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Abstract

Poly-Euler numbers are introduced as a generalization of the Euler numbers in a manner similar to the
introduction of the poly-Bernoulli numbers. In this paper, some number-theoretic properties of poly-Euler
numbers, for example, explicit formulas, a Clausen—von Staudt type formula, congruence relations and
duality formulas, are given together with their combinatorial properties.
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1. Introduction

For every integer k, we define poly-Euler numbers Ef,k) (n=0,1,2,...), which are
introduced as a generalization of the Euler number, by

Li(1-e™*) _<EY

41(coshr) — & n! (b
Here, N
Lix(x) := Z; fl—: (Xl < 1,k €Z)
is the kth polylogarithm. When k = 1, E. is the Euler number E, defined by
! " En e (1.2)

coshr n!
n=0
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Poly-Euler numbers are special values of a certain L-function as in the case of poly-
Bernoulli numbers [2]. We shall see this in Section 2.

In this paper, we show how poly-Euler numbers have nice properties similar to
the poly-Bernoulli numbers. In fact, we show explicit formulas, a Clausen—von Staudt
type formula, congruence relations, combinatorial interpretations and duality formulas
of poly-Euler numbers. Other properties are found in [10, 11].

In Section 3 we give two kinds of explicit formulas for poly-Euler numbers. In
Section 4 the sign change of di-Euler numbers is determined completely. In Section 5
we show a Clausen—von Staudt type formula for poly-Euler numbers. From Section 6
we focus on the negative index case, and in Section 6 we show explicit formulas and
see some combinatorial properties. In Section 7 we give some congruence formulas
for poly-Euler numbers. In Section 8 we consider the 2-orders of poly-Euler numbers.
In Section 9 we give two kinds of duality formula. Finally, in Section 10, we consider
the positivity of poly-Euler numbers.

2. Related L-function

For every integer k, Kaneko [6] introduced the poly-Bernoulli number BY given by

the generating function
Ligl —¢™) _ B,
1—e - n!

When k=1, ]Bfll) is the classical Bernoulli number. Many interesting properties
of the poly-Bernoulli numbers have been pointed out by Kaneko [6], Arakawa and
Kaneko [3], Sanchez-Peregrino [12] and others. Furthermore, the combinatorial
interpretations of ]Bi,_k) were given by Brewbaker [4] and Launois [9]. Arakawa and
Kaneko [2] introduced a zeta function that is called the Arakawa—Kaneko zeta function,

L Li-e)
a0 = s [ eI e

which is a kind of generalization of the Riemann zeta function (in fact, &,(s) =
s{(s + 1)), and showed that

n
n
&(-n) = Z(—l)’( Z)BE’” (n € Zs0).
1=0
From this viewpoint, it is natural to define poly-Euler numbers as special values

of a suitable L-function. The Euler number E, is the generalized Bernoulli number
associated with the Dirichlet character of conductor 4, and the corresponding

L-function for E,, is
1 °° 1
L(s) = — 15! dt
(s) I'(s) f; el +e!

because L(—n) = E,/2 is satisfied by all nonnegative integers n. The second author
gave in [13] a general method for defining L-functions that have similar properties to
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the Arakawa—Kaneko zeta function. By using the method, a natural generalization of
L(s) is

Lig(1 — ™)

- 1 k

= dt (k>1).
MO f Aeven D
Then L;(s) = sL(s + 1) and

(=D'nE?,

2

under the definition of poly-Euler numbers by (1.1).

Li(=n) = (nel)

3. Explicit formulas

In this section we present two kinds of explicit formula for Ef,k) which are essential
tools to investigate properties of poly-Euler numbers. The first explicit formula is a
standard type, while the second explicit formula is appropriate for investigating the
relations between poly-Euler numbers and ordinary Euler numbers. For example,
as we see in Corollary 3.3, a di-Euler number with odd n equals an ordinary Euler
number up to some elementary factor, which is naturally derived from the second
explicit formula. Thus we use both formulas as the situation demands.

The following theorem gives the first explicit formula.

