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ABSTRACT. The amplitude ratio between surface and bedrock topography has been
predicted to depend strongly on the ratio of deformational velocity to mean basal sliding
velocity. Observations made prior to and during a surge of Tungnaärjo« kull, Vatnajo« kull
ice cap, Iceland, allow this prediction to be tested. During the surge, the ratio of internal
deformational velocity and basal sliding (slip ratio) changed from about unity to a few
hundred.The amplitude ratio changed from about 0.1 to about 0.7. This increase in ampli-
tude ratio is in good overall agreement with predictions based on an analytical perturba-
tion analysis for a linearly viscous medium which includes the effects of horizontal
deviatoric stresses on glacier flow. An increase in amplitude ratio of this magnitude is not
predicted by a similarly linearized analysis that employs the commonly used shallow-ice
approximation.The strong increase in transfer amplitude observed in the surge of Tung-
naärjo« kull is a clear illustration of the effects of horizontal stress transmission on glacier
flow reported here for the first time.

1. INTRODUCTION

Because data from the surface of a glacier can, in general, be
obtained much more easily than data about basal conditions,
it is of interest to be able to predict basal variables such as bed-
rock profile andbasal slipperiness using surface data only.The
first step towards this goal involves understanding how basal
variability affects the surface geometry and surface velocities,
and determining theoretically the transfer of basal variability
towards the glacier surface.Various attempts have been made
towards this end. A recently developed perturbation analysis
of the transmission of basal variability to glacier surfaces
(Gudmundsson, in press) predicts that the surface-to-bedrock
amplitude ratio is strongly affected by the ratio between mean
basal sliding velocity and mean forward deformational
velocity (slip ratio). A similar effect of the slip ratio on the
transmission of bedrock undulations towards the surface is
not expected, on the basis of some commonly used theories of
glacier flow such as the zeroth-order shallow-ice approxi-
mation or the traditional kinematic wave theory.

Obtaining observational data on how bedrock-to-surface
amplitude transfer is related to slip ratio is complicatedby the
fact that the amplitude ratio depends on a number of other
factors beside the slip ratio, such as the rheological properties
of the ice, spatial extent of the basal perturbations, and aver-
age surface slope. A situation where the slip ratio changes
suddenly, while all other relevant factors remain the same,

would clearly be ideal.The transition to surging provides an
excellent example of these conditions. In a surge, the basal
sliding velocities are an order of magnitude larger than
during the quiescent periods prior to and after the surge. At
the same time, other factors affecting the transmission of
basal variability towards the surface remain more or less the
same. Observing changes in basal transfer towards the sur-
face during a surge thus allows theoretical concepts about
the relationship between bed and surface to be tested.

Here we describe observations of changes in surface
shape made onTungnaärjo« kull,Vatnajo« kull ice cap, Iceland,
prior to and during a major surge in 1994.We show that the
surface-to-bedrock amplitude ratio increased significantly
during the surge in agreement with predictions based on
first-order perturbation analysis. This increase is not pre-
dicted by the zeroth-order shallow-ice approximation.

2. THEORY

The effects of spatial variations in basal geometry on the sur-
face of glaciers can be determined analytically using pertur-
bation methods. Various authors have used this approach
(Hutter, 1980, 1983; Balise, 1987; Reeh, 1987; Jöhannesson,
1992; Gudmundsson, in press), each one extending and cor-
recting certain aspects of previous work. The perturbation
analyses by these authors lead to analytical expressions for
the variations in flow set up by small-amplitude basal distur-
bances.The non-dimensionalamplitude perturbation param-
eter (°) which enters these solutions is the ratio of bedrock
amplitude (a) and local mean ice thickness (h), that is
° ˆ a=h. No assumptions need be made about the size of the
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shallowness parameter (¯ ˆ h=l), where h is a typical ice
thickness and l the glacier width, in contrast to the shallow-
ice approximation where this parameter must be small. The
solutions are thus validoverboth long and short spatial scales
compared with the mean ice thickness. For this reason, this
perturbation theory will be called `̀arbitrary-wavelength
theory’’, whereas the shallow-ice approximationwould be an
example of a `̀ long-wavelength theory’’. The arbitrary-wave-
length theory is first-order in the amplitude parameter, and in
this approximation the theory is linear. The theory can only
be used for distances over which changes in ice thicknesses are
small as compared to the mean ice thickness of the area in
question. The shallow-ice approximation is the limit as
¯ ! 0 and is a non-linear theory. It can be linearized by con-
sidering small amplitude variations in bedrock (Fowler and
Larson, 1978; Fowler, 1982; Gudmundsson, in press). The
resulting linear version of the shallow-ice approximation is
commonly known as the traditional (linear) kinematic wave
theory (Nye,1963).

