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1. Introduction

We study equilibrium measures of the natural extension of B-shifts. This is an interesting
class of dynamical systems which have been studied in ergodic and number theory since
the fundamental papers [Re, Pa]. We want to determinate whether an equilibrium measure
for a continuous function ¢ is a weak Gibbs measure. In [PS3] we developed a method
based on a decoupling property [PS3, Definition 2.3], which is a slightly weaker condition
than condition (D) in [Ru, §4.1]. The results of [PS3] are valid only for 8 such that the
B-shift has the specification property and ¢ is of bounded total oscillations. This set of S
is the set C3 in [Sc]. Schmeling proved that C3 has Lebesgue measure 0, but Hausdorff
dimension 1. For the more restricted class of functions satisfying the Bowen condition
[Bo], one has a stronger result. Under expansiveness and specification Haydn and Ruelle
[HR] proved the equivalence of equilibrium measures and Gibbs measures (in the sense
of Bowen [Bo] and Capocaccia [Ca]).

However, using basic ideas of [PS3, CTY], it is possible to obtain a necessary and
sufficient condition on B such that for any function of bounded total oscillations all
equilibrium measures are weak Gibbs measures.

To formulate our main result, Theorem 2.12, precisely we need to recall first some basic
properties of B-shifts. This is done in §2.1. In §2.2 we consider the class of functions

o
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of bounded total oscillations following [PS3, §3], and in §2.3 we consider the pressure,
establishing two basic estimates for the proof of Theorem 2.12. Our main result is stated
in §2.4 and proved in §3. We discuss briefly large deviations for empirical measures
in §2.4.

2. Setting and main result

2.1. Beta-shift. Let B > 1 be fixed. The case B € N is special and corresponds to the
full shift. From now on we assume that 8 € N. For r € R, let [t] :=min{i € Z : i > t}.
We define b := [B7]. Consider the B-expansion of 1,

o
1= ap™,
i=1

which is given by the algorithm
ro:=1, ciy1:=[Bril—1, riz1:=pri—cit1, i€ZLy,

which ensures that r; > 0 for all i € Z,. It follows that ¢; = [8]—1> 0 and ¢f :=
(c1, €2, . ..) cannot end with zeros only. For sequences (aj, az,...) and (b1, ba,...)
the lexicographical order is defined by (ay, az, . . .) < (b1, by, . . .) if and only if for the
smallest index i with a; # b;, a; < b;. LetA := {0, ..., b — 1}; the (one-sided) B-shift is

XP={x=@nx,..):x€n, Thx <P forallk € Z,},

where 7 is the left shift operator. In particular, T¥c# < ¢# for all k € Z, so that X# is
a shift-invariant closed subset of AN (with product topology). The language of the shift
X# is denoted by £f and the set of the words of length n by Lg . In this paper the empty
word is always denoted by ¢, = {e}, while ¢ is always a positive real number. A word
is written wy - - - w, or simply w. The length of a word w is written |w]|.

The shift-space X# can be described by a labeled graph Gf = (V, £F) where V :=
{qj : j € Z}. The root of the graph is the vertex go. There is an edge g0 — qo, labeled
by k, for each k =0, ..., b — 2, and there is an edge g1 — ¢; labeled by c; for each
J € N. Moreover, if the label ¢; of gj_1 — q; is different from 0, then there are c¢; edges
qj—1 — qolabeledbyO, ..., c; — 1.BEachword wy - - - w,, € LP can always be presented
by a path of length n in G starting with vertex go. For a word w € £ we define g(w)
as the end vertex of this path starting at gp and presenting w. One can concatenate two
words w and w’ if and only if there is a path 7 in G# presenting w and a path #’ in
GP presenting w’, so that 1 ends at vertex ¢ and 7’ starts at vertex ¢. In particular, one
can concatenate w with any words of £# if g(w) = go. There is a unique labeled path
presenting the infinite sequence ¢, which is the path (o, g1, g2, . . .). Let P? be the set
of the prefixes of the sequence ¢#, including the empty word €. Let ¢| - - - ¢, € PP and
suppose that c,+1 = cp+2 =+ - cntm = 0, ch4m+1 # 0. The word ¢y - - - ¢, is presented
by a path starting at go and ending at g,,. Since there is only one outgoing edge from each
of the vertices gy, . . . , n+m—1, the only words w with prefix ¢ - - - ¢, are the words

