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Abstract. We find the lower bound for the norm of the Hilbert matrix operator
H on the weighted Bergman space A47¢

VH || gp.— apa > forl <a+2<p.

. ’
sin t2r
P

We show that if 4 < 2(« +2) < p, then ||H|| po_s gpe = sin(ﬁ’ whileif 2 <o +2 <
p < 2(a + 2), upper bound for the norm || H|| gp.«—, 40, better ]ithen known, is obtained.
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1. Introduction.

1.1. Hardy and Bergman spaces. Let H(DD) be the space of all functions
holomorphic in the unitdisc D = {z € C : |z| < 1}.

For 0 < p < oo, the Hardy space H” is the space of all functions f € H(D) for
which

Wl == 1f 1l = Sulep(V,f) < 00,

0<r<

where

1

2 ) »
[f(re”)|”dt) ,0<p<oo;

N = (5 [

Moo(rnf) = Ssup lf(reit)l-

0<t<2m

The normalized Lebesgue area measure on [ will be denoted by 4, i.e.,
1 1 ‘
dA(z) = —dxdy = —rdrdt, z = x + iy = re".
7T 7T

Recall that for 0 < p < oo and o > —1, the (weighted) Bergman space A% =
AP*(D) is the space H(D) N L7(D, dA,), where

dAo(2) = (@ + 1) (1 = [2P)" dA(2).

https://doi.org/10.1017/50017089517000258 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089517000258

514 BOBAN KARAPETROVIC
Iff € A7 = H(D) N L/(D, dAy), We write

1

1 are = I llp.o = ((a +1) /D P (1-1zP)° dA(z))”

Simply, 47 = A”° are (unweighted) Bergman spaces. We have that

Lo ;
Vil = ( /D wz)v’dA(z)) - (2 /0 rMﬁ(nf)dr) ,

and obviously, H”? C A”. Actually, it is well known that H? C 4%. The functions in
the Bergman spaces exhibit a behaviour somewhat similar to that of the Hardy spaces
functions, but often a bit more complicated.

For more information related to the Hardy spaces and the Bergman spaces sce
monographs [4,8, 11].

1.2. The Hilbert matrix. The Hilbert matrix is an infinite matrix H whose entries
are a, = ﬁ, n,k > 0. We note that H as an operator on the space ¢> of all
square-summable complex sequences was first studied by Magnus [10]. It can be also
viewed as an operator on spaces of holomorphic functions by its action on their Taylor
coefficients. If f(z) = Y 7, f (n)z" 1s a holomorphic function in D, then we define a
transformation H by

e (k) _n
H @) = ZZn+k+1
n=0 k=0
It is well known that the Hilbert matrix operator H is a bounded operator
from H? into H? if and only if 1 < p < 0o, and H is a bounded operator from A”
into A” if and only if 2 < p < oo (see [1, 2, 8]). In [2] was first started the study of
the Hilbert matrix as an operator on spaces of holomorphic functions. Namely, the
boundedness of the Hilbert matrix as an operator on H?, 1 < p < oo, was first proved

by Diamantopoulos and Siskakis [2]. In [3] it was shown that |H || gr— m» = 5=, for
P
1 <p<oo.
For some recent results and generalizations related to the Hilbert matrix see
[6,7,9].

1.3. The main results. We are now ready to state the main results of the paper.

THEOREM 1.1. If 1 < @ + 2 < p, then |H|| gra—s gpe > Sm(++)7

In particular, ||H || 4— 4 ﬁ, for 2 < p < oo. This special case was proved in

[3]. Thus, the lower bound of || H|| 4r«_, 40« given in Theorem 1.1 is an extension of the

estimate of || H| 4»—. 4 and our proof is much simpler than that given in [3]. It is based

on the use of hypergeometric functions This method may be also applied to obtain

very simple proof that | H|| g gr > =2+, for 1 < p < oco. By a different method this
P

- Sll’l
estimate was obtained in [3].
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THEOREM 1.2. Leta > O andp > o + 2.

() If p = 2(a + 2), then

T
|H |l gpo s spe < ———5—;
sin —(“;2)” ’

(@) If 20 +3 < p < 2(x + 2), then

a+l T
|H |l aposapa <27 W,
2
(@il) If a +2 < p < 2a + 3, then
2etd) b
LH || s pe < (1 +27% )—
” sin (‘”%

Note that it follows from the main result in [7] that H is a bounded operator on
AP* ifandonlyif 1 < +2 < p.
Theorem 1.1 and Theorem 1.2 together give the following result.

