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1. Introduction. Let 

(1) -1 < x, < x0 < . . . < x < 1 
1 Z n 

be n+2 distinct points on the rea l line and let us denote the 
corresponding rea l numbers , which are at the moment a rb i t ra ry , 
by 

(2) y0'W---'Vyn+i 

The problem of Hermi te -Fe jé r interpolation is t0 construct the 
polynomials which take the values (2) at the absc issas (1) and 
have prea s signed derivatives at these points. This idea has 
recently been exploited in a very interesting manner by P. Szasz 
[1] who has termed qua s i -Hermi te -Fe jé r interpolation to be that 
process wherein the derivatives are only prescr ibed at the points 
x , x , . . . , x and the points -1 ,+1 a re left out, while the 

1 2 n 
values a re prescr ibed at all the abscissas (1). The correspond­
ing theorems give interesting analogues to the theorems of 
Fejér [2], Egervary and Tur in [4], and Grunwald [3]. The 
interpolatory formulas have been obtained by Egervâry and 
Turan in a special case from a different point of view. 

In the present note we extend these resul ts by observing 
that analogous theorems hold true if the derivatives a re p re ­
scribed at all the points except only at either of the end-points. 
We prove the corresponding theorems of convergence as well. 

1) The author is grateful for financial support under U. S, Air 
Force Grant AF-AFOSR-62-198 and AF49(638)-574 while 
at Harvard University. 
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This brings a sort of asymmetry in the formulas but the results 
remain similar. The terms "strongly normal" and "normal" 
abscissas can be defined in an analogous fashion. In the special 
case we are able to take the abscissas as zeros of Jacobi poly-

(a,6) 
nomials P (x), where 1 < a < 2 and 0 < ( 3 < 1 . To bring 

out the similarity with the results of P. Szasz the case a = 1, 
(3 = 0 is treated separately in § 3. 

2. Step Parabolas. We then begin by constructing the 
corresponding step parabolas q(x) as in Fejér [2], given by 
the 2n+2 conditions 

q(-D=Y . q(x.)=Y., i = l , 2 , . . . , n , q(l)=Y 
O i l n+1 

qf(x.) =0, i = 1, 2, . . . , n+1 . 

We put x = 1. By an elementary calculation we have 
r n+1 7 y 

(A ^2 2 / i (l+x)(l+c .(x-1)) 
q M ( . - * ) * ( * > _ _ J 2 i i J w 

4u (-1) 2w (1) 
(3) 

where 

(4) 

and 

+ S Y • IT1 TTT—x T2^ • {1 + c (x-x )} 
v \ (x-x )wT(x ) 1+x vx v ' J 

v = l \ v lx v / v 

w(x) = (x-x ) . . . (x-x ) 
1 n 

o)1(x) = (x-1) w(x) 

, 0 ) " { X ) 

V 1+X w M X ) 
1 V 

1 2ca ! ( l ) 
(6) c V ' 

n+1 2 w( l) 

The corresponding polynomials Q(x) with the properties 
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(7) Q(- l ) = Q(x ) = Q(l) = 0, (v = 1 , 2 , . . . , n ) 
V 

are given by 

Q(x) = 2 y ; . j . (x-x ) 
x 

V 

Q ' ( x v ) = y^ (v = l , 2 , . . . , n + l ) 

2 f 2 
1-x / co(x) I 1-x 

v 2 v | ( x -x ) o)(x ) | 1-x 
v = l 1-x v v J v 

(8) 

+ yI (i^juV) 
n + 1 7 Z(<\ 

- 2 GO ( 1 ) 

Then the interpolatory polynomial s(x) of degree < 2n+2 
which takes the values (2) at the absc issas (1) and whose deriva­
tive at the absc issas x , x , . . . , x ,1 takes the values 

1 2 n 
yj • Y^> - • • »yf . is then given by 1 2 n+1 

s(x) = q(x) + Q(x) , 

where q(x) and Q(x) a re as defined above. The verification 
that these polynomials a re the ones sought for is left out. 

