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AN n-VERTEX THEOREM FOR CONVEX SPACE
CURVES

TIBOR BISZTRICZKY

The classical four-vertex theorem states that a simple closed convex c?
curve in the Euclidean plane has at least four vertices (points of extreme
curvature). This theorem has many generalizations with regard to both the
curve and the topological space and for a history of the subject, we refer to
[4] and [1]. The particular generalization of concern, credited to H.
Mohrmann, is the following n-vertex theorem.

Let a simple closed C3 curve on a closed convex surface be intersected
by a suitable plane in »n points. Then the curve has at least n inflections
(vertices).

The closed convex surface in the preceding is defined as having at most
two points in common with any straight line. Presently, we extend this
result to curves on more general convex surfaces in a real projective
three-space P°. A convex space curve I" lies on the boundary of its convex
hull (in a suitable affine restriction of P3) and meets any line in at most
two points. The curve T is then inflectional if the only exceptional points
of I" are inflection points and a point p € I is an inflection if near p, I lies
on one side of the osculating plane at p.

In Section 1, we present basic definitions and an overview of the proof
of the n-vertex theorem for inflectional convex space curves. In Section 2,
we present the proof.

1. Preliminaries. Letp, q,...,L, M,...and a, B, ... denote the points,
lines and planes of P} respectively. Let (p, L, e, . . .) denote the flat of P’
spanned by p, L, a, ... . We assume that P3 has the usual topology.

Let T C P’ be an oriented line. For r # 7 in T, let [r, ] and (r, t) denote
respectively the closed and open oriented segments of T from r to . We
put

[r,t) = [r, tN\{t} and (r,t] = [r, t\{r}.

Let U(s) = (r, t) be a neighbourhood of s in 7. We set U (s) = (r, 5),
U+(s) = (s, 1)and U'(s) = U (s) U U (s). Finally if (s, ) C (r, u), we
write s < ¢ in (r, u).

A curve T is a continuous map from 7 into P3. A line, denoted by I',(2),
is the tangent of T" at ¢ if

Received July 18, 1983 and in revised form February 23, 1984.
217

https://doi.org/10.4153/CJM-1985-014-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1985-014-7

218 TIBOR BISZTRICZKY

I(0) = lim (I(t), T(s) )
1#5—t

and a plane, denoted by I'y(¢), is the osculating plane of I" at t if
L) = lim ([(@), I'(s) ).
|&aKiundd

Forz € T, we also set I'(1) = I'() and T'y(t) = P*. If # € T'is a segment,
we call I'/ , an arc of I'. For convenience, we identify I'(T) with I' and
I'#) with T/ 4. T is of course simple if I'(s) # I'(¢) fors # ¢in T.

A space curve T has the property that I';(¢) and I'y(¢) exist for each
t € T and any plane meets I at a finite number of points. Henceforth I is
a space curve.

Let; € Tanda € P’. Then |a N I| < oo and it is immediate that near
I'(¢), either T lies on one side of a or I' lies on both sides of a. In case of
the former [latter], we say that a supports [cuts] " at ¢. Let

Sty ={ac PlanT, (1) =T,)} i=0102

Then (cf. [S] ) either all « € S;(¢) support ' at ror all« € S;(¢) cut I' at 1;
i =0, 1,2. We say that I is inflectional if for any t € T, a € Sy() cuts I
atrand @ € S,(¢) supports I" at z. Such a curve I' may thus contain only
two types of points I'(r): regular (I'5(¢) cuts T at 1) and inflection (I')(1)
supports I' at 7). In addition, an arc of I is regular if each of its points is
regular.

An arc I'(r, t) is said to be of order three, ord T'(r, t) = 3, if any plane
meets ['(r, t) in at most three points. It is well known that if I'(r, ¢) is an
arc of order three then I'(r, 7) is regular and

Lys) N I(r, 1) = {I'(s)} fors € (r,1).

We now assume that I' is elementary (well-behaved); that is, for each I['(z)
there exists I'(U ™ (¢) ) and T(U™ (1) ) such that both are of order three. We
note (cf. [3]) that an elementary curve I' has continuous tangents and
continuous osculating planes, each of its regular points has a neighbour-
hood of order three and if in addition I is inflectional, then I' has an even
number of inflections.

Let Z be a subset of P° disjoint from a plane 8. Then £ is a subset of
the affine space 4° = PB\,B and we denote by H(Z), the convex hull of
Zin A°.

