
INDEFINITE GREEN' S FUNCTIONS 
AND E L E M E N T A R Y SOLUTIONS 

G. F . D. Duff and R. A. R o s s 

L i n e a r d i f fe ren t ia l equa t ions both o r d i n a r y and p a r t i a l 
a r e often s tudied by m e a n s of G r e e n ' s func t ions . One r e a s o n 
for th i s i s tha t l i n e a r i t y p e r m i t s s u p e r p o s i t i o n of so lu t i ons . 
A G r e e n 1 s function d e s c r i b e s the "ef fec t" of a point s o u r c e , 
and the d e s c r i p t i o n of l ine , s u r f a c e , o r vo lume s o u r c e s i s 
a ch i eved by s u p e r p o s i n g , tha t i s to say, i n t e g r a t i n g , t h i s 
function o v e r the s o u r c e d i s t r i b u t i o n . 

F o r equa t ions with cons t an t coef f ic ien ts the use of i n t e g r a l 
t r a n s f o r m s p e r m i t s the ca l cu la t ion of such s o u r c e funct ions in 
the f o r m of i n t e g r a l s . Only in the s i m p l e s t c a s e s i s exp l ic i t 
eva lua t ion by e l e m e n t a r y funct ions p o s s i b l e , and th i s h a s 
p e r f o r c e led to the use of a s y m p t o t i c e s t i m a t e s , which so 
tho rough ly p e r v a d e the domain of appl ied m a t h e m a t i c s . 

Our p u r p o s e in th i s note i s to point out a b a s i c g e n e r a l 
p r o p e r t y of point s o u r c e so lu t ions , which h a s a p p a r e n t l y been 
l i t t l e no t i ced . Th i s p r o p e r t y i s , tha t the exponen t s of decay 
with t i m e of the e l e m e n t a r y solut ion a r e r e l a t e d by Hami l t on i an 
dual i ty to the d i f fe ren t ia l po lynomia l . To i l l u s t r a t e the 
a s y m p t o t i c b e h a v i o u r so d e t e r m i n e d , in s o m e s i m p l e c a s e s , 
we give e x a m p l e s of equa t ions of wave mo t ion , diffusion, and 
d i s p e r s i o n , wi th one space v a r i a b l e . 

To p r e p a r e for a s e p a r a t e t r e a t m e n t of the t i m e v a r i a b l e , 
we beg in wi th a s e l f - con ta ined sec t ion on Green 1 s funct ions for 
o r d i n a r y d i f fe ren t i a l equa t ions with cons t an t coef f i c ien t s . It is 
shown how any solu t ion of such an equa t ion can be e x p r e s s e d in 
t e r m s of one function of a s ingle v a r i a b l e . 
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1. Green1 s functions for ordinary differential equations. 
Let t be the independent variable, and let ô(t) denote the 
Dirac delta-function, more strictly the measure which 
represents a unit mass concentrated at the origin. Suppose 
that an ordinary differential operator L, with constant 
coefficients, is given, of the form 

(1.1) 
T , x (n) (n-1) 
Ly(t) = y + a y + . . . + a y 

1 n 

and consider the nonhomogeneous equation 

(1.2) Ly(t) = 6(t) , 

with auxiliary initial condition 

y(t) = 0 t < 0 . 

We note first that our--unique-- solution y(t) satisfies 
JLy = 0 for t ^ 0 . For t negative it is identically zero, 
while for t positive it is some linear combination of the n 

S* 
exponential solutions e , where X.. ranges through the 

roots of the characteristic equation 

(1. 3) P(\) - Xn + a X31"1 + . . . + a - 0 . 
1 n 

Let us integrate the differential equation over an interval 
containing the origin. On the right hand side we obtain the 
Heaviside step function 

H(t) 
t > 0 

t < 0 

and so find 

(n-1) (n-2) r 

y + a yx ' + . . . + a / yd t = H(t) 
1 n J 

Now let us take the discontinuity of both sides around t = 0 
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We find 

(y'""11) - 1 : 

here the parentheses indicate the difference of the two one

sided l imits . 

Thus our solution satisfies the conditions 

y(0) =y ( 1 ) (0) = . . . = y ( n " 2 ) (0) = 0 , 

and 

y^W , = l . 

The unique solution with these initial values, which has 

continuous derivatives up to the order n - 2 and vanishes for 

t < 0 , is known as the indefinite Green' s function of the 

operator L., and is denoted by G(t) . 

st 
A discontinuity of the (n - 1)— order derivative is typical 

of GreenT s functions not only for initial value problems but also 

for two-point boundary value problems. It is noteworthy that 

the indefinite Green' s function for an operator with constant 

coefficients is a function of a single argument ra ther than a 

kernel with two variables as is usual in boundary value problems. 

A most useful property of G(t) is that any solution 

whatever of Ly = f(t) can be expressed by means of it. Thus 

it contains, in itself, the entire range of possibili t ies described 

by the differential equation. 

