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AN «VERTEX THEOREM FOR CONVEX SPACE 
CURVES 

TIBOR BISZTRICZKY 

The classical four-vertex theorem states that a simple closed convex C 
curve in the Euclidean plane has at least four vertices (points of extreme 
curvature). This theorem has many generalizations with regard to both the 
curve and the topological space and for a history of the subject, we refer to 
[4] and [1]. The particular generalization of concern, credited to H. 
Mohrmann, is the following «-vertex theorem. 

Let a simple closed C curve on a closed convex surface be intersected 
by a suitable plane in n points. Then the curve has at least n inflections 
(vertices). 

The closed convex surface in the preceding is defined as having at most 
two points in common with any straight line. Presently, we extend this 
result to curves on more general convex surfaces in a real projective 
three-space P . A convex space curve T lies on the boundary of its convex 
hull (in a suitable affine restriction of P ) and meets any line in at most 
two points. The curve T is then inflectional if the only exceptional points 
of T are inflection points and a point/? e T is an inflection if near/?, T lies 
on one side of the osculating plane at /?. 

In Section 1, we present basic definitions and an overview of the proof 
of the «-vertex theorem for inflectional convex space curves. In Section 2, 
we present the proof. 

1. Preliminaries. Let/?, q, . . . , L, M, . . . and a, /?, . . . denote the points, 
lines and planes of P respectively. Let (/?, L, a, . . .) denote the flat of P 
spanned by /?, L, a, . . . . We assume that P has the usual topology. 

Let T c P3 be an oriented line. For r ¥= t in 71, let [r, t] and (r, t) denote 
respectively the closed and open oriented segments of T from r to t. We 
put 

[r, t) = [r, / ] \ { / } and (r, t] = [r, t]\{r). 

Let U(s) = (r, /) be a neighbourhood of s in T. We set U~(s) = (r, s), 
U+(s) = (s, t) and U\s) = U~(s) U U+(s). Finally if (s, t) c (r, u), we 
write s < t in (r, u). 

A curve T is a continuous map from T into P3. A line, denoted by Tx(t)9 

is the tangent of T at t if 
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r ,(o = lim <r(o, T(S) > 

and a plane, denoted by r2(0> is t n e osculating plane of T at t if 

r2(f) = lim <r,(o, T(s) >. 

For t G r, we also set r0( /) = T(t) and T3(0 = P3. UJf Q Tis a segment, 
we call r/^r an arc of T. For convenience, we identify T(T) with T and 
Y(Jf) with r / ^ . r is of course simple if T(s) ¥= Y(t) for s ¥= t in T. 

A space curve Y has the property that Y^t) and r2( /) exist for each 
t G T and any plane meets T at a finite number of points. Henceforth Y is 
a space curve. 

Let / G r and a a P . Then |a n T| < oo and it is immediate that near 
T(/), either Y lies on one side of a or T lies on both sides of a. In case of 
the former [latter], we say that a supports [cuts] Y at t. Let 

St(t) = {a c P3 |a n r / + 1 ( 0 = rf-(0 }; i = 0, 1, 2. 

Then (cf. [5] ) either all a G SÉ(t) support F at t or all a G 5f-(/) cut T at f; 
/' = 0, 1, 2. We say that Y is inflectional if for any / G T, a G S0(/) cuts F 
at / and a G SY(t) supports Y at /. Such a curve T may thus contain only 
two types of points r ( / ) : regular (Y2(t) cuts Y at t) and inflection (Y2(t) 
supports r at /). In addition, an arc of Y is regular if each of its points is 
regular. 

An arc T(r, f ) is said to be of order three, ord Y(r, /) = 3, if any plane 
meets Y(r, t) in at most three points. It is well known that if T(r, /) is an 
arc of order three then T(r, t) is regular and 

T2(s) n T(r, 0 = [Y(s) } for 5 G (r, /) . 

We now assume that Y is elementary (well-behaved); that is, for each T(t) 
there exists Y(U~(t) ) and Y(U+(t) ) such that both are of order three. We 
note (cf. [3] ) that an elementary curve Y has continuous tangents and 
continuous osculating planes, each of its regular points has a neighbour
hood of order three and if in addition Y is inflectional, then Y has an even 
number of inflections. 

Let ^ be a subset of P3 disjoint from a plane /3. Then &t is a subset of 
the affine space A3 = P3\fi and we denote by H(&), the convex hull of 
^ i n ^ 3 . 

Let j8 c P3 and Y\T-> A3 = P3\p be a space curve with B = H(Y) in 
A3. Then Y is convex if T lies on the boundary 8(5) of B and |L n Y\ ^ 2 
for any line L a P3. 

Let a be a plane meeting a convex curve Y at exactly n points r(/j), 
r(f2), . . . , Y(tn)\ tx < t2 < . ..< tn< /, in T. Let C = 3(a n / / ( r ) ), the 
boundary on a Pi H(Y) in a. Then C is a convex curve and we say that 
a (1 T i s normal if there is an orientation on C such that 
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r(/ ,) < r(/2) < . < T(t„) < T(tO in C. 

The inequality here is used in the same sense as the inequality in T. 

«-VERTEX THEOREM. Let V be a simple elementary inflectional convex 
space curve, B = H(T) in A = P \ / } . Let a Pi T be normal, a cut T at each 
point of intersection and let the osculating plane of Y at each inflection meet 
the relative interior of a C\B.If\a O T| = n then T possesses at least n 
inflections. 

We now assume the hypotheses of our «-vertex theorem with 

a n r = {IX*,), . . . , T(tn ) }. 