COROLLARY 1.3. If p > 2(e 4+ 2) and & > 0, then

T

||H||A['v°‘—>A["0‘ = TZ)T['
p

sin

For o = 0, this was proved in [3]. It follows from Theorem 1.2, that if 3 < p < 4,
then

T

3

— <V2—.
= Sln7

1
| H oo <27

and if 2 < p < 3, then

v

4_ v
Wl = (142071) 2 <

sin = sin Z
P

P
These two estimates are better than those given in [3].

Note that the exact computation of the norm of the Hilbert matrix as an operator
on the Bergman space 4” and on the Hardy space H” is based on the integral
representation of H,

0]

dt,
1 -1tz

Hf(z) =

whenever this integral makes sense for all functions f in the space under consideration
(see [2]). From the previous representation it also follows, by a change of variables, that
the Hilbert matrix operator H can be written as an average of weighted composition
operators and this integral representation of H was used in the computation of the
norm of the Hilbert matrix as an operator on the Bergman space 4” (see [1]). Because
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of this, the exact computation of the norm of the Hilbert matrix as an operator on A”
is a more difficult problem than its Hardy space counterpart.
We propose the following conjecture.

CONJECTURE. If 1 < @ 4+ 2 < p, then || H|| gpo— gra = %

in («+2)7
P

2. Lower bound for the norm || H|| 4p.«—, 4pe.

2.1. An integral representation. As it was noticed in the Introduction, if 1 <
a+2 < p,then H : A»* — AP* is bounded. A calculation shows that, in this case, if
f € AP*, then

LS O _,

H@) = | +==d

(D

Namely, following [7], if 1 < o +2 < p, then H is well-defined operator on 4”* and
maps this space into itself. Therefore, if / belongs to A”* and f(z) = > oo, f (n)z", then
we obtain a well-defined holomorphic function Hf on D and Hf € A”*. Hence, we
find that

S (k) n
wo= % (L)

o0 o) 1
7k t”*"dz) -
2 (2

n=0
1 o 00
= | Y St izd
0 k=0 n=0
1
_ S d.
0 l — 1z

where the interchange of integrals and sums is easily justified by a geometric series
argument.

2.2. Hypergeometric functions. To get the lower bound of || H|| 4p«_s 40.«, we will
use some classical identities about the Gamma, Beta and Hypergeometric functions
(see [5]).

The Beta function is defined by

1 [} s—1
B,,[ — s—1 1— tfld :/ x—d ,
(s, 1) /0 X1 =x) X L Tt X

for s, ¢ such that Res > 0, Re > 0. The value B(s, f) can be expressed in term of
Gamma function as B(s, ) = 1}(83;) Moreover, the Gamma function satisfies the
for non-integral complex numbers z.

functional equation I'(z)I'(1 — z) =

smn"’
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As is usual, F(a,b,c;z), ze€ D, denotes the hypergeometric function with
parameters a, b, ¢, i.e.,

. Tk+aT(k+b) T'() 2
Fla.b,c:2) =) Fa@ TG Tk+ok

k=0

We will use the following integral representation of hypergeometric function

1 1 1071(1 _ t)cfafl
F(a, b, c;z) = / dt, Rec > Rea > 0. (2)
B(a,c—a) Jo (1 —tz)

2.3. The proof of Theorem 1.1. Let 1 <y <a+2 < p and f,(z) =(1 —2)77,
z € D. An easy calculation shows that

la = F(

=

4 .
X o+ 2; 1) .
By Stirling’s formula

rE+s) k!

, k= oo.
Th+at2)  (kglpr 7

Thus, ||fyllp.« < oo, since & +3 —y > 1< y <a+ 2. On the other hand, we have
that lim , /s llp,« = 00. Using (1) and (2) we find that
y—o+

_f_ar v _z.>
HfV(Z)_/o (1-:)5(1—zz)_B<1’1 p>F<1’1’2 p)

Thus,

INCATVARAY revy D)
ny(z)_I‘<p)F(l p>gr<k+2—%>r(k+;y7) F(}’—,) K

Since
2k +1) =1+0(;)’
r(k+2—f—))r(k+ly—,) k+1
we obtain
Hfy(2) = SmLﬂ_y (1,2 +2,(2)) .
P
where

sup gy lloo < Cpa < 00,
l<y<a+2
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and consequently

sup ligyllpe = Cpa-
l<y<a+2

Therefore,

. ”ny”p,a < v ”fy”p,oc - ”gy”p,oz
2 Wl =50 e

I H | 47— g«

Letting y — o + 2, we get

Ty
y—a+2 SIIIT ny“pﬂ
”gy”p,a
= Sm(++2)n m (1 T
p y—atl ”fy”p,a
_ bie
(@+2)7

sin 7

because of lim |f,llpo =00 and sup |lgyllp« < Cpo < 00. This concludes the
y—a+2 I<y<a+2

proof.

