneessens and K.-G. Grosse-Erdmann

Proof The first assertion follows from Proposition 2.3.

We next apply Lemma 2.5 to the power series G ¢ (r) = Y.0_ |an|r", to the function
h(r) = #, and to ¢/2; then the exceptional set is of finite logarithmic measure. Let
E c [0, 1) be the open set of finite logarithmic measure that is the union of the open
sets in this lemma and in Lemma 4.1, applied for §/4. Then we have, for any r ¢ E
sufficiently large,

(o)

Zn|an|r" < ﬁGf(r)(long(r))H% (4.1)

n=0
and

o)
+3

1
2

G ) < ﬁ%(?(log%) (log ’L;f__(rr))%(loglog %@)ug "
~l—r(o 1—r) ~(1—r) ’

where we have used that u ¢ (r) > 1 for large r.
Let @ > 1. Define B, := {|X,,| > n'""/®} c Qforn > 1and B(N) := U,~ e B
for any real N > 1. Then the argument in the proof of Lemma 3.2 shows that

P(B(N)) < N2

and that we have on the complement of B(N) forr > 0

H Z anX,7" . s% Z nla,|r".

n>N¢« n>N¢«

1 (1 ﬂf(r))2+6>

Letro > Osatisfy puy(ro) > e.Letr > ro,r € E,andlet N > =3 —
1. Note that the hypothesis on u r implies that lim,_,; G (r) > 1. By (4.1) and (4.2), we
get on the complement of B(/N) that

| 7 awxae’|| < 4G () (108G () 2
n>Nann' r_Nl—Vf gs

1 py(r) ( #f(r))1+%(logyf(r))1+g

Sﬁ(l_r)z Ogl— 1-r
+0
- %(lllf—(:;( J lif_(rr))z S up(r) <Sp(r).

Therefore there is a constant C; > 0 such thatif r > ro,7 ¢ E,and N >

1 ur(r)\2+6
=y (log 5==) 7 then

2| 3 anxar”| > i5pn) <2BOV) < %
n>N<®
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Rate of growth of random analytic functions 13

By Lemma 2.2 applied to ¢, (¢) = a,r"e™,t € [0,2n],n > 0, with M and N given
by | N, we have on the other hand that there is a constant C, > 0 such that

IP(H > a,,an"Hr > CZ\/@Sf(r)) < #

0<n<N<

Altogether there is some constant C > 0 such that

N 1 1
P(H Zanxnanr > C\log NS (r)) < i *
n=0

forr >ro,r ¢ E,and N > (l—lr)2 (log ;11%(:))%6. This completes the proof. |
Due to the additional term ﬁ we will now need a more elaborate version of Lemma

3.3. In view of Section 5 we formulate it here for arbitrary R > 0.

Lemma 4.3 Let0 < R < oo. Let o, Y1, ¥, : [p, R) — [1,00) be continuous increasing
functions such that lim, _,g ¢(r) = oo, where p € [0, R). Let E C (p, R) be an open set
whose complement has R as limit point. Then there exists an infinite set J C N* and a family

(r1,k,j) 1.k, j)es in [p, R) such that

@) forany (I,k,j) € J, rix; ¢ E,
@) forany (1.k.j) € J 1 < @lriej) < 1+ 1k < dn(riey) < k+1andj <
Ya(rieg) <j+1,
(iii) for any r € [p,R) with r ¢ E there exists (I,k,j) € J such that r < rig

o(rix,) <@(r) + Ly (re, ) v (r) + Land gy (rx ;) < va(r) + 1

Proof Define foreachl, k, j > 1 the possibly empty set
Uik,j = {pSr<R:l§tp(r)Sl+l, kswl(r)Sk+1andj§¢2(r)sj+l}.

These sets are closed in [0, R) since ¢, ¥1 and i, are continuous, and bounded away
from R since lim, g ¢(r) = oo, and thus they are compact. Define J := {([, k, j) €
N° : Up,; \ E # @}. For each (I, k,j) € J, there exists r; 4 ; € Uk, ; \ E such
that r; ¢ ; = sup(Upi,j \ E). This shows (i) and (ii). Since lim, g ¢(r) = oo and the
complement of E has R as limit point, J is an infinite set.

