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LINEAR FUNCTIONALS ON SOME WEIGHTED BERGMAN SPACES

MAHER M.H. MARZUQ

The weighted Bergman space Ap'a , 0 < p < 1, a > —1 of analytic functions on
the unit disc A in C is an .F-space. We determine the dual of Ap'" explicitly.

INTRODUCTION

Let A be the unit disc in C. For a function analytic in A, we write

oo

It is well known that Mp(r, / ) (0 < p ^ oo) is an increasing function of r (0 < r < 1).
The Hardy space Hp (0 < p ^ oo) is the class of analytic functions / in A and

||/|| = sup M p ( r , / )<oo .
<Kr<l

The weighted Bergman space Ap>a, p > 0, a > — 1, is the class of analytic
functions in A for which

< oo.

Ap>a l ^ p < o o , a > — l i s known to be a Banach space and a Frechet space with

the metric

II/II;,- = s^

for 0 < p < 1. Although Ap>a, 0 < p <1, a > — l i s not locally convex, it nevertheless
has enough continuous linear functionals to separate points [8]. It is clear that APt° —
Ap where Ap is the usual Bergman space; also Hp C Apla+2^a [6].
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Duren, Romberg and Shields [2, Theorem 1] have studied linear functionals on
Hp over the unit disc A for 0 < p < 1. Shapiro computed the dual space Ap'a

(0 < p < 1, a > — 1) by determining the Mackey topology of Ap'a [8]. Motivated by
their work we shall prove a main theorem in Section 3 which gives the explicit dual of
Ap'a spaces with 0 < p < 1 and a > - 1 .

In Section 4 we prove a theorem which says that (Ap'a)* is topologically equivalent
to a certain Banach space A™~2 (A™~2) .

Throughout this paper C denotes a positive constant, not necessarily the same at
each occurrence.

2. PRELIMINARIES

Let F(z) be analytic in A. Then F(z) is said to belong to the Lipschitz space Ap
if

sup \F{eif) - F(e")\ = O(hP) (0 ^/? < 1).
\t-.\<h

A continuous function F(z) is said to belong to the class A, if

\F(t + h)- 2F(t) + F(t - h)\ = O(h)

oo
uniformly in t. If /? > 0 and / (z) = $^ o.nzn is analytic in A, the fractional derivative

T»=0
of order /3 is

OO T,,

n = 0

the fractional integral of order /3 is

and fw, f[p] are analytic in A [2].

Let -A(A) denote the class of analytic functions in A and continuous on A. For
analytic functions f(z) we write / e A^(A.) to indicate that / € A and the boundary
/(e*e) is in A^(A»).

We need the following theorems:

THEOREM A. [2]. Let f be ana/yticin A. Then f € Ap (0 < 0 < 1) if and only
it

f Kz) = O I u_/9 1 •
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THEOREM B. [2]. Let f be analytic in A . Then / G A. if and only if

THEOREM C. Let f e A*'a, 0 < p < q < oo. TAen

Vo *
The proof is a consequence of the following inequality

(2-1)

which holds for / 6 A*<a [8].

By using Theorem C and (2.1) we have the following theorem:

THEOREM D. Let f e i4p-a , 0 < p < q < oo. Then

Jo

where J(p,f) = J0
PM«(r,f)dr.

THEOREM E. [4]. Let f be analytic in A and 0 < q ^ 1. Then

lim J(J, /̂ j) <cj\l- pf-lJ{p, f)dp.

THEOREM F. Let f € Ap'a, 0 < p < g < 1 and 0 < /? < (a + 2)/p. TAen
/ M £ i4« wAere g = 2p/((o + 2) - /3p).

The proof follows from Theorems E and D.

THEOREM G. [2]. If f is analytic in A and f'(z) = 0(1/ (1 - r)), then

THEOREM H. [9]. Suppose a > - 1 and 7 > 1 + a; tien for 0 < r, p < 1,

THEOREM I . [10, p.128]. Let f(z) = £ anzn e A', 0 < p ^ 1 and a > - 1 .
Jb=O

Tien |a n | ^ ) l ^
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3. REPRESENTATION O F BOUNDED LINEAR FDNCTIONALS

Let T be a linear bounded functional on Ap'a (0 < p < 1, a > —1). Then T €
(Ap>a)* if and only if

It follows that

\nf)\*\\T\\\\f\\r,a
for all / € Ap'a. Here (Ap'a)* is a Banach space.

Theorem 1 gives a representation for bounded linear functionals T on Av'a

(0 <p<l, a> - 1 ) .

THEOREM 1. Let T £ (Ap'a)*, 0 < p < 1. Tien there is a unique function

g € A such thai

(3.1)

If (a + 2)/(m + l) < p < (a + 2)/m, m = 2, 3, . . . , then

» ( m - 2 ) 6A ( Q + 2 ) / p _ m

Conversely, for any g with s^m~2^ 6 A(a+2)/p_m the double integral (3.1) exists
for all / £ Ap'a and defines a functional T e (Ap'a)*.

If p = (o + 2)/(n + 1), then g(m~V g A..

Conversely, for any ^ with g^m~2^ 6 A«, the double integral (3.1) exists and
represents a bounded linear functional on Ap'a.

Theorem 1 of [2] for 0 < p < 1/2 can be regarded as the limiting case of a = — 1
of our results and the question arises whether it holds for the case 1/2 < p < 1. Also,
this result generalises the announced result of Burchaev and Ryabykh [l] for Ap.