LetB c PPand I:T — 4> = P3\,8 be a space curve with B = H(I') in
A, Then T is convex if T lies on the boundary d(B) of Band |[L N I = 2
for any line L C P

Let a be a plane meeting a convex curve I' at exactly n points I'(z)),
L), ....T@,) 6, <y <...<t,<ginT.Let C = d(a N H(I)), the
boundary on &« N H(T) in a. Then C is a convex curve and we say that
a N T is normal if there is an orientation on C such that
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L) <TI'() <...<T(@, <I()in C
The inequality here is used in the same sense as the inequality in 7.

n-VERTEX THEOREM. Let I be a simple elementary inflectional convex
space curve, B = H(T) in A> = P\B. Let a N T be normal, a cut T at each
point of intersection and let the osculating plane of T at each inflection meet
the relative interior of « N B. If la N T'| = n then T possesses at least n
inflections.

We now assume the hypotheses of our n-vertex theorem with
anT ={Tq),....T¢,)}

Since I' is a closed curve and a cuts I'at ¢, fori € Z, = {1,2,...,n}, it
follows that n is even. Let I'(r},), I'(ry), . . ., I'(r,,,) be the inflection points
of I'. Then m is also even and we need to show that m = n. As we
subsequently quote, m is at least four and hence we assume that n = 6.
Finally by hypothesis,

(1)  Iyr) Nnrelin(a N B) # Bforje Z, ={1,2,....m}.

We next observe that since a cuts I' at each ¢, and (1) is a condition on
the relative interior of @ N B, there exist planes arbitrarily close to «
which also satisfy the hypotheses for a. As I' contains a finite number of
inflections, there exist such planes which do not contain any inflection
point of I'. Hence we assume

{tl, t2,...,tn} N {rl,rz,...,rm} = ﬂ

We now label these points so that 1} <1, < ... <1, <tjandry <r, <
... <r, <ryinT. We further define 1, ;,, = ; and r;,, = r; and thus
the 7’s and r’s are defined for every integer / and j respectively. For
jE€ Z,, F(rj, riv1) is then a regular subarc which we call a unit.

We note that as the proof of our n-vertex theorem is not based on
calculus, we require the formula (1). It will readily yield that

ILy(r) N Cl =2 fori € Z,;
say
Ity n C = {I'(t), p; }-

We call p; the paired point of I'(t;).

In the proof, we first show [7] that « meets any unit in at most three
points and then [8] determine the arrangement of I'(¢;) and p; on C if «
meets a unit in more than one I'(¢;). This arrangement is the key to
understanding the behaviour of I'. In particular [9] if @ meets each unit of
Ilr;, r; ), 1 > 1, exactly once then the arrangement of I'(¢y) and p,
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on C(r; < 1y < riyy) determines the arrangement of I'(z,) and p, on
C(rjpg <t <rjyqy) foreach k, 1 = k < I Next [10] there is a certain
arrangement of I'(z;) and p, on C(r; < t; < r,,,) which implies that «
meets I'[r, , ;, r, -] in at most one point.

As a consequence, we obtain [12, 15 and 16] that if « meets each unit of
T [ rivdl then

lae N Ll ry JI =1+ 2.

Finally [18] if a meets each unit of I'[r;, r,] U I'lry 1. 1] and a N I'lry.
411 = 0 then there are restrictions on the number of times that « may
meet I'[r;, r;] and I'ry 4|, r;]. These restrictions enable us to determine the
relation between m (the number of units of I') and n = |a N I and of
course to show that m = n.

2. Proof of the n-vertex theorem. Since I is convex and I'(z) € 0B for
t € T, there is a supporting plane 7(¢) of B through I'(z). Since I' is
inflectional and #(¢) also supports I' at 7z, we obtain that I')(¢) C @(¢).
For the proof of the next three results, we refer to [2].

1. Fort € T, I'\(¢) supports the convex region m(t) N B in m(t).
2. Let T'(u, v) be a regular arc. Then
Iyu) N I'yv) N B = 0.

3. FOUR-VERTEX THEOREM. A simple elementary inflectional convex
space curve possesses at least four inflections.

As indicated in Section 1, we wish to analyse the arrangement of certain
points on the convex curve C = a N dB. For this analysis, we use 2 as the
primary tool.

4. Lett € T. Since [I'y(z) N I'| < oo, there is a
U@) = U (1) u U@)
such that
L) n TU@)) = 0.

Let B,_[B,+] be the component of B\I'y(r) which contains
(U (z)) [T(UT(z))]. Then B, and B, are convex sets,

cl B = B, U (I (t) n B)and cl B,” = B,” U (I')(t) N B).