We first search for a par t icular integral, that i s , for 

some solution of the non-homogeneous equation. The essential 

property of the delta-function on the right side of (1. 2) is that 

for any function f(t) whatever 

oo t+£ 

f(t) = / f(r)ô(t-T)dr = f f(T)ô(t-T)dr, e > 0 , t > 0 . 
-oo 0 

Combining this with the property 
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LG(t-T ) = Ô(t-T ) , 

and wi th the l i n e a r i t y of the equa t ion , which p e r m i t s the 
s u p e r p o s i t i o n of so lu t i ons , we see tha t the f ini te convolu t ion 

t+e t 
y (t) = / G( t -T) f (T)dT = / G(t-T ) f(T )dT 

° 0 0 

i s , f o r m a l l y , a p a r t i c u l a r i n t e g r a l . It i s e a s y to ve r i fy tha t 
i t s in i t i a l da ta a r e 

y (0) = y ( 1 ) ( 0 ) = . . . = y ( n _ 1 ) ( 0 ) = 0 . 
o o o 

We r e m a r k tha t t h i s convolu t ion i n t e g r a l i s j u s t the 
so lu t ion to wh ich the m e t h o d of v a r i a t i o n of p a r a m e t e r s would 
l ead for t h i s equa t ion . To c o m p l e m e n t t h i s so lu t ion wi th 
so lu t ions of the h o m o g e n e o u s equa t ion , we f i r s t no te tha t the 
p a r t i c u l a r i n t e g r a l h a s in i t i a l v a l u e z e r o t o g e t h e r wi th i t s f i r s t 
n - 1 d e r i v a t i v e s . The G r e e n 1 s function i t se l f s a t i s f i e s 

G ( h ) ( 0 + ) = S11"1 

h 

n - 1 
w h e r e Ô d e n o t e s the K r o n e c k e r de l ta s y m b o l , unity if 

h = n - 1 , z e r o o t h e r w i s e . To find so lu t ions of the h o m o 
g e n e o u s equa t ion , which span i t s n - d i m e n s i o n a l v e c t o r s p a c e , 
we r e w r i t e the equa t ion ( 1 . 2) a s fo l lows: 

(G -f a G + . . . + a, G) 
1 k 

( 1 - 2 ' ) 
= - ( a . , G ( n _ k ' 1 ) + . . . + a G ) + 6(t) . 

k+1 n 

T h u s the j u m p of 

(k) r ( k - l > x ^ ( n - k - 1 ) 
(G + a G + . . . + a G) 

1 k 

a c r o s s the o r i g i n , i s uni ty. We note tha t d e r i v a t i v e s of the 
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combination within the parentheses, of lower order than 
n - k - 1 , are continuous. Since G(t) =0 for negative t, 
we see that the relation 

/ (k) _(k-l) x r \ { h ) \ fin-l-k 
G + a G + . . . + a, G = o 

1 k I h 
\ I J Un

certainly holds for h < n - k - 1 . For n - k < h < - l , the 
remaining values of interest, the same formula is a consequence 
of (1. 2* ). Since the delta-function and its derivatives are zero 
for all non-zero values of t, the limit as t tends to zero from 
above is zero. Differentiating h - n - k times on both sides 
of (1. 2' ), we verify the result. 

The explicit solution of the initial value problem 

Ly = f(t) 

y
(h)(0+) = c h = 0, 1, . . . n - 1 

now is given by 

t 
y(t) = /G(t-T)f(T)dT 

0 

n-1 n-h-1 (n-i-1) 
+ S C S a . G(t) , a = 1 

h=0 h i=0 X 

For example, the differential equation of harmonic 
vibrations of frequency a>, y + to y = 0 , has the Green1 s 
function 

^ # % 1 . 
G(t) = — sm tot 

CO 

The solution of the initial value problem 

2 
y + to y = f(t) , t > 0 
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(1) 
with y(0) = c , y (0) = c i s 

. . r sin co (t-T) -. . , 
y(t) = / — - L f ( T ) d r 

0 

sin co t 
+ c cos cot + c 

o 1 co 

An exp l ic i t f o r m u l a for G(t) i s a v a i l a b l e , if the r o o t s 
\ , . . . , \ of the c h a r a c t e r i s t i c equa t ion ( 1 . 3) a r e known. 

1 n 
A s s u m i n g for s imp l i c i t y tha t t h e s e r o o t s a r e d i s t i n c t , we 
choose a r e p r e s e n t a t i o n 

G(t) = S g_e k 

k k 

The in i t i a l cond i t ions for G(t) a s t -»- 0 + y ie ld 

J g k \ = Ci' h = 0. 1. . . . , n - l . 
k 

The solut ion of t h e s e n equa t ions for the g l e a d s to 

V a n d e r m o n d e d e t e r m i n a n t s , and to the f o r m u l a 

n (x,-x..) £ P . 
j ^ k k J ax 

x - \ 

Hence 

G(t) 'I nV-U' t>0 • 

F o r l a r g e v a l u e s of t , only the root o r r o o t s X. wi th 
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m a x i m a l r e a l p a r t wi l l be s igni f icant . If t h e r e i s only one such 
roo t X. then 

m a x 

A m a x * 
G(t) 

a p 

\ 
m a x 

2. E l e m e n t a r y so lu t ions of p a r t i a l d i f f e ren t i a l e q u a t i o n s . 
F o r s imp l i c i t y let us c o n s i d e r equa t ions in one d i m e n s i o n of 
s p a c e , tha t i s , in two independent v a r i a b l e s x and t. An 
e l e m e n t a r y solu t ion of such an equa t ion wi l l sa t i s fy , by 
def ini t ion, 