!
Cl"'Cn,Cl“‘CnO’CI"'CnOOa--~7Cl“‘CnO"'07cl“‘CnO"'0w7CI“‘Ck,

m m
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where w’ is any word of £# with first letter 0 < W] < Cugme1 — Lyand ¢1 - - ¢ € Ph
with k > n + m. For u € PP we set
8 0 ifu=c¢e,
() = , (1)
p fu=ci---cp,cop1=---=cerp=0andcpypy1 > 0.
zP (1) is a measure of the obstruction to going from vertex ¢ (u) to vertex go. We set
2% (n) := max{zf () : u prefix of ¢, |u| < n}. )
For each prefix u = ¢ - - - ¢, of c? we define a new word 7 as follows. Let ¢ j be the last
letter in ¢y - - - ¢, which is different from 0. We set
~ ce if & # j,
Cp = . i 3)
cj—1 ifL=j.

The word & :=¢] - - - ¢, differs from u = ¢ - - - ¢, by a single letter and ¢ (&) = qo. For
any word w € £F there is a unique decomposition of w into

w = vs(w) where s(w) is the largest suffix of w belonging to Ph. “4)
We extend the definition (1) to any word w by setting
P (w) =P (s(w)),
and extend the transformation u — % to any word by setting

R w ifs(w) = ¢,
wi=a )
vu  if s(w) = u.
By convention we set € = €. The words w can be freely concatenated since g(w) = qo
(see Lemma 2.2).

LEMMA 2.1. Leta =ay - - - ay and b = by - - - by be two prefixes of cP. If ab € LP, then
ab is a prefix of cP.

Proof. By hypothesis a; =c¢;,i=1,...,k,andbj =cj, j=1,...,L Letw =ab €
Lh. Suppose that w is not a prefix of ¢ . Then there exists Jj, 1 < j <¢, sothat

Cm = Wkgm = Ck4m>» forl <m < j, and c¢; =wiyj < i
Hence, wiy1 -+ - Wikpe = €1 -+ - C¢ < Ck+1 * - * Ck+0, @ contradiction with T¢cP < cf. O

LEMMA 2.2.

(a) Letw = vu, s(w) = u. Then q(v) = gy and s(W) = s(Vit) = e.

(b)  Let p1 := zP(c1), where c| the first character of cP. Then the mapping on L£P, w +—
w, is at most (p1 + 2)-to-one, and s(W) = €.

Proof. (a) Let w = vu, u = s(w) and w = vi. If g(v) # qo, then s(v) # €, so that, by
Lemma 2.1, u is not maximal, a contradiction. Since s(v) = € and g (&) = qo, s(W) =

s() = e.
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(b) Let PP = {it: u € PP}. The list is ordered according to increasing length. The first
p1 + 2 words in the list PP are
€, c1, 10, ¢100,...,c10---0. (6)
P
On the other hand, if [i#] > p; + 1, then the first character of 7 is cj.

Let w = w’. Let s(w’) be the largest suffix of w’ among the first [w’| + 1 elements of
the list PP . We write w’ = v'u’ withu’ = §(w’). Let w = vu, u = s(w), such that & = w'.
We have |u| < |u'|, otherwise w = w’ would imply that S(w’) is not maximal. In particular,
if S(w") = €, then s(w) = € and W' = w.

Suppose that W = w’ and p; + 2 < |u| < |u’|. Then the first character of u’ is ¢y and
also the first character of @ is ¢ since |u| > p; + 2. By hypothesis |u| < |u’|. This implies
that v = v'a with a a prefix of u’. Hence the first letter of a is the first letter of u’, which
is ¢1, and the letter following a is the first letter of %, which is ¢;. We have u’' = au =
Sw') e PP. By definition of the map w — w (see (5) and (3)) we conclude that a is
a prefix of c#. By Lemma 2.1, au is a prefix of ¢, contradicting the maximality of u.
Therefore || = |u’|, and in this case the mapping w +> W is two-to-one. In the remaining
cases |s(w)| < p1 + 1. Therefore the mapping w +— W is at most (p; + 2)-to-one. L]

Definition 2.3. The natural extension £# of X# is
v ={xen?: forallk € Z, (xp, xit1,...) € XP}.
It is henceforth simply called the S-shift.

The language of >h is also £P. Let k < ¢, [k, 1 =1k, k+1,...,£—1,¢},and x €
%#. The projection Ji ¢ : =# — LFP is defined as

x = Ji(x) = X0 = XkXkg1 - - Xe.