2.4. Lower bound for the norm || H|| gr—, gr. A similar argument shows that

| H || tr— e > for 1 < p < oo.

T

p

To see this, we take f),(z) = (1 — z)_%, 0 <y <1 < p. An easy calculation show that

T2+ %) 1
W o = D 55 s
v ; rz(%) (kH?
By Stirling’s formula

r2(k+1%) 1

IR TN =

Thus, ||fy |z < oo and ||fy |gr — 00, as y — 1.
On the other hand, by using (1) and (2), we find that

! dt 1 y )
H,)= | —  —B(1,1--)F(1,1,2=-%;2).
1@ /o(l—z)i(l—tz) < p) ( p

Thus,

oy N I (k + 1) F(’“F%){
ny(z)_F<P>F(l P>§F<k+2—§>r<k+%) r(z) *
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Since
2k +1 1
(k+1) 1+ O(k_—i—l)’
_Y V4
rk+2-1)r (k+2)
we obtain
T
Hf, () = 5 (f,(2) + 2,(2)).
p
Since
sup llgy lm < sup lig,llu~ < C < oo,
O<y<l O<y<l1
we get
H 2 p
Ve > Ve 7 Wyl = W&yl
f N e sin =~ IV e

Lettingy — 17, we get

|H || gr—pr = lim ( T ”fy”Hﬁ—”gy”Hﬁ)

y—1- sin%y ”fy”]-[n
- tim (1 . ||gy||m)
ry=>1- 5 | e
sm/lJ

A different proof of this inequality is given in [3].

3. Upper bound for the norm || H|| 4pas q4pe. If 2 <@ +2 < p, then H : A?* —
AP* is bounded. Following [1,2] (see also [8]), we have that, if /' € 4”%, then

1
Hf () = /0 T/ (),
where

Tif (2) = 0,(2)f ($:(2)) ,

and

t

. ¢i(2) = 1—

YOS T MO T T
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3.1. The proof of Theorem 1.2.  First, from the continuous version of Minkowski’s
inequality, we have

1

VEf Lo = ((a L) /D H QP (1 - |Z|2)“d,4(z>>”

1 1 @ P ]l]
=(a+ 1) (/D‘/O Tf(z) (1 — |z?)" dt dA(z))

gl N
<(@+1) /0 ( /D TSP (1 |2P) dA(z)) di

(©)

1
- / VT et
0

Using linear fractional change of variable w = ¢,(z), z € D, we obtain

VT Ve = @+ 1) fD PGP (1= [212)° dAE)

O A U LU S
(D) lpud )’
= e+ 1) ¢’(D)|w|"-4ww>|"<1— = 2) dA(w).
Hence,
! 2\ '
Il = s ((a+1) INEG 4lf(w)|”<1— T ) dA(w)) ,

where D, = ¢,(D). It is easy to check that D, = D (5=, 1=t), where D (5=, 1=%) is the

Euclidean disc of radius 1= = centered at the point ZL the plane.
On the other hand, we have that

_ (=0 |wP—jw—1?
- A—1?|w|?

w—t

R

2tRe w—~2—12—1)|w|?
(1-02|w|?

t . 2Re w—1—Q2—1)|w|?

= 1= T=Dwp?

Therefore,

at2 1 1

VT e = ——— ((a L1 f wp- W(w)wgt(w)“dA(w)) ,

R
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where

2Rew —t — (2 — f)|w|?
(I -wl?

gf(IU) = 5 for w € Dt-

Using

2|w|—t—Q2—1)|w|?
gi(w) < e —

1+ |w?—t—Q2—0)|w|?
(I=0)lw]?

IA

1-jwp?
= qwl?

and o > 0, we find that
g(w)* < Jw™ (1= [w?)”.

Hence, we get

at2

T e < ——— (<a 1) fD P2 ) (1 - |w|2)”‘dA(w))" "

I-0nv
Case (i): p > 2(a + 2). Using (4) and |w[P~2@+2) < 1, for w € D, C D, we have that

a+2
t P
a

VT NLane —L((a+1> /D V(w)|ﬂ(1—|w|2)“dA(w))”

IA

(=07

at2
7

Wl ((a L) /D F)P (1 = [w)” dA(w))"

(=17

IA

ra#’l
= L f e

(1-1
By using (3), we obtain

a2

tr
——zdt e
P

1
| Hf e < /
0

= B(=2,1— =2 |f Lo

r(e2)r(1-22) 1]

