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The purpose of this paper is to improve a result in [2] on the automor-
phisms of the semigroup 3) = 3i(E) of all (Frechet)-differentiable mappings
of a real Banach space E into itself.

We denote the derivative of / 6 3i at a e E by /'(«). This means that
f'(a) e£P = ^C(E) (the Banach algebra of all continuous linear mappings of
E into itself with the usual upper bound norm) and

lim\\x\\-i\\r(f;a,x)\\ = 0,
ll*ll-»o

where

r(f; a, x) = f(a+x)-f(a)-f'(a)(x) for x e E.

It is well-known that, for fg which is defined by

(fg) ix) = f{g(x)) for every x e E,
we have fg e 3i whenever / e 3) and g e 3>, and

This product defines a semigroup structure in 3>. An automorphism </> of 3)
is a bijection of 3) such that

<f>(fg) = 4>{f)4> (g) for every f e 3> and g e 3>.

An automorphism <f> is said to be inner if there exists a bijection h e3> such
that hrx e 3) and

(*) <f>(f) = hfh-1 for every fe3.

We denote the set of real numbers by 01. For a e &, the mapping
x -> CLX of E into itself is obviously continuous and linear. We denote this
mapping by a. Since a e 3>, for an automorphism <f> of 3), we can consider
{<j>(x)\xe&} which is a one-parameter group of diffeomorphisms (i.e.
bijective and bi-differentiable mappings).
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For a = </>(0)(0) and the translation ta : x -> x-\-a, the mapping
<f>0 : 3) -> 2> defined by

is an automorphism which satisfies <f>0{0) = 0.

DEFINITION. An automorphism </> of 3 is said to be uniform if, for any
positive s e f and every {<xn} C 3% such that ocM -*• 0, there exists a positive
6 e M such that | |a;| | < (5 implies

sup Ha-VoK)^)-*!! ^ eIMI-

The main result of this paper is the following theorem.

THEOREM. An automorphism of 3 is inner if and only if it is uniform.
If <f> (a) e JiP for every a e 3$, {<f) (a)} is a one-parameter group of topologi-

cal linear isomorphisms of E into itself. The continuity with respect to the
parameter (see (2) below) leads to the conclusion that 4>(on) = a. for every
a e M, from which the uniformity immediately follows and, therefore, <f>
is inner. This is the result obtained in [2].

If we take the sum f-\-g as well as product fg into consideration, the set
3 is a near-ring. If <f> is a near-ring automorphism, then it is easy to see that
<£(a) = a for every v.eM, which implies that <f> is uniform. This implies
that the near-rings 3(E1) and 3(E2) are isomorphic if and only if the Banach
spaces Ex and E2 are diffeomorphic. On the other hand, from our theorem
it follows that the semigroups 3(E1) and 3(E2) are isomorphic by a uniform
isomorphism if and only if Ex and E2 are diffeomorphic.

We believe that the answer to the following problem is affirmative.

PROBLEM. IS every automorphism of 3 uniform!
Therefore, in the proof of sufficiency, we shall avoid using the uniformity

wherever possible, which sometimes makes the proof unnecessarily long.

Proof of the necessity

We assume that <f> is an inner automorphism of the semigroup 3.
Therefore, there exists a diffeomorphism h : E -> E such that (*) is true.
Then, since <£(1) = 1, we have (hg1)^) = ^(O)"1 and ho(O) = 0 where
h0 = t~xh with a = h(0).

Let e be an arbitrary positive number. There exists e1 > 0 such that

Putting rx(x) = r(h0; 0, x) and r2(x) = r{h~^x; 0, x), we can take <5X > 0

https://doi.org/10.1017/S1446788700007801 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700007801


[3] On the semigroup of differentiate mappings 505

such that 0 < ||x|| < <5X implies ||rt(a;)|| < e^xW (i = 1, 2). Since^1 h is
continuous, there exists 6 > 0 such that

0 < 6 < 81 and HVOOII < di if INI < s-

Then, for a e ^ such that 0 < |<x| < 1, if ||*|| < d,

Therefore, since

«-^0(o()(a;)-i

we have, if ||x|| < S,

Ha-^ota)^)-*!! ^ ||A;(0)|

Proof of the sufficiency

Let <f> be an automorphism of 2. The following fact has been proved by
K. D. Magill, Jr. [1].