Letp <r < R.Since p(p) > 1,¥1(p) = 1andy,(p) > 1, thereexists (I, k, j) € N3
suchthat! < o(r) < I+ 1L,k <y (r) <k +1landj < y(r) < j+ 1.1fr ¢ E then
(I,k,j) € J,and r < ryy ; by definition of r; ;. By definition of Uj x_;, we also have
o(rie,j) < @(r) + L1 (rie,j) <¢a(r) + Tand o (r ;) < ga(r) + 1. u

Remark 4.4 For a possible future application let us note that the previous lemma can
obviously be extended to any number of functions ¢, ..., ¥, n > 2.

The next theorem is the main result of this section.

Theorem 4.5 Let f(z) = Yoo anz" be a non-constant analytic function on D and
(Xn)nso0 an independent centred subgaussian sequence. Then Y, anX,Z" defines almost
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surely an analytic function on D. Moreover, there exists an open set E C [0, 1) of finite loga-
rithmic measure and a constant C > 0 such that, almost surely, there exists some ro € (0, 1)
such that

(o)

1
D e e e

n=0

max
lz|=r

forro<r<1ré¢E.

Proof After multiplying f by a constant, if necessary, we may assume that
lim, ;g (r) > e.

Now let E C [0, 1) be the open set of finite logarithmic measure that is the union of
the open set in Lemma 4.2, taken for some @ > 1 and ¢ > 0, and the open set in Lemma
4.1 for the same 0. Note that the complement of E has 1 as limit point.

We apply Lemma 4.3 to R = 1, ¢(r) = log ﬁ, Y1 = loguyand ¢, = log Sy with
0 < p < 1solargethat p(p) > 1,¢1(p) = Landy»(p) = 1. Let (r1x,;) 1.k, j)es be the
family given by the lemma.

By (4.2) we have that, foranyr > pandr ¢ E,

Sp(r) <Gy(r) < (/,:;frr))ms'

Then we have by (i) and (ii) of Lemma 4.3 that, for any (/,k,j) € J, el <
e(1+6)(k+1)e(1+5)(l+1) and hence

j<I+k. 4.3)

Define for each (/, k, j) € J the real number

)\ 2+6
1 ( /Jf(rl,k,])) -

Nig =
S ik, )? 1 —ri;

and the set

2 Cylog N85 (i ).

Tk, j

(o8]
Apk,j= {” Z anX,7"
n=0

where C > 0 is the constant of Lemma 4.2. Then (i) of Lemma 4.3, Lemma 4.2, the
definition of Nj x_j, (ii) of Lemma 4.3 and (4.3) imply that

1 (1=rpp )%

P(Ark.j) < Z 20 Z 1y (15;) \2a(2+0)
(Likhes whkpes NVikg  wipes (log W)

1
< ’ kZJ;EJ el‘“’(l + k)Za(2+5)

l+k
<
~ l;l el‘m(l + k)2a(2+6) < 0.

By the Borel-Cantelli lemma, we have that, for almost every w € Q, there exist /o (w),
ko(w), jo(w) = 1 such that, for every (I, k, j) € J, whenever [ > ly(w) or k > ko(w)
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or j > jo(w) then

HZaan(w)z"”r < Clog Ny i jS¢(rik,j)- (4.4)
— Lk,j

We set ro(w) = maX;<p(w),k<ko(w),j<jo(w) TLk,j- Let r > ro(w) with r ¢ E. By
(iii) of Lemma 4.3, there exists ([, k, j) € Jsuchthatr < ryx ;, @(rix ;) < o(r) + 1,
Ui(rie,j) Swi(r)+1and g, (rpk ;) < ya(r)+1.Sincer > ro(w) we must have either
[ > lp(w) or k > ko(w) or j > jo(w), hence (4.4) holds. The Maximum Principle then
implies that

