A REMARK ON ORTHOGONALITY RELATIONS
IN FINITE GROUPS

To Ricuarp BrAUER on his 60th birthday
KENZO IIZUKA and TADASI NAKAYAMA

On the basis of Prof. R. Brauer’s fundamental work, certain orthogonality
relations for characters of finite groups have recently been studied by Brauer
himself, M. Osima, and one of the present writers; see lizuka [7] and the
references there. In the present short note some general remarks on ortho-
gonality relations, dealing with “blocks” and “sections” of general type, are
given first. They are of elementary, and often formal, nature and their proofs
are merely combinations of known arguments. So, no deep significance is
claimed on them, in comparison with the above alluded results based on deeper
arithmetico-group-theoretical considerations. However, applied to blocks and
sections of such deeper nature, our remarks give some rather useful informa-
tions on them. Thus, for instance, the “maximality” feature of IT-blocks is
given a formulation (Prop. 5 below) finer than the one given in [7]. Further,
some new types of blocks and sections can be constructed, again in applica-
tion of our remarks to such classical ones. These new blocks and sections
give thus new orthogonality relations and we hope that some of them may
turn to have some significance. There arize also several problems, which are
stated at the end of the present note and to some of which we wish to come

back elsewhere.

1. Ortkogonality., Let & be a finite group, of order g, and X be the set
of all (absolutely irreducible ordinary) characters of . By a block equivalence
in @ we mean an equivalence relation B of the set X, and each equivalence
class in it we call a (B-) block. With a subset Y of X, B(Y) denotes the
join of the B-blocks containing an element of ¥. If %B;,, B, are two block
equivalences, in @, the block equivalences B;V ®:, B; A B, are defined in the

sense of partial ordering of equivalence relations; each B;V B,-block is a non-
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void intersection of a B;-block and a B,-block, while each B; A B,-block is - a
minimal non-void subset of X which is a join of ®;-blocks for each of i=1, 2.
Let R be the set of all conjugate classes in &  An equivalence relation
€ of R is called a section equivalence and each equivalence class in it is called
an (&-) section. Notations &(Q), &, VE,, € A&, with a subset € of & and
two section equivalences &;, €., are defined similarly as above. A pair (3, &)
of a block equivalence and a section equivalence, in &, is called a b.-s.-pair.
For two such pairs (B, €), (B, &) we set
(B, EIV (B, 3
By, SHIN(D,,
This introduces, as we easily verify, a lattice operation in the set of all b.-s.-
pairs.
Now, mere equivalences are naturally of little use by themselves, and our
concern lies in their features as orthogonality and maximality. Thus, we say

that the orthogonality of 1st kind holds for a b.-s.-pair (¥, S) when we have

SVILKKY <Ly =0
1EB

for every B-block B and any K, L € ® with S(K) ®L; here /<K) denotes the
value 7(G) of 7 at any representative G{ € ®) of a class K (and not the sum
of values of 7 at all the elements of X). On the other hand, we say that the
orthogonality of 2nd kind holds for (¥, &) when we have

qugx IKKE>TLKY =0

for every &-section S and any /, ¥ < X with B(Z7) 3 ¥, where gx denotes the
number of elements in K.

These two kinds of orthegonalities (for a fixed b.-s.-pair) turn out to be
equivalent. So we say that the orthogonality holds for (B, &) when either

of the orthogonalities of 1st and 2nd kinds holds, which thus implies the validity
of both. Now we contend.

ProrosiTioN 1. If the orthogonality holds for each of the b.-s.-pairs (B,
@1), (T)z, @2) n @, then it holdsfor (31, @1)\/ (’32, @2) and (Tn, @1)/\ (EBz, @2)

We prove this together with the above noted (and perhaps well known)

equivalence of two kinds of partial orthogonalities, since such will clarify the
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logical structure of our proof (originating in the arguments of Brauer, Nagao,

Osima and Tuan), not only that it is convenient. Thus we first prove

LemMA 1. Assume the validity of the orthogonality of ist kind for (B, ).
If a relation > ax/<K> =0 (with complex numbers ay) holds jor all 7 in a

AENR

certain B-block B, then >lax/<K> =0 holds for every Z-section S and every
KES
1€ B.
Proof. From the assumed relation we obtain

2 Zah/< \/<])—

LEB KES

for every L= &. Here we have > /<K> /<L) =0 for every K& St{L), by the
XEB

orthogonality of 1st kind for (%, Z). It follows that

X B a0 KL =0
5 WEB

Ly

holds for every L= & Multiplying @, to this relation and taking the sum for

LS, we obtain

> > LaLaA/<K>/<L>_ z | Eah/<l,>l =0,

LESAESXE

and hence > ax/<L> =0 (/= B) as was asserted.
KES

LemMmA 2. Suppose that the orthogonality of 1st kind holds for a b.-s.-pair
(B, 3S1) and the orthogonality of 2nd kind holds for a second pair (B, ).