The solutions utilized here are based on the work of
Gudmundsson (in press) and are valid for a linearly viscous
medium. Despite being limited to small amplitudes and
linearly viscous media, the solutions are quite general in
several important aspects. Both horizontal stress gradients,
ignored in most shallow-ice models, and shearing through
the ice column, ignored in ice-shelf models, are, for
example, fully accounted for. The non-linear problem has
been investigated by Landon and Raymond (1978), Balise
(1987) and Jöhannesson (1992).

The steady-state bed-to-surface amplitude transfer is
predicted to be a fairly complicated function of wavelength
(¶), orientation of the wave crest with respect to mean flow
direction (³), and mean surface slope (¬) (Gudmundsson,
in press). A key variable affecting the bed-to-surface ampli-
tude transfer is the slip ratio (C…0†), defined as the ratio

between basal sliding velocity (ub) and mean deforma-
tional velocity (ud). The upper part of Figure 1 shows the
transfer amplitude of the surface with respect to the bed
profile as a function of wavelength, for sinusoidal bed undu-
lations according to the analysis by Gudmundsson (in
press). The analytical expression for the transfer function is
given in the Appendix. The crests of the sinusoidal bed
profile are transverse to the mean flow direction.The figure
shows that with increasing slip ratio (C…0†) the transfer
amplitude increases significantly over a fairly wide range of
wavelengths.The qualitative features of the amplitude ratio
also change as the slip ratio is increased, with a local max-
imum in transfer amplitude being formed at wavelengths
around 5^15 times the mean ice thickness (h…0†). This max-
imum becomes broader and shifts to larger wavelengths as
the slip ratio becomes larger. At slip ratios larger than 100,
the transfer amplitude is almost equal to unity at wave-
lengths around 10 times the mean ice thickness, and larger
than 0.5 at all wavelengths larger than about 2.5h…0†.

The relative position of the sinusoidal surface wave with
respect to the bed wave is also strongly dependent on C…0†

(lower part of Fig. 1). For C…0† ˆ 1 the phase shift is close to
¡º=2³ for wavelengths within the range 2^50h…0†. For a
phase shift of ¡º=2³, the peak of the sinusoidal surface wave
is upstream of the corresponding peak of the bed profile,
with the inflection point of the sinusoidal surface profile dir-
ectly above the peak of the bed profile. As C…0† increases, the
phase shift becomes smaller in magnitude and the surface
wave more in phase with the bed wave. In the limiting case
of C…0† ! ‡1 the surface is exactly in phase with the bed
(Gudmundsson, in press).

Providing that factors such as mean surface slope and ice
viscosity do not change, an increase in slip ratio leads to an

Fig. 1. Bed-to-surface amplitude transfer of a sinusoidal bed-
rock undulation and relative phase shift between surface and
bed as a function of wavelength for a number of different slip
ratios (C…0†). The crests of the sinusoidal bedrock undula-
tions are normal to the mean direction of flow. Mean surface
slope is equal to 1³.

Fig. 2. Bed-to-surface amplitude transfer of a sinusoidal vari-
ation in basal slipperiness and relative phase shifts. Basal
slipperiness is defined as the constant C in the sliding law
ub ˆ C½b, where ub is the sliding velocity and ½b the basal
shear stress.The transfer amplitude corresponds to the ampli-
tude of a sinusoidal surface undulation, as a fraction of mean
thickness (d), caused by a basal slipperiness perturbation
having an amplitude equal to d=…2²†, where ² is ice viscosity.
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increase in bed-to-surface amplitude transfer and a down-
stream shift in the location of surface crests. The predicted
increase in transfer amplitude is large. For a change in slip
ratio from unity to 4100, the transfer amplitude increases
from about 0.1 to 40.8 over wavelengths ranging from 3 to
about 20 times the mean ice thicknesses (Fig.1).