Since T is a closed curve and a cuts T at ^ for / G Zn = {1, 2, . . . , n }, it 
follows that n is even. Let T(rx,), T(r2), • . . , T(rm) be the inflection points 
of T. Then m is also even and we need to show that m ^ n. As we 
subsequently quote, m is at least four and hence we assume that n i^ 6. 
Finally by hypothesis, 

(1) T2(rJ) O rel int(a n B) ¥= 0 for j G Zm = {1, 2, . . . , m}. 

We next observe that since a cuts T at each /• and (1) is a condition on 
the relative interior of a Pi B, there exist planes arbitrarily close to a 
which also satisfy the hypotheses for a. As T contains a finite number of 
inflections, there exist such planes which do not contain any inflection 
point of T. Hence we assume 

{tl9t29...,tn} n { r „ r 2 , . . . , r w } = 0. 

We now label these points so that tx < t2 < . . . < tn < tx and rx < r2 < 
. . . < rm < rx in T. We further define ti+kn = tt and rJ + km = r- and thus 
the t/s and r-'s are defined for every integer / and j respectively. For 
j G Zw, T(r, r-+1) is then a regular subarc which we call a unit. 

We note that as the proof of our «-vertex theorem is not based on 
calculus, we require the formula (1). It will readily yield that 

| r 2 ( 0 n C| = 2 for / G Z„; 

say 

r(0 n c = {ixo,/>,-}. 

We call Pi the paired point of T(7Z). 
In the proof, we first show [7] that a meets any unit in at most three 

points and then [8] determine the arrangement of T(7Z) and pt on C if a 
meets a unit in more than one T(tt). This arrangement is the key to 
understanding the behaviour of T. In particular [9] if a meets each unit of 
T[r-, r:+j\9 / > 1, exactly once then the arrangement of T(t0) and p0 
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on C(r- < t0 < fj+\) determines the arrangement of T(tk) and pk on 
C{rJ+k < tk < rJ + k + x) for each k, \ ^ k < I. Next [10] there is a certain 
arrangement of r (^) and pt on C(rk < tt < rk + l) which implies that a 
meets T[rk + l, rk + 2] i n a t most one point. 

As a consequence, we obtain [12, 15 and 16] that if a meets each unit of 
T[rj9 ry-+/] then 

|a n T[rj9 ry+/] | ^ / + 2. 

Finally [18] if a meets each unit of T[r-, rk] U T[rk+]9 rt] and a n T[rk, 
rk+\] = 0 then there are restrictions on the number of times that a may 
meet T[r, rk] and T[r^ + 1, r ;]. These restrictions enable us to determine the 
relation between m (the number of units of T) and n = \a n T| and of 
course to show that m ^ n. 

2. Proof of the /i-vertex theorem. Since T is convex and T(t) e dB for 
/ G 7, there is a supporting plane 77(7) of i? through T(7). Since T is 
inflectional and 77(7) also supports T at t, we obtain that 1^(7) c 77(7). 

For the proof of the next three results, we refer to [2]. 

1. For t G T, T^t) supports the convex region 77(7) Pi B in 77(7). 

2. Let r(w, v) be a regular arc. Then 

T2(u) H r2(v) O B = 0. 

3. FOUR-VERTEX THEOREM. A simple elementary inflectional convex 
space curve possesses at least four inflections. 

As indicated in Section 1, we wish to analyse the arrangement of certain 
points on the convex curve C = a n dB. For this analysis, we use 2 as the 
primary tool. 

4. Let / G T. Since \T2(t) n T| < oo, there is a 

£/'(/) = U~(t) U £/+(0 

such that 

r2(o n r(t/'(0) = 0-
Let B~[B*] be the component of B\T2(t) which contains 
T(U~(t) ) [T(U+(t) ) ]. Then B~ and £,+ are convex sets, 

cl B~ = B~ U <T2(7) n £ ) and cl 5 + = B+ U (T2(7) n £ ) . 

Since T2(7) cuts [supports] T at r if T(t) is a regular [inflection] point, it 
follows that if T(t) is regular then 

4.1 B~ n B? = & and B = B~ U (T2(t) n B) U B + 
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and if T(t) is an inflection then 

4.2 B~ = B+ [= JÏ, say]. 

In either case, 

4.3 B\(T2(t) n B) = B~ U (B\c\ B~) = B+ U (£\c l £,+ ). 

Let T(w, v) be regular. By 2, 

r2o) n ro, v] = 0 = r2(v) n r[«, v) 
and thus 

4.4 I > , v] c B+ and T[w, v) c B~. 

By 2 and 4.3, 

r2(v) n B a B\(T2(u) HB) = B+ U (B\c\ B+). 

Since r2(w) n 5 separates Z?* and i?\cl 2?^ in 5, we have either 

r2(v) C\ B a B^ or r2(v) n B a B\c\ B» . 

Thus by 4.4, 

4.5 r2(v) n B c Z?w
+ 

and symmetrically 

r2(w) n 5 c B~. 