Since I'y(¢) cuts [supports] I' at ¢ if I'(z) is a regular [inflection] point, it
follows that if I'(¢) is regular then

41 B, NnB =0 and B =B, U ([,(t) N B) U B,
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and if ['(¢) is an inflection then
42 B, = B, [= B, say].
In either case,
43  B\(I) 1) N B) = B, U (B\cl B,) = B,” U (B\cl B,).
Let I'(u, v) be regular. By 2,
Ty(u) 0 T, v] = 8 = Iy(v) N Iu, v)

and thus
44 T(u,v]c B and T[uv) C B, .
By 2 and 4.3,

T,(v) N B c B\(Ty(u) N B) = B, U (B\cl B,).
Since I'5(u) N B separates B, and B\cl B, in B, we have either
I(v) N B C B or Iyv)N Bc B\clB,.
Thus by 4.4,
45 T,v)N BcC B/
and symmetrically
Iyu) N B C B, .
By 4.3,
Bl ©¢ B =B, U (Ty(v) N B) U (B\cl B,).

Since B: is a component of B\(I';(u) N B), 4.5 implies that either
B < B or B\B, C B .1f B, C B, then

B, n(Th,vyNnB)y=49
implies that

B, N ()0 N B) = #;
a contradiction by 4.5. Thus
46 B\B, c B and B\B, C B,.
Finally let # € (u,v). Then by 4.4-4.6,
47 T,u) N BcC B, ,I,(v) N BC B,
and

48 T,t) N Bc B N B, .
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5. LeMMA. Let I'(u, v) be a regular arc and y N T(u, v) = @. Let
M = (b,c)bealine;b € I'y(uyNny N Bandc € I',(v) Ny N B. Let M*
be the closed segment of M N B with end points b and c. Then

510 T,() N M* # @ fort € [uy],

52T() N M =8 fort € (u,v),

53 (M, I(t)) cuts T at t fort € (u, v),

54 if {T(u), T(v)} < y\M then M separates T'(u) and TI'(v) in
y N B,

55(M, T(@)Y N T(u,v) = {I(2)} fort € (u,v) and

56ifly N T[u, vl = 1and M N Tlu, v] = O then

(M, T(@))Y N Tu,v] = {T@)} fort € [u, v]
Proof. 1. Lett € (u,v). By4.7,b € B, and c € B,+. Thus T'y(7) sep-
arates b and ¢ in B and I',(1) N M* # 0.
2. Lett € (u, v). Then I'y(r) # y and I';(z) € I'5(¢) yield
Lty N M CTht) N M = T(tr) N (M*\{b,c})
by 5.1 and 2. If M*\{c, b} C int B then
I() NintB =
yields our claim. If M* C 9B then
Fyn ™M+ 80,T @) N {bec} =290
and
@ nNintB=49

clearly imply that (M, I';(¢) ) is a supporting plane =(z) of B at I'(r)
and

I'(r) N rel int (#(t) N B) = 0,

a contradiction by 1.

3.Lett € (u,v). Then by 5.2, (M, I'(t) ) € Sy(¢). Since I' is inflectional,
5.3 follows.

4.1f {I'(u), I'(v) } € y\M and I'(«) and I'(v) are in the same component
of (y " B)\M theny N I'(u,v) = # readily implies that there is a plane y
such that y Ny = M and I'u, v] is contained in a closed half-space of P’
bounded by y and y. In particular, y may be chosen so that y supports I" at
some ¢ € (u, v); a contradiction by 5.3.

5. Let y D M such that y meets I' at » < sin (&, v). Since |y N I'| < oo,
we may assume that

y N I(r,s) = 0.
By 5.1, M = (b’, ¢’y where
b =Tyr)y N M* and ¢ = TI'y(s) N M*
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and hence T'(r, s) satisfies the hypotheses of 5 with y and M. But then

(I(). (s } € A\M
and 5.4 imply that M = y N y separates I'(r) and I'(s) in y N B. Hence
I'(r) and I'(s) lie in distinct components of B\y and

b=y nNTI(rs)cyn T v),

a contradiction.
6. If |y N IMu, v]| = 1 and M N T[u, v] = O then we argue as in the
proof of 5.5 with r < s in [u, v].

As a point of interest, we note the geometric interpretation of 5. Let
t move from u to v in [u, v]. By 5.1, I',() N M moves (continuously
and) monotonically from b to ¢ in M*. By 5.5 and 5.6, (M, I'(¢) ) rotates
monotonically about M meeting Iy, v] in exactly one point.

We also note that 5 will imply that ord I'(w, v) = 3. This is a direct
generalization of the following: if the line through the end points of a
simple closed strictly convex arc does not meet the arc elsewhere then any
line meets the arc in at most two points.

6. We recall that a cuts I' at 7, I'(t;) € Cfori € Z, and

(...t} 0 {r.....r,} = 0.

For p # q in C; C[p, q], C(p. q), C[p. q) and C(p, q] are the
respectively closed, open and “half-closed, half-open” oriented arcs of C
from p to g and p’ < ¢’ in C(p, q) when C(p’, ¢') € C(p, q). Since I' is
simple, we set

Clty. 1) = CIT(E). T() ).
Forj € Z

m>

[y(r;) N relint (@ N B) # 0.