THueEOREM 3.1. For any nonnegative integer n and integer k,

n+1
B = 5o oy (n e G.D

Proor. Comparing with the Taylor coefficients of both sides of

o Lig(1 — ™) ~ 6_3,Lik(1 — ™) _ Lig(1 - e
1 —e# 1 —e# e +et

. (3.2)

we immediately obtain Theorem 3.1. O
Next we state the second explicit formula for Ei,k) , which is the finite sum of the
product of the modified poly-Bernoulli numbers and the Euler numbers. For every
integer k, the modified poly-Bernoulli number Cflk) is defined by
Lig(l—e) < CP

1 !
e =0 n:

When k=1, Cf,l) is the classical Bernoulli number unless n = 1, and Cgl) =1/2. We
remark that the following relations hold for the two kinds of poly-Bernoulli numbers:

c =yt w0 =Y (.

m=0 m=0

Then we have the following result.
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TueEOREM 3.2. For any nonnegative integer n and integer k,

1 G(n+1
E® = — 4rmc Vg,
" n+1 r;) m T

Proor. Since (d/df) Liz(1 — e™") = Liz_; (1 — ™) /(¢! = 1),

oo (k—1)
Lif(1-eh=>" n;'lt 3.3)
n=1
Therefore we obtain Theorem 3.2 by combining (3.3) with (1.1). O

Note that C,, M= = B, unless n = 1. Therefore we have the following corollary.
CoroLLARY 3.3. For any nonnegative integer n,

E®

@ = —(2n+1)Ey,.

4. The sign change of di-Euler numbers
It is known that the sign change of the classical Euler number is determined by
(-D"Ey, >0 (n>0). 4.1)
We determine the sign change of di-Euler numbers completely as follows.
Tueorewm 4.1. For any positive integer n,

0 (42)

and
-D"'ED >0 (n>2).

First, we show an algorithm to calculate the alternative Euler numbers which plays
important role in proving Theorem 4.1. Further, it gives an alternative proof of (4.1).

ProrosiTioN 4.2 (Algorithm for the Euler numbers). We define a sequence ay,,, which
denotes the mth (im =0, 1,2,...) number in the nth(n=0,1,2,...) row, by

Ano = An-11, CQum =Map_1m—1 + M+ Day_1my1 (Mm=1) 4.3)
with the initial values
ap=1, apm=0 (m>0). 4.4)

Then
ano = (=1)"Ep,.

ReEmARrk 4.3. From (4.3) and (4.4) we can easily see that all a,, are positive, which
implies that (—1)"Ey, = |Ey,|.
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/\/\/\/\

FiGure 1. Algorithm for the Euler numbers.

Remark 4.4. Proposition 4.2 is illustrated by Figure 1. In Figure 1, entries which
are equal to O are not shown, and numbers on each arrow denote the multipliers for
the previous values. We see that Figure 1 indicates that the alternative Euler number
(—=1)"E,, is given as a sum of contributions come from all possible routes from ag to
aanp. For example, azo = 5 = 2! + 1%, The first term 2!? of the equation corresponds
to the route app — a;1 — ax» — as) — asp in Figure 1, and the second term 14
corresponds to the route apo — a1 — a0 — as] — asp. In general, the route given
by going n times lower right on the first zn steps and n times lower left on the second n
steps gives the contribution n!?, and hence we have the inequality

|Ezul > 012 (n € Zsp).

The above inequality is a weak one. However, this kind of inequality will be needed
later.
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Proor oF ProposiTion 4.2. Let us put
f(x) = Z do,m(sin x)"(cos x)~*+D
m>0
and consider the differentiation of f(x). Then
F/() = agi(cos )™ + > (mag - + (m + 1)ag mer)(sin )" (cos x) "D

m>1
=: Z ay m(sin x)"(cos x)~"+D
m>0
and the coeflicients a, ,, satisfy (4.3) with n = 1. Repeating this argument, we see that
coefficients of £ (x) also satisfy (4.3). Since
2n

1 - x
= _1 nE n A Ny
cos x ;( V'E 2n)!

which is given by substituting ¢ = ix into (1.2), we have Proposition 4.2 by setting the
initial values as (4.4).

Remark 4.5. The algorithm in Proposition 4.2 can also be found in [8]. However, our
proof is completely different from the proof described in [8] and applicable to the case
of tangent numbers. It is needed to prove Theorem 4.1.

By using the method as in the case of Proposition 4.2, we have the following lemma
needed to prove Theorem 4.1.

Lemma 4.6. For any positive integer n,

47| By,,| S T, S n!(n - 1)!,
2n+1 2 2
where T, := (22" — 1)2%"|B»,|/(2n) and B, are the nth tangent number and the nth

Bernoulli number, respectively.