Taking f(x) = 1, we get the identity 

2 2 (l+x)(l+c x . ( x - l ) ) 
(1-x) a) (x) n+1 2 

- + - GO (x) 
4 GO (-1) 2 o) (1) 

(9) 2 
n / °°^(x) \ 

+ S - ^ — . ^ • (l+c (x-x )) = 1, 
t \ ( X - X ) CO M X ) 1 + X V V 

v=l \ v 1 v / v 

from which we can get a part ial fraction decomposition of 
1 

2 2 
(1-x ) oo (x) 

Formula (9) is useful in the sequel. 

3. We shall now prove the following theorem: 

THEOREM 1. If f(x) is continuous for -1 < x < +1, 
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and if x (v = 1 , 2 , . . . ,n+1) denote the zeros of P ' (x), 
v n 

then the generalized quas i -s tep parabola S (x) of degree 2n+2 
coinciding with f(x) at - 1 , x (v = l , 2 , . . . , n + l ) and with 

S'(x ) = y ' (v = 1, 2, . . . , n+1), then S (x) converges uniformly 
n v v n 2 -

to f(x) _a_s n -* oo in the interval [-1,1] provided 

|y^ | < c (v = 1 , 2 , . . . ,n+l) . 

Remark. A similar theorem holds for zeros of P ' (x) 
n 

as absc i s sas . But the resul t and proof a re analogous. 

In the case of the x being zeros of P ' (x), the 
v n 

formula we get from (3), is 

q(x) ï R (X) = i -2 L « - l ) 
n •* 

2 
(1+x) Il - {-^p- (x-1) P ( 1 ' 0 ) ( x ) 

n 

2 

f(D 
2(n+l)2 

n 2 
+ 2 ^ - . f ^ - . / ( x ) f ( x ) , 

2 1-x v v 
v=l 1-x v 

v 

P ^ 0 ) ( x ) 
where i (x) = — —— . 

(x-x ) P ' U ' U ' ( x ) 
v n v 

We shall base the proof of this theorem on two l emmas . 

LEMMA 1. f(x) - R (x) tends to 0 uniformly in 
n -

-1 < x < 1, as n -* oo. 

F rom the corresponding form of the identity (9), we have 
on simplifying the first two t e r m s , 
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2-n(n+2)(x-l) L d , 0 ) / ] 2 

2 ( n + l ) 2 l n ] 

(10) 
n . 2 
_ 1-x 1-x 2 . , 

+ S - I (x) = 1 
V = 1 1 - X V 

V 

Now » 2 L < 1 > 0 ) / \ ^ 
(1-x) P (x) | 

f(x) - R (x) = n n ' 4 
( f (x ) - f ( - l ) } 

., . ) , (n+1)2, \ L(1,0), \Z 

(1+x) <1 - ' (x-1)) Px '(x) 
+ 1 s J l n L_ {f(x)-f(i)> 

2(n+l) 

n 2 

V = 1 1 - X V 
V 

Now I -» 0 un i fo rmly in - 1 < x < 1 s ince it v a n i s h e s a t 

x = - l , +1 and i s cont inuous whi le P ' ( x ) ( l -x ) = P (x) - P (x) 
n n n+1 

un i fo rmly in - 1 + 6 < x < 1 - 6 for any ô > 0, s ince P (x), the 

L e g e n d r e po lynomia l of d e g r e e n, i s bounded in [ - 1 , 1 ] and 
t e n d s to 0 un i fo rmly in [ - 1 + 6 , 1 - 6 ] . By the s a m e r e a s o n i n g 
I -*- 0 un i fo rmly in [ - 1 , 1 ] . 

We now e x a m i n e I . We have then 

|i | < | s | + | s | = z 1 + z2 . 
| x - x l < 6 | x - xl > 6 

Since f(x) i s con t i nuous , for any e > 0, t h e r e e x i s t s a 6 
such tha t |f(x) - f(y) j < e for | x - y | < 6 . 