By 4.3, 

B+ (z B = B ; U (r2(v) n 5) u (^\ci 57). 
Since Z?^ is a component of B\(T2(u) n 5) , 4.5 implies that either 
B + c B; or B\fiv" c 5M

+. If 5„+ c Bv" then 

B; n ( I » n 5) = 0 
implies that 

B+ n (r2(v) n B) = 0; 

a contradiction by 4.5. Thus 

4.6 £\l?v~ c Bf and £\£M
+ <= *v~-

Finally let t e (w,v). Then by 4.4-4.6, 

4.7 r2(w) n B a B~, r2(v) n B a B + 

and 

4.8 r2(0 n B a B+ n B~. 
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5. LEMMA. Let T(u, v) be a regular arc and y H T(u, v) = 0. Let 
M = (b, c) be a line; b G T2(u) n y n B and c G T2(v) n y n £. Let M* 
be the closed segment of M C\ B with end points b and c. Then 

5.1 T2(0 n M* * 6 for t G [u,v], 
5.2 T^O n M = ifort G (M, v), 
5.3 (M, r(r) > cw/s Y at t for t G (W, V), 

5.4 / / {T(w), r(v) } c y\M then M separates T(u) and T(v) in 
y n B, 

5.5 <M, r ( 0 > n I > , v) = {T(t)}for t G («, v) and 
5.6 z/|y n I > , v]\ ^ \ and M n T[u, v] = 0 f/iew 

<M, r(o > n T[u, v] = {r(0 } /or / G [M, v]. 
Proof 1. Let f G (M, V). By 4.7, 6 G 5 ~ and c G B +. Thus r2(f) sep

arates 6 and c in B and T2(/) n M* ¥= 0. 
2. Let / G (M, v). Then T2(/) * y and T,(0 c T2(0 yield 

r^o n M ç r2(o n M = r2(t) n (M*\{/?,c} ) 
by 5.1 and 2. If M*\{c, è} c int £ then 

r , ( 0 n int 5 = 0 

yields our claim. If M* c 35 then 

r^o n M ^ &, r,(0 n {ô,c} = 0 
and 

T^O n int B = 0 

clearly imply that (M, T^f) ) is a supporting plane ir(t) of 5 at Y(t) 
and 

T^r) n rel int (ir(t) n B) = 6; 

a contradiction by 1. 
3. Let t G (M, v). Then by 5.2, <M, T(/) > G S0(0- Since T is inflectional, 

5.3 follows. 
4. If {T(w), T(v) } c y \ M and T(u) and T(v) are in the same component 

of (y n B)\M then y n T(w, v) = 0 readily implies that there is a plane y 
such that y n y = M and T[u, v] is contained in a closed half-space of P 
bounded by y and y. In particular, y may be chosen so that y supports T at 
some / G (w, v); a contradiction by 5.3. 

5. Let y z> M such that y meets T at r < s in (w, v). Since |y Pi T| < oo, 
we may assume that 

y n T(r, s) = 0. 

By 5.1, M = (b'9 c') where 

V = T2(r) n M* and c' = T2(s) n M* 
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and hence T(r, s) satisfies the hypotheses of 5 with y and M. But then 

{ I » , T(s } C y\M 

and 5.4 imply that M = y Pi y separates T(r) and T(s) in y H B. Hence 
T(r) and T(s) lie in distinct components of B\y and 

0 ¥* y Pi T(r, j ) c y n I\w, v); 

a contradiction. 
6. If |y n T[w, v] | ^ 1 and M Pi T[w, v] = 0 then we argue as in the 

proof of 5.5 with r < s in [w, v]. 

As a point of interest, we note the geometric interpretation of 5. Let 
t move from u to v in [w, v]. By 5.1, r2(/) H M moves (continuously 
and) monotonically from b to c in M*. By 5.5 and 5.6, (M, T(/) ) rotates 
monotonically about M meeting T[u, v] in exactly one point. 

We also note that 5 will imply that ord T(u, v) = 3. This is a direct 
generalization of the following: if the line through the end points of a 
simple closed strictly convex arc does not meet the arc elsewhere then any 
line meets the arc in at most two points. 

6. We recall that a cuts T at /,, T(tt) e C for / e Zn and 

For p ¥= q in C; C[p, q\ C(p, q), C[p, q) and C(p, q] are the 
respectively closed, open and "half-closed, half-open" oriented arcs of C 
from/? to q andpf < q' in C(p, q) when C(p\ qr) c C(/?, g). Since T is 
simple, we set 

C[trtk) = C[T(t,l T(tk)). 

For j <E Zm, T(r ) is an inflection point and 

r2(ry) n rel int (a n 5 ) ^ 0. 

Hence r2(r7) meets C at say q} and gj. We label qj and #j so that 

C(qj9 (0 = Brj n C. 

Since r(r7, r/ + 1) is regular, 

r2(ry) n B c 5 r .+ i and r2(ry + 1) n 2* c £ r 

by 4.5. Hence our labelling yields 

6.1 ^ < ^ + 1 < qJ + x < qj in C 

and 

6.2 Brj O 5 r .+ i n C = C(qj9 q}+l) U C for,+ 1, $ . 

Let/,- G (ry ,ry+1). By 4.8, 

I \ ( / ) n B ^ Br n Br , 
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a convex set situated between T2(r••) and T2(r-+1) in i?. Thus 

Brj n 5 0 + i \ ( r 2 ( O n B) 

consists of two components. By 2, r2(r /) n 8i? will intersect at least twice 
any closed curve on dB which meets both T2(/--) and r2(ry-+1). Since 
C = a n dB is such a plane convex curve, 

r2(/,.) n C = {IX*,.),/»,-} 

as previously defined. 
Since T(//) is regular, 

C(tljPl) = B~ n C if and only if C(/>,-, *,-) = 5 J n C. 