Proor. The first inequality is trivial. The second inequality is obtained by considering
the algorithm for tangent numbers similar to that for Euler numbers as above
(see Remark 4.4). O

Proor oF THEOREM 4.1. By combining Corollary 3.3 and (4.1), we immediately
obtain (4.2).
Next, we treat the case of di-Euler numbers with even n. From Theorem 3.2,

- 1 - 2” + 1 n—-m n—m-— m
(-1y" IE;?:—ZH - § ( - )42< (1) Bagymy (= 1)" Eapy
m=0

n—1 2(n—m)
2n\4 |Bogn—ml
= ———|Eyul — |Eo
m_O(Zm) 2 —my+ 1 el = 1Bzl
n—1 2(n—m)
2n 4 | B2 _
= E;, —+—1"m}. 4.5
mzo(zm)l > l{ —m+1 T (4)
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Here, we have used the formula

n—1 2
Ey, = — Z ( 2’;)152.,- n=1). (4.6)
j=0

From Lemma 4.6, we see that values in the inner brackets in the above formula are
positive except for the case m = n — 1. In fact, the value in the inner brackets for
m = n — 1 is negative. Therefore, we have to treat such term appropriately. By applying
(4.6) to (4.5) again,

n-2 2(n—m)
2 4 B n—m —
(~1yE) = Z( ”)|Ezm|{M +(-1y)

o 2m 2(n—m) + 1

1{2n
- = E>,
9(2)| 22

n-2 2(n—m)
2n 4 | Ban—m)| _
= Epl{ 2200 gy
;(2m)| 2 |{ 2a—m+1 T
~ (=1)yrm
9

When n — m is odd, such terms are all positive from Lemma 4.6. On the other hand,
when n — m is even, we just have to show that

(n—m)Q2(n—-m) — 1)}.

2m _
4 |BZm| m(zm 1) >

2m + 1 9

0 “4.7)

for any m > 2. We can confirm the above inequality by using Lemma 4.6. For m > 2,

42" Byl mQm —1) ((m -D? 2m- 1)
2m+ 1 9 2 9
((m— 12 m
m

m
- _Z):Z(zm—n(m—z)zo,

which provides (4.7). Therefore the proof of Theorem 4.1 is now complete. |

5. The Clausen-von Staudt type formula

Since every Euler number E, is an integer, the Clausen—von Staudt type formula
for them does not exist. However, our poly-Euler numbers E® are rational numbers
in general. Therefore it is possible to consider an analogue of the Clausen—von Staudt
formula for Ef,k). We first present the following theorem which describes the p-order
of pth poly-Euler numbers can be determined completely.

TueorREM 5.1. Let k be a positive integer greater than 1. For any odd prime p,
p"E;k_)l € Z,) and p"E;k_)1 = -1 mod p.
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The following lemma is needed to prove theorems in this section.

Lemma 5.2 [6, Theorem 1]. For any nonnegative integer n and integer k,

n (=1 mf]
B =), (m+m1>{£n}

m=0

5.1

where the symbol {Il‘} denotes Stirling numbers of the second kind.

Proor. From Theorem 3.1,

1 &
k() _ - P\ k-1n®) gp-mye_1\ym _ _aym
PES =52 (m)p B, 477 (= 1)" - (=3)").
m=1
From the viewpoint of Lemma 5.2, we can easily see that terms except for the case
m = 1 belong to Z,), and are equivalent to 0 modulo p. Therefore we just have to treat
the case m = 1. From Lemma 5.2, pkBp,l € Z(p) and kaB%g‘_)l = -1 mod p. O
Next, we treat a more general case. Then the p-order of poly-Bernoulli numbers
plays an important role. Arakawa and Kaneko [3] showed the Clausen—von Staudt
type formula for the poly-Bernoulli numbers. First, we review the argument due to
Arakawa and Kaneko. They denoted each term on the right-hand side of (5.1) by

_corm)
(m + 1)
and estimated bﬁlk)(m). In particular, if we rewrite (5.1) as
(-1'B® = p®(p - 1)+ bP2p - 1)+ bP(p* - 1} + RY (5.2)

for prime p satisfying k + 2 < p < n + 1, Arakawa and Kaneko showed that p"‘IRE,k) €
Zpy and pk‘IRflk) = 0 mod p. Here, Rﬁ,k) denotes the remainder terms. Thus we consider
contributions from the former three terms on the left-hand side of (5.2) and obtain the
following result.