Let w = XgXk41 - * * Xktm—1 € ,Cfl. We can always extend w to the left by 0, that is,
there exist y € »h, vj=0,j<k and y; =xj, j=k,...,k+m—1. We can also
extend w to the right by 0. If g(w) = qo, this is clear. If w = vu, s(w) = u # €, then
u=cy---cp for some p>1. When cpy1 # 0, we may change ¢, into 0. When
Cpy1 =+ =Cpyr =0,butc,y, 11 # 0, we may change ¢, into 0. Hence there exist
y € Eﬂ,yj =xj,forall j=k,...,k+m—1,and y; =0forall j < kand j > m.

2.2. Functions of bounded total oscillations. We recall the definition of a function
of bounded total oscillations. For details we refer to [PS3, §3]. Let f eC (AZ) be a
continuous function defined on the full shift AZ. On AZ we define for each i € Z,

8i(f) == sup{|f(x) — f(3)|: x,y € A%, where x; = yi for all k # i}

and

1F1ls ==Y 8 (f).

i€Z
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A function has bounded total oscillations if || f||5 < 00. On a subshift X c AZ, §; (f) may
not make sense. If f € C(X) is a continuous function on X and has a continuous extension
fe C(AZ) on AZ, we write

frf & f(x)=f(x) forallxeX.
An extension f of f exists [PS3, Proposition 3.2]. For f € C(X) we define

I £lls == inf{l| flls : f € C@%), f~ fl.

A function f € C(X) has bounded total oscillations if || f||s < oo. Examples of functions
of bounded total oscillations are given in [PS3]. The set of bounded total oscillations is a
Banach space B(E/3 ) with the norm [PS3, Proposition 3.1]

I £lls + sup | £ (x)I.

xeX

We prove two basic estimates for functions with bounded total oscillations. For
convenience, from now on we write f for a continuous extension of f to AZ. The
arguments do not require that f satisfies || flls = || flIs but just that f ~ fand | f|ls < oo.
Fundamental to many of the arguments is the following lemma.

LEMMA 2.4. Letx,y € Xand T :={j:x; # y;}. Thenfor A C Z and f € C(X),

DT = fTI<Y Y 8-i(f) < o0

ieA ieA jel

Proof. Since I' is at most countable, we can list the elements of I', so that I' =
{j1, jo. . . .}. We define a sequence of elements of AZ as follows. Let z/0 := x. For j, € T,
set

o e k= e
ko= . . )
xp itkeZ\{j,...,je}

Then

|F(Tix) = (TN < Y (T ) = f(T7) < Y 85 (foTH.

Jkel Jjkel
The lemma follows from the identity
8;(foT') =8j-i(/)
Indeed,

8;(foT"y =sup{|(foTH(x) = (foTH(|:xk = yi forall k # j}
= sup{| f(T'x) = fF(T'Y)|: (T T'x) = (T T"y); forall k # j}
= sup{|f(x") — FO)I : (T x" ) = (T y ) forall k # j} = 8;_i(f). O
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LEMMA 2.5. Let f be a function of bounded total oscillations on X. Given ¢ > 0, there
exists N such that for m > Ng,

sup{ Z |f(TiX)—f(Tiy)|:x,y, X = yi forall k € {1,...,m}} <me (7)
1<i<m

and

(®)
Proof. Lete > 0 be given. There exists r, so that Zk:|k|>r£ Sk(f) < e/2.If m > 2r,, then
for x[1,m] = Y[1,»] the sum over [1, m] of |Tif(x) — Tif(y)| can be written as over
[Lr]Ulre+1,m—r]U[m+1—r,, m].

For i in the middle interval and j ¢ [1, m] we have |i — j| > r,, so that by Lemma 2.4,

f(T) = fTI < Y 8i(foTH< Y &(f)<e/2

Jé&{l,....m} k:|k|>re

For the i in the outside intervals we use | f(Tx) — f(T'y)| < 2| f|l to yield
1

4 -2
rell £l + £Gm — 2re) <& for m large enough.
m 2m

DT = f(TTy)] <

1<i<m

The proof of the second statement is similar. ]

2.3. Equilibrium measure and pressure. In our setting a shift-invariant (Borel) proba-
bility measure v is an equilibrium measure for a continuous function ¢ if and only if v is a
tangent functional to the pressure p at ¢ (see [Wa, Theorems 8.2 and 9.5]).