A similar increase in amplitude transfer is not caused by
a spatial variation in basal lubrication. The corresponding
transfer amplitude and phase shift are shown in Figure 2.
A spatial variation in bed lubrication is here defined as a
spatial variation in the parameter C entering a basal sliding
law of the type ub ˆ C½b, where ub is the basal sliding
velocity, ½b the basal shear stress, and C the basal lubrication.
Figure 2 isbased on the results of a perturbation analysis, and
the details can be found in Gudmundsson (in press). The
equations used here are listed in the Appendix. It is not possi-
ble to give a physical meaning to the numerical values of the
transfer amplitudes in the figure without explaining how
variables have been scaled. The important aspects of Figure
2 are the small relative changes in transfer amplitudes with
increasing slip ratio compared with those in Figure 1, and
the fact that amplitudes increase monotonically as a function
of wavelength (Fig. 2), without forming a local maximum of
the type seen in Figure1.

The relative phase shifts between surface and bed undu-
lations (lower half of Fig. 1), on the one hand, and surface
undulations and basal slipperiness variations (lower half of
Fig. 2), on the other, differ by exactly 180³ for all wave-
lengths. This difference is a simple consequence of the fact
that a positive perturbation in basal slipperiness will lead
to an increase in basal velocities, whereas a positive bedrock
undulation (bump) causes a corresponding reduction. For

large slip ratios, the surface loweringassociated with a local-
ized (positive) slipperiness perturbation is almost directly
above the maximum increase in basal slipperiness.

Summarizing, the amplitude ratio between surface and
bed undulations is strongly dependent on the ratio between
mean sliding and mean deformationalvelocities. As the slid-
ing increases, keeping other factors constant, the amplitude-
ratio curve has a local maximum as a function of wave-
length.The amplitude ratio increases by roughly a factor of
5^10 as the slip ratio changes from unity to about 100^200
(Fig. 1). Spatial variations in basal lubrication do not give
rise to a similar increase in transfer amplitudes (Fig. 2).

3. STUDYAREA

Tungnaärjo« kull is an outlet glacier of Vatnajo« kull ice cap,
Iceland, flowing towards the southwest (Fig. 3). Like most
of the other major outlet glaciers of Vatnajo« kull, Tungnaär-
jo« kull has a history of surges. Because the glacier is located
far away from any settlements, there are no records of any
surges before the start of the 20th century. Tungnaärjo« kull
surged around1920, again in 1945, and the latest surge took
place in 1994 (Bjo« rnsson and others, 2003). In 1992 Ko« lduk-
võÂ slarjo« kull, north of Tungnaärjo« kull, started surging, and
the 1994 surge of Tungnaärjo« kull may possibly have been
related to the surge of Ko« ldukvõÂ slarjo« kull. SõÂ ”ujo« kull, south
of Tungnaärjo« kull, also surged in 1994 and by then the
whole western side of Vatnajo« kull was surging.

3.1. Surface velocities

Annual surface velocity measurements have been con-
ducted on Tungnaärjo« kull since 1992. Prior to the start of
these systematic velocity studies, sporadic measurements of
surface velocities were made. For example, the summer
velocities in 1986, well ahead of the start of the 1994 surge,
are known. The velocity data from 1992 to 1993 show sea-
sonal variations in surface velocities, which are then fol-
lowed by a slow increase in velocity during winter 1993/94,
and a much more rapid increase in summer 1994. From
November 1994 until September 1995 it was not possible to
measure surface velocities, and by then the surge had
ceased. It is thus not accurately known when the maximum
surge velocity occurred, but it is believed that the surge
started to slow down shortly after November1994.

The increase in surface velocities during a surge is
known to be caused by an increase in basal motion.The slip
ratio is thus larger during a surge than before the surge
started. A lower estimate of the mean annual slip ratio prior
to the1994 surge canbe obtained by assuming that the lowest
measured velocity at each location is equal to the maximum

Fig. 3. Location map. North points upwards.The line running
down Tungnaärjo« kull shows the location of the profile in
Figure 4.