HZaan(w)z" < “Zanxn(w)Z"H < V9Iog Ny k. j S (rik.j)
n=0 " n=0 "Lk,
1 wr(ri e, ;)
< yJlos Io ) 1.0)
\/ & 1- I'lLk,j & 1- I'Lk,j f J
1 py(r)
< y/log (—1 s,
\/og 1-r 0gl—r s(r)
which completes the proof. [ ]

We can now prove Theorem 1.2 exactly as we proved Theorem 1.1 at the end
puy(r)
1-r

of the previous section. For this, we estimate log(ﬁlog ) for large r by

(log 747 (log 442)°

Remark 4.6 Kuryliak and Skaskiv [19, Theorem 1, Corollary 1] obtain a weaker ver-
sion of Theorem 1.2 under the additional assumption that, for some 8 > 0 and some
N > 0,sup,.n E(|Xn|7ﬁ) < o9, see [19, (7)]; the authors take the infimum instead
of the supremum, but the proof of [19, Proposition 1] shows that this is a misprint. This
additional assumption is not satisfied, for example, for the centred subgaussian sequence
(X,)n where X,, is uniformly distributed on [—ﬁ, ﬁ], n 0.

A unified result

In this brief section we unify the results in the previous two sections and generalize them
to other notions of exceptional sets. The results concern any analytic function in a disk
|z] < R,0 < R < oo. The growth-related functions My, iy, Sy, G s are defined as
before.

Definition 5.1 Let0 < R < co.Leth : [p,R) — [0, c0) be a continuous increasing
function with /pR @dr = oo for some p € [0, R). Thenaset E C [0, R) is said to be

of finite h-logarithmic measure if
h
/ (r) dr < «
Enlp.R) T
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16 K. Agneessens and K.-G. Grosse-Erdmann

See [31] and [19] for this notion; the name seems to derive from the fact that @dr =
h(r)dInr. This generalizes the notion of logarithmic measure for R = oo (where £ is
constant) and for R = 1 (where h(r) = # .

The following Wiman-Valiron inequality for an arbitrary R € (0, o] is essentially
due to Skaskiv and Kuryliak [31]: see the penultimate inequality in the proof of their
Theorem 1 and note that, for any £ > 0, max(a, b) < abifa, b > &. Another proof can
be given with [9, Theorem 2.1]: see Remark 2.4(c) and the discussion after Theorem 1.6
there.

Theorem 5.2 (Skaskiv, Kuryliak) Let 0 < R < oo. Let f(z) = Yo anZ” be a non-
constant analytic function for |z| < R. Let h : [p, R) — [0, c0) be a continuous increasing
function with pr @dr = oo for some p € [0, R); suppose that lim, g h(r) > 1 and
lim, g h(r)uys(r) > e.

Then, for every 6 > O, there exists a constant C > 0 and an open set E C [0, R) of finite
h-logarithmic measure such that

M(r) < Ch(r)y(r)(log h(r)) **° (log(h(r) s () * (loglog(h(r)us (1)) *°

foreveryr € (p,R), r ¢ E.

The additional assumption on % is only needed in order to make sure that the
inequality has a sense for large 7.

Then, based on the results in Section 2 and proceeding exactly as in the proofs in
Section 4, we obtain the following, which contains Theorems 3.4 and 4.5 as special cases.

Theorem 5.3 Let 0 < R < co. Let f(z) = X anz™ be a non-constant analytic function
for|z| <R Leth: [p, R) — [0, c0) be a continuous increasing function with pr @dr =
oo for some p € [0, R); suppose that lim,_,g h(r) > 1 and lim, g h(r)us(r) > e. Let
(Xn)n>o be an independent centred subgaussian sequence.

Then Yo anX, 2" defines almost surely an analytic function for |z| < R. Moreover,
there exists an open set E C [0, R) of finite h-logarithmic measure and a constant C > 0
such that, almost surely, there exists some ro € (p, R) such that

max
lz|=r

Z anX,,z”’ < C\/log (h(r) log(h(r)ps(r)))Ss(r)
0

forro<r<Rr¢L.