Then 
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1 — 
1-x 1-x 2 

l (X) < £ . . . . 2 1-x v — 
x - x < 6 1-x v 

v '— v 

T h i s fol lows f r o m the iden t i ty (10). 

Le t | f ( x ) | < M f o r - l < x < l . Then 

\2 n 
2M 2 „ (* .<» , » S 2 - " T ( 1 - X M P n (X) 

Ô 

(1-x) . X 
1 1 

, , 2 1 " x 

V = 1 1 - X V 
P , ( 1 ' 0 ) ( x > 
\ n v ] 

< - — - ( 1 - x ) , P ( 1 ' 0 ) ( x , (1-x) 

Th i s fol lows f r o m the ident i ty 

(ID 
n 
2 

1 

v = l ( l - x 2 ) ( l - x ) | P t ( 1 , 0 ) ( x ) | 
v v i n v 

n(n+2) 

2 ( n + l ) ' 

which fol lows f r o m c o m p a r i n g the coef f i c ien t s of the h i g h e s t 

f • Mm v P ^ 1 ' ^ 1 ^ ^ ' P n + l ( X ) „ 
p o w e r of x in (10). Now P (x) = and 

n 1-x 
us ing S t i e l t j e s ' s i nequa l i ty 

|P (x)| < - ^ . — i -
1 n ' N/n 4r 

, - 1 < X < 1 

z. 
w h e r e c i s a n u m e r i c a l cons t an t , we have 

2 

2M 2 i -\ / 1 + x 

2 - 2 * n * V l - x 

< —_. _ _ # _ f o r . i + e < x < l - e 
— 2 Ve n 1 — — 1 
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F o r n sufficiently l a r g e t h i s can be m a d e l e s s than £ 

F r o m the fact tha t ( 1 - x ) ( l - x ) M 1 , '(x) 
Y n / 

i s con t inuous and 

bounded in [ - 1 , 1 ] and v a n i s h e s at x = + l , we can choose e 

such tha t for 1-e < x < 1, 
2 M , , 2 W J , L ( 1 , 0 ) , 1 
— - ( 1 - x 1-x PV x 

r 2 \ n / 
< e 

T h u s we have S < 2e . T h i s e s t a b l i s h e s un i fo rm c o n v e r g e n c e 

to z e r o in - 1 < x < 1 of f(x) - P (x). 
— — n 

LEMMA 2. 

n 2 
Q(x )= z y . I I ? - i 2 L . ( x . x ) | ( x ) 

v , 2 1-x v v 
v = l 1-x v 

+ y 
\ n / 

n+1 
-2 (n+ l ) 

t ends to z e r o un i fo rmly in - 1 < x < 1 if |y ! | < A 

We have 

Q(x) - y ' 
\ n 

n+1 -2 (n+ l ) 
^ J l + J 2 

w h e r e | J | < A . S 
| x - x l < e 
' v ' — 

< A e . 
1-x 

v = l 1-x 

1-x 2 
I . (x) 

1 - X V 

< Ae f r o m the ident i ty (10) 

and 
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| J 2 I < s 
|x -xl > e 

< - . ( l - x 2 ) ( l - x ) P ( 1 , 0 ) ( x ) 
— e I n ' 

< e by repeating the argument at the end of 

Lemma 1, for -1 < x < 1. Hence the Lemma. 

2 
(1-x ) 

The last t e r m yf is taken care of 
2(n+l) 

separately as it vanishes at x = t l and is continuous and bounded 
in -1 < x < 1 and tends to zero uniformly in - l + ô < x < l - ô . 

By combining the resu l t s of Lemma 1 and 2 we have the 
proof of Theorem 1. 