As 

{r(0,^} - r2(/,.) n c c j r . n 5r.H n c, 

we obtain from 4.7 and 6.2 that if 

C(tvPl) = B~ n c 

then 

6.3 T(/,) < ^ < qj < Pl < q'j + x < qJ + ] in C 

and if 

C(Pi, tt) = B~ n C 

then 

6.4 pi<4j<qj<T(ti)<4j + x<qj+x in C. 

7. LEMMA, i w y <= Zm, |a n T(r-, r-+1) | ^ 3. 

Proof. Let a meet r at ^ < f2 < /3 < t4 in (r, r-+1) and set 

M = <r(/,), r(/4) >. 

As |a n T| < oo, we may assume that 

a n T(t2, t3) = 0. 

Since a n T i s normal, C[t2, t3] c C[^, f4] and M does not separate 
r(/2) and T(t3) in a n B. Since T(>-, /}+i) is regular, 4.4 yields that 

TOO G B- n 2?" and T(/4) e 5 J n 5 J . 

Thus both T2(/2) and T2(t3) meet M n B and T(>2, f3) satisfies 5 with M 
and a. Then 

{T(t2), T(t3) } c a\M 
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and 5.4 imply that M separates T(t2) and r(/3) in a n B\ a 
contradiction. 

8. LEMMA. IfT(tj9 ti + x) is regular then either 

8.1 r(/z.) <Pi < r ( / / + 1 ) <Pl + ] or 

Pi < r(/z) <Pi+x < T(tl + ]) inC. 

IfT(t19 tl + 2) is regular then 

8.2 T(tt) < Pi < r ( r / + 1 ) < Pi+2 < T(tl + 2) < Pl + ] in C. 

Proof. If T(tl9 ti+]) is regular then by 2, M = (/?z, Pl + X) is a line and 

M n {IXO, r ( / m ) } = 0. 

Thus 

« n T(ti9 ti+x) = 0 

and 5.4 yield that M separates r(/z) and r ( / / + 1 ) in a n 5. This implies 
8.1. 

If T(/z, /z + 2) is regular then r2(/z + 1) n a separates r(/z) and r(/z + 2) m 

a n Bby 4.4. As in the preceding, we also obtain that (Pi,Pi+l) separates 
r(/z) and T(/z + 1) in a U B and (Pi+X,Pi+2) separates T{ti+X) and r(/ / + 2) 
in a Pi B. Finally as a Pi T is normal, 

r ( / , . )< T(tl + X) < T(ti+2) i n C 

which now yields 8.2. 

9. LEMMA. Let ry_j < tj_] < rj < tt < rJ + ] in T. Then 

<:(/,-_„/>,•_,) = B~xnc 

if and only if 

C(tnPl) = B~ n c . 

Proof. We first observe that by 6.3 and 6.4, C(g , q'j) contains each of the 
points qj_x, q^_]9 IX^) , /? , -_! , T(tt)9 Pi9 qJ + ] and ^ + 1; furthermore, 

r ( / / + 1 ) < /> / - ! in C(^, $ «* C ^ H , ^ - ! ) = *,"_, n C 

and 

/>z < r(/z) in C(qJ9 qj) ** C(tl9 Pl) = B~ n C. 

Since T(r-_]9 r••) U T(r.-, r + 1 ) is regular, 4.4 yields 

r ( r y _„ 0 . ) U r(ry , ry + 1) c Br/ 

a component of B\T2(r:). As a cuts T at /,-_, and /,, 

« n r(/,_„ t,) = 0 
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implies 

iU _„*,.) c B*, 

a component of B\a. Altogether 

r ^ - . , , rj) U Y(rp tt) C Q = Br n 5* H 35, 

an open quadrant of 35 bounded by a n Br n 3,5 and r2(r /) n 5* n 35. 
We note that 

(a n 35) n 5,. = C n 5,. = C(fy qj) 

and (r2(r-) Pi 35) n 5* is an open arc with end points q- and ^ and 
containing T(r-). Let A[A'] be the open subarc of ( T ^ ) n 35) n 5* with 
end points T(r ) and g [T(/ ) and #•]. Thus 

30 = Cty, $ U ^ U r(ry) U A\ 

Since ]"(/,-_ j) G C(<7;, qj) and r ^ - . j , r;) is a simple arc on Q, T(t;_x, r-) 
decomposes Q into two open surfaces Qt-X and Q[-\ with the property 
that 

3Ô/-1 = C[qpt^x\ U r ^ , ^ . ] \J A 

and 

9ft-, = <:[*,•_„$ u r[/,._„ 0 ] u ^ ' . 

Similarly, r(f,-) G C (<?,•, g;') yields that r(/\-, /,) decomposes Q into two open 
surfaces ft and ft with 

3ft = Cty, t,] U r[ry, r,] U A 

and 

9ft = C[?„ qT\ U r[/-y, /,] U A'. 

Then r(/,-_,, ry) n r(r;-, ?,) = 0 and 

Ô = ft_, U r ( ; ; _ „ /-,) U ft_, = ft U T(rj, tt) U ft 

yield that either 

ft c e / _ 1 and ÔJ-1 c &' 

or 

a--i c g. and g ; c Q\-V 
Suppose r(^_j) < /7z-_j in C(g, #')• Let M be a line connecting a point 

on C(?j, ?y) c C(pi-l9 tt_{) with a point on C(tl_x, pt_x) c C(^-, ^ ) . 
Then M meets both 

(qj9 qj) = T2(r) n a and ( IX*^) , />,-_,) = T2(t^{) C\ a 
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in int B. Thus 

T2(rj) H M * 0 

and r ( / /_ 1 , rj) satisfied 5 with M and a. Since 

r , ^ - ) n int B = 0, 

r2(A
,
/) n M G int 5 implies that 

r,(/*,) H M = 0 and (M, r(r,-) > ^ r2(r,-). 