Definition 2.6. An invariant probability measure v is a tangent functional to the pressure
p at ¢ if

plo+ f) = ple) + /f dv for all continuous functions f.
The set of tangent functionals to the pressure at ¢ is denoted dp(¢).
For each n € N we choose a set E” C ©# with the following properties:
Jinn(EM = L5 . and (6, x" € E", Ji_pn(®) = Jmp () = x=x". (9)

Let ¢ be a continuous function and set

. 1
E"(p) = Y exp( > <p(fo)> and P (@) = P In E%(p).  (10)

xeE" jel—n,n]

The pressure p(¢p) is defined as

pg) = lim Pe(p). (1
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The result in (11) is independent of the choice of the sets E”. From now on we choose E”
so thatif x € E", then x; = 0, for all | j| > n.
Let [k, £] C [—n,n], x € E™. Set

- . + .
Xp = X(—ook—1] and X, 1= X[¢+1,00)-

By our choice of E” we can extend (4) and (5) to the infinite sequence x, since x; = 0 for
Jj < —n. Lets(x, ) be the largest suffix € PP of x; ,and

—_ —

x, = ys(x;) wherex, = ys(x;).
Let

Efkj](v) ={x € E" : xjg ) = v} and Efkk’f;](v) ={x e Ef’kj](v) 1s(x, ) =€},

and set
Efg®i= Y. exp( >, w(Tf'x)), (12)
XGEF](’@](U) Jj€l—n.n]
sawi= X e X erin)
er[*,;f’[](v) Jje€l—n,n]
We have
E(9) =Y Efg). (13)

v

Lemmas 2.7 and 2.8 give basic estimates used in the proof of Theorem 2.12.

LEMMA 2.7. Let [k, £] C [—n,n] and ||l¢|ls < oo. Then
i) < Bl < e+ 8 @),

Proof. This first inequality follows from Efk’f’(](v) C EE‘k’Z](v). We define a map ffrom
Ej () to Ey (D) by setting

—

[ Ef @) = By @, x =xpux) = fx) = xg ox) (14)

- o~

Since x, and v are presented by paths in GP with end-point gg, f(x) is well defined and
f(x) € E,L*k{;z] (V). By Lemma 2.2 the map X, > x; isatmost (zﬁ (c1) 4+ 2)-to-one. Hence
the map f is at most (z? (c1) + 2)-to-one (v is fixed, hence ¥ is also fixed). The sequences

o~

x and x’ = f(x) differ at most at two coordinates, so that by Lemma 2.4,

D @(Tx) —e(TIx))| < 2llplls.

J€l=n.n]
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Hence
> exp( > w(TjX)) < Hlels 3" exp( > so(Tf'x/))
XEE] 1 (v) jel—n,n] XEE] (V) jel—n,n]
<@+l 3 ep( Y w(Tfy>)
yeEE’k‘e](TD: JjE€l—n,n]
s(y, )=¢€

= (P (en) + 290 &5, ).

LEMMA 2.8. Let [k, £] C [—n, n] and ||¢|ls < oo. Then

. (B (B k.
C‘kali](v) > |a| @ W+ = )+2)lells ‘:‘;(kflf](ﬁ)'

Proof. If s(v) = €, then v = D and the inequality is trivial. Let v with s(v) # €; we define

amap f: EFISZ]@\) — EE’}(’Z](U),

oyt
[ ox)) ==x, vx'y,

with

+ + + o
x’g+1:~~~=x’l+z,3(v)+1=0 and x'; = x; if j > 04 2P () + 1.

This map is at most |A|Zﬂ(”)+1-to-0ne. We have

Yo et = Y @ 0x)) — o(T (o 0xY))
j€l—n,n] J€l—n,n]
+ Y @ ) — (T (o vx'))
J€l=n.n]
+ Z @(Tj(x,:vx'z)).

Jj€l=n.n]

The configurations xk_ﬁx;’ and xk_’v\x/éF differatmostati = £+ 1,..., ¢+ 7P (v) +1,s0
that

< )+ Dlells. (15)

Z ((p(Tj (xk—’v‘x;)) — go(Tj(xk_’lTxlz_)))
]

j€l—n,n

The configurations x; 0x’; and x, vx{ differ at one coordinate, so that

= llells-

Y @ 0x ) — (T (e vx))
jel—n,n]
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Therefore

@@= Y exp Y Ty

er[*k{’a(m Jj€l—n,n]

S Y Y e X wr
)’EE[T@J(U) erlﬁ;ﬂJ(’ﬁ): Jj€l—n.n]
fx)=y

B B j
|| @+ & @+2)llls Z exp Z (T’ y)
yeEy@) et

IA

B p k.
= AP O L ODIls g (),

LEMMA 2.9. Letw € Eﬁl and w* € ©P,

il <j<m,
B (16)
/ 0 otherwise.