4. A-Quasi-Normal Point Systems. We shall say that 
a point system 

- 1 < X < X < . . . < X < 1 

1 2 n 

is an a -quas i -normal system if the inequalities 

1 + c (x-x ) > 0 
V V 

hold for -1 < x < 1 (v = l , 2 , . . . , n + l ) where c a re given by 

(5) and (6). In other words the points 

x - — (v = 1 ,2 , . . . ,n+l) 
v c 

V 

do not lie in the open interval ( - 1 , + 1). 

For Jacobi polynomials which satisfy the differential 
equation 

108 

https://doi.org/10.4153/CMB-1964-013-7 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1964-013-7


2 
( 1 - x )u)n(x) + [p - a - (a+p+2)x] w

f (x) + n(n+<?+p+l) w (x) = 0 

we get 

(P-ûf+l)-(or+6-l)x 
v 

c 
1-x 

V 

a > - 1 , p > - 1 . 

(p -cH- l ) - (a+p- l )x 
Now [ l + c ( x - x )] = 1 + 

v v x=l 1 + x 

v 

> 2 - a if p > 0 . 

2 - 2 ^ 
A l s o [1+c ( x - x )1 = 2 - a - p - , 

v v J
x = - 1 1-x 

> 2 - p - l if a > 1 , 

= 1 - p . 

We thus r e q u i r e 0 < p < 1 and 1 < a < 2 . 

A l s o , [1 + c . ( x - l ) ] = 1 , and 
n + 1 x = l 

[ 1 + c (x-1)] = 1 - 2c = 2 + n(n+.+ p+l ) > 2 

n+1 1
 x = - l n + 1 û f + 1 

2 
In p a r t i c u l a r for P = 0 , a = 1, c =0 and c 

v n+1 2 

A s a s i m p l e c o n s e q u e n c e of ident i ty (9) and the not ion of 
a - q u a s i - n o r m a l i t y , we can s t a t e the following t h e o r e m : 

T H E O R E M 2. If the r o o t s x . x . . . . , x of co (x) and 1 
1 2 n — 

f o r m an a - q u a s i - n o r m a l point s y s t e m ove r - 1 < x < 1, then 

( l - x ) | w ( x ) | < 2 | a ) ( - l ) | for - 1 < X < 1 . 
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The proof fol lows i m m e d i a t e l y on w r i t i n g (9) a s fo l lows: 

14 \2 Z( \ ( 1 + X ) [ 1 + C . ( X - 1 ) ] 
1-x) a) (x) n+1 2 

- = 1 - a) (x) 
4 w (-1) 2co (1) 

2 
n W 1 ( X ) 1+x 

- S L _ - . i±2L {l+c (x-x ) } . 
2 . 2 1+x vx v ' J 

v = l ( x - x ) u> A (x ) v 
v 1 v 

By the condi t ion of a - q u a s i - n o r m a l i t y we have 

1 + c f x - i ) > 0 and 1 + c ( x - x ) > 0 
n+1 vv v ' 

and so the left s ide i s < 1 whence the r e s u l t . T h u s in p a r t i c u l a r 
la, 6) 

we have for P (x) , 0 < p < 1 and 1 < a < 2 , t he inequa l i t y 

( l - x ) | P ( a ' P ) ( x ) | < 2 | P ( a ' P ) ( - l ) | . 
n — n 

R e m a r k , We m a y say tha t a p o i n t - s y s t e m x . x . . . . , x , 1 
' ' 1 2 n 

i s s t r o n g l y a - q u a s i - n o r m a l if 

(A) 1 + c ( x - x ) > p > 0 and 1 + c (x-1) > p > 0 , 
v v — n+1 — 

(v = 1 , 2 , . . . , n ) , 

w h e r e c , c t a r e given by (5), (6). We see tha t the z e r o s of 
v n+1 

the J a c o b i po lynomia l P P (x) (with 0 < p < 1 and 1 < a < 2) 
n — — 

f o r m a s t rong ly a - q u a s i - n o r m a l point s y s t e m . 