There exists a bisection h : E -> E which satisfies (*).

All we know about this h at this stage is that it is a bijection (i.e., one-to-one
and onto). We are going to prove that h e 2 and h^1 e 3).

Since ^>~1{f) = h~rfh and <f>~1 is also an automorphism, any statement
about h can be replaced by the same statement about h~x. We shall use this
fact freely.

Moreover, we can assume that h(0) = 0, because, if h(0) = a ^ 0, we
have only to consider the bijection h0 = t~xh, which corresponds to the
automorphism <f>a.

For the sake of convenience, we denote the set of all sequences {sn} C Si
such that limn_(OC>en = 0 by (c0).

(1) infnfel ||g-1^(ena)|| > 0 for every a e E and any {en} e (c0).
Assume that there exist a e E and {en} e (c0) such that

For any {dn} e (c0), taking one of its subsequences if necessary, we can
assume that d^1 -> 0. Then,
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On the other hand, the uniformity implies that there exists 6 > 0 such that
||a;|| < 8 implies

sup iia-^p.Otoii^ 11*11.

Since limn_^ooh(ena) = 0, we get

which implies
lim d?h(dna) = 0.
n-»oo

Therefore,
lim e-1h(e a) = 0,
£-.0

which means that h is Gateaux-differentiable at 0, because, for any x, if
we take % e J? such that ^(a) = *,

from which it follows that lrnig^oS-^A^a:) = 0. Moreover, h is Gateaux-
differentiable at every point, because, for tx : z ->• x-\-z, we have txe3) and

from which it follows that

lim e-1[h{x+Bz)-h{x)] = ^ (^
£ - • 0 £-.0

If we denote the Gateaux-derivative of h at x by h*(x), then we have
h* (x) = 0 for every x e E. The mean value theorem then implies that
h = 0, which is a contradiction.

For tte conjugate space E, the value of a e E at x e E is denoted by <*, a) .

(2) For am/ a e £, (h{x), a"} is continuous with respect to x.
To prove the continuity at ae E, we use the method used by K. D.

Magill, Jr. [1]. We take positive s e S and non-zero b e E and consider the
mapping g e 3) such that

£(*)= £«*-*(«), «»&+A(«),
where /? : 0t ->• 0t is a differentiable function such that

= 0 if |f| ^ e; = 1 if I = 0.

We take f e @ such that $(/) = g. Then, f(a) ^ a, because, if f(a) = a, we
have

A (a) = A/(«) = ^(/)A(«) = gA(«) = b+h(a),
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which is a contradiction. Since / is continuous, there exists 6 > 0 such that
\\x—a\\ < 6 implies f(x) ^ a. Therefore, if ||a;—a\\ < 6, we have gh(x) =
hf(x) ^ h{a), which means that p((h(x)~h{a), a}) ^ 0. By the definition
of fi, we have (h{x)— h(a), a) < E.

( 3 ) s u p n a l | | £ - 1 A ( e n a ) | | < c o for any aeE and any {sn} e ( c 0 ) .

As a special case, \im.n^ooh{sna) = 0.
L e t u s s u p p o s e t h a t t h e r e e x i s t aeE a n d {en} e (c0) s u c h t h a t

lim I K 1 * - 1 («„<*)11 = oo.
n-*oo

Then, for some a e E, we have

lim (^/(-'(^fl), a) = oo.
n-»oo

For these a e £ and aeE, we consider the mapping « ® a e =§? that is
defined by

a ® a(a;) = <x, a) a.
Then,

= lim (e -^A- i^a ) , «

from which it follows that

lim «A-i(*Ba), a)) - 1* [<A~i(«„«), « > ] = 0,
n-*oo

which contradicts the facts proved in (1) and (2).