I‘(rj) is an inflection point and

Hence I'y(r;) meets C at say ¢; and g;. We label g; and g; so that
Clg;, q) = B,] N C.

Since I'(r, r; 4 ) is regular,
Ihr;)) N B C Br,+| and Ty(r, ) N B C B,,

by 4.5. Hence our labelling yields

6.1 ¢ <¢q <¢gy <qg inC

and

6.2 B,/ N Brm N C=C@ q+1) Y CG+1, 9)-

Let 1; € (r;, rj1). By 4.8,

Iyt) n B C B,] N B,IH,
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a convex set situated between I')(r;) and I'y(r; ) in B. Thus
B, N B, \(Tt) N B)

consists of two components. By 2, I',(7;) N 9B will intersect at least twice
any closed curve on 9B which meets both F2(rj) and I',(r; ). Since
C = a N 0B is such a plane convex curve,

Iht) n C = {T@,), p;}

as previously defined.
Since I'(¢;) is regular,

C@,p) = B,,_ N C if and only if C(p; t;) = BIT N C.

{L'(¢t),pi} =Tyt,) 0 C C Brj N Br,»l N C,
we obtain from 4.7 and 6.2 that if

C@,p) = B,T NncC
then
63 I'(1)<g<gq <p <¢g <g4 InC
and if

Cpit)) =B, NnC
then
64 p<q<q<T) <g, <gy InC

7. LEMMA. For j € Z,,, la 0 T(r, rip )| = 3.

>
Proof. Let a meet I' at 1) < 1, < 13 < t4in (r;, ;1) and set
M = (@), I'(ty) ).
As la N T'| < oo, we may assume that
a N Ty, 1) = 0.

Since @« N I' is normal, C[t,, t;] € C[¢, t4] and M does not separate
I'(¢;) and I'(z3) in @« N B. Since F(rj-, i) is regular, 4.4 yields that

I(t) € B, N B, and I(4y) € B N B, .

Thus both I'y(#,) and T'y(t;) meet M N B and I'(z,, ;) satisfies 5 with M
and a. Then

{I(1), T(t3) } € a\M
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and 5.4 imply that M separates I'(z;) and I'(3) in « N B; a
contradiction.

8. LEMMA. If I'(1;, t, ) is regular then either
8.1  T() <p <T@y <pjsy or
P <T(@) <p) <T(,) inC.
If T'(1;, 1, 5) is regular then
82 I(t) <p <T(4) <pivy <T(15) <piy inC
Proof. 1f I'(¢,, t,,,) is regular then by 2. M = (p,, p;,,) is a line and
M N A{T@), Ty ) = 0.
Thus
a NI, t,,)=10

and 5.4 yield that M separates I'(t;) and I'(+; ;) in @ N B. This implies
8.1.

If I'(¢;, t;1,) is regular then I'y(7;, ) N « separates I'(z;) and I'(#;,,) in
a N B by 4.4. As in the preceding, we also obtain that { p,, p, . |) separates
I'(z;) and I'(t; ) ina U B and (p;,, p,+,) separates I'(¢,, ;) and I'(¢,,,)
in @ N B. Finally as @ N T is normal,

L) < T(t41) < (4, inC
which now yields 8.2.
9. LEMMA. Let r; | < 1,y <r; <1, <r;inT. Then
Cti—.pi-)) =B, NC
if and only if
C@t,p) =B, NC

Proof. We first observe that by 6.3 and 6.4, C(g;, q)) contains each of the
points g1 qj’; b LG, pioys T@), pis gj+1 and qj’-H; furthermore,

i) <pioy in Clg,q) = Ct;—,pi—) =B, NC
and
pi < I()in C(g; qj’) o C(1, py) = Bq_ ncC
Since I‘()f,-_l, r) Y F(rj, rj+1) is regular, 4.4 yields
I‘(rj,l, "J) U I‘("j’ ”j+1) c Brj,
a component of B\I',(r;). As a cuts I"'at ;_, and ¢,

aNT@_,)=90
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implies

I'(: ) C B*,

i— 1
a component of B\a. Altogether
'@ r) YU L, ~)CQ:B.ﬂB*08B,

an open quadrant of B bounded by a N B N 9B and I'y(r;) N B* N 9B.
We note that

(@ N dB) N B, = CN B, = (g q)

i—1r

and (I'y(r;) N dB) N B* is an open arc with end points g; and g; and
containing I'(r;). Let A[4'] be the open subarc of (I's(r;) N dB) N B* with
end points F(rj) and q_/-[l‘(r_]-) and qj'-]. Thus

90 = Clg. q) U A U T(r;) U 4.