With the usual procedure we then obtain the following, which contains Theorems
1.1 and 1.2 as special cases.

Theorem 5.4 Let 0 < R < co. Let f(z) = X7 anz™ be a non-constant analytic function
for|z| < R. Leth: [p, R) — [0, c0) be a continuous increasing function with pr @dr =
oo for some p € [0, R); suppose that lim,_,g h(r) > 1 and lim, g h(r)us(r) > 1. Let
(X3)n>0 be an independent centred subgaussian sequence.
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Then Yo anX,2" defines almost surely an analytic function for |z| < R. Moreover,
for every & > 0, there exists an open set E C [0, R) of finite h-logarithmic measure and a
constant C > 0 such that, almost surely, there exists some ro € (p, R) such that

00

Z anXn7"

n=0

< Ch(r) g (r) (log h(r)) 70 (log(h(r)us(r)))
(loglog(h(r)us(r))) '

max
lz|=r

forro<r<Rr¢E.

6 An application to linear dynamics

Our results have an immediate application in linear dynamics, the study of dynami-
cal properties of linear operators. We briefly introduce the necessary background. We
consider the vector spaces X = H(C) of entire functions and X = H(D) of analytic
functions on the unit disk D, both endowed with the topology of uniform convergence
on compact sets. A (continuous and linear) operator T’ : X — X is called hypercyclic if
it has a dense orbit, that is, if there is some function f € X whose orbit {T" f : n > 0}
is dense in X; such a function f is then called hypercyclic for T. More restrictively, the
function f is called frequently hypercyclic for T if, for every non-empty openset U C X,
the set of return times to U has positive lower density, that is,

dens{n >0:T"f e U} >0,

where dens A = liminfy e 7pcard{n € A : 0 < n < N} for A C No. An opera-
tor that admits a frequently hypercyclic function is itself called frequently hypercyclic. A
related notion is that of chaos, where T is supposed to be hypercyclic and possess a dense
set of periodic points, that is, functions f € X such that 7" f = f for some n > 1. For
introductions to linear dynamics, see [4] and [10].

Now, a weighted shift operator B,, on X is an operator that maps the analytic function

f(2) = Xaioanz" to
(Bwf)(2) = ) Wasi@n 2",
n=0

where w = (Wy,),>1 is a weight, that is a sequence of non-zero complex numbers. It is
well known that B, is chaotic on X = H(C) or H(D) if and only if

)

1

n—Zn €X;
n=0 Hk:] Wik

and in that case B,, is frequently hypercyclic, see [10, Section 4.1 and Corollary 9.14].
The best known examples are the differentiation operator D on H(C), where w =
(1), and the so-called Taylor shift 7 on H (D), where w = (1),,; in other words,

Df(z)=f'(z) and Tf(z) =L (250),7/(0) = f(0).

By the above criterion, both operators are frequently hypercyclic.
An interesting problem in this context is that of finding the least possible rate of
growth of functions f thatare hypercyclic or frequently hypercyclic for a given weighted
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shift B,,. This line of research was initiated by the second author [8] and by Shkarin [30]
in the case of hypercyclic functions for the differentiation operator D; they showed that,
for any function ¢ : (0,c0) — [1, c0) with lim, . ¢(r) = oo there exists an entire
function f that is hypercyclic for D and a constant C > 0 such that

-
My(r) < C(r) =
r2
for every r > 0. And this is optimal in the sense that ¢ cannot be dropped.
The corresponding result for frequent hypercyclicity is due to Drasin and Saksman
[5]; they have shown that there exists an entire function f that is frequently hypercyclic
for D and a constant C > 0 such that

IN|

er
Mys(r) < C—
r

for every r > 0; this is again optimal in a certain sense.