This and 5.6 then yield 

i) (M, TO/) > cuts T at r} 

and 

ii) <M,r(r,.)> n ri/,,,^,.] = {r^)}. 
As neither of the two points of M n C belongs to C[#-, */_i], we have 

lii) <M, r(r;.) ) O Cty, /,._,] = M H C[qr tl__]] = 0. 

Similarly, any line through T(r.) in T2(r ) which meets a O int 5 does not 
meet the convex arc A. Thus M n (g-, #') G int 5 yields 

iv) <M, r(ry) > O /I = <M n <fy <?;>, r(r7) > n A = 0. 

Now ii), hi) and iv) imply that 

(M, T(rj) > n 3Ô(._, = <M, r(ry) > n r[r ,_„ /-,•] = {r(0.) }. 

Thus 

<M, r(r,.)> n &._, = 0 

and 2/_i is contained in a component of B\(M, Y(r-) ). If g, c Qi-\ 
then F(^-_i, r-) U T(r-, /,) is contained in a component of B\{M, F(r;) ) 
and (M. F(r-) ) necessarily supports F at r,\ a contradiction by i). 

We have thus obtained that r(r /_1) < pi_] in C(gy, q'j) implies 
Qi-\ c ft- If P, i < r ^ i - i ) in C(fy ?J) then replacing Qr] with (?;„ , 
in the preceding yields Q[ _, c Ç'. Thus 

r^..,) < />,._, m c(^, $ «* &._, c g,.. 
By a similar argument for T(tt) and ph 

T(tÉ) <Pi in C(qJ,gr)^Qi c ^ / _ 1 . 

Combining the various equivalences now yields our claim. 

We note that if rx < tx < r2 ^ . . . ^ rl < tt < rl + x in T(i ^ 2) 
then by 9, 

C(tx, /?!> = 5 ^ n C if and only if C(ry, /?,-) = £ r n C. 
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10. LEMMA Let r-_, < /,-_, < r- < t, < rj+] in T and 

C[t,,tl + i) c C(r,-_„/;,-_,) = B~ { n C. 

Then 

C[r, + „/>,_ , ) c C(//>jPl-) = B~ n C 

a n r(ry,ry.+ I) = { r ^ . ) } . 

Proof. From 9, and 6.3, 

ca,,/;,.) = B; n c 

and both T ^ - j ) < / ^ and/?,- < T(rz) in C(fy #•) = Br n C. Thus 

yields 

r^..,) < r(r,.) < r(/z+1) ^ />,._, m c ^ , $ 
and 

Pi < T(rz) < r ( r / + 1 ) ^ />,-_, in C(^, ^ ) . 

By the latter statement, C[/z + 1, pt-\) c C(ti9pj). 
Since ry < /z < r-+1 and r(r-, ry+1) is regular, 

£ ~ n 5 + = 0 by 4.1 and 

r(/f,r7.+ 1) c 1?+ by 4.4. 

Thus 

T(/z + 1) G B~ implies * /+1 € (/,-, rJ + x). 

Then /z_! < r- < tt < r-+1 < f/+1 in T and 

« n r ( 0 , 0 + 1 ) = {r(/,.)}. 

11. LEMMA. Let 1 S / ^ w, 

« n r(r„ r2) = {r(r,), r(r2), r(/3)} 
and 

a n T(rhrk + X) * 0 

/or k = 1, . . . , /. 77ie« 

11.1 a n r(r*. /•* + ,) = {r(/* + 2) }for k = 2, . . . J, 

11.2 C(/ /+2 , />,+2) = B~+2 n C 
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11.3 r(/,) <P]< T(t2) < p3 g . . . ^ pl+2 < T(tl+2) in C. 

Proof. Since a P\ T is normal and n = 6, 

i) T(tx) <P]< T(t2) <p3< T(h) < T(t4) < ...< T(t„) in C 

by 8.2. For / = 1, the relation 11.1 is void and 11.3 is contained in i). Since 
T(t2, t3) is regular, T(t2) e B~ by 4.4 and thus 

C(t3, t3) = B~ n C 

from i). 
Assume that / ^ 2 and that our assertions are proved up to / — 1 ; that 

is, 

ii) a n T(rk, r , + 1) = {T(tk + 2) } for k = 2, . . . , / - 1, 

iii) C(f /+1,/> /+1) = fl"^ H C 

and 

iv) r(/,) <Pl< T(t2) < P3 ^ ... ^ Pl+X < r(/ /+1) in c 
Since a n r(r/? r / + 1) ¥= 0, ii) yields 

O-i < h+\ < ri < *i+2 < r/+i i n T-

As r(/,) < r(/2) < r(/ /+1) < r(r/+2) < r(*/+3) in c, 
c[*/+2, 0+3) c c('/+i> '1) c c(/ /+1,/? /+1) = B~n n c 

by iv) and iii). Thus by 10 withy = / and i = I + 2, 

<* n r ( r / , r / + 1 ) = ( r ( r / + 2 ) } 

and 

r('/+3>/>/+i) c C(r /+29 jp /+2) = fl~+2 n C. 

Finally, r ( ^ ) < /?j < pl+x < T(/ /+1) < T(tl+2) in C and/? / + 1 ^ pl+2 < 
r ( / / + 2 ) in C yield 11.3. 