(2 .1 ) - r - , — u = 6(x)6(t) 
o t o x/ 

and so r e p r e s e n t s an in i t i a l d i s t u r b a n c e c o n c e n t r a t e d a t a s ingle 
point , the o r ig in . If n i s the o r d e r of the h ighes t t i m e -
d e r i v a t i v e which o c c u r s , the in i t ia l v a l u e s z e r o for the solu t ion 
and i t s f i r s t n - 2 t i m e d e r i v a t i v e s a r e p r e s c r i b e d . F r o m the 
d i f fe ren t ia l equa t ion we m a y aga in deduce tha t the n - 1J§I o r d e r 
in i t i a l t i m e d e r i v a t i v e i s the d i s t r i b u t i o n 6(x). 

We sha l l a s s u m e , a s in § 1, tha t the coeff ic ient of the 
h i g h e s t t i m e d e r i v a t i v e i s 1; t h i s now e x c l u d e s space d e r i v a t i o n 
f r o m the l ead ing t e r m . 

Le t lis t ake the b i l a t e r a l L a p l a c e t r a n s f o r m of (2. 1): 
if we w r i t e 

oo 
(2 .2 ) u ( t ,y ) = J e ' ^ ^ t , x)dx 

then we ob ta in 

(2.3) L ( â 7 ' ^ = 6W ' 

an o r d i n a r y d i f fe ren t i a l equat ion for u ( t , y ) . 
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equa t ion . If we denote by p v (y) the n r o o t s of the a u x i l i a r y 

We denote by G(t, y) the G r e e n 1 s funct ion for t h i s 

ion. If \ 

equa t ion in p 

(2 .4 ) L ( p , y ) = 0 , 

and if we suppose they a r e a l l d i s t i n c t , then 

( 2 . 5 ) G(t ,y ) : 
n P k (y) t 
- e 

• " 3 L 
k=l -r— 

8 p 
P ^ k 

The unique e l e m e n t a r y so lu t ion of the p a r t i a l d i f f e ren t i a l 
equa t ion i s now found by the i n v e r s e L a p l a c e t r a n s f o r m : 

c+ioo 

k ( t , x ) = — T f C{t>y)eXydy 
c-ioo 

c+ioo xy+p k (y) t 
= i^ J. s —nr~ d y • 

c-ioo k a ? k 

H e r e c m a y be any suff icient ly l a r g e p o s i t i v e n u m b e r . 

The c o n v e r g e n c e of t h i s i n t e g r a l i s dependen t upon the 
b e h a v i o u r of the r o o t s p (y) a s y -> _ ioo and we t h e r e f o r e 

r e s t r i c t a t t e n t i o n to t h o s e e q u a t i o n s which sa t is fy a su i t ab le 
r e g u l a r i t y condi t ion . The s i m p l e s t such condi t ion i s tha t 

( 2 . 7 ) R p k ( y ) < - 6 , Ô > 0 , 

for | y | -* oo in s e c t o r s 

and we sha l l r e f e r to such e q u a t i o n s a s r e g u l a r . Diffusion, 
and d i s p e r s i o n a r e p h y s i c a l p r o c e s s e s wh ich o r d i n a r i l y l ead to 
r e g u l a r e q u a t i o n s . 
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We now consider the general initial value problem 

(2.8) Lu = f(t,x) = / / f (T,£)6( t -T)ô(x-g)dTd£ , 

with initial conditions 

(2.9) u j ^ ^ x ) = c (x) , h = 0, 1, . . . , n - 1 . 
(t) h 

Let us apply the bi la teral Laplace t ransform in x to the 
unknown function u(t,x): 

oo 
(2.10) u(t,y) = / e r X y u( t ,x)dx 

- 0 0 

and to the data of the problem: 

oo 

f(t,y) = / e " ^ f ( t , x ) d x , 

00 

•xy c (y) = / e ych(x)dx 

We find the ordinary differential equation 

UJI .y)u = f(t,y) 

with initial conditions 

^ ( O . y ) = c h ( y , . 

F r o m § 1 we see that the solution is 

t 
u(t,y) = / G(t-T,y)£(T,y)dT 
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n - 1 n - h - 1 
+ 2 c h (y) S a . ( y ) G " " 1 _ ' ( t . y ) . 

n=0 i = 0 

H e r e the G r e e n ' s funct ion G( t ,y ) d e p e n d s on the t r a n s f o r m e d 
v a r i a b l e y , and the coef f ic ien ts a.(y) of the t r a n s f o r m e d 

d i f f e ren t i a l equa t ion a r e p o l y n o m i a l s in y . 