It i s p o s s i b l e to f o r m u l a t e a t h e o r e m a n a l o g o u s to 
T h e o r e m 5 of S z a s z [1 ] , bu t we s h a l l not do so h e r e . 

z 
The ident i ty (10), a f t e r the subs t i t u t i on x = cos— and on 

n 
us ing the M e h l e r - H e i n e type r e l a t i o n [Szego [5] p . 165] 
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- a mm Qf [ ^ K j 17 / W I 

l im n Pv , K / ( c o s - ) = hr J (z) uniformly for | z j < R, 
n n l2 ' a ' ' — 

n-»-oo 
R fixed, leads to the following interest ing identity where v 
is a zero of J . (z ) (which can be otherwise proved by use of 

2 4 
Mittag-LefflerT s theorem applied to J (z) - — ) : 

1 £ 

2 4 2 °° z 2 j l { z ) 

J , (z) + — J ( z ) + 4 S \ 
Z k = l (Z - V ) J ( v ) 

[See [8] p. 105, formula (65) which gives the above identity on 
observing that JWv ) = J (y ) since 

1 |JL 0 JJL 

zJ^(z)+ J ^ z ) = zJ0(z) ([8] p. 11).] 

Formula (9) can yield other such identities too. 

5. Egervary and Turan [6] have defined an interpolation 
process to be stable for the interval [0,oo] and weight function 

e , if for 0 < x < x < . . . < x and polynomials r (x), 
— 1 2 n v 

( v = 1, 2, . . . , n) we have 

0 < e 
n 

v = l 
y r (x) 

v v 
S v * r 

v = l 
y ' r (x) J v v 

< max y -y 
— 'y v v 

v 

for all x > 0, where 

(12) r v (x . ) =• 
| 1 . J = v 

|0. j ^ v 

If we a r e not concerned about an interpolation process being 
"most economical11 then we can still get a stable interpolation 
process in the following manner. As Egervary and Turan have 
shown, for the above condition to be satisfied we must have for 
the r (x) the following further conditions: 
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(13) r f ( x f ) = 0 j * v , r» (x ) = r (x ) = 1 . 
V J V V V V 

We then find a p o l y n o m i a l sa t i s fy ing (12) and (13) and we 
take the x1 s to be the z e r o s of L a g u e r r e p o l y n o m i a l s 

la) V 

L (x), a > - 1 . We a l s o suppose tha t the v a l u e of the 
n 

in terpola tor^ / po lynomia l R (x) i s p r e s c r i b e d a t x = 0. 
n 

Then it i s e a s y to see tha t 

(a) 2 

/ L ( x ) \ n x[x + a ( x - x )] 
(14) R < x . f ) = R ( * ) = y U L — + Z y v - ^ - 1

 V—lyM 
\ 1 / (Q) / v = l x 

n v 

We have 

2 

U ( x ) , e X ( n 
/ L ( û f ) ( x ) \ n Y x [x + ûr(x-x )] 0 x i , v v 2 

- - 2 e
 v- — — — — — I (x) > 0 

L. (0)/ v = l x 
n v 

for x > 0. 

F o r U(0) - 0 , U ( x v ) = 0 , U1 (x ) = 0 (v = 1 , 2 , . . . , n ) , w h e r e 

L (x) 
i (x) = 

( x " X v ) L n < V 

and so U(x) has 2n+l z e r o s . If U(x) v a n i s h e s for one m o r e 
v a l u e of x > 0, then by Rolle* s t h e o r e m for s o m e £ > 0, 

U ( 2 n + 1 ) ( e ) = 0 . But U ( 2 n + 1 ) ( x ) = e X . Hence U(x) > 0 for 
x > 0. 

We need in fact the w e a k e r a s s e r t i o n tha t for 0 < x < oo 
we have 
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, la) . 
1/ ' (x) n x[x + <*(x-x )] 

e - —7-T > S i x 
\ L (0 / v = l x 

n v 

We sha l l now p r o v e the following 

T H E O R E M 3 . If f(x) i s cont inuous and bounded for 

0 < x < oo, and a> is an a r b i t r a r i l y l a r g e pos i t ive n u m b e r , 
then the s equence R (x, f) in (14) c o n v e r g e s to f(x) in (0,oo) 

and un i fo rmly in [0,co] w h e r e 0 < a < 1 . 