Then the orthogonality of 2nd kind holds for (B, 1)V (B, ).

Proof. Let 7, ¥ be two characters of & such that 7 & B(B.i(7)), ie.
V() NW,(7) = 0. By the orthogonality of 2nd kind for (%, &) we have
é gx LiXK>WLK> =0 for every chardcter 71 in By(7), where S, is an arbitrary

1:.2 ;ecuon. Since the orthogonality of 1st kind holds for (R,, &,), we then
obtain Kgnszgx LKK>TLKY =0 for every S-sectien S, and every /i B,(7).
In particular

S gr/LK>TLKY =0.

KES1nS,

(We can argue similarly in case 7 & Vi(:(7)) is assumed. Indeed, this
means 7 & V.(N(¥)) and hence we may apply the above argument to %, 7 in
stead of 7, 7, to obtain >} gx¥?<K><{K» =0 which is equivalent to the above

KES|N Sy
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relation. Thus the same relation holds, in fact, whenever ¥ & B;(B,(¥))

N B.(B:(X)).)
As B:(B;(?)) is cettainly contained in (B, A B,)(¥), this proves our lemma.

(Since B(B,(X)) is in general properly smaller than (B, AB;)(X), we see that
our lemma is a very weak interpretation of a stronger fact. This becomes
more definite when we observe the above remark in parentheses.)

Now, with an arbitrary b.-s.-pair (8B;, €;) we take as B;, &; the I-(i.e.
finest) equivalence and the 0-(i.e. crudest) equivalence in X, $ respectively;
the orthogonality of 2nd kind holds for this pair because of the ordinary
orthogonality (while the orthogonality of Ist kind is trivial for it). It follows,
by Lemma 2, that the orthogonality of 1st kind for (B;, &,) entails the ortho-
gonality of 2nd kind for (B;, &,) V(Z, 0) = (B;, &)).

Quite similarly to Lemmas 1, 2 we have

LemMA 1. Assume the validity of the orthogonality of 2nd kind for (B, ).
If a relation >)axX<K) =0 (with complex numbers ax) holds for all K in a
xex

certain S-section S, then )‘Zﬂax XKK> =0 for every B-block B and every K in S.
1=

LeEmMmMA 2'. Supj}ose that the orthogonality of 2nd kind holds for (B, €1)
and the orthogonality of Ist kind holds for (B:, €:). Then the orthogonalily
of 1st kind holds for (B, &) A (B, &).

Then on taking as B,, & this time the 0- and I-equivalences, we see from
Lemma 2’ (and the ordinary orthogonality relation) that the orthogonality of
2nd kind for a b.-s.-pair entails the orthogonality of 1st kind for the same pair.
The equivalence of two partial orthogonalies (for a fixed pair) being thus shown,
Lemmas 2, 2’ imply evidently our Proposition 1.

Remark. Symmetry between blocks and sections would be made clearer
if we should consider vgz/gZ<K> in place of X<K>.

2. Idempotents. To each 7 € X there is associated a primitive idempotent
ey = %KFZ@X(DZ(IOK in the center 3 of the group algebra of & over the
complexes £, where the sum of the elements of a conjugate class K is also
denoted by K. To each K& & there is associated a primitive idempotent
ox = 8K S1¥<K>X in the ring % of class functions on @ in £. It is also well

&g rex
known that we have
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Ke.= 85K svia,
g Le@
135 =SB S w gy,
g YeEx
Let (B, &) be a b.-s.-pair. For each B-block B and for each S-section S
we set, after an idea originating from H. Nagao and M. Osima [9],

e = Zex, 0s= 251(-
*ER KES

The orthogonality of 1st kind for (%, &) means that for any B-block B and

&-section S we have

KeS=Ke,c > 2L
Les

Similarly the orthogonality of 2nd kind is interpreted by

ZEB@Z&KE Z.QW.
YenB

If the orthogonality of 1st kind holds for (8;, &), (8., &), then
KBBlegze( 2 ,.QL)Egzc 2 QL

LeEZ(K) LE@A@1K))

for any B;-block B, and B,-block B,. Here es,ex, =XE§B ex is the idempotent
associated with the B,V B,-block BiN B.. (The eql;iv;Ience of the ortho-
gonalities of 1st and 2nd kinds being regarded as known) the above relation
re-proves a one half of Proposition 1. The other half is seen similarly by means

of the idempotents dx in X.