Fig. 4. Surface and bedrock profile along a flowline onTung-
naärjo« kull.The location of the profile can be seen in Figure 3.
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deformation velocity.This gives slip ratios in the range 0.3^2,
or on the order of unity. In November 1994, velocities were
about two orders of magnitude larger than prior to the surge.
Around the equilibrium line, a lower estimate for the slip
ratio is in the range 100^200. The slip ratio varies somewhat
with location, possibly decreasing to 50^100 up-glacier
towards the ice divide.

4. TOPOGRAPHY CHANGES

The surface and bedrock topography were surveyed by
radio-echo soundings in 1981 (BjÎrnsson, 1988). Surface alti-
tude and ice thicknesses were thus known in some detail
before the beginning of the surge. A surface and bedrock
profile approximatelyalonga flowline, based on the data col-
lected in 1981, is shown in Figure 4. It can be seen that the ice
flows over two prominentbedrock ridges (x coordinates 4000
and 14 000 in Fig. 4). Both of these ridges run approximately
north-northwest, and, where the ice flows over them, the dir-
ection of the mean velocity field deviates by about 20³ from
being normal to the orientation of the ridges.

The lower subglacier ridge, i.e. the ridge closer to the ter-
minus (x coordinates 4000 in Fig. 4), is approximately130 m
high and about 2 km wide at the base. The ice thickness is
300 m upstream from the ridge, but only about 100 m dir-
ectly above it. The surface profile seen in Figure 4 is clearly
affected by the presence of the subglacier ridge. By subtract-
ing a mean slope over a distance of some 10 km from the sur-
face profile in Figure 4, the predominant wavelength and
amplitude of the disturbance in surface geometry can be es-
timated. The surface disturbance is wavelike, although not
strictly sinusoidal, with a wavelength of about 3.5 km,
amplitude of 30 m, and relative phase shift with respect to
the bedrock ridge of about ^45³.The amplitude ratio is thus
around 0.23, and the wavelengths in the range 5^50. This
amplitude ratio is rather large, but, as the following discus-
sion depends on the approximate range rather than exact
values of theoretically predicted transfer amplitudes, this
does not pose a problem.

The upper ridge (x coordinates 14 000 in Fig. 4) is
approximately 200 m high and 2.5 km wide at the base.
The ice thickness is 700 m upstream from the ridge and
350 m above the ridge.The associated standing surface wave
is about 20^40m high,3.5 km long and has approximately ^
90³ phase shift relative to the bedrock ridge. The wave-
length is thus approximately 6 and the amplitude ratio
around 0.1^0.2.

It was not possible to survey changes in the surface top-
ography during the surge. However, by comparing oblique
photos of the area taken prior to and during the surge from a
similar viewpoint (Figs 5 and 6), it nevertheless becomes
clear that the surface shape changed significantly in the
course of the surge. The surface lowered by about 100 m in
the accumulation area while the terminus advanced by
about 1km. In addition to these large-scale changes in ice-
thickness distribution, the surface profile in the vicinities of
the two ridges changed markedly. The surface undulations
seen in Figure 6 are not related to a propagation of a surge
front. At the time picture 6 was taken, the surge front had
reached the terminus, and all of the area of Tungnaärjo« kull
seen in the picture was surging.

During the surge, two large surface ridges were formed
(Figs 6 and 7). The exact locations of these surface ridges in