Since I'(z; ) € C(q,, qj) and I'(¢;,_ 4, r;) is a simple arc on Q, I'(¢,_ |, r)
decomposes Q into two open surfaces Q; , and Q) _, with the property
that

00, = Clg;, t; ] U I'lt;—y, rl U A
and
007 1 = Clt; . gl U It ] U A"

Similarly, I'(¢;) € C(g;, g)) yields that I'(r;, 1;) decomposes Q into two open
surfaces Q; and Q! with

09, = Clg, 4,1 U I'lr, ;] U 4
and
90, = Clt, ) U Tlr. 1] U A"
Then I'(t; . r;) N T'(r;, t;) = @ and
Q=0 VIt )V Q=0 Ul U
yield that either
0, c Q- and Q;, CQ
or
Q. ,CQ and QcQ .

Suppose I'(7; 1) < p;_, in C(g;, g)). Let M be a line connecting a point
on C(q}, q;) © C(p;—, t;—) with a point on C(t;_y, p; 1) € C(g;, g)).
Then M meets both

(@ gy = Ty(rp) N a and (T, pi—y) = D)) N @
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in int B. Thus
L)y n M+ 8
and I'(z;
[y(r;) N int B = .

i—1» ;) satisfied 5 with M and a. Since
I'y(r;)) N M € int B implies that
F'irhnM=90 and (M T(r;)) # I's(r)).

This and 5.6 then yield

) (M, I'(ry) ) cuts I at r,
and

i)y (M. T(r)y n Iy, . r]] = {T(r)}

As neither of the two points of M N C belongs to C[g,, 1; ]. we have
iii) (M, T(r,)y N Clgi. t, ] = M 0 Clg. t,_,] = 0.

Similarly, any line through I'(r;) in I‘z(rj) which meets @ N int B does not
meet the convex arc A. Thus M N (g;, ¢/) € int B yields

V) (M. T(r;)) N A =(Mn{q.q).Tr))nA4=09.
Now ii), 111) and 1v) imply that

(M. T(r))y 080, | = (M.T(r)) N I, o] = (T ).
Thus

M, T(r)y N Q) =180

and Q;_, is contained in a component of B\(M, I'(r;) ). If Q; € O,
then I'(z;_, r;) U I'(r}, 1;) is contained in a component of B\ (M, L'y )
and (M. I'(r, ) N necessanlv supports I" at r;: a contradiction by 1).

We have thus obtained that T'(z,_,) < p,_, in C(g;. g) implies
Q. € 0. 1fp,, <T( ) in C(g; gq) then replacing Q; | with Q7 _,
in the preceding vields Q) , € Q.. Thus

L) <p-yinCg, q) = Q| C 0O,
By a similar argument for I'(;) and p,,
I'(t;) < p;in C(g. g) = Q; € Q; .
Combining the various equivalences now yields our claim.

Wenote that if r, < ¢y, <rn, = ... =rn<t;, <ryinTi = 2)
then by 9,

C(t.p)) = B, N Cif and only if C(t,. p) = B, N C.
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10. LEMMA Let r, oy < ;< r; < t; <r;yin T and
Clip tiv) © C—pim) = B, 0 C
Then
Cltyvr.pi-)) © Cltup) = B, N C
and
a N Lryorey) = {I@) )
Proof. From 9, and 6.3,
Cp) =B, nC
and both I'(r; _,
Cley 1) © CU—y, pi—y)

) < p;—yand p; < I'(¢;) in C(q;, q)) = B,/ N C. Thus

yields

L@, <I(@) <T@y =p—y inClg, q)
and

pi < () <T@y =p,— inC; q).

By the latter statement, C[¢t;,,, p;—)) € C(1;, p;).
Since rp<t; < and I‘(rj, r/-H) is regular,

B, N B: =@ by4.l and
L(1,r,01) € B by 44.
Thus
I'(t,, ) € B,T implies #; | & (¢;, r;yy).
Then 7, | < r<t; <y <ty in T and
a N Ly, = {T@)}
11. LEMMA. Let 1 = | = m,
a N I(r, rnp) = {I'@), T'(ty, ') }
and
a N T(r,r) #0
fork =1,...,1 Then
1.1 a N Dy reyy) = {T(t0) Yfork =2,...,1,
1.2 C(yip pv) = B, N C

[UES

and
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Proof. Since a« N T is normal and n = 6,
) T) <p <T(t)) <p; <TI(ty) <TI'(ty) <...<TI(,)in C

by 8.2. For / = 1, the relation 11.1 is void and 11.3 is contained in i). Since
I'(t,, ;) 1s regular, I'(z,) € B,; by 4.4 and thus

C([3, t3) - B; ﬂ C
from 1).
Assume that / = 2 and that our assertions are proved up to / — 1; that
18,
i) an T, reg) =L@ ) Y fork=2,....1 -1,
i) C(tperpre)) = B, N C
and
iV) F(t])<pl<r(t2)<p3§§p/+l <F(I[+l)in C.
Since a N I'(ry, 1) # 0, ii) yields
ey <ty <n<ty,<ryinT
As I'(#) < T'(t)) < T(¢4)) < Tt < I(#;43) in C,
Cltysg t143) © Cltpiys 1) © Cltypyopey) = B, N C
by iv) and iii). Thus by 10 withj = /and i = / + 2,
a N Ly rey) = {T(440) }
and
L3000 © Can, prin) = B, , 0 C.