8. Maximality. It is clear that if the orthogonality holds for a b.-s.-pair
(B, &) and if (B;, S,) is a second pair with B=B;, &=>&,, then the ortho-
gonality is valid for (8B;, &;) too.

ProrosiTiON 2. Given an equivalence € in R, there is a unique finest equi-
valence B in X such that the orthogonality holds for (B, &).

Proof. Immediate from Prop. 1.

Note that we can give two explicit forms to Prop. 2 by taking the two kinds
of orthogonality, 1st and 2nd. The equivalence B in Prop. 2 is called the
maximal block equivalence for ©. Naturally a similar proposition holds with

“block” and “section” interchanged, and for every equivalence in X there is a
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unique maximal section equivalence for it.

ProrosiTiON 3. If for i=1, 2 B; is maximal for S; and if (Bs, €3)
= (B1, )V (B:, &), then B; is maximal for &;.

Proof. Let A be a subset of X such that XEA/‘{<K> 7<L> = 0 holds whenever
L& G3(K). Since L& €;(K) naturally entails EL & Gu(K), XEZ <K)¥<L> must
vanish then. As B, is maximal for &, this implies that A is a join of %B;-
blocks. Similarly A must be a join of B,-blocks. So it is a join of Bs-blocks

and this proves our proposition.

Remark. In Prop. 3 we can not, in general, replace V with A ; see

Example below.

ProrosiTiON 4. If a block equivalence B is maximal for some section equi-
valence, there exists a unique finest section equivalence for which B is maximal,

and this section equivalence coincides with the maximal section equivalence for B.

Proof. This is clear from Prop. 3 (and an evident remark at the opening
of this number).

4. Bearings on “classical” blocks. Except the consideration in 2, all above
has little to do with the group structure of &, and remains valid, with a
suitable modification of terminology, whenever an “orthogonal” system of func-
tions on a finite set is given (in place of group characters). It becomes signi-
ficant only when it is combined with some group properties of &, directly or
indirectly. So we want to consider its bearings on the “classical” blocks and
sections defined arithmetico-group-theoretically. Thus, fundamental are Brauer’s
block and section equivalences B;, €, defined with respect to each prime p
(dividing g); the orthogonality of 1st kind for (8, &) was proved by Brauer
by means of his fundamental theorem on decomposition numbers (Brauer [1];
cf. lizuka [61). and the orthogonality of 2nd kind was derived from it by
himself and Osima [10]. The pair (B?, €?) of p-complementary block and p-
regular section equivalences, studied in lizuka [5], is in a sense dual to (B,
Sp); p-regular sections were first called “p-Oberklassen” by Roquette [11].
Iizuka [7], one of the present writers, further studied more general ﬁotions of
II-blocks and II-sections associated with every finite set /T of primes (dividing

&)y Bn= ADBp, p running over primes (dividing g and) belonging to T and
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&n = A&’ ¢ running over primes (dividing g and) not belonging to II.
Now, B, is maximal for &,; this was proved in Osima [9], Theorem 3

and can be derived readily from Brauer-Feit [2] too. From our Prop. 3 follows

ProposITION 5.  (I7-block equivalence) Bu is maximal for Sp N * -+ NV Gy,
(H={ply e ey Pt})-

We are reporting this particularly because this is finer than [2.3.CJin [7]
(where the maximality of Bn for ©n is asserted). Indeed, the conjugate
classes of two elements G, H of & are equivalent by €n if and only if the
II'factors Gn, Hn of G, H are conjugate (see [2.4 Al in [7]), while they are
equivalent by &5,V - -+ V&, if and only if foreachi=1, . .., the p;-factors
Gp;, Hp; are conjugate. So &y is properly finer than €,V - - - V&, in general,
as an easy example shows.

On the other hand, the orthogonality of (Bn, GV -+ V&p), which
follows from the orthogonality of (B, S5), i=1,...,¢ and our (elementary
and rather formal) Prop. 1, is weaker than the orthogonality of (Bn, Sn)
proved in lizuka [7] by combining the cases of (B,,, ©p;) arithmetically and
group-theoretically, so to speak.