relation to features of the bedrock are difficult to determine.
Nevertheless, it is clear that each surface ridge lies within a
few hundred meters of one of the bedrock ridges.The devel-
opment of the surface geometry with time could not be fol-
lowed in detail, but it seems likely that in the course of the
surge these large surface ridges grew gradually from the
much smaller surface undulations seen in Figure 4. The
increase in amplitude of the surface disturbances around
the bedrock ridges indicates that the amplitude ratios
between surface and bedrock increased significantly after
the onset of the surge. A Fourier decomposition of bed and
surface profile would be needed to give an exact estimate of
the changes in amplitude ratios as a function of wavelength.
Because sufficiently good surface data for this purpose are
not available, only rough estimates of changes in amplitude
ratios can be made. In view of the large changes in surface
geometry associated with the surge, this does, however, not
pose a significant problem. From the length of the shadows
cast by the surface ridges, the amplitude of the lower surface
ridge is estimated to be 100 §25 m. Thus, the amplitude
ratio clearly increased substantially, from about 0.23 prior
to the surge to about 0.6^0.8 during the surge. A similar
increase in amplitude ratio is found for the ridge further
up-glacier. After the surge, the amplitude of both of these
surface ridges reduced to values similar to those observed
before the start of the surge.

Fig. 5.Tungnaärjo« kull before the 1994 surge started.The view
towards north with the flow direction approximately from
right to left (photo H. Bjo« rnsson 1993).

Fig. 6. Same view as in Figure 5 during the surge (photo H.
Bjo« rnsson 1994).

Gudmundsson and others: Bedrock-to-surface amplitude transfer during glacier surge

94

https://doi.org/10.3189/172756403781816248 Published online by Cambridge University Press

https://doi.org/10.3189/172756403781816248


5. DISCUSSION AND CONCLUSIONS

The 1994 surge of Tungnaärjo« kull led to an increase in slip
ratio from about unity to several hundred. At the same time,
the surface became more undulating. The surface-to-bed
amplitude ratios changed from about 0.1 to about 0.7. These
values are not exact, and the changes in amplitude ratios as
a function of wavelength cannot be estimated. Nevertheless,
this increase is both large and real.

Figure1 shows that an increase in slip ratio from 1 to 100
is predicted to cause the bedrock-to-surface transfer ampli-
tude to change from 0.1 to about 0.7 over a large range of
wavelengths. This corresponds well with the observed
changes in amplitude ratios.This change in amplitude ratios
can, on the other hand, notbe explainedas a consequence of
changes in the degree of basal lubrication. As Figure 2
shows, the corresponding effects on surface amplitudes are
too small. It is, however, conceivable that large-amplitude
changes in lubrication might affect the surface more
strongly than the linearized theory used here predicts.

The amplitude transfer of bedrock undulations towards
the surface can also be calculated using the traditional kine-
matic wave theory. As described above, the traditional kine-
matic wave theory can be obtained by linearizing the
shallow-ice approximation (SIA) which is an example of a
long-wavelength theory. Since the SIA is commonly used to
describe the flow mechanics of glaciers and ice sheets, it is of
interest to see how well the SIA predicts the observed
increase in transfer amplitudes during the surge. Figure 8
shows transfer amplitudes and phase shifts calculated using
both the arbitrary-wavelength theory (thick lines) and the
(linearized) long-wavelength theory (thin lines), for two
different slip ratios. At a slip ratio of one, the transfer ampli-
tudes calculated with these two theories do not differ signifi-
cantly, and the phase shifts are similar for all but the
shortest wavelengths. Calculating surface shapes from
known bedrock profiles for the quiescent periods prior to
and after the active surge phase using both theories would
thus lead to similarly shaped surface profiles. At a slip ratio
of 200 there are, on the other hand, significant differences in
calculated transfer amplitudes and phase shifts (Fig. 8). The
long-wavelength theory does not produce the observed
increase in transfer amplitudes associated with the surge.
The arbitrary-wavelength theory used here, though limited
to linear media, gives a much better description of the rela-
tionship between bedrock and surface than commonly used

theories of glacier flow such as the zeroth-order shallow-ice
approximation and the traditional kinematic wave theory.
Only rough estimates of transfer amplitudes are needed to
demonstrate this.

The arbitrary- and long-wavelength theories differ in
their treatment of horizontal deviatoric stresses. In the
zeroth-order SIA the horizontal deviatoric stresses are
ignored. The traditional kinematic wave theory is a linear-
ized version of the zeroth-order SIA and, as does the SIA,
predicts the fluxof ice to be a local functionof slope and thick-
ness.With increasing slip ratio, the transmission of horizontal
stresses becomes increasingly important and the flow can no
longer be predicted on the basis of local slope and thickness
only. For a slip ratio of 0^5, the differences in theoretically
calculated transfer amplitudes are relatively small, as can be
seen from Figure 8. As the slip ratio increases, these differ-
ences, however, become quite significant both numerically
and qualitatively. The strong increase in transfer amplitude
observed in the surge of Tungnaärjo« kull reveals a non-local
aspect of glacier mechanics which has not been previously
shown to exist.
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Jöhannesson, T. 1992. Landscape of temperate ice caps. (Ph.D. thesis,
University of Washington.)