We note that by reversing in 11 the orientation of both T and C, we 
arrive at a similar result. Combining these two results and introducing a 
suitable notation, we obtain 12.1-12.4 of the following theorem. 

12. THEOREM. Let 1 ^ 1: ^ I = m, 

« n r(r,, r/+1) = {r(/z), r (* m ) , r(r /+2)} 

« n r(rfc,i-fc+1) ¥> 0 

/or /c = 1, . . . , /. 77zew 
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12.1 a n T(rhrk + ]) = {T(tk)}fork = 1, . . . , / - 1, 

12.2 a n T(rk, rk + l) = {T(tk + 2) } for k = i + 1, . . . , /, 

12.3 CXf,,/?,) = B~ n C and C(tl+2,pi+2) = £,~? n C, 

12.4 r(r,) </>, ^ />,- < r ( / / + 1 ) <Pj + 2 = Pi+i < r ^ / + 2 ) '« C 

12.5 r ^ . r ^ / ] * T. 

Proof of 12.5. By 12.1. 12.2 and 12.4. if 

a n r[ /v r! w] = a n Ff^. r, + 2] 

then r(r,) < px < T(tl + ]) < /? / + 2 < IV/+2) in C. 
Suppose that T[r^ r1 + /] = T. Then m = / ,« = / + 2, 

a n I > , , r 1 + w ] = a n r[f„ tn] and 

IVl) < />! < I'Ui+l) <Pn< A ' J m C-

Since « ^ 6, either A7 ^ /' + 2 or 1 ^ i. If n ¥= i + 2 then 

« n r K r ^ + J = « n T[r„, /,] and 

r(/w) < /?„< r(/ /+1) < j P l <r( / r ) ; 

a contradiction. If 1 ¥= i then 

a O I> 2 , r2 + J = a n T[f2, /,] and 

r(r2) < /?2 < r(/ / + 1) < P] < Tit,) in C; 

a contradiction. Thus r[r,, r1 + /] ¥" T. 

13. LEMMA. L ^ 1 ^ / ^ m, 

a n r ( r „ r2) = { 1 ^ ) , IV2) }, 

/?! < r(/ ,) < p2 < T(r2) /« C AAzrf 

a n T(rA, rA.+ ,) ^ 6 for k = 1, . . . , /. 

13.1 a n I\r , , r, + 1) = { 1 ^ + ,) } for k = 2, . . . , I, 

13.2 C( r^„ /7 / + 1 ) = 5 " , n C 

13.3 Y{tx) < p2 ^ . . . ^ /? / + 1 < r ( r / + 1 ) /« C. 

/V00/. We replace i) by p} < T(t}) < p2 < T(t2) in C and argue exactly 
as in the proof of Lemma 11. 
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14. LEMMA. Let 1 ^ / 3= w, 

« n r[r_2,r_,] = {r(/_2) ,ra_,)}, 
T(t_2) < /?_2 < r(/_j) < /?_! /« C and 

a n r(r_y-_,, r_k) * 6 for k = 1, . . . , /. 

14.1 « n r ( r_*_„ #•_*) = {r(f_*_,) }fork = 2,...,l, 

14.2 C(r_,_„/>_/_,) = 5,-,.., n C 

and 

14.3 r ( /_ ,_ , ) < />_ ,_ , â . . . p _ 2 < r ( / _ , ) / / i c . 

Proof. We reverse the orientation of both T and C and apply Lemma 
13. 

15. THEOREM. Let 1 ^ / s= / s= m and 

« n r(rA,#-A+1) = 
f{r(^)} * = 1 , . . . , / - 1 
{T(ti),T(ti+l)}fork = / 
{ r ( ^ + l ) } A- = / + i , . . . , / . 

Then T[r{, rx+l] ¥= F and either 

15.1 p\ <E C( / , , tt+\) and 

C(*k> Pk) 

B, n C k = 1, / 

5.+ n C k = i + 1 , . . . , / + 1 

or 

15.2 P /+! C(/,, f / + 1 ) W 

£('*•/>*) 

B, n C k = l , . . . , / 

#, n c fc = / + l , . . . , / + l. 

Proof. If T[rj, r 1 + / ] = T then m = / and n = / + 1 = |a H T|. Since m 
and w are both even, this is impossible. Next 8.1 and 

« n r(r„ #-,.+,) = { n o , r(/ /+1)} 
imply that either 

i) I ty ) </»,- < T(ti+]) </>,+ , in C 
or 

ii) Pl < Tit,) <pi+x< r(r, + 1 ) i n C . 
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If i) then 

C(trPl) = B~ O Cand C(/z + 1 , / ? z + 1) = B^ n C. 

Now 9 and the hypothesis yield the characterization of C(tk, pk) in 15.1. 
We also note that T[rx, ri+l] then satisfies 14 and thus 

P] e C(tx,tt+{) c C( / b f,+ !)by 14.3. 

If ii) then 15.2 follows similarly by 9 and 13.3. 

16. THEOREM. Let 1 ^ /z < / ^ / = ra, 

« n r(r„rA+1) = {r(/A),r(^+ 1)}, 

l« n r(r, r, I' ' l + p = 2 a«J 

a n r ( ^ , r f c + ] ) * 6 fork = 1, . . . , / . 
Then 

16.1 a n r(r*,r f c + 1) = -

{T(tk)} k = l , . . . , h - I 

{r( / / + 1 ) , r ( ? / + 2 ) } y * = / 
( r ( / , + 2 ) } * = i + 1 , . . . , / , 

Bh C\ C k = 1, h, i + 2 ,1 + 2 
16.2 C(tk,pk) = 

£,+ n C A- = /J + 1,. . . , / + 1 

16.3 r(/ ,) < px < T(th+i) < T(tl + i) < pl+2 < T(tl+2) in C 

and 

16.4 r [ r „ r 1 + / ] * T. 