The i n v e r s e t r a n s f o r m 

c-f-ioo 
1 n xy~ 

u ( t , x ) = —— / e ' u ( t , y ) d y 
c-ioo 

l e a d s b a c k to the so lu t ion of the g e n e r a l in i t i a l p r o b l e m . To 
c a r r y out t h i s i n v e r s i o n we m u s t eva lua t e the i n v e r s e t r a n s f o r m 
of the p r o d u c t of G(t-T , y) with c e r t a i n o t h e r func t ions of y . 
But the t r a n s f o r m of a p r o d u c t i s the convolu t ion of the t r a n s 
f o r m s . We t h e r e f o r e find b i l a t e r a l convo lu t ions of the 
e l e m e n t a r y solu t ion wi th the da ta func t ions , in the f o r m 

oo t 
(2. 11) u ( t ,x ) = / / k ( t - T , x - | ) f ( T , g ) d | d T 

-oo 0 

n - 1 oo n - h - 1 ~ ~ n - i - 1 
+ S / ch(ê) S a i ( 8 Î ) { 8 7 ) k ( t , x - g ) d | . 

The d i f f e r en t i a t i ons with r e s p e c t to £ i nd i ca t ed in the sum on 
the r i g h t - h a n d side can equal ly we l l be t r a n s f e r r e d to the in i t i a l 
da ta c (£). T h i s f o r m u l a shows how the e l e m e n t a r y so lu t ion 

of the p a r t i a l d i f f e ren t i a l equa t ion l e a d s by s u p e r p o s i t i o n and 
d i f f e ren t i a t ion to the m o s t g e n e r a l so lu t ion of an i n i t i a l v a l u e 
p r o b l e m , 

3. The n o r m a l c u r v e . The a l g e b r a i c c u r v e 

(3 .1 ) L ( p , y ) = 0 

a s s o c i a t e d wi th the d i f f e ren t i a l o p e r a t o r i s known a s the n o r m a l 
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curve. It is the graph of an algebraic function p implicitly 
defined by (3. 1). This function [or its graph] has n branches 

p = pk(y) k = 1, . . . , n . 

We shall consider only the case in which the branches 
are, all totally real ; that i s , for each real y there a re n real 
(distinct) values of p. This c lass of operators includes many 
hyperbolic and parabolic types of physical significance. 
A number of examples of these a re discussed in la ter sections. 

4. The method of steepest descent. Explicit evaluation 
of the elementary solutions is possible only in a few especially 
simple cases such as the equation of the string and of heat flow. 
In more complicated examples, a c lear description of the 
behaviour of the elementary solution can be achieved by 
asymptotic es t imates . We shall be part icularly concerned 
with es t imates wherein x and t become large with the ratio 

(4.1) a = f 

remaining fixed. 

With the substitution x = at the elementary solution 
becomes a sum of integrals 

c+ioo t(oy + pk(y)) 

( 4 .2 ) k ( t ) X ) = _ s j _ d y , 
K c-ioo - — 

8 P ^ 

and these a re of the type adapted to the steepest descent method 
as t -> oo . 

Let us set 

gk(y) = <*y + Pk(y) • 

Then the steepest descent est imate is found by first locating a 
saddle-point, or col, of the exponential factor. This is a 
stationary point of the real part of gv(y)- By the Cauchy-
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R i e m a n n e q u a t i o n s , such a point y i s s t a t i o n a r y for the 
o 

i m a g i n a r y p a r t a s we l l and thus 

g k ' <yo> = 0 . 

The l i n e s of s t e e p e s t d e c r e a s e of exp g (y) a r e the l eve l l i n e s 
JK 

of Im g (y), and we a r e r e q u i r e d to d e f o r m the pa th of 
JK 

i n t e g r a t i o n into a s t e e p e s t l ine t h r o u g h a s a d d l e - p o i n t . If t h i s 
i s done , the a s y m p t o t i c e s t i m a t e i s 

( 4 . 3 ) 
,* gk(y0) 2tr e ° K W 0 ' 1 

— [1 + 0(-)] , t g k ' ( y o ) BL 

8 p k 
y = y o 

a s s u m i n g tha t g M does not v a n i s h a t the s a d d l e - p o i n t y . 

We sha l l be i n t e r e s t e d chiefly in the exponen t s g (y ) 
k o 

which depend upon a s ince y = y (a). At g r e a t d i s t a n c e s 
o o 

o r t i m e i n t e r v a l s , t h i s exponent wi l l p r o v i d e the m o s t 
s ign i f ican t i n f o r m a t i o n on the m a g n i t u d e of the so lu t ion . 
In p a r t i c u l a r , tha t i n t e g r a l of the sum for which t h i s exponent 
i s l a r g e s t wi l l d o m i n a t e a l l the o t h e r s . The two a s s u m p t i o n s 
of r e g u l a r i t y and to t a l r e a l i t y , which we have m a d e , wi l l 
e n s u r e tha t t h e r e a r e r e a l s a d d l e - p o i n t s , l ead ing to r e a l 
exponen t i a l d e c r e a s e t o w a r d s infini ty. 