Finally, I'(1})) < p; < pjs) < T(14) <T(y3p) in Cand pyyy = piny <
I'(#,1,) in C yield 11.3.

We note that by reversing in 11 the orientation of both I' and C, we
arrive at a similar result. Combining these two results and introducing a
suitable notation, we obtain 12.1-12.4 of the following theorem.

12. THEOREM. Let 1 =i =] = m,
a0 Ly = {T@), T4 ), T(40) }
and
a N Try, reyy) =0
fork =1,...,1 Then
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12] a N r(rA., rk+]) - {I‘(I,\)}jork = 1,...,[ - 1,
12.2 a N F(rk, r/‘+1) - {r(t/‘+2) }fbr k = l + 1, PR 1,
123 C(t.p) = B, N Cand C(tyy5.p147) = B, , 0 C

[/

124 T() <p, =p, <D(t;) <pjon = ppan < Tty5) in C
and
125 T[ri.r . ) # I
Proof of 12.5. By 12.1. 12.2 and 12.4. if
o« O Tlror o) = a0 Iy 100

then I'(r)) < py < T'(t;4 ) < prir < T4, in C
Suppose that I'[r|, r; ;)] = I'. Thenm = [, n = [ + 2,

anNTIlr,r,,]=anIft, ] and
Fay) <py <ty <p,<Ty, inC.

Since n = 6, eithern # i + 2or1 # i.If n # i + 2 then
a N Tr,, rpeml = a N Tz, 1] and
I'ie,) <p, <T@, <p <T()

a contradiction. If 1 # i then
a N Iry, ryy ]l = a N It 1] and
I'(ty) < p, <T(t; ) <p <TI()) inC;

a contradiction. Thus I'[r|. ;] # T

13. LEMMA. Let 1 =1 = m,

a 0 Iy, ry) = {T@, I'(1y) },
P < T() <p, <T(y)in Cand
anNTrr.)#0fork=1..., L.

Then

13.1 a N Dry,re ) = {0 ) Yfork =2,...,1,

132 C@yppe)) =B, NC

and

133 Tup<py=...=p <T@y inC.

Proof. We replace i) by p, < I'(z,) < p, < I'(t,) in C and argue exactly
as in the proof of Lemma 11.
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14. LEMMA. Let 1 = | = m,
a N Ilroy rg] = (T, T }
e ) <p <T@ ) <p_,inCand
« VT, r_ ) #0fork =1,...,1
Then
141 anNTr_y_yr ) ={LG 4 ) Yfork =2,....1
142 C(t_y.p D=8, NC
and
143 T, pD<p, ,=...p,<T@_)inC.

Proof. We reverse the orientation of both I' and C and apply Lemma

13.
15. THEOREM. Let 1 =i =1 = m and
{L()} k=1...,i—1
{F(lk+l)} 1" = l + 1 ..... l.

Then I'[ry, ry +;] # I and either
15.1 p, € C(t), t;+) and
B, NnC k=1....i

i

b0 = B''nC k=i+1 I+ 1
4 =1 e

or

152 P, € C(t, t,4) and

B nC k
k .

if
B,:ﬂC k=i+1,...,1+ 1.

—
-
~

Cltg py) =

Proof 1f I'lr|,r; ;] = T'thenm = landn = [ + 1 = |a N T. Since m
and n are both even, this is impossible. Next 8.1 and

a N I(ry,ripy) = {T@). T4 }
imply that either

) I'ty) <p, <T(@) <pjyinC
or

11) D; < r(tl) <pi+l < r(’,‘+]) in C.
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If i) then
C(typ)) = B, N Cand Clty ), pisey) = B ncC

Now 9 and the hypothesis yield the characterization of C(¢;, p,) in 15.1.
We also note that I'[r|, r;, ] then satisfies 14 and thus

pi € Clty, t;41) C Clty, 1,,,) by 14.3.
If 1i) then 15.2 follows similarly by 9 and 13.3.
16. THEOREM. Let 1l = h < i =1 = m,

a N Ty rp) = {T@), D@0 1

e N I(ryr;o )| = 2and

aﬂF(rk,rk+])7éﬂﬁ)rk: 1,...,1.