Proof. We note that if 16.1 as well as 

i) nth) <ph<T(th+i)<Ph+i in c 

and 

ii) />,-+, < r(f / + 1) < pÈ + 2 < r ( r / + 1 ) in C 

are proved then 16.2 and 16.3 follow by applying 15.1 to T[rx, rh + x\, 9 to 
T[rh+U rz] and 15.2 to T[ri9 r / + 1 ] . 

Since T(th9 th + l) is regular, either i) or 

Ph < T(*h) <Ph + \ < T(th + l)inC 

by 8.1. In case of the latter, T[rh, r / + 1] satisfies 13 and hence 

\a n r(rz, r/ + 1)l = 1 
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by 13.1; a contradiction. Now i) and 14.1 applied to [rx, rh+l] yield that 

<* n T(rk9rk+l) = {T(tk)} for k= l , . . . , / z - 1. 

For A: = A + 1,. . . , / - 1, |a n T(>A, rA + 1) | ^ 2 by 7 and 12. Arguing 
as in the preceding, 

l« n r(^^+i)l = l« n rCi>' i+i)! = 2 

implies that \T(rk, rk+x) | = 2 is impossible. Hence 

a n T(rh r, + 1) = {T(tk + l) } for k = h + 1, . . . , / - 1 

and 

« n r(r |.,r /+1) = {r(r,.+ 1)r(r ( .+ 2)}. 

Since |a n T(r^, rA + 1) | = 2, r(r1? r/ + j] cannot satisfy 14. Thus by 8.1, ii) 
is true and T[r7, r / + 1] satisfies 13. Now 13.1 yields 16.1. 

Suppose that T[r{, rx+j\ = T and choose ay such that /z + 1 = j ^ /'. 
Then by 16.2, 

C(tj9pj) = B+ n C. 

Since / = ra, T(r-, r; + m) satisfies 16 withy ^ /' ^ /z ^ y* + (m — 1). Thus 
by 16.2 and the new sequence of numbering, 

C(tpPj) = B~ n C; 

a contradiction. 

17. In this section, we collect and condense our results. An arc 
T[rk, rkJrX) with the property a C\ Y[rh rkJrX) = 0 is a 0-arc. A sub-
arc T[ri9 ry+1) is maximal if a meets each of its units and Tfr^j , rz) and 
T[r + 1 , r + 2 ) a r e either 0-arcs or contained in r[r7-, A\-+1). By 7, 12 and 16, 
we can classify a maximal r[r7-, r.-+|) as follows: 

l-#rc: |a n T(r^, r^ + 1) | = 1 for every /c e / = { / , / + 1, . . . ,y}; 

2-arc: |a Pi T(r^, rk + x) \ = 2 for exactly one k e 7; 

[ |a n r(r^, rA: + 1) | = 2 for exactly two k <E I 
3-arc: j or 

( |a n T(r^, ^ + 1) I = 3 for exactly one k e I. 

Thus if T[rh r/ + /) is an x-arc then 

17.1 \a n r[rf., r/ + /) | = / + JC - 1; * = 1, 2, 3. 

We next note that a 2-arc necessarily satisfies 15. Accordingly, a 2-arc is a 
2,-arc [2"-arc] if 15.1 [15.2] is valid. 

If r[ry, rz + m) is a 1-arc then clearly m = n. If a maximal subarc is not a 
1-arc then it is a proper subarc of T by 12.5, 15 and 16.4 and hence T 
necessarily contains 0-arcs. Thus to prove m = n, we need to show that 
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r does not contain "too many" 3-arcs and 2-arcs and "too few" 1-arcs and 
0-arcs. 

18. LEMMA. Let T[rh rk) and Y{rk+X, r() be maximal. IfT(rx, rk) is a 
3-arc or a 2"-arc then T[rk+h r() is a \-arc or a 2"-arc. 

Proof. Let 

a n ! > „ rk) = {r( / , ) , . . . , T(t,) } . 

Then by 12, 15.2 and 16, 

i) C(tilPl) = B~ n Candp, e C(r„ /,). 

Let 

a n T(rk + l,r,) = {T(tl+l),. . . ,T(tj)} 

and suppose that T[rk + i, rt) is a 3-arc or a 2'-arc. Then by 12, 15.1 and 
16. 

ii) C{ti+X,pi+X) = B~ t n C and/>,-+, e C(/, + 1, /,). 

As rA_] < /, < rA. < rk+\ < tj+] < rk + 2 in T, we obtain that 

T(t,) < p, in C(<fc, q'k) = 5 r , n C 

and 

tt+l < r ( ' ,+ i) in C(qk + l, q'k + [) = B,kyi n C 

by i), ii) and 6.3. These results combined now yield by 6.1, 

qk < TV,) < T(ti+l) < q'k + ] < qk + ] < pi+] < pt < q'k in C. 