The pressure p(¢) is equal to

1 " .
lim — 1 T/ w?).
mmem n Z epo(p( w*)
weﬁfi,:s(w):e j=1

Proof. The configurations w* and @* differ at most at one coordinate, so that

Y ((TTD") — (T w)

j=1

= llells-

The map w +— W is at most (zP (1) + 2)-to-one (Lemma 2.2). Therefore
Z exp Z (p(wau) < cllells Z exp Z o(T? @ﬁ)
weﬁgl j=1 weL’,i j=1

<@ Pen+2) Y exp ) o(T7D%)

@eﬁf, j=1

=elhPen+2 Y exp ) o(Tiwd).

weﬁﬁ, s(w)=€ j=1

Hence,

1 " .
: _ I
plp) = lim - In E exp E o(T'w?).
weﬁﬁ,:s(w):e j=1
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On the other hand,
m m
Z exp Z (p(Tju)n) > e lels Z exp Z (p(TJI’En)
weﬁg, j=1 weﬁf‘,, j=1
m .
> e lels Z exp Z o(T? wﬁ).
weLﬁi:s(w):e j=1
Hence,

1 " .
i _ Jopl
plp) = lim - In E exp E (T’ wr). O
we[ﬁﬁ,:s(w):e j=1

2.4. Main result.

Definition 2.10. An invariant probability measure v is a weak Gibbs measure for a
continuous function V, if for any § > 0 there exists N such that for m > N,

<34,

xeXx |Mm

m—1
1 1
sup |— Inv([xg - - - Xm_1]) — - E Y (T (x))
=0

where [xo - - xp1]={y € ZF i yo - - yu_1 =x0 - - X1}

Remark 2.11. Our definition of weak Gibbs measure is stated so that if v is weak Gibbs
for i, then p(y¥) = 0 [PS2]. If ¥ = ¢ — p(¢), then it equivalent to

VX0 * - Xm—
b (Lxo - - X—1]) -

T exp(—mp(p) + Y0y o(Ttx) ~

THEOREM 2.12. Let B > 1 and ¢ be a function of bounded total oscillations on ©°.

(1) Ifv is an equilibrium measure for ¢ and if

. P
lim =

n—oo n

07

then v is a weak Gibbs measure for v = ¢ — p(@).
(2) Ifv is an equilibrium measure for ¢ and if

7P (n)

lim sup
n—o0

>0,

then v is not a weak Gibbs measure for v = ¢ — p(@).

If v is a weak Gibbs measure, then the empirical measures satisfy a large-deviations
principle [PS2]. Large deviations for (one-sided) B-shifts, for any 8 > 1, and equilibrium
measures have been proved by Climenhaga, Thompson and Yamamoto [CTY] for the class
of functions satisfying the Bowen condition. From the estimates of Lemma 3.2 [PS1,
Proposition 4.3 and Theorem 3.1], the result of [CTY] is also valid for all equilibrium
measures for functions ¢ of bounded total oscillations. This is important since the Bowen
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condition implies uniqueness of the equilibrium measure for B-shifts, while this is not
necessarily the case for bounded total oscillations functions.

3. Proof of Theorem 2.12

Let ¢ be a function of bounded total oscillations on ¥#. In §3.1 we prove upper and lower
bounds for v([yg - - - ym—1]) for any equilibrium measure v of ¢. There is no restriction on
B > 1.1In §3.2 we prove Theorem 2.12.

3.1. Upper and lower bounds. ~We first assume that there is a unique tangent functional
v to the pressure at ¢. The result is then extended to any ¢ of bounded total oscillations
using a theorem of Mazur and a theorem of Lanford and Robinson (see, for example, [Ru,
Appendix A.3.7]).

When there is a unique tangent functional to the pressure at ¢ we can estimate
v([yo - - - Ym—1]) using a classical result about differentiability of a convex function, here
the pressure, which is a pointwise limit of convex functions [Ro, Theorem 25.7]. Let
u e E,’?l be fixed and set

1 ifyo---ym-1=1u
Ii(y) ==
“ {0 otherwise.