F o r a = 0 we get the c a s e t r e a t e d by B a l à z s and T u r a n [7] . 

We sha l l need the known inequal i ty for m o d u l u s of con t inu i ty , 

v i z . 

A 9 (X6)< ( \+ l ) A 9 (6) 

w h e r e X. ô < 2a> and A ^ i s the modu lus of cont inui ty of f(x) 
— 2co 

wi th r e s p e c t to the i n t e r v a l [0,2a>]. 

We sha l l b a s e the proof on the following l e m m a s : 

LEMMA 4. F o r 0 < X < : G O and for n = 2 , 3 , 4 , . . . we 
have 

n 
S r (x) - 1 

v = 0 V 

< e n 
1 

- 1 / 4 

where 

x(x + (*(x-x )) 
r (x) = - — - — I (x) , v = l , 2 , . . . , n 

v 2 v 

/L!r ) ( x ) i 

ro(x)= rer~, 
n 
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and c i s a n u m e r i c a l c o n s t a n t depend ing only on co . 

Proof . We h a v e , f r o m the H e r m i t e - F e j e r f o r m u l a of 
i n t e r p o l a t i o n , the iden t i ty 

(15) 
n x (x - a ) + x ( a + l - x ) 
^ v v v 2 , % 1 = 2 I x 

A X V 

V = 1 V 

A l s o put t ing x = 0 in the above and m u l t i p l y i n g bo th s i d e s su i t ab ly 
we have 

(16) 

(a) 
l> '(x) 

n 
la) 

l} }(0)l 
n 

n 
2 

x - a / L ( 0 f ) ( x ) 

V = l X 
v ' (or) 

Then we h a v e , us ing f i r s t (15) and then (16) , the fol lowing: 

S r (x) - 1 
v=0 V 

n <arx(x-x ) ' / L, (x) \ 
S \— + 5 M , W + K - : 

v = l v x \ Lv ' ( 0 ) j 
^ v J n 

n <z(x-x ) . 
. 2 { i - + V— - (x-x )) i 2 ( x ) 

X X V f V 

v = l v v 

J X X - X 
V = 1 V V i L ' ( a ) ( x ), 

n v 

(a) 
n /LV '(x) 
s x n 

x ( x - x ) I i (a) 
v = l v v \ L, (x )/ 

n v 

Then 
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- X 
II 

S r (x) - 1 
v=0 V 

n 
< S X X - X 

V = l V ' V 

la) 
L> '(x) 

n 

L, (x )) 
n v 

< V S 2 

w h e r e 

e S 
, , - 1 / 4 x x - x 
x - x <n v ' v 

L n ( X ) 

L , ( f lP ,(xv)l 
n v 

- x - 1 / 4 _ x 2 , . 
< e • n S — | (x) 
- x v 

v = l v 

- x - 1 / 4 n x • x (1-a) 
e • n v 2 

< 2 i (x) s ince 0 < a < 1 
— 1-e* 2 v — 

v = l x 

- x - 1 / 4 n x{x + # ( x - x )} 
e • n _ v v 2 , t 

< S i (x 
— 1-or , 2 v 

v = l x 

- 1 / 4 
n 

— 1 - û r 
1 - e 

*x n 

l L , ( a , ( 0 ) , 
n 

and 

•1 /4 

~ l-<* 

- x (a), \ 
S = e • x LV ' x) 

2 n 
x - x >n" 

1 v ' 

t l / 4 x | x - x | * | i (<*) T^ 1 ^ v ' v • ML (x ) 
n v 

1/4 - x 
< n e • x 

2 n 

v = l x 
, (or) [Z 
n v 
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Since from Szegô [5] (p. 176 formula (7. 6. 12)) we know that 

lin% -a/2+1/4 -x/2 a/2+1/4 
(17) n max e x 

0<x<co 

L (x) 
n 

< c for a > - -r 

and since again we know ([5] p. 342 formula (14. 7)) 

(18) 2 — . 
V = l V 

1 r(n+l)r(o+l) ^ -a 
2" = ^ " n 

L x ) 
n v 

T(n+a+l) 

we have 

S < en 
2 

•1/4 

The Lemma is then proved. 