From 6.2, 

Brk
 n Brk + l

 n C = C ^ 4'k+O U C ( ^ + l» <tk) 

and thus 

(H/,), r(*,.+,)./>,-+„/>,•} c B,k n 5 ^ n c 
We choose points 

* G !V r*) H a n int 5 = ( ^ , ^ ) n int 5, 

* e r
2 (^+ i ) n a n int B = <% + 1 , ^ + 1 > n int 5 

and set M = (b, c). By 2, b ^ c and M is a line. It meets both 

(T(t^Pi) = r2(/z) n « a n d 

<r(/l-+1)^,-+i> = r2(/m) n « 
in int B\ furthermore, 

M n C[^,^+ 1 ] = 0 
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and M does not separate T(t-) and r ( / / + 1 ) in a D B. Finally, we note that 
M meets neither T\{rk) nor r](rk + ]); for example, 

M n I>A ) = {b} n I>A) = {b} n int B n r,(rA) = 0. 

Let / move from tt to rk in [/,, rA]. By 5.5 and 5.6, the plane (M, T(t) > 
rotates monotonically about M. Similarly as / moves rk to rk + x in [rA, rk.+,] 
or from rA + 1 to // + 1 in [rA + 1, f /+1], (M, T(7) > rotates monotonically about 
M. Since 

M n r ^ ) = M n r,(r* + 1) = 0, 

r is cut at rk by (M, T(rA) > and at rA + 1 by (M, r(rA + 1) >. Thus the 
preceding combined yields that (M, l\t) ) rotates monotonically about 
M as t moves from tt to f/+1 in [/,, // + 1]. Since (M, T(t)) ¥= a for 
/ e (̂ ., f /+1), it follows that M separates r(/z-) and r ( / / + 1 ) in « n 5 ; a 
contradiction. 

19. The «-vertex theorem has been formulated in Section 1. As stated 
there, we assume that { / ] , . . . , tn) n {>], . . . , rm} = 0 . 

Let mx denote the number of x-arcs of T; x = 0, 1, 2, 3. If m0 = 0 then 
T is a 1-arc and m = n. Let ra0 > 0. We have to prove m = n. 

Let the mx x-arcs consist of 

k(x, 1), /c(x, 2), . . . , k(x, mx) 

units respectively; x = 1, 2, 3. Then 

r = /u r[/-rr /+l) 

implies 

m, m2 w3 

m = m0 + 2 /c(l,7) + 2 k(2J) + 2 *(3,./). 
7 = 1 7 = 1 7 = 1 

By 17.1, a meets an x-arc consisting of k(x, j) units in k(x, j) + x — 1 
points; x = 1, 2, 3. Thus « = |a n T| yields 

« = 2 H\,j) + 2 (/c(2,y) +' 1) + 1 (k(3J) + 2) 
7 = 1 7 = 1 7 = 1 

m j m2 wz3 

= 2 fc(l,7) + 2 fc(2,y) + 2 k(3J) + m2 + 2m3 
7 = 1 7 = 1 7 = 1 

= (m — ra0) -f ra2 + 2m3 

= m — (m0 — m2 — 2m3). 
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Hence our claim is equivalent to 

19.1 m0 = m2 + 2ra3. 

Let r[r,, A*-+1) be an x-arc; x = 1, 2, 3. As m0 > 0, 

and hence T[r + 1, r + 2) is a 0-arc by definition. Since T is a closed curve, 
there is at least one 0-arc for each x-arc (x = 1, 2, 3) and thus 

19.2 m{) = mx + m2 + w3. 

If now m] ^ m3 then 19.1 is true. Accordingly, we may assume that 
m3 > 0. 

Let S? denote the collection of m3 connected subarcs obtained by 
omitting the 3-arcs from I\ L e t ^ [y*] denote the set of those elements of 
Sf which [do not] contain 1-arcs and let mx[m*] denote the number of 
x-arcs in the elements of ^ [ ^ * ] ; x = J ) , 1, 2. Thus m3 = \<?\ + \S?% 
m2 = m2 + w*, mj = rrij and m0 = m0 + WQ. We note that 

19.3 | ^* | ^ m3 - w, 

is trivially true if w, > m3 and it follows from our construction if 
m3 > mj. 

Let r[ry, A*/) e ^ By the preceding, the number of 0-arcs on T[rh r;) is 
greater by at least one than the number of 1-arcs and 2-arcs on T[r^ r ;). 
Thus 

19.4 m 0 ^ m , + m2 + \&>\ and m$ ^ raf + |^* | . 

We now claim 
19.5 if T[ri9 rt) e ^ * then the number of 0-arcs on T[rh rt) is greater by 

at least two than the number of 2-arcs on T ^ r / ) . 
If 19.5 has been proved then m$ ^ m2 + 2|y*|. Hence by 19.3 and 

19.4, 

m0 = m0 + m$^ mx + m2 + {9"\ + m% + \&>*\ + | ^* | 

= w, + m2 + ( |^| + |^*| ) + |^*| 

= mx + ra2 + ra3 + (ra3 — mj) 

= m2 + 2m3. 

This is 19.1 and thus m ^ n. 
It remains to prove 19.5. Letj[z] denote the number of 0-arcs [2 arcs] 

on r[r7, r/] e y * . Thus ^ ^ z + 1. If j> = z + 1 then the 0-arcs and 2-arcs 
alternate on T[rh rt). Since T(rt) is the terminal point of a 3-arc and 
T[rh r / + 1 ) is a 0-arc, T(r / + l) is the initial point of a 2"-arc by 18. 
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Furthermore, 18 also implies that each 2-arc on Y[r}, rj) is a 2"-arc. As 
r(>7-i) is the terminal point of a 2"-arc and r[r/_j, r() is a 0-arc, F(/y) is 
not the initial point of a 3-arc again by 18. This is a contradiction and thus 
y ^ z + 2. 
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