PROOF: Suppose tha t T G (Ap<a)* and Tzk = bk/(2{k + l)); then \Tzk\ <

[5], so \bk\ < C\\T\\ /fc^+^/P-1 and hence g(z) = f^ bkz
k is analytic in A. For each

fc=o

f(z) = X) ojtz* G Ap'a and for fixed p 6 [0, 1) let fp(z) = f(p2z) . Because the power
Jb=O

series of fp converges uniformly on A, and because T is continuous, we have

*=0
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As p -» 1, fp -> / in the Av'a metric [8, p.197]

T{f) = Um JL /7 £) atz
k f )

"^ |z|<p*=° *=°

= ± JJ f{z)g{z)dxdy.

For fixed p G A, let / ((z) = 2/(1 - £z)2 = £ (2n + 2)zn£n. Then
n = 0

(3.2) W)\ = \nf)\

and hence p G fl^oo(A); also p 6 A, since lim</(£) = limT(/(z)), and hence

2)/m, m = 2, 3, . . . , letIf (a + 2)/(m

By a calculation, since F 6 Ap'a we get

It now follows from Theorem H that

(3.3) x(a+2)/p-m-l

so that 5(m~2) G A7 where 7 = (7 + 2)/p - m, by Theorem A and g G A(A).
If p = (a + 2)/(m + 1), let F(z) = dm+1/d^m+l((/{l - (z)). By a similar argu-

ment one can show that

and y(m~2) G A. by Theorem B and g G A{A).

To prove the converse we shall first show that if g(z) = ^, b^z* €. A^ where
t=o

oo

7 = (a + 2)/p - m, then for f(z) = £ an*n G Ap'a, T(f) as defined in (3.1) exists.
n=0
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If (a + 2 ) / ( m + l ) < p < ( a + 2)/m,let V(p2) = £ ak{bk/{2k + 2))p2k. It is to
fc=o

be shown that ij>(p2) has a limit as p -» 1. We shall prove the existence of the limit
by showing that

(3.4)

Set h(z) = zm-2g(z); then

k=\

so

7o ./o

Using the assumption that g^m~2^ G A^ gives

a
M _rsl-(a+2)/p+m

by Theorem A, consequently (3.5) gives

j | / [ m_2 ](re«)| dBdr + |ao6o| •

Hence by using Theorem F and D we have (3.4).
Finally, let p = (a + 2)/(m + 1) and j ( m ~ 2 ) 6 A,; then (3.5) can be written in

the form

(3.6) o2)' = 2 f j ' G(reie)E(re-i8)d9dr - aoboP,
Jo Jo

where H(reie) = zh^m-^(reie) and G(reie) = f[m_3] (reie). By Theorem F, G e
OO

A2I*. Set G(z) = X) Akz
k; then by Theorem F again G[1/2) £ A*'s, so by Theorem D

*=o

(3.7) f (1 - p)-{1/2)J(P, G[1/2])dp < oo.
Jo
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Now, since S<m-2> G A. , we have |Jft1/2) (re*) \ = 0(1/ (1 - r ) ) 1 / 2 , by Theorem B and
Theorem G. Equation (3.6) can be written in the form

consequently

| W P V ) ' | < C [ fj (1 _
1
r)1/2 \G[1/2](reie)\d0dr + \aobo\

hence

f" r
Jo Jo

and (3.7) gives (3.4).
oo

To complete the proof, we need to show that if g(z) = 53 bkz
k ' s a n y analytic

Jfc=o
oo

function for which T(f) as defined in (3.1) exists for every f(z) = £ akz
k e Ar'a,

*=o
then T G (A*- Q ) \ For fixed ^ G [0, 1), let T( / ) = g (akbk)/(2k + 2 )p"; Tp(/) is

fc=o
a linear functional on Ap'a. Also Tp is bounded for each p in [0, 1) by Theorem 1.
By hypothesis l imT p ( / ) exists for each fixed / G Ap'a. Call this limit T(f). By the

uniform boundedness principle which holds for Ap'a [7, p.45], sup ||Tp|| = C < oo.
o S < i

Thus |T, ( / ) | < C | | / | | F | a and by the continuity of Tp in [0, 1], |T( / ) | < C | | / | | ? i a .

Therefore f £ {A'<a)*. D

4. EQUIVALENCE OF TWO BANACH SPACES

Let AJJ (n = 0, 1, . . . , 0 < a ^ 1) be the space of analytic functions / ( z ) in A
with / , f1, ..., fn G A(A) and /("> G Aa with the form

11/11 = 11/11 L
oo

A£ is a Banach space [2].

Let A™ be the Banach space of functions analytic in A with / , /* , . . . , /<n) G A
and / M G A,i normed by

i/i = II/I
t>0
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Two Banach spaces X and Y are said to be equivalent if there is one-to-one linear
mapping L of X onto Y such that both L and L"1 are bounded. By the open mapping
theorem it is sufficient that L is bounded.

We have the following theorem:

THEOREM 2 . If (a + 2)/(m + l) < p < (a + 2)/m, then the Banach space

(Ap'a)* and A™~2 with 7 = (a + 2)/p - m - 1 are equivalent. Up = (a + 2)/(m + 1),
then (Ap'a)* is equivalent to A™"2.

Theorem 2 of [2] is a limiting case of Theorem 2 for 0 < p < 1/2, and the question
arises whether it holds for the case 1/2 < p < 1.

PROOF: Let T € (Ap'a)* . By Theorem 1 the mapping T -» g where g is defined
as in Theorem 1, is a one-to-one linear mapping L of (^4p>a)* onto A!J*~2 (A£*~2) . Then
by (3.3)

where /3 = ((a + 2)/p) — m. Hence the proof of Theorem 5.1 [3, p.74] shows that

We have \\g\\.. = 0(1) ||T|| by (3.2), so

\\9\\*C\\T\\

Thus 5 6 A™"2 and £(T) = g, so

Thus L is a bounded linear functional from (Ap'a)* into A™~2 and Theorem 2 is

proved. D
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