The s a d d l e - p o i n t s a r e l oca t ed by solv ing 

g k ' (y) = a + p k
l (y) = 0 

tha t i s to say , 

( 4 . 4 ) " p
k

t ( y ) = Œ 

fo r y = y (a). The exponent g i s then the compounded 

funct ion g (y {a)). Now t h i s p r o c e s s i s j u s t the L e g e n d r e 
JK. O 
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t r a n s f o r m a t i o n in which g (y (a)) i s the dual of - p (y). In 
k o k 

g e o m e t r i c a l t e r m s g (y (a)) i s the p - i n t e r c e p t of the t angen t 
k o 

wi th s lope - a to the k t n b r a n c h of the n o r m a l c u r v e , the point 
of con tac t being y (a). In the language of m e c h a n i c s , g (y (a)) 

i s the Hami l ton i an c o r r e s p o n d i n g to the L a g r a n g i a n - p (y). 

We c o m m e n t e d in the in t roduc t ion on the b a s i c n a t u r e of th i s 
dua l i ty , which i s so we l l known in m e c h a n i c s , con t inuum 
m e c h a n i c s , and wave mo t ion , and which i s equal ly s ignif icant 
for o u r e l e m e n t a r y so lu t ions . 

In the following e x a m p l e expl ic i t f o r m u l a e a r e p o s s i b l e . 
The hea t equa t ion for a o n e - d i m e n s i o n a l m e d i u m t r a v e l l i n g 
wi th ve loc i ty c i s 

u = - cu + u 
t x xx 

To the L a g r a n g i a n 

2 
p = - Cy + y 

t h e r e c o r r e s p o n d s the Hami l ton i an 

g = - 4<<* - c) 

and the exac t e l e m e n t a r y solut ion 

k(t, x) = •—- exp 
(x -c t ) 

2 ^ t c ^ 4t 

To jus t i fy the d e f o r m a t i o n of c o n t o u r s n e c e s s a r y for the 
s t e e p e s t d e s c e n t c a l c u l a t i o n two types of s i n g u l a r i t i e s in the 
c o m p l e x p lane m u s t be c o n s i d e r e d . T h e s e a r e the po l e s and 
b r a n c h po in t s of the i n t e g r a n d s of (4. 2). The d e n o m i n a t o r s 
9 L / 9 p a r e a l g e b r a i c funct ions of the f o r m 

n (p , (y) - p.(y)) 
j * k k J 
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and they will vanish only when two or more roots p (y) 

coincide. Thus poles are automatically branch points. 

The only possible real branch point, under our 

assumptions, is the origin. 

At a branch point certain of the roots p (y) are 

permuted among themselves by any small circuit enclosing 

the branch point. Thus if the contours of all of the integrals 

referring to these roots are carried over the branch point, 

the integrals will be permuted among themselves without 

change in their sum. Thus if all of the steepest descent 

contours lie either to the right or all lie to the left of the 

branch point, there will be no contribution from that branch 

point. We shall say, in this case, that the contours are 

consistent relative to the branch point. As yet no example 

of an inconsistent set of contours has been found. It would 

be interesting to determine explicitly the class of equations 

for which this consistency holds. 

5. Subcharacteristics. Equations of the type we are 

studying represent some combination of wave motion and 

diffusion or dispersion. Typical of such processes is the 

splitting of a point source effect into a number of travelling 

waves which diffuse or disperse as time goes on. The paths 

in space-time of these waves are indicated by local maximum 

values of the dual exponents g (y (a)) as functions of space 
K. O 

time directions a. Such directions are known as sub-

characteristics, and we now show how they can be found 

from the series expansions of the roots p (y) about the 

origin. 

Let us suppose 

Pk^y* = ao + a i Y + a 2 Y + ' " * ' y "* ° ' 

and that a / 0. (In all physical examples known to us a is 
£* • Ù 

positive. ) Then 

2 
g = a + (or + a )y + a y + . . . 

o I d 
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while the steepest descent leads asymptotically to 

gf = a + a + 2a y + 

so that 

and in turn 

a + a 

y ^ L , 
2 a z 

2 
(or + a ) 

0 o 2a„ 

a ^ - a , 
1 

. , a - a . 
1 

Eviden t ly g h a s a m a x i m u m at or = - a and the con t r i bu t ion 

to the e l e m e n t a r y solut ion i s a G a u s s i a n wave 

( x + a t ) 
TT- 1 a - t " 1 

{5-1J V ^ ^ e " 4a2t [1.0(f)] 

9 % 

The subcharacteristic line is x+ a t = 0 - We note that 
1 

3 L/3p is a polynomial of degree n - 1 in a = x/t , which 

does not vanish in a neighbourhood of a - -a . 

We have seen how the initial terms of the power series 
about the origin for the characteristic roots p (y) determine 

the position and nature of the subcharacteristies. Now the 
expansions for large y lead in a similar fashion to asymptotic 
estimates for large values of |ar|, that is, when t is small 
compared with |x| . Such estimates indicate physically the 
onset at a field point of disturbances generated elsewhere. 
Though we shall not include details there is one circumstance 
of particular interest to which we shall refer. 
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The o p e r a t o r L. i s h y p e r b o l i c p r o v i d e d tha t the h i g h e s t 
x - d e r i v a t i v e i s a l s o of o r d e r n. It i s r e g u l a r l y h y p e r b o l i c 
p r o v i d e d tha t no m u l t i p l e r o o t s a p p e a r for y i 0 ; t h i s i m p l i e s 
tha t for l a r g e y 

k k 1 
M y ) = a y + a + O(-) . 

k 1 o y 

k 
The c o r r e s p o n d i n g c h a r a c t e r i s t i c l i ne s a - - a d e t e r m i n e the 

r eg ion of inf luence of the d i s t u r b a n c e — tha t i s , the r eg ion 
ou t s ide of which it i s z e r o i den t i ca l l y . T h i s can be shown for 
ou r i n t e g r a l s by c o m p l e t i n g the c o n t o u r wi th a s e m i c i r c l e to 
the r igh t and e s t a b l i s h i n g tha t the con t r i bu t i on i s z e r o for 

t < | x | / j a | . T h u s the o u t e r m o s t c h a r a c t e r i s t i c on e a c h s ide 

i s the b o u n d a r y of the r eg ion of d i s t u r b a n c e . 