Then
(T'(1) ) k=1,....h—1
(4 1) ) k=hA 1. i1
16.1 N Ty, r — T i )
: (i Ties) {40, F(’1+2)}fk"’
(Tt 2) ) k=i+1....1
Bt:ﬂC k=1,....h i+ 2,...,1+2
162 C(t. py) = if

B, NnC k=h+1...i+]1

163 T(t) <py <T@, ) <T@) <pry, <T@y, inC
and
164 Ifr, ro ]+ T.

Proof. We note that if 16.1 as well as
) I <p, <T@) <ppyyinC
and
) pipy < I(t41) <pigy < T(4) in €

are proved then 16.2 and 16.3 follow by applying 15.1 to I'[r|, r,, ], 9 to
Ilr, 4y, r;] and 15.2 to I'[r;, r;4 ]
Since I'(¢;, 1, 1) is regular, either i) or

Pr < T() <ppi1 <T(t4)in C
by 8.1. In case of the latter, I'[r,, r,,,] satisfies 13 and hence

o N L(r,riip] =1
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by 13.1; a contradiction. Now i) and 14.1 applied to [r, r;,, ;] yield that
aNTr,r)={Iw)}fork=1...,h — 1
Fork=h+1,...,i — 1L |la N I'(ry, 7o) | =2by7and 12. Arguing
as in the preceding,
e N T(ry rpi )l =la N T@r,r )] =2
implies that [I'(ry, r, 1) | = 2 is impossible. Hence
a NI, ={T@, )}fork=h+1,...,i —1
and
a0 Ty rpe) = {040 T4 )

Since la N I'(ry, ) | = 2, I'(ry, r; ] cannot satisfy 14. Thus by 8.1, ii)
is true and I'[r;, r, ] satisfies 13. Now 13.1 yields 16.1.

Suppose that I'[r, ;] = I’ and choose aj such thath + 1 =/ = /.
Then by 16.2,

Cl.p) = B, N C
Since | = m, F(rj, Titm) satisfies 16 withj =i = h = + (m — 1). Thus
by 16.2 and the new sequence of numbering,

C,p) = B,/_ N C;
a contradiction.

17. In this section, we collect and condense our results. An arc

I'[ry, ry 1) with the property a N Iry, rpy ) = 0 is a 0-arc. A sub-
arc I‘[r,-,'er) is maximal if « meets each of its units and I'[r,_,, r;) and

Ilr; 4y, 14 2) are either O-arcs or contained in I'[r;, r; ). By 7. 12 and 16,
we can classify a maximal I'[r,, ri1) as follows:

l-arc: la N T(rp,rp ) = 1foreveryk € I = {i,i +1,...,/}

2-arc: la N I'(ry, 1) | = 2 for exactly one k € I
la N I(ry, rpyq) | = 2 for exactly two k € I
3-arc: or
la N I'(ry, iy )| = 3 for exactly one k € I.

Thus if I'[r;, ;) is an x-arc then
171 Jan I, pl=1+x—1x=1223.

We next note that a 2-arc necessarily satisfies 15. Accordingly, a 2-arc is a
2'-arc [2"-arc] if 15.1 [15.2] is valid.

If I'[r,, ;1 ,,) 1s a 1-arc then clearly m = n. If a maximal subarc is not a
l-arc then it is a proper subarc of I' by 12.5, 15 and 16.4 and hence I'
necessarily contains 0-arcs. Thus to prove m = n, we need to show that

https://doi.org/10.4153/CJM-1985-014-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1985-014-7

234 TIBOR BISZTRICZKY

I' does not contain “too many” 3-arcs and 2-arcs and ““too few” 1-arcs and
0-arcs.

18. LEMMA. Let I'[r), r) and T(r,. .\, r)) be maximal. If T(r), r;) is a
3-arc or a 2"-arc then I'[r; ., 1)) is a 1-arc or a 2"-arc.

Proof. Let
a N Iy, ry) =A{L@),....T@1) )
Then by 12, 15.2 and 16,
1) C@,p)) = B, N Candp; € C(1, 1))
Let
a N Ll r) =T, ... 1)}

and suppose that I'[r, |, #,) is a 3-arc or a 2’-arc. Then by 12, 15.1 and
16,

i) C(tpiv) =B, N Candpy € Ctipy. 1))
Asrp < t; <rp, <ry <ty < ree,in T, we obtain that
I'(t;) < p;in Clg. q0) = B, N C
and
Pivt < Tty ) m Clgyiy. o) = B, N C
by 1), ii) and 6.3. These results combined now yield by 6.1,
g < T@) <TU) < g1 < oy <Piv1 <p; < g in C.
From 6.2,
B, N B, N C=CGq+) Y Clarrrs 90
and thus
{L(). Tt ). pivypi} € B, 0B, N C
We choose points
b€ I's(r,) M anNint B ={q,q, N int B,
¢ € Dy(rgy) N o N int B = (g1, gj+) N int B
and set M = (b, ¢). By 2, b # ¢ and M is a line. It meets both
(T(1). pi) = To(t;) N a and
T pivr) = Talti) N«
in int B; furthermore,

M N Clg, gria]l =9
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and M does not separate I'(7;) and I'(¢, ) in @« N B. Finally, we note that
M meets neither I'((r,) nor I'y(r, ; ); for example,

M N Tyr) = (b} nT(r,) ={b} nint BN I'y(ry) = 0.