We have
d . . d
v(lg) = — lim Ppi(p+1 Iz)| = lim —Ppn(p +1 I7)
dt n (=g N dt =0
o Ii(T7x) ex _, o(Tix
= Jim Z Daep WO VIR Ra 0TD )
n—o0 2n + 1 xEE” exp Zi:*l’l QD(T’X)

Let j =k and € :=k+m — 1. Then a term in (17) is written as a ratio of partition
functions (see (12) and (13))

Yvep a(Tx)exp i, o(T'x)  Efg@  Ep y@)
D cerr €Xp Yi__, ¢(T'x) E"e) 2y Bl
The core of the proof involves estimating the ratio of partition functions & [k 0 )/ Efk ’Z] (n),

uniformly in [k, £] C [—n, n] using Lemmas 2.7 and 2.8. Since in (17) we take the limit
n — 00, it is sufficient to consider the cases where [k, £] C [—n, n].

(18)

LEMMA 3.1. Let u € /jﬁ. For any ¢ > 0 and continuous ¢ such that ||¢|ls < oo there
exists Ng y so that if y is such that Jj1,)(y) = u and m > Ng o, then

v(lz) < Ky, (m, B) exp ( Y () - mP(§0)>,
j=I

where
K(_;,S(m’ B) = (ZI3 (c1) + 2)63”§0H8€5m8.

N¢ gy is chosen so that all of the inequalities (7), (8) and (23) are satisfied for m > Ng 4.
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Proof. Let ¢ > 0 and ¢ be given and N, , defined as above. We consider the term in the
sum (17) with j = k and [k, £] C [—n, n] (see (18)),

Bl () _ Sl (@)
E"(p) Zu El[lk,g](v)

‘We have

-~ ~ —~k,Nn
Y Eha@z= Y Efg@z Y E,.

v vis(v)=e vis(v)=e
From now on s(v) = €. By Lemma 2.7,
Bl @ < @ (er) + 220 85 ).
Hence,
—%,01 kN
Q[k’g](v) - 1 ‘-‘[k’g](v)
Bl @ ~ (@Pler) + 22l B2 ()

Since s(v) = € and s(;t:) =¢,if s(x; ) = ¢, then
xpvx) € Efly(v) = xgux) € Ejy ). (19)
We write

1 _ exp(Z;’.:_n o(T7 (xk_vxZ'))
u[k,ﬁ](v) = Z exp(z7:_n (p(Tj(xk_;t:xZ')))

er[*k‘f;] (v)

n

X exp ( Z <p(Tj (xk;ix;))). (20)

j==n

Let v and ﬁﬁ be defined as in (16) with 1 < j < m replaced by k < j < £. Then

> (T (g vx ) — (T (i)

j=—n
= > (0T vx])) — (T (x;ax})))
Jélk.0]
+ D @@ o) — eI + Y (@(T7iF) — (T (g x)))
Jelk.] Jelk,e]
+ Y @TIV) — (1)) @n
JElk.L]

By Lemma 2.5, if m > N 4, then

3" (T (o) — (T (i) = Y (@(T70%) — (T7i%))| < 3em.
j=—n JE€lk, ]

Lety € 8 be such that Jik.e1(y) = u. By definition of i,
Juo@ =i and i =0 foralli ¢ [k, £].
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By Lemmas 2.4 and 2.5, if m > N, then

3 (oI ~ w(Tfy»‘

JElk.L]
<| ¥ (T — o1 ﬁﬁ»‘ +1 Y (et — o(Ty))
Jelk,L] jelk,L]
< llells + me. (22)
N¢ 4, has been chosen so that (see Lemma 2.9)
me P (@) e
e < — < "f. (23)
2 pert. exp 2y @(T7v%)

s(v)=e

From (18), (20), s(v) = € and the above estimates, taking into account (19), which allows
the use of the elementary inequalities for positive real numbers a; and b;,

; r " (ai /b)) b .
1nfﬂ < Zz_l ai _ Z[-lslal/ 1) i < sup &’ (24)
b T Y bi > izt bi i bi
we get
>0 Bl - Y vsw= Bl ®) - 1 Y visw=e B @)
Bl Bl @) (2P (1) +2)e?lels o (@)
= e 9(T7)
> g—4me—llolls eﬁ s ST exp Z o(T1v%)
(Z (Cl) +2)€ ol vis(v)=¢€ jelk,t]
e—Sms Z )
> exp <— o(T’y) + mp(¢)>.
B 3llell
@ (er) + )Ty et
The result follows from (17) by taking the limit n — oo. 0