6. E x a m p l e s of e l e m e n t a r y so lu t ions and t h e i r a s y m p t o t i c 
e s t i m a t e s . 

E x a m p l e 1. The K l e i n - G o r d o n equa t ion 

2 
(6. 1) u = u + c u 

t t xx 

h a s the n o r m a l c u r v e 

IL ^ 2 2 2 
(6. 2) p = y + c , 

a r e c t a n g u l a r h y p e r b o l a , with two b r a n c h e s both to t a l ly r e a l . 
(See f igu re 1. ) Le t us t ake a s b r a n c h 1 

(6.3) p fy) = +-W y 2 + c2 

r 

and a s b r a n c h 2 

(6.4) p2(y) = --\J y2 + c2 . 

In the y = u + iv p l ane we se t up a t w o - s h e e t e d R i e m a n n 
s u r f a c e , wi th b r a n c h po in t s a t y = 1" i c , and a s s i g n b r a n c h 1 
to the u p p e r s h e e t , b r a n c h 2 to the l o w e r shee t . 
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FIGURE 1 

The Normal Curve of the Klein-Gordon Equation 
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The elementary solution is 

c+ioo t(ay + \l y + c ) 
(6. 5) k(t, x) = — / 6

 2 dy 
c-ioo 2 ~\ y + c 

1 c+ioo et(ay l y y + c ) 

2 ^ i _ / 2 2 d y 

c-ioo 2 yy + c 

where the first integral is on the upper sheet of the Riemann 
surface, the second integral on the lower sheet. In this 
simple example the elementary solution can be expressed in 
terms of a Bessel function. There are two cases to discuss. 

Case I. a > 1 or |x| > t 

In this case we can prove u = 0 . Since, for |y | large 

g,(y) ^ Y(a + 1) i-n right half plane 
1 

(6.6) 

g„(y) ^ y(a ~ 1) in left half plane 

g9(y) ^ y(ûf " 1) i-n right half plane 

g (y) ^ y(a +1) in left half plane 

we can deform both integrals into left semicircles at infinity, 
each of which gives zero. Since, for both integrals the branch 
points are passed over in the deformation, these cancel, and 
the elementary solution is zero. This exemplifies the fact 
that the region of influence for a hyperbolic equation is bounded 
by the characteristics. 

Case II. a < 1 or |x| < t 

In this case the second integral gives zero, since it can 
be deformed into a right semicircle at infinity, and the branch 
points are not passed over in the deformation. 
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The first integral gives [3, p. 248] 

k(eV7-T) 2 ox 

Thus the elementary solution is 

(6.7) k(x,t) = ~ I (ctV 1 - aZ) H(t - x) 
2 o T 

= \ I (c'y t2 - x2) H(t . x) 
2 o 

Now using the result in [2] p. 86, #5 

x 
I (x) - e 

o \T2TTX 

we obta in 

(6.8) k(t,x) = — 
ctV 1 • e 

2 
- a 

1 
2,T 

H(t - x) 

This same result may be obtained using the asymptotic 
procedure outlined in §4, the curve dual to the rectangular 
hyperbola being a c i rc le . 

Example 2. The heat equation 

(6.9) u = u hu 
t xx 

has the normal curve 

(6.10) p = y 2 - h , 

a parabola, with one branch, and totally real . 

The elementary solution is given by 
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c+ioo 2 

(6.11) k(t,x) = J L / e t (ûry + y " h ) d y . 
C - 1 0 0 

I 
The r-vymptotic formula for this integral turns out to be 

exact. From [4], #710.;0.; we find 

2 
*• x 

-th ~ÏT 
(6.12) k ( t > x ) =fL_JU-

Example 3. Stokes1 equation. This equation, which 
governs the propagation of sound waves in a viscous medium, 
is 

(6. 13) u = u + u 
tt xx xxt 

and it has the normal curve 

2 2 2 
(6. 14) y - p + y p = 0 . 

The normal curve has two branches both totally real. We 
define branch 1 by 

(6. 15) P l (y ) = | [y -"\/ y 2 + 4 ] , 

and branch 2 by 

(6. 16) p (y) = | [y +\J y 2 + 4 ] 

(See figure 2. ) 

In the y = u + iv plane there are branch points at 
y = - 2i. We shall set up a two-sheeted Riemann surface, 
one sheet for each of the two branches. 