Let 1 move from ¢, to r, in [z, r,]. By 5.5 and 5.6, the plane (M, I'(z) )
rotates monotonically about M. Similarly as t moves r, tor, .y in [r,, r; ]
or fromrytot; in[r, 1, t;4 ), (M, T(t) ) rotates monotonically about
M. Since

M N Ty(r) = MO =6,

[ is cut at r, by (M, I'(r;) ) and at r, ;| by (M, I'(r, ) ). Thus the
preceding combined yields that (M, ['(z) ) rotates monotonically about
M as t moves from ¢, to ¢, in [t;, t;;,]. Since (M, I'(r) ) # «a for
t € (¢, tjy,), it follows that M separates I'(z;) and I'(z; ;) in @ N B; a
contradiction.

19. The n-vertex theorem has been formulated in Section 1. As stated
there, we assume that {¢,....2,} N {r,....r,} = 0.

Let m, denote the number of x-arcs of I'; x = 0, 1, 2, 3. If m; = 0 then
I''is a 1-arc and m = n. Let my > 0. We have to prove m = n.

Let the m, x-arcs consist of
k(x, 1) k(x,2),..., k(x. m.)
units respectively; x = 1, 2, 3. Then
m

I' = U] F[r I‘+l)
J =

implies

m my niy

+ 2 k(1)) + 2 k@2.)) + 2 kB, )).

J=1 J=1 J=1

By 17.1, @ meets an x-arc consisting of k(x, j) units in k(x, j) + x — 1
points; x = 1,2, 3. Thus n = |a N I yields

Ej

Ny hy

nzZ (11>+2<k<2;)+1>+2(k(3/)+2)

J=1 Jj=1

‘
=

m, ny

k(L) > k. j) + zk(3j)+m2+2mz
j=1 Jj=1

~.

I
I M

= (m — my) + my + 2my

m — (mg — my, — 2my).
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Hence our claim is equivalent to
19.1 my = my, + 2m;.
Let I'r;. r; ) be an x-arc; x = 1, 2. 3. As m; > 0,
Llrire) # T

and hence I'[r; , |, r; 4 ,) is a 0-arc by definition. Since I is a closed curve,
there is at least one O-arc for each x-arc (x = 1, 2, 3) and thus

192 my = my + my + my.

If now m; = my then 19.1 is true. Accordingly, we may assume that
my > 0.

Let . denote the collection of m; connected subarcs obtained by
omitting the 3-arcs from I'. Let & [#*] denote the set of those elements of
& which [do not] contain 1-arcs and let m [m*] denote the number of
x-arcs in the elements of L[ *]; x = 0, 1, 2. Thus m; = 7| + |*,
my = m, + m¥ m; = m, and my = m, + mg We note that

is trivially true if m; > mj and it follows from our construction if
msy > m.

Let I'lr;, ;) € & By the preceding, the number of 0-arcs on I'[r;, r/) is
greater by at least one than the number of 1-arcs and 2-arcs on Ir;, r;).
Thus

194 my = m, + my, + |#| and m§ = mf + |#*|.

We now claim

19.5if I'[r;, r;) € & * then the number of 0-arcs on I'[r;, r;) is greater by
at least two than the number of 2-arcs on Ir.r)).

If 19.5 has been proved then mg = m} + 2l¥*|. Hence by 19.3 and
19.4,

my =my + mE = m, + my + |Z| + mf + |F* + |F*
=m + m + (|Z] + %) + |¥*
§m1+m2+m3+(m3—ml)
:m2+2m3

This is 19.1 and thus m = n.

It remains to prove 19.5. Let y[z] denote the number of 0-arcs [2 arcs]
onIlr, r] € £* Thusy = z + 1. If y = z + 1 then the 0-arcs and 2-arcs
alternate on I'[r;, r;). Since I'(r;) is the terminal point of a 3-arc and
I'[r;, r;yy) is a O-arc, I'(r;, ) is the initial point of a 2”-arc by 8.
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Furthermore, 18 also implies that each 2-arc on I'[r;, r;) is a 2”-arc. As
['(r,_,) is the terminal point of a 2”-arc and I'[r, |, r,) is a O-arc, I'(r;) is
not the initial point of a 3-arc again by 18. This is a contradiction and thus
y =z + 2
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