Now, the latter result was considerably more demanding than that for hypercyclicity.
This motivated Nikula [27] to use a probabilistic approach. He assumed X to be a centred
subgaussian complex random variable of full support, that is, for any non-empty open
set U € Cwehavethat P(X € U) > 0.1f (X,,),,»0 is a sequence of i.i.d. copies of X, then

(e8]

g(z) = Z %z”

n=0

defines almost surely an entire function that is frequently hypercyclic for D and for
which there exists ro > 0 such that

.
llgll- <C 1ogre—1
r4

for every r > ry.In other words, his probabilistic method led to an extra factor of y/log 7;
see also [27, Proposition 6].

Similar results for the Taylor shift on H(D) are due to Mouze and Munnier [26]
(hypercyclic case), [25] (frequently hypercyclic case), and [24, p. 627] (frequently hyper-
cyclic case with a probabilistic approach), where the respective rates of growth are of the
form

1 1 1
and C,/lo .
Vi-r gl—”\ll—r

For further results on other weighted shift operators see [3] and the literature cited there.
In all of these results, the rate of growth holds for all sufficiently large r. The question

Co(r), C

of a rate of growth with an exceptional set has not been addressed yet in linear dynamics.
We can deduce such results immediately from the work in this paper and the following
result of the first author [1, Theorem 4.4].

Theorem 6.1 Let T = B,, be a chaotic weighted shift operator on X = H(C) or H(D) with
weight w = (Wp)ns1. Let X be a subgaussian complex random variable of full support, and
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let (X;,)n>0 be a sequence of i.i.d. copies of X. Then

8(2) —Z Hk g

defines almost surely a function from X that is frequently hypercyclic for B.,.

Incidentally, the assumption of a full support is crucial. Otherwise there would be a
non-empty open set U C C so that

P(n>0:(B"g)(0) eU) =P(An>0:X, € U) =0

Hence, g would almost surely not even be hypercyclic for B,,.
Combining the result above with Theorem 3.4, we obtain the following.

Theorem 6.2 Let T = B,, be a chaotic weighted shift operator on H(C) with weight w =
(Wn)nz1. Let X be a centred subgaussian complex random variable of full support, and let
(X3)n>0 be a sequence of i.i.d. copies of X. Then

g(2) = Z Hk IWk

defines almost surely an entire function that is frequently hypercyclic for B,,. Moreover, there
exists a set E C [0, 00) of finite logarithmic measure and a constant C > 0 such that, almost
surely, there exists ro > O such that

ligll, < Cyfloglog s (r)Sy(r)
1 n

forevery r = ro, r & E; here, f is the entire function given by f(z) = Yoy T
In the same way, we obtain the following with Theorem 4.5.

Theorem 6.3 Let T = B,, be a chaotic weighted shift operator on H (D) with weight w =
(Wn)n>1- Let X be a centred subgaussian complex random variable of full support, and let
(X)n>0 be a sequence of i.i.d. copies of X. Then

(o)

Xn
8(x) =) =——7"
nz:;) 1_[7::1 Wk

defines almost surely an analytic function on D that is frequently hypercyclic for B,,. Moreover,
there exists a set E C [0, 1) of finite logarithmic measure and a constant C > O such that,
almost surely, there exists ro € (0, 1) such that

lgll- < c\/log( =) (r)

forrg <r < 1,r ¢ E; here, f € H(D) is given by f(z) = Yooy 2"

n= OI"["lwk

uf( r)

log

By way of an example, let us look again at the two operators mentioned above.
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For the differentiation operator D on H(C) we have that f(z) = €%, and it is well
known that u s (r) = r=2e" and Sr(r) = r=ie". Thus

er
lIgll- < Cylogr—
r4
almost surely, outside a set of finite logarithmic measure.
For the Taylor shift 7 on H(DD) we have that f(z) = ﬁ, so that ur(r) = 1 and

Se(r) < W‘?.Thus

1

llgll- <C logl —
—rvl-r

almost surely, outside a set of finite logarithmic measure.

We see here that our results give less than those of Nikula, and of Mouze and
Munnier, who obtain the same inequalities for all large values of r. But Theorems 6.2
and 6.3 above hold for all chaotic weighted shifts.

We refer to the forthcoming paper [3] for rate of growth results without exceptional
sets for large classes of chaotic weighted shifts.
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