The expression for the elementary solution is 
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c+ioo tg 1 (y ) c+ioo tg 2 (y ) 

(6.17) k ( t , x ) = — r /' * , . dy + — f * dy , 
2TTI J . Q,(y) 2-n-i J . CL(y) 

c-ioo l w / c-ioo 2 

w h e r e g ^ y ) = ay + p ^ y ) 

g 2 (y) = ay + p 2 (y) 

Q
±M = y A/Y2 + 

Q2(y) = -y Vy + 4 

The f i r s t i n t e g r a l l i e s on the u p p e r shee t and the second 
i n t e g r a l on the l o w e r . 

The sadd le point y i s the va lue of y for which 
o 

g ! (y) = 01 + p* (y) = 0 

and we see tha t b r a n c h 1 h a s a r e a l sadd le point for a l l a . 
As the s lope of b r a n c h 1 at the o r i g i n i s 1, the sadd le point of 
b r a n c h 1 l i e s to the r i gh t oi the o r i g i n if a < 1, and to the left 
of the o r i g i n if a > 1 . We d e f o r m the f i r s t i n t e g r a l in to a 
s t e e p e s t l ine t h r o u g h the saddle poin t , t ha t i s , into the c u r v e 

i m g„(y) = & m g „(y ) = ° 1 1 o 

s ince g (y ) i s r e a l . 

F o r | y | l a r g e , we have 

(6 .18) 

g (y) ^ ay - 1 in r igh t half p l ane 

2 
g , (y) ^ ay + y + 1 in left half p l ane 

g (y) ^ oy - 1 in left half p l ane 

2 
g?(y) ^ aY + y + 1 i-n r igh t half p l a n e , 
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Thus the fami ly of s t e e p e s t l i nes i m g (y) = k, - co < k < oo , 

f a r out f r om the o r ig in on the r ight a r e the s t r a i g h t l ines 

k 
v = — 

a 

and f a r out f rom the o r i g in on the left a r e the r e c t a n g u l a r 
h y p e r b o l a s 

k 
v = —- . 

a + Zu 

The s t e e p e s t l ine t h rough the saddle point , c o r r e s p o n d i n g 
to k = 0, i s shown in f igure 3, for a typ ica l va lue of a. It i s 
seen tha t for a l l v a l u e s of a, when we d e f o r m the o r i g i n a l 
pa th of i n t e g r a t i o n into the pa th & m g (y) = 0, we p a s s o v e r 

the b r a n c h p o i n t s . We can now obta in an a s y m p t o t i c e s t i m a t e 
of the f i r s t i n t e g r a l us ing 4 . 3. 

The second i n t e g r a l i s m o r e e a s i l y d i s p o s e d of. F r o m 
(6. 18) we see tha t the second i n t e g r a l can be d e f o r m e d into the 
left s e m i c i r c l e at infinity which wil l give z e r o . Since the 
b r a n c h po in t s a r e p a s s e d o v e r , t h e s e c o n t r i b u t e , but c a n c e l 
wi th the b r a n c h point con t r ibu t ion of the f i r s t i n t e g r a l . In 
o t h e r w o r d s the d e f o r m e d c o n t o u r s a r e c o n s i s t e n t r e l a t i v e 
to the b r a n c h po in t s . The po le s at the o r ig in for each b r a n c h 
m a k e no con t r ibu t ion . T h i s i s e a s i l y shown by combin ing the 
two i n t e g r a l s into a s ingle i n t e g r a l , and it i s found that the 
r e s u l t i n g i n t e g r a n d ha s no pole at the o r ig in . 

Us ing 4 . 3 we find 

r t g l ( y 0 ) 

(6.19) k(t, x) ^ - V w f* e . 
2TTI V tg^(y o ) Q1(Y0) 

To find the saddle point and the exponent we have to solve the 
cubic 

3 a 2 1 
( 6 . 2 0 ) y + - y + 4y + 2(a - - ) = 0 . 
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y plane 

±21 

saddle point 

2 

4 . - 2 1 

FIGURE 3 

Stokes' Equation. The Steepest Line 
Through the Saddle Point for a 

Typical Value of a. 
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By Cardan 1 s m e t h o d , we obta in 

2 2 
s + ^A 

\ 3 

w h e r e 

27 
31<* 

27 
112 
27 ^ 

and 

a 4a 2 
q = + — - — 
4 108 3 a 

g(yo(<*)) 

2 2 
3cry + 2y (a -1) 

o o 
2(y + a) 

o 

In addi t ion 

3 / 

y^ + 6y 

1 O 
1 -

o 
"1/2 

(y + 4) 
o 

Even th i s a s y m p t o t i c f o rmu la i s so c o m p l i c a t e d a s to 
r e q u i r e f u r t h e r a p p r o x i m a t i o n for spec ia l v a l u e s of a. 