Landon, J. and C. Raymond.1978. Chislenniy raschet reaktsiipoverkhnosti
lednika na izmeneniya tolshchiny l’da [Numerical calculation of adjust-
ment of a glacier surface to perturbations of ice thickness]. Mater. Glyatsiol.
Issled. 32,123^133 (in Russian); 233^239 (in English).

Nye, J. F.1963. On the theory of the advance and retreat of glaciers. Geophys.
J. R. Astron. Soc., 7(4), 431^456.

Reeh, N. 1987. Steady-state three-dimensional ice flow over an undulating
base: first-order theory with linear ice rheology. J. Glaciol., 33(114),177^185.

APPENDIX

TRANSFER FUNCTIONS

The transfer functions used in the text to calculate the
response of the surface geometry (S) to perturbations in bed
geometry (B) and basal slipperiness (C) are given by

T SB ˆ â

d̂ ‡ ´b̂
1 ¡ e´t=tpe¡t=td

± ²
;

and

T SC ˆ ê

d̂ ‡ ´b̂
1 ¡ e´t=tp e¡t=td

± ²
;

where ´ is the imaginary unit, kx and ky are the longitudinal
and the transverse wavenumbers, respectively, and k is
defined as k ˆ

���������������
k2

x ‡ k2
y

q
. The wavenumbers are dimen-

sionless as all spatial distances have been scaled with the
mean ice thickness. The SB transfer function is inherently
dimensionless and its modulus is the amplitude ratio
between surface and bed. The modulus of the SC transfer

function is the ratio between (scaled) perturbed surface
amplitude (¢S) and the fractional perturbation (¢C) in
basal slipperiness (C), that is,

T SC ˆ ¢S

¢C
;

whereas basal slipperiness is the ratio between basal sliding
velocity (ub) and basal shear stress (½b).The perturbation in
basal slipperiness (¢C) is defined through

ub ˆ ·c …1 ‡ ¢C† ½b;

where ·c is the mean (dimensional) basal slipperiness.
The following abbreviations have been used:

â ˆ …C…0† ‡ 1†f̂ ‡ C…0† ‡ 1 ‡ k2C…0†2
± ²

cosh k
h i

kkx;

b̂ ˆ …f̂ sinh k ¡ k† cot ¬;

ĉ ˆ k3…C…0† ‡ 1† ‡ f̂k cosh k;

d̂ ˆ kkx …C…0† ‡ 1† f̂ cosh k ‡ 1 ‡ k2…C…0† ‡ 1†
h i

;

ê ˆ ¡kxk C…0† cosh k;

and

f̂ ˆ cosh k ‡ kC…0† sinh k:

The constant C…0† is the mean (non-dimensional) basal slip-
periness. In dimensional form, the sliding law is ub ˆ c½b,
where c is the dimensional basal slipperiness, which is related
to its dimensionless counterpart through C ˆ 2²c=d…0†,
where ² is the ice viscosity and d…0† the mean ice thickness.
The expressions above have previously been listed in
Gudmundsson and others (1998), but the expression for ĉ in
Gudmundsson and others (1998) contains a typing error.
The first author thanks C. Schoof at Oxford University for
spotting this mistake.

The two time-scales td and tp, referred to as the diffusion
time-scale andthe propagation time-scale, respectively, are givenby

td ˆ ĉ

b̂
and tp ˆ ĉ

d̂
:

The time-scales are dimensionless, and dimensional times
are obtained by multiplying by the ratio between mean ice
thickness and mean deformational velocity.The duration of
the surge onTungnaärjo« kull was sufficiently long that only
the steady-state limit of the above-listed transfer functions
had to be used.
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