LEMMA 5. For 0 < x < co , we have 

S lx"xv I r v ( x ) < C 2 n 

v = l 

1/4 

^e have 

n 

• x 2 1 
v = l 

— e 

x-x 1 
V ' 

- X 
. X 

r (x) 
V 

Ln ( X ) 

L(tt ,«» 
n 

n x[x + a(x-x )] 
-x _ v v 

+ e 2 

L (x) 
i n / 

V = l X L (X ) 
v \ n v 

x - x 

Observe that with 0 < a < 1, x + a(x-x ) > 0 for x> 0. 
— v v — 

The first term in the sum on the right is taken care of by the 
1 

inequality (17) if a > - -r while the other term involving sum­
mation on the right can be broken into two parts - one with 

-1/4 -1/4 
Ix-x I < n , and the other with |x-x I > n . The 
1 v ' — ' v ' 
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f i r s t p a r t of th i s d e c o m p o s i t i o n h a s a l r e a d y been t r e a t e d in 
L e m m a 1. The second p a r t can be w r i t t e n a s 

e . x L (x) 
I n 

2 r 

x- x I >n 1 v 

- 1 , , - 1 r (a ) , 
. . . x x - x L 

- 1 / 4 v ' v ' I n 

+ a S 
- 2 

x - x >n 1 v ' 
1/4 Xv 

T ' K J L x ) 
n v / 

- x 
< e . x 

, 1 / '(x) 
\ n 

1/4 * - 1 
n ^ x 

v = l V 
Li ( x ) 

n v 

+ a S x 
v = l V \ n v , 

- 2 

F r o m (16), we have 

/ / \ \'Z n ( 
(a) I 

L (0) = 2 
I n / I 

v = l 

- 1 "2 , ( a ) , 
x - a x L (x ) 

v v M n v 

- 2 

Combin ing t h i s ident i ty wi th (18) we get for 0 < a 

(19) a S x 
v = l 

- 2 
L (x ) 

\ n v / 
'Z = [&\0)\'i-L{a\0)\'2-n 

\ n / I n / 

Th i s e s t i m a t e he lp s us to get the l e m m a . 

LEMMA 6. We have 

- 1 / 2 
2 r (x) < en , 0 < x < a) . 

x >2co 
v 

The proof fol lows a s above , on o b s e r v i n g tha t for 0 •< x < u> 
and x > 2CJ , we have | x - x f > co, so tha t 

v ' v ' 
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- X Oi 

e S r (x) < -
x >Zoo 

V 

n 
S 

v = l 
x L (x ) 

v n v 

+ 0) 2J X 

v = l " 
n v 

- 2 

e x L (x) 
\ n 

Us ing the e s t i m a t e s (17) , (18) and (10) we get the r e q u i r e d r e s u l t . 

Proof of the T h e o r e m . Since f(x) i s con t inuous and 
bounded , we have 

| R (x) - f (x ) | < S | f(x ) - f ( x ) | r (x) 
n v = 0 

+ | f (x ) | 1 - S r (x) 
v=0 

< S | f(x ) - f (x ) | r (x) + 2M S r (x) + M 
I I ^ V V V 

x <Zco x >2co 
1 v '— v 

1 - S r (x) 
v 

v=0 

Since 

| f ( x ) - f ( x ) | < / \ 9 ( | x - x | ) < A . ( n " 1 / 4 ) { n 1 / 4 | x - x | + 1} , 

the r e s t of the proof fol lows on us ing the l e m m a s . 
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