C a s e I: a "̂  0. . In t h i s c a s e 

NTA 

1/3 

y „ - " (7) 

2 / 3 

g 1 ( y 0 ( « » " - 1 + 3 (-) 
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4/3 

»"(v ) ^ H 

2/3 

Q,(y ) " H 
1 o a 

and we find 

(6. 21) k(t , x) = exp [- t + 3t i~) 
2/3 

C a s e II: a ^ oo. H e r e 

*/A 
3NT3 

108 

y + a - -
o Z 

8l ( y o { a ) ) " " T + 4 

g"(y ) ^ — 
a 

<W " T 
and we find 

(6 .22 ) k(t,x) =iértexp[t-^] 
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C a s e III: a ^ 1. We find 

^ f - f , « - u 

^TS^«-«> 
y ^ - k ( a - 1) 

o 

3k - 4 k 2 — 2 
( 6 . 2 3 ) g(y (a ) ) ^ ; {a - I) - - . 5 7 9 ( < * - l ) 

1 3 7 0 4 - 3 6 3 * / 2 l 
where k = — n s s i — = -909 

Using the in fo rma t ion f rom the t h r e e c a s e s we can ske tch 

g(y (<*)) (f igure 4). 
o 

F ina l l y , we exhibi t the solut ion of the in i t ia l va lue 
p r o b l e m in i t s full g e n e r a l i t y , a s an example of the g e n e r a l 
f o r m u l a 2. 11 of sec t ion 2. Let 

u - u - u = f(x, t) t > 0 
t t xx xxt 

and let 

Then 

u ( 0 , x ) = c (x) , u (0 ,x ) = c (x) 
o t 1 

t oo 
u(t,x) = f f k ( t - T , x - ê)f(T ,ê)dTdg 

o" -oo 

2 
8 8^ - - — 2 j k ( t , x - e ) d e 

- 0 0 

00 

+ / ^(g) k(t, x-|)dg . 
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Example 4. The hydromagnetic boundary layer equation. 
This equation is 

2 4 2 2 
(6. 24) u - 2 a u + (a - c )u - c u = 0 

tt txx xxxx xx 
and it has the normal curve 

2 2 2 4 2 4 2 2 
(6. 25) p - 2a py + (a - £ )y - c y = 0 . 

This consists of two approximately parabolic branches , 
both totally real , crossing at the origin (figure 5). 

We define branch 1 by 
1. 

2 2 2 2 2 
(6 .26) p (y) = y [ a y + ( e y + c ) ] 

and b r a n c h 2 by 

i. 
(6.27) p2(y) = y [a y - (e y + c )2 ] . 

, c 
In the y-plane there a re branch points at y = _ i - , and we 

set up a two-sheeted Riemann surface, one sheet for each of 
the two branches . The elementary solution is given by (6. 17), 
where, in this case 

g l(y) = ay + p ^ y ) 

g2(y) = ay + p2(y) 

Q l(y) = 2 ( ? 1 - a 2 y 2 ) 

Q2(y) = 2(p2 - a 2y 2 ) . 

Since the slope of branch 2 at the origin is - c , the saddle point 
for branch 2 lies to the right of the origin for 0 < a < c, and 
to the left .of the origin for c < a < oo . The saddle point for 
branch 1 lies to the left of the origin for all a . 
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We deform the first integral into the path Im g (y) = 0 , 
1 

and the second integral into the path Im g (y) = 0 . These 
steepest paths both lie to the left of the branch points for all a 
somewhat as in figure 3. Thus there is cancellation of the 
branch point contributions. Just as in example 3, the pole 
at the origin does not contribute. An examination of figure 5 
shows that the exponent for branch 1, for a > 0 , is g rea te r 
in magnitude than the exponent for branch 2, and they are both 
negative. Thus the branch 2 integral in the elementary solution 
will dominate the branch 1 integral , which may therefore be 
neglected. The behaviour of both exponents as functions of a 
is i l lustrated in figure 6. Since the explicit calculation of this 
dual curve is complicated, we shall consider only approximations. 

Case I: a ^ oo 

If a is large then y is large and we find, 
o 

2 2 c 2 

g2(y) ^ &y + (a - e )y - — , 

and 

y 
2(a2 - s ) 

Hence 

2 2 
a c g 2 ( y ( « ) ) " • 7 ~ 

2 ° 4 ( a 2 - £ ) 2 £ 

Ï "(y ) "- 2 ( a 2 - z ) c. o 

CMy J 
2 2 

za c 
2 o 2 2 e 

2(a - e ) 
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and 

1 1 
2, 2 2 / 2 2 

// ^^v - , / * t a - e e t x 
(6.28) k (x , t ) = - — L — ^ - exp - — - - -

I " \ ^ A J> ^ 4 I 

\/TT x \ 4t {a - e ) / 
C a s e II: a ^ c . It m a y be seen f rom f igure 5 that if a ^ c , 
then y ^ 0 . Thus 

o 

P2(y) ^ a y - cy 

2 
g2(y) ^ (<* - c)y + a y 

a - c 
y. " o , 2 

2a 

, ,2 
(6.29) g (y (a)) ^ - ^ ^ f 

2 ° 4a2 

F i g u r e 6 i s obta ined f rom the in fo rma t ion in t h e s e two c a s e s , 
By an e a s y ca l cu l a t i on i t i s found that the double point of th i s 
c u r v e i s 

2 2 2 
a c c -, / 4 2 

-~T + 72 V a "£ ' 
2e 2e 

below the o r ig in . Th i s g ives the t i m e r a t e of a t t enua t ion at 
the s o u r c e poin t . 
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