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ON CONVERGENCE OF VECTOR VALUED 
PRAMARTS AND SUBPRAMARTS 

NIKOS E. FRANGOS 

0. Introduction. In [15] Millet and Sucheston introduced the notion of 
pramart and subpramart indexed by directed sets, generalizing that of 
martingale and submartingale, and studied their properties. In particular 
convergence theorems were proved. In this note we obtain convergence 
theorems for analogous Banach-valued processes. 

Let £ be a Banach lattice with the Radon-Nikodym property. Let 
(Xt, ^t,t<Ej) be an £+-valued subpramart of class (d). Precise definitions 
are given below (Section 1). 

In [10] for J = N, Egghe proved a subpramart convergence theorem 
under the additional assumption that there is a subsequence {nk} Q N 
such that (f Xn dP) converges weakly for each A e Un^n. 

In [19] for J = N, Slaby proved a subpramart convergence theorem 
assuming that the Banach lattice E has an unconditional basis and no 
subspace of E is isomorphic to c0. In [20] he drops the assumption about 
the unconditional basis. 

In the present work, independently of [20], we prove the convergence 
result in the original, more general, setting of subpramarts adapted to a 
stochastic basis (J^, t e / ) satisfying the Vitali condition (Theorem 2.5). 

The method also provides a partial answer to the pramart convergence 
problem (Theorem 3.2). Specifically we prove that pramarts of class (d) 
taking values in a Banach space E converge if E is a separable dual. The 
same result for E with the Radon-Nikodym property and weakly 
sequentially complete was obtained in [20]. 

Acknowledgment. I would like to thank my advisor Professor L. 
Sucheston for suggesting this problem and for his constant encouragement 
and advice. 

1. Definitions and basic notations. Let (£2, J^ P) be a complete 
probability space and J a directed set filtering to the right with a 
countable cofinal subset. The relations are modulo sets of measure zero. 
The words almost surely may or may not be omitted. Let (J^, / e / ) be an 
increasing family of sub-a-fields of J^ A function r:fi —» J is a simple 
stopping time of (J^) if it takes finitely many values, and {T = t} <E J^ for 
all / <= / . Let T denote the set of all simple stopping times; under the 
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natural order T is a set filtering to the right. For o G T, write E° for 
E \ 

Let (£, | H | ) be a Banach lattice and (Xp t G J) a family of £-valued, 
Bochner integrable random variables adapted to (J^). The stochastic (in 
probability) limit is denoted by s-limit. The family (Xt) is called a 
subpramart if 

j - lim (Xa - E°(XT))+ = 0, 
o = T;a,re 7" 

i.e., for every € > 0 there exists a0 G T such that o0 = o ^ r implies 

P ( { | | ( * a - £ a(*T)) + || > € } ) ^ € . 

Clearly for / = N or R + every submartingale is a subpramart. Moreover, 
every positive adapted family (Zr, / G J ) with 

s — lim ZT = 0 

is obviously a subpramart. 
Let (£') + denote the positive cone of the dual E of E. If (Xt) is a 

positive subpramart, then ( | |^ | | ) is a real-valued positive subpramart, i.e., 
satisfies 

s - lim ( IpfJI - E°\\XT\\ ) + = 0. 

Indeed if a ^ T, a, T G 7, then for every € > 0 

{ | |.(*a - E°(Xr) ) + || < €} ç { ( ||Xa|| - \\E°(Xr) || ) + < 6} 

ç { ( \\Xa\\ - E°\\XT\\ ) + < €}. 

Also (x(Xt) ) is a real-valued subpramart for all x G (£') + -
For an arbitrary Banach space (E, ||-|| ), the family (Xr, t G / ) is called a 

pramart if 

* - lim (*„ - £*(XT) ) = 0, 
a l r j f f j E 7" 

i.e., for every c > 0 there exists a0 G T such that o0 ^ o ^ r implies 

P({\\Xa - E°(XT)\\ > € } ) < € . 

Clearly the class of pramarts is closed under linear combinations and 
contains the class of uniform amarts [2, 7]. 

If (Xt) is a pramart then ( \\Xt\\ ) is a real-valued positive subpramart. 
Indeed, if a ^ T, a, T G T, then for every e > 0 

{ \\Xa - E°{XT) | | < e} ç { ( ||jf || - £ ° | | * || )+ < £ } . 
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Also (x(Xt) ) is a real-valued pramart for all x G E'. 
A stochastic basis (J^, t e / ) satisfies the Vitali condition V ( = V^) if 

for every adapted family of sets (At) and for every e > 0, there exists a 
simple stopping time T e 7" such that 

P(e — lim supj ylr\v4T) < e. 

(The above formulation of the Vitali condition was given by Millet and 
Sucheston [16] page 344; see also [18] page 99 for an equivalent form not 
involving stopping times, first introduced by Krickeberg [13].) 