(4) For any aeE and any {en} e (c0), there exists a subsequence {enj
such that

is convergent.
Since a can be supposed to be non-zero, we can take aeE such that

<«, a> ^ 0 and <£(« ® «)'(0)(a) ^ 0. For this a <g> a", we take {(5n} e (c0)
such that

<A-1(«5B«), «> = £„,

which is possible because of (2). Since the sequence of real numbers

RWOU), «>}
is bounded, it contains a convergent subsequence

https://doi.org/10.1017/S1446788700007801 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700007801


508 Sadayuki Yamamuro [6]

Then,
= lim

= lim
k->oo

which implies that
lim <5r:

Therefore, we have the limit

{s a) = (lim 3-V

(5) The limit lim£_>0£~1A(ea) exists.
We have only to show that, if the limits

lim e~1h(ena) = ax and lim d^lh{dna) = a2
n->oo n-*oo

exist for {sn} e (c0) and {<?„} e (c0), then we have a1 = a2.
We can assume, taking a subsequence of {dn} if necessary, that

lim d^1 = 0.

Then,

The uniformity then implies that

n->oo

We denote the limit l im^oe"1/?^) by h*(0)(a).

(6) h is differentiable at every point in all directions.
Let a be an arbitrary point and consider the mapping ta : x ->• x-\-a.

Then, ta e 3i and

e-1[h(a+ex)— h{a)] = e~1[<l>{ta)h(e x)— <f>{ta)h(O)]

= e^[<f>(ta)'(O)h(sx)+r((f>(ta); 0, h(ex))].

Therefore,
lim s-1[h{a+ex)~h(a)] = ^W(0)A*(0)(a;).
£ - • 0

TFe denote this limit by h*(a)(x). Obviously,

h*{a)(xx) = xh*(a){x).
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(7) For any a (g) a, h(a <g) a) e Si and

(A (a <g> d))'{x){y) = (y, d)h*{(x, a} a){a).
Since

E~x[h{a <g> d)(x+ey)—h(a <g) d)(x)]
= £-1[A«a;) d)a+e(y, d}a)—h{(x, a}a)],

it follows from (6) that the limit as e -> 0 exists and it is

which is obviously continuous and linear with respect to y. Moreover,

lim llyll^HA^® d){x+y)-h{a ® d){x)-(h(a® a)) * {x){y)\\
ll»ll-o

^ | | « | | lim

-A* «a:, « » ( « ) | |

= 0,

which means that h(a (g) a) e Q'.

(8) For awy a ® a, (a (g) a)A e

By (7), we have

(a <g> a)A = ^~1(A(a 0 a)) 6 ^ .

The formula for ((a (g) a)A)'(a;)(y) is obvious.

(9) A* (a) e J2? /or every a e E.
The linearity follows immediately from (8). To prove the continuity,

let us take an arbitrary non-zero b <g> 5. Then

which means the set
{A* («)(*) | I M I ^ l }

is weakly bounded. Therefore, h* (a) is continuous.
We define rx{x) and r2(x) by

h(x)-h*(0){x) =r1{x) and h'1 (x) - (A"1) * (0) (a;) =rt{x).

(10) For any sequence {xn} such that l im^^^ xn = 0, the sequence
||~1*'i(#B)} converges weakly to 0 for i= 1,2. Therefore, the sequence
ll"1 h{xn)} is bounded, which implies that limn^0O h(xn) = 0.
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From (8) it follows that (a <g) d)rx(x) is the remainder of (a ® d)h at 0.
Therefore,

l im |K | | - i (a <g) «)'i(*«) = °-
n->oo

which implies that

n o o

for every a e E.

(11) limMa.,|_0\\x\\~1 rt{x) = 0 (i = 1, 2). Therefore, hs@ and A"1 e ^ .
Assume that there exists a sequence {xn} C E such that

lim *„ = 0 and \\xn\\-* \\rx(xn)\\ ^ y > 0 (n = 1, 2, • • •)
n-»oo

for some positive y e f . By (5), we can take {sn} e (c0) such that

en rl\EnXn)\\ ^ \\xn\\ \ n — L< L> ) •

Then, for large n, we have

\\s-^(en)h(xn)-h(xn)\\ = \\e-lh(enxn)-h{xn)\\

= ll«»1»'i(e»*«)-»'i(a'»)ll ^ Il^i(»»)II — 11««X''i(«»««)11

x j | \\h(xn)\\-^)\\h{xn)\\-
nil

Since, by (10), infB&1 \\xn\\ \ \h(xn)\ I"
1 > 0 which implies that limn_>oo^(a;ri) = 0,

this contradicts the uniformity.
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