That &n is in general not maximal for By (and indeed &, (resp. &?) is
in general not maximal for B, (resp. B?)) was noted in [7]. An example for
this is given e.g. by B, €, in the symmetric group S. Symmetric groups
provide also instances for our remark at the end of the preceding number.
Thus

Example. Let & be the symmetric group Sw. Then 8 characters associated
with Young's diagrams

1%, (30)}, 2%, (15)% 3 (10)% 5%, 6°

are all equivalent in each of B,, Vs, B; (see [3]1). This shows that B, VB V B;
is not the identity equivalence I. On the other hand, €:A&S;AES; is the 0-
equivalence, as Prop. 6 below shows, and %,V B;V%B; is certainly not maximal

for €. AE3A &;, showing the validity of our cited Remark.

ProposiTION 6. Suppose the order g of & is divisible by at least 3 distinct
primes p, q, . Then S, NSy A,y is the 0-equivalence.

Proof. Let G, H be two arbitrary elements of §&. Let P be the p-factor
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of G, and let P, R be respectively the p- and the r-factors of H. Then the
class [P] of P is &p-equivalent to the class [G] of G, i.e. [Ple &,([G]), and
[P R 1= S,([P]) =C,(&p([G])). Further [HleS,([AR]). Hence [H]
€ &, (€,(S,([G1)), proving our proposition.

We remark that in the above example we have seen that By A B A By,

with distinct primes p, g, 7, is not trivial in general.

5. Subgroups. Besides (p-, p-complementary and) II-blocks, also bocks with
respect to normal subgroups, which generalize Osima’s [8] blocks, have been
studied ([7]). However, without making studies of the bearings of our general
observations on those blocks with respect to normal subgroups, similar as above,
we turn to proving a certain relation beetween the orthogonality and a sub-

group. Thus

ProrosiTION 7. Let  be a subgroup of & and h be its order. If (223, &)
is a b.-s.-pair in ® satisfying the orthogonality, if B, S are any B-block and S-

section, then

Egh(L)g.:;X(K))_C(L> =0 mod &

{in the domain of algebraic integers) for every K< S, where k(L) denotes the
number of elements in  belonging to a conjugate class L in .

Proof. For every character & of  we have evidently HE O(H) =0 mod h.
The same holds when @ is a linear combination of characters i?g) with algebraic
integers as coefficients. We set in particular @(H) =XZRX <{K>7(H), and observe
that @(H) vanishes whenever the conjugate class in @E of H does not belong
to S. Thus the congruence Ié‘, O(H) =0 (mod k) becomes the one in our
proposition. =

This proposition originates from Brauer-Tuan [4], Lemma 3, and contains
it as a special case where g is divisible by two distinct primes p and ¢, & has
no element of order pg, K is the class of a p-singular element, and a g-Sylow
group is taken for 9.

6. Remarks. As the II-section equivalence €p is not, in general, maximal
for Bn, it is natural to look for the unique section equivalence, in &, maximal
for Bu and to study if it can directly be characterized arithmetically and group-

theoretically ; cf. Prop. 4 for a two-fold character of this section equivalenc.
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Special cases of this problem concern naturally with B, and ®%.

Symmetric groups were seen above to provide some counterexamples. The
other extreme types of groups, i.e. abelian and nilpotent groups are quite tame.
It may be of interest to determine all types of groups which behave tamely,
i.e. groups in which e.g. Gulor €, or &) is always maximal for Bn (or By,
or B?, respectively).

On the other hand, it seems to us also of interest to determine all block
equivalences whatsoever which are maximal with respect to some section equi-
valences. Their totality is, by Prop. 3, closed under forming A.

By means of our operations A and V we can construct new b.-s.-pairs,
satisfying the orthogonality, starting from those of II-blocks and II-sections with
varying IT (or those of blocks and sections (called subsections in [7]) with
respect to normal subgroups). Though Prop. 6 indicates that many of such
new b.-s.-pairs may turn to be trivial ones and though our comparison of (B;,,
Sp)V + -+ VDB, Sp,) and (Bp, Sn), made after Prop. 5, shows that many
of such orthogonality relations may be rather weak ones, the construction of
such new b,-s.-pairs will, as it seems to us, be useful for clarifying the nature
of orthogonality relations in finite groups, beside their material bearings as
shown in Prop. 5 and their actual applications as illustrated in [4].

As is seen in [7] II-blocks and II-sections are closely connected with the
arithmetic of the center of the group ring and the ring of class functions and
can indeed be characterized by primitive idempotents in some subrings of those
arizing from rational arithmetic. It is perhaps of use to consider the significance
the new b.-s.-pairs as above will have to subrings of more general types.

Another problem in this context will be to look for characteristic jeatures
of characters with respect to the orthogonalities, by considering “orthogonal”
systems of functions on the set & of conjugate classes other than that of

characters.
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