We now state some known results for reference. 

THEOREM 1.1. ([15], Theorem 3.3). Let (Xp t ^ J) be a real-valued, 
positive, integrable process. Then (Xt) is a subpramart if and only if there 
exists a positive submartingale (RT, J^, T) such that for every t, Rt = Xt a.s. 
and if Zt = Xt — Rt then 

s — lim ZT = 0. 

Rt is given by infT^r E\XT). 

Remark. It was observed in [15] that to say (RT,^T, T) is a submartingale 
it is the same as saying that (Rv J^, / ) is a submartingale with the optional 
sampling property. 

THEOREM 1.2. ( [15], Theorem 3.7). Let (Xt) be a real-valued subpramart 
which satisfies the assumption (d): 

(d) lim inf, E(X+) + lim inf, E(X~ ) < oo. 

Then the net (XT, T e T) converges stochastically to an integrable random 
variable. 

THEOREM 1.3. ([15], Theorem 4.1, see also [17] page 45). Let E be a 
Banach space. Let f(o, r) be an E-valued family of ^ measurable random 
variables defined for a, T G T, a = r. Assume that for every t G J 

l{o = t}f(°> T) = 1{a = r}/(^ T) and 

if A e J^ and r = T' on A, 

\J(S, T) = \J(S, T'). 

If ( /(a, T) ) converges stochastically to f^ and V holds then, ( /(a, r) ) 
converges almost surely to f^. 

2. Convergence theorems for subpramarts. The following proposition is 
an extension of Neveu's Lemma (see [18], page 109) to directed index sets. 
The proof is analogous and therefore omitted. We use Theorems 1.2 and 
1.3 above. 
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PROPOSITION 2.1. Assume that V holds. Let { (Xl
v t e / ) , / e 1} be a 

countable family of real-valued integrable submartingales that are subpra-
marts {e.g., submartingales with the optional sampling property). Assume 
also that 

supj E[supf X\] < oo. 

Then each of the submartingales converges a.s. to an integrable limit 
Xl(i G I) and 

lira infy (sup7 X
l
t) = sup7 X

1 a.s. 

If E is a separable Banach lattice, then there exists a countable set D in 
B(Er) Pi (£') + such that for all x in £ ^ ||x|| = supDxCx), a n d sup^xC*) = 
\\x\\ for any x in E, where B(E') denotes the unit ball of E'. The set D is 
called the norming subset of (Ef) . 

The case J = N of the following lemma is due to L. Egghe [10]. Here we 
give a slightly different proof. 

LEMMA 2.2. Let E be a separable Banach lattice, and (Xp t e J) an 
E-valued positive subpramart. For each x ^ D let 

Rf + Zf = x(Xt) 

be the decomposition of the real positive subpramart (x(Xt) ) (Theorem 
i.i). 

Then 

(u) s — l im r sup^Z* = 0. 

If\ holds then l im r supDZ* = 0 a.s. 

Proof. Suppose that (u) fails. Then given any stopping time a0 there 
exists € > 0 and o i^ a0 such that 

P( {supDZ* ^ £} ) > 2c. 

Now we can find a finite subset D of A say D = (xi, . . . , XA}' s u c n 

that 

[A] />( {sup^Z* i= €} ) = P( {suP/>(X(*a) - Rt) ^ €} ) g €. 

By [18], VI-1-1, p. 121, and using Theorem 1.1 there exists a sequence 
(a*) in T such that 

R* = inf Ea(X(Xax) ), a.s. 

= lim inf £"(x(*0*) )• 
n^oo k=\, . . . ,n k 

Using a classical localization procedure (see [15], p. 93) we find a sequence 
(T*) in T such that 
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R*= \imlEa(x(XT*)l a.s. 

for each x G (£') + - Thus for each x e D there exists a stopping time 
T such that 

P({E°(X(XT) - Rx
a > *-}) < 

T* = T such that 

e 
2k' 

Therefore 

[B] />( {supô(£°(x(JfTx) ) " R*) ^ '-} ) =1 

But 

{supD(x(X0) - K*) S e } 

Because of [A] and [B] we have 

P( { supB(X(Xa) - E°(X(XT) ) ) â i } ) 

If 

*,.(<x) SE x,(^a) - £0(X,(*Tx:) ), / = 1, 2, . . . , k, 

we can then define the following sets 

^ 

.4, = {^ , (a )<^,X 2 (a )^y 

^ = {^(o)<i-,..-,Xk_l(o)<e-,Xk(o)^€-y 

Then the ,4/s, /' = 1 , 2 , . . . , / : are disjoint, each belongs to J^ and 

.U Al = {supô(x(^ a) - E°(x(XT))) ^€-j =A. 
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Define 

f TY on A: 
\G on A 

Then by the localization property, T e T, a ^ T and 

A = | sup^(x(* a ) - E°(x(XT) ) ) i= il-
Hence 

€- g p({supB(x(Xa) - Ea(x(Xr) ) ) *i» 
= J p ( { s u p D - X ( ^ - £ 0 ( A - T ) ) S ^ } ) 

^ / > ( { S U P D X ( * „ - E°(XT))+ ^ j ) 

= P ( { | | ( X 0 - £ % J Q ) + || ^ } ) . 