LEMMA 3.2. Let u € Eﬁ,. For any ¢ > 0 and continuous ¢ such that ||¢|ls < oo there
exists Ng , so that if 'y is such that J1,,)(y) = u and m > Ng o, then

v(la) = K, (m, B, u) exp ( Y () - mp(w)>,
j=1

where

|A|*(zﬂ(ﬁ)H)e*(zﬁ(ﬁ)+2)\|</>||5

(zB(c1) + 2)2e5me+3lels

Kyom. B.ii) =

Nq y is chosen so that all of the inequalities (7), (8) and (23) are satisfied for m > Ng 4.
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Proof. Let ¢ > 0 and ¢ be given and N, , defined as above. We consider the term in the
sum (17) with j = k and [k, £] C [—n, n] (see (18)),

E?k,é] (n) _ E’fk’@] D)

E"(p) Zv Eflk,g](v) ’

As in the proof of Lemma 3.1, if s () = €, then we can estimate the ratio E?}fe] (v)/ Ef,fe] (i)
using (24) since (19) holds. If y € »# is such that Jik,e1(y) = u and s(v) = €, then (see

(21) and (22))
’-1*’1 (U)
H*knl] FAmetlols oy < > (i) - w(T’y))-
B (u) Jelk.L]

Letm > N¢ . Then

Zv E?k,@](v) < Z (Zﬁ (Cl) + 2)62”¢H8 :Fkng](A)

By (@) A= @D e~ @+Dlels 8 @)
(2P (c1) +2)2e?0ls Elty®)
T A" P @+ e~ @+2)lells e "*k"u(u)

B 2)25me+3lells )
(z (C12+ )°e _ eXp( Z —go(T-’y)—i-mp(cp)).

= |a|— @@+ o= (P (@)+2)
|a| @ )+1) =P llells Pt

For the first inequality we use Lemmas 2.7 and 2.8, and for the second inequality, where we
replace v by v with s(v) = €, we use Lemma 2.2 and s(v) = s(v) = €. The result follows
from (17) by taking the limit n — oo. 0

We now remove the restriction that v is the unique equilibrium measure for .
The pressure is convex and continuous on the Banach space B(X#) of bounded total
oscillations functions. The set R C B of ¢, such that dp(¢) = {v} has a unique element v,
is residual (theorem of Mazur).

Let ¢ € B be an arbitrary function of bounded total oscillations and v be an equilibrium
measure for ¢, such that there exists a sequence ¢ € R with the properties that limy ¢ =
@ and limg v = v, {vi} = 9p(gr) (weak convergence). For such ¢ let N, be defined as
in Lemmas 3.1 and 3.2. Let ¢’ > . By our choice of r (see the proof of Lemma 2.5),

&
D = D0 %@+l —ells < 5+ o — ¢l
k:|k|>rg k:|k|>re

and gkl < llell + llgx — ¢ll. Since |p(@) — p(e)l < ll¢ — @kll, for m = Ne, the
upper and lower bounds of Lemmas 3.1 and 3.2 are true for vy and (pk, with constants
K + o(m, B) and K (m, B, it), provided that k is large enough. Since ¢’ > ¢ is arbitrary,
Lemmas 3.1 and 3. 2 are true for v. This is also the case for any u in the weak-closed convex
hull of such v. By the theorem of Lanford and Robinson this set coincides with the set of
equilibrium measures for ¢.
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3.2. Proof of Theorem 2.12. (1) Suppose that lim,,_ o 7P (n)/n = 0. Then

@
s

0.

lim sup
m—0 L_lel:ﬁ,

The estimates of Lemmas 3.1 and 3.2 prove that the equilibrium measure v for ¢ is a weak
Gibbs measure for ¥ = ¢ — p(¢).