- sm(ﬁ VIl 4pc-
P

Hence, in this case, we conclude that

T

S e
p

1 H || 4« ap
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Case (ii): 2o + 3 < p < 2(a + 2). We have that |w]?~2@+?) < ITI\’ forw € D, C D.
Then, by using (4), we get

at2 1
» 1

ITif lapec < t—i ((Ot+ 1)/ —lf(w)l"’ (1= JwpP)” dA(W))p-

(1—0%

Then,
f Lt (1 = wP)* daqw) < f Ly (1 = wP)” daqw)
p, 1wl ~ Jp |w]
1
=2 1— )" M2(r, )d
fo (1= ) M2, fdr
1
< 2“+1f (1 —r)“Mﬁ(r,f)dr
0
1
= 20+2 f (1 — P Mb(?, f)dr
0
1
< 20+2 / (1 — r*)* MP(r, f)dr
0

=2a+‘/D[f(w)|P(1 — [w?)* dA(w).

Here, we used the fact that M,(-, /) is an increasing function. We have that

VT e < 25 L2 ((a+1) / Fw) (1 —|w|2)°‘dA(w))”
1 P D

-1
2% e 1 1Lape

(1-

By using (3), we find that

P
————f llape.
sin %

a+l
I Hf llape <27

Therefore,

a+l T
1 H Il arasare <27 @i
sin ===

Case (iii): « + 2 < p < 2o + 3. [tiseasy to check that jw| > ﬂ, for w € D,. Then,

. 2a42)—
in this case, we find that |w[P=2@+2) < () @27 for w e D, C D. Now, by using
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(4), we obtain

1

at2 2(a+2)—p
I = L (297 (@40 [ 1rwra = wiraam)’
L e
= W “f”Apa

On the other hand, we also have

’(a+’)

2Aatd)

(2 f) +2(1-1) "7
at2 at2

(- A

2Aat2) 2(0(+2J 1
A S|

=
-0

2Aetd)
D

IA

2(a+2)_1 (1- )%*1
= 27 T
(=07 tr

Here, we used the fact that (x + y)? < x# + y#,if x, y > 0 and B € (0, 1). Therefore,

Lﬂ_l M_
te 204 (1 )
1T N are < |:(—W +2 IT] I Nl are

1—[)P tr

and by using (3), we find

)_1 T
1 Lo =< ( ) =z L,
sin @

because,

at2 at2
Lot Ta—p5 ! m
a+2 dt = a+2 di = s (a2 "
0 (1 — z)T 0 tr s1nT

Hence, we conclude that

2(a+2) —1 T
L H || gpers gpe < (1 £ )—
sin —(“;2)”

This finishes the proof.

3.2. Upper bound for the norm || H|| 4»—, 4» when 2 < p < 3. It follows from the
Theorem 1.2, for @ = 0, thatif 3 < p < 4, then | H || po— a0 < v 27, andif2 < p <33,

P
then | H|l - 40 < 3 I . These two estimates are better then those given in [3]. In the

following proposmon we show that, if 2 < p < 3, then |H|lp-0 < (1 + 2,,)

sm“ ’

Therefore, if 2 < p < 3, then we have that | H || 4 4 <

PrROPOSITION 3.1. Let 2 < p < 3. Then | H|| 4r— 4 < (1 4+ 2,,)

SlIl
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Proof. 1t follows from the Theorem 1.2, for « = 0, that if / € 4”7, then

2]

P

1T L = — 2<D|w|P4lf(w)|PdA(w))”

(-1

We have that |w[P~* < \u1|2’ for w € D, and D, C E, C D, where E;, = {w € C: 2%1 <
|w| < 1}. Hence, we obtain

VT < ( / If(w)l”dA(w)>

On the other hand, we find that

1

/ —lf(w)lPdA(w) = 2/ rlz < rMO(r, f)dr.

L
2—t

Since function r rlz is decreasing and function r — rMDb(r, f) is increasing, by using
Chebyshev’s inequality, we get

/ L w)PdAw) < —dr / PMEGr f)dr

2—

1
===l.2 ng(r,f)dr

I3

8]

2—t

IA
~[7

1
— ~2/0 rMO(r, fdr
= =I5

Therefore, we have that

2

1
-
L EDT
P

(Gl

1T v

IA

-

S > (1+255)7 |If L

IA

(I-n»
%71 27 rl’ —1

= P p

2
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Then, by using (3), we obtain

T

17T
VHf L < ( Y )uanp.
Sln;

sin
P

We have sin 2Z = 2sin Z cos Z < sin Z, because 2 < p < 3. Hence, we find that —Z— >
P P P P sin -
P

2. Now, we get

smp
1\ 7
18 e = (1427) = Lo
sin =
and finally,
! T
Hll s < (1 +217) ,
1 Hllar— a0 < I
P

which is what we wanted to prove. ]
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