But then (Xt) cannot be a subpramart, a contradiction. 

LEMMA 2.3. Assume that V /zo/ds. Le/ E be a separable Banach lattice and 
D a countable norming subset of (Er) . Let (Xt, t e J) be an E-valued 
positive subpramart which satisfies the assumption (d): 

(d) lim mtjE{ \\Xt\\ ) < oo. 

Suppose also that there exists an E-valued random variable X such that for 
all x ^ A 

lim, X(Xt) = X(X) a.s. 

77ze/7 

umy i i^i i = i m i. 

Proof Let Rf + Zf = x(%t) ^ e ^ e decomposition of the real positive 
subpramart ( x ( ^ ) )> f o r e a c n X ^ D- Then { (#?, ' G ^ )> X e D) i s a 
countable family of real valued positive integrable submartingales with the 
optional sampling property (Theorem 1.1), such that 

lim infy £(supD2**) S lim inf, E( \\Xt\\ ) < oo. 

The last relation implies that 

sup7 E(supDRf) < oo 
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since (supDRf, t e J) is a submartingale. We also have 

lim, R} = X(X), x e D. 

Therefore Proposition 2.1 gives 

(1) lim inf, (supDRf) = s u p D x W = 11*11-

On the other hand 

0 ^ S U P D X ( ^ ) =- sup^fl* + sup^Z* 

thus 

0 = HZJI - s u p ^ f = suP/ )Z* 

By Lemma 2.2 we have 

(2) limy( \\Xt\\ - SUVDRX) = 0. 

The real valued subpramart (\\Xt\\, t e / ) , being of class (d), converges 
(Theorem 1.2). Using now (1) and (2) we have 

lim,||jg| = |Uf||. 

LEMMA 2.4. Let E be a Banach lattice which is a separable dual (i.e., 
E = F, for some Banach lattice F), and (xp t e J) an E -valued net, such 
that 

lim supyllxjl < oo. 

Assume that (x(xt)> t ^ J) converges for all x in a countable dense subset oj 
F . Then there exists an element x in E such that 

X(*t) ~* X(x) for al! X G F. 

Proof. This is straightforward. See e.g. [18], page 108. 

Before stating the main theorem of this note we recall that a norm ||-|| on 
a Banach space is said to have the Kadec-Klee property (with respect to a 
countable and norming subset 77 of the dual), if, whenever x(x

n) ~^ x(x) 
for all x <= V a n d IUJI ~> I Ml then xn —> x strongly. 

Davis, Ghoussoub and Lindenstrauss [5] proved the following funda
mental renorming theorem for Banach lattices: 

A Banach lattice, E, has an equivalent Kadec-Klee lattice norm |H|], if 
(and only if) it has an order continuous norm. 

THEOREM 2.5. Assume that V holds. Let E be a separable Banach lattice. 
The following are equivalent. 

(i) E has the Radon-Nikodym property. 
(ii) Every E-valued positive subpramart (Xv t ^ J) of class (d), i.e., 

lim infil l*,! | < oo, 
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converges a.s. in the norm topology to an E-valued integrable random 
variable. 

Proof, (i =» ii). Since E is separable with the Radon-Nikodym property 
by a theorem of Talagrand (Theorem 1 of [21] ), E is isometrically the dual 
of a Banach lattice i7, i.e., E = F. 

Since ( \\Xt\\ ) is a real valued subpramart of class (d), it converges a.s. 
and therefore 

lim supj\\Xt(w) || = limyllA^w) || < oo 

for all to in some set S20 with P(20) = 1. Let now D be a countable dense 
subset of F+. For each x e D, (x (^ ) ) is a real valued subpramart of class 
(d) and therefore {x(Xt(u>) ) converges for all <o in some set B with 
P(QX) = 1. Thus for 

co G 12, = Q0 n ( n D B x ) 

we have 

(i) lim supy ||A^(aj) || < oo. 

(ii) (x(Xt(co) ), / e J) converges for all x e E>. 

Hence by Lemma 2.4 there exists an E-valued mapping J o n fi, such 
that for all w e 12,, 

limy x(X(") ) = X W " ) ) f o r e v e r Y X e E. 

Since £ is order continuous, by the renorming theorem, it admits an 
equivalent lattice norm || ||, which is Kadec-Klee with respect to a 
countable norming subset TJ of F~*~. Then by Lemma 2.3 we have 

lim,!!*,!!, = 11*11,. 