(2) Suppose that lim sup,,_, o, Z?(n)/n > 0. There exist an increasing diverging
sequence {my}; and wk e Eﬁk so that limy z# (wk)/mk =a > 0. Let

wk = wk0...0.
——
7P (wk)
By definition || = my + 2P (w*) and V() = v ). If y € [w*], then by Lemma
3.1 (and my large enough),
V(1) _ v(I )
exp(—mip(@) + Yy, o(TCy))  exp(—=myp(p) + Y%, o(T*y))

2P (k)

< K (mtz (w"), B) exp ( > (w(T”’k*fw—p(w))).

j=1

Bk .
We can compare Zj:(i” ) o(T™+]y) with z# (wk)<p(0), where 0 is the configuration with
all coordinates equal to 0. For 2P (wk) > Nep,

2P (wk)

D (@ y)) — 2P (wh)p(0)

j=1

< ezP (W),

so that

V([ k) + Bk B (wk) (p(0)— p(p)+e)
< K (mp + 2P (w"), B)et W OI=pleTe)
exp(—mip(@) + 2ok, o(Tty)) oe

For any T'-invariant probability measure x and any continuous function ¢,

p(@) = hr(p) + /w du,

where hr(w) is the (metric) entropy of w. A T-invariant probability measure v is an
equilibrium measure for ¢ if and only if

pl@) =hr(v) + /w dv.

The support of a measure is the complement of the union of the open sets of measure 0.
For the B-shift any equilibrium measure has support £#, since by Lemma 3.2 all cylinder
sets have positive measure and the cylinder sets generate the topology. Therefore the Dirac
measure §g cannot be an equilibrium measure. Hence

p(@) > hr(So) + / ¢ 8 = p(0) 25)
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because the entropy of &y is zero. Inequality (25) implies that v is not a weak Gibbs measure
for ¥ = ¢ — p(@). Indeed, for x such that Jjj ;1 (x) = wy,

) In K(js(mk—l-zﬂ(wk),ﬁ)
< ,

mp

1 Sk ‘
m—k<ln (L) = Y Y (Tx)

j=I
N 2P (k) (p(0) — p(o) + )

Taking the limit Kk — oo and observing that ¢ is as small as we wish in that limit,

1 ok ~ 2P (wh)
lim —(m UEDS w(fo)> < lim == (65 + ¢(0) — p()) < 0.
k—00 my ‘ k—oo  my

j=1 < 0 if ¢ is small enough

REFERENCES

[Bo]l R. Bowen. Equilibrium States and the Ergodic Theory of Anosov Diffeomorphisms (Lecture Notes in
Mathematics, 470), 2nd revised edn. Ed. J.-R. Chazottes. Springer, Berlin, 2008.

[Ca] D. Capocaccia. A definition of Gibbs state for a compact set with a Z"action. Comm. Math. Phys. 48
(1976), 85-88.

[CTY] V. Climenhaga, D. J. Thompson and K. Yamamoto. Large deviations for systems with non-uniform
structure. Trans. Amer. Math. Soc. 369 (2017), 4167-4192.

[HR] N. T. A. Haydn and D. Ruelle. Equivalence of Gibbs and equilibrium states for homeomorphisms
satisfying expansiveness and specification. Comm. Math. Phys. 148 (1992), 155-167.

[Pa]  W. Parry. On the B-expansions of real numbers. Acta Math. Hungar. 11 (1960), 401-416.

[PS1] C.-E. Pfister and W. G. Sullivan. Large deviations estimates for dynamical systems without the
specification property. Application to the B-shifts. Nonlinearity 18 (2005), 237-261.

[PS2] C.-E. Pfister and W. G. Sullivan. Weak Gibbs measures and large deviations. Nonlinearity 31 (2018),
49-53.

[PS3] C.-E. Pfister and W. G. Sullivan. Asymptotic decoupling and weak Gibbs measures for finite alphabet
shift spaces. Nonlinearity 33 (2020), 4799-4817.

[Re]  A. Rényi. Representations for real numbers and their ergodic properties. Acta Math. Hungar. 8 (1957),
477-493.

[Ro] R. T. Rockafellar. Convex Analysis (Princeton Mathematical Series, 28). Princeton University Press,
Princeton, NJ, 1970.

[Ru] D. Ruelle. Thermodynamic Formalism (Encyclopedia of Mathematics and its Applications, 5).
Addison-Wesley, Reading, MA, 1978.

[Se]  J. Schmeling. Symbolic dynamics for S-shifts and self-normal numbers. Ergod. Th. & Dynam. Sys. 17
(1997), 675-694.

[Wa] P. Walters. An Introduction to Ergodic Theory. Springer, New York, 1982.

https://doi.org/10.1017/etds.2021.38 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.38

	1 Introduction
	2 Setting and main result
	2.1 Beta-shift
	2.2 Functions of bounded total oscillations
	2.3 Equilibrium measure and pressure
	2.4 Main result

	3 Proof of Theorem 2.12
	3.1 Upper and lower bounds
	3.2 Proof of Theorem 2.12

	References