The Kadec-Klee property of the norm gives l i m ^ = X a.s. in the norm 
topology. 

Since X is the strong limit of (Xp / e / ) , it is measurable and 
integrable. 

(ii => i). It was proved by Ghoussoub-Talagrand [11] that convergence 
of positive martingales in E implies the Radon-Nikodym property; now, 
every martingale is a subpramart. 

Remark. The assumption that E is separable is not a loss of generality if 
J = N since each Xn being Bochner integrable is separable valued and so 
is the set {Xn, n e N}. 

COROLLARY 2.6. Let E be a Banach lattice with the Radon-Nikodym 
property. Let (Xt, t G. J) be an E-valued, Lx-boundedpositive subpramart. 
Then (Xr t e J) converges in probability to an E-valued integrable random 
variable. 
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Proof. Since convergence in probability is given by a complete metric, 
the proof follows from Theorem 2.5 and Lemma V-l-1 in [18]. 

3. Convergence theorems for pramarts. If E is a separable Banach space, 
then there exists a countable set D in B(F) such that for all x e E, 

\\x\\ = sup^xCx). 

LEMMA 3.1. Let E be a separable Banach space and (*,, t E J) an 
E-valued pramart. For each x G A let 

Rf + Zf = \x(Xt)\ 

be the decomposition of the real valued positive subpramart (lx(^)l ) 
(Theorem 1.1). Then 

(u) s — lim7 sup^Z* = 0. 

If V holds then 

l im r sup^Z* = 0. 

Proof. The proof is identical to that of Lemma 2.2. 

We now observe that Lemma 2.3 remains true for Banach valued 
pramarts of class (d). 

THEOREM 3.2. Assume that V holds. Let E be a separable dual Banach 
space (i.e., E = F). Let (Xt, t E J) be an E-valued pramart of class (d). 
Then the net (Xt) converges in the norm topology to an integrable random 
variable. 

Proof. The argument is similar to the one given by Neveu ( [18], p. 108) 
for convergence of martingales. By Lemma 2.4 (see also the proof of 
Theorem 2.5) there exists an ^-valued mapping X on Q such that 

limy x(Xt) = x(X) for all X e D 

(D now in B(F) ). Lemma 2.3 applies and we have 

lim, ||*,|| = ||*||. 

If a <= E, fixed, then the net (Xt — a, t E J) is also a pramart of class 
(d), hence 

l i m , II*, ~ «II = I I * - «II a .s . 

If A is a countable dense subset of E we then have 

lim, ||*, - a|| = | | * - a|| for all a E A. 

Consequently 

lim, ||*, - a|| = | | * - a|| for all a e E, 
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in particular 

lim, \\Xt - X\\ = 0 a.s. 

Remark. Notice that Theorem 3.2 still remains true if E is only a 
subspace of a separable dual. 

Finally we prove the reversed pramart convergence theorem. 
Write —J for J with the reversed ordering. Given a stochastic basis 

(J*;, / - / ) the set ( - r , â ) is filtering to the left. The family (Xp &v t e 
—J) of £-valued, Bochner integrable random variables is called a reversed 

pramart if 

s - lim (X„ - E°(XT) ) = 0. 

THEOREM 3.3. Let E be a Banach space and (Xp t e —J) a reversed 
pramart. Then the net (XT, T e — T) converges stochastically to an E-valued 
integrable random variable. If Y holds then we have a.s. convergence. 

Proof. Let € > 0. From the definition of reversed pramart there exists 
T0 e — T such that 

P({\\Xa - E°(Xr)\\ < € } ) < € 

for a ^ T i T0, o, T ^ —T. We observe now that the reversed 
martingale 

(E\XTQla ^ r 0 , a G -T) 

converges in Lx (e.g. [18] ). Thus (E°(XT) ) converges in probability. 
On the other hand 

||*„ - XT\\ ë \\Xa - £°(ZTo) || + \\E°(XTo) - iT(*To) || 

+ ll^c^) - xT\\. 

Therefore the net (Xa, a G — T) is Cauchy in probability and thus 
converges stochastically. Under V, there is a.s. convergence (Theorem 
1.3). 

It may be pointed out that this simple proof does not depend on the 
reduction to the real case. 

Added in proof. Since this paper was submitted, M. Talagrand proved 
that pramarts indexed by N and of class (d) converge in every Banach 
space with the Radon-Nikodym property. See M. Talagrand, Some 
structure results for martingales in the limit and pramarts (to appear in Ann. 
of Prob.). Also the methods of the present work can establish this result 
for any index set / with a countable cofinal subset such that (J^, t Ei J) 
satisfies the Vitali condition V. It suffices to apply a recent result of 
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N. Goussoub and B. Maurey, The asymptotic and the Radon-Nikodym 
properties are equivalent in separable Banach spaces (preprint). 
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