THeOREM 5.3. Let k be a positive integer greater than 1. For any prime number p
satisfyingk +2 < p<n+1, p-l(n+ l)Eﬁlk) € Zp) and

D 1S m+1\( m
k—1 1 E(k) = — {__ qm 3n7m+1 -1
Pl DEP =5~ mzo m o1 )

3" -1 n+1
+W Z ( m )m+S£l]3,} mod )25

2p—-1<m<n+1
m=1 mod p-1

where

n+1 n+l . _
sw ¢ 03 n) PR

1<l
0 ifp>k+2.
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Proor. From Theorem 3.1 and (5.2),

P+ HE® = e s®
n n,
2 J=12,p !
1 s
+= ( )pk—lfef,’;)4m(3"—m+1 -1, (5.3)
2 i\ m
where
n+1 N+ 1
S = Z( )pk“b;?(jp - DA"ET - (j=1,2,p),
?./ m=0 m

We estimate S, @
(i) The case ] = 1. From the definition,

n+l
(k) = (=) (p - 1)! Z ;(n; 1){pn_1 1}4m(3n—m+1 1.

m=1

m | _|1modp if(p—1)m,
p—1)/ |0modp otherwise,
terms which satisfy (p — 1) t m belong to Z,). We will show that the other terms also
belong to Z;). For (p — 1)|m,

n+1 meqn-m+1 _ — n+l1
> (m)4 3 n=Et-n ) ( )modp.

1<m<n+1, 1<m<n+1,
(p—Dlm (p=Dlm

Since

From Fermat’s theorem, when (p — 1)|(n + 1), the previous factor on the right-hand
side of the above formula is equivalent to 0 modulo p. On the other hand, we see that
the latter sum is equivalent to 0 modulo p by Lemma 5.4. Hence S ;ki € Z(p) and

anrl n+1 m
sk = __ 43" _ 1) mod p. 5.4
Gt (e b moa 54

m=1

Lemma 5.4. For any odd prime number p and positive integer n > p — 2,

n+1)5{1m0dp ifp—1n+1, 55)

1<m<n+1’( m Omod p otherwise.

(p—Dim

Proor. The generating function of the left-hand side of (5.5) is

- n+1
(l—x)P—xP1+xP Z Z ( )x. (5:6)

n=0 1<m<n+1,
(p=Dlm
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Then we can easily see that

xP~2 xP~2 -
= = (P=DI=1 mod p. 5.7
(1=x)p—xP~l+xp 1 —xr7! ;x modp 5.7)
Comparing the coefficients of (5.6) and (5.7), we have Lemma 5.4. O

(i1) The case j = 2. Arakawa and Kaneko [3] showed that

m

zmodp ifm>2p—1landm=1modp-1,

\®)

pk_lbﬁ,’,‘)(Zp -1 =
Omod p  otherwise.

Therefore
3" -1 n+1
k) —
=Dy ( . )m mod p. (5.8)
2p—1<m<n+1,
m=1 mod p-1

(iii) The case j = p. From

pt " |0mod p when p>k+2,

P*-1 {1 mod p when p =k +2,

we just have to estimate the contribution from pk‘lbgf)(p2 —1)mod p for p =k + 2.
From the generating function for Stirling numbers of the second kind, the following
congruence relations hold:

{ m }_{1m0dp itm=(p-Dpl+1)I=1),

p*-1 Omod p otherwise.
Hence
(P=2) _ ran+l n+1
SPP = (3~ 1) 7 > ( - )modp. (5.9)
p —1<m<n+1,
m=p-1 mod p(p—-1)
Thus, by combining (5.3), (5.4), (5.8) and (5.9), we have Theorem 5.3. O

Remark 5.5. In numerical experimentation, when n is even, the p-order of the
denominator of (n + l)E,(f) is k — 1 for almost all prime p subjecttok +2 < p<n+1.
On the other hand, when n is odd, the p-order of the denominator of (n + 1)E,(,k) is
expected to be exactly k — 2 for almost all prime p subject to the same condition as
above.
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6. Explicit formulas for the case of negative index

In the case of negative index, an explicit formula (3.1) can be rewritten as the
following form.

THEOREM 6.1. For any nonnegative integers k and n,
(n+ DECH = ) Z( 1)1!{ }(4z+3)"+1 41+ 1)), (6.1)

Proor. By using the duality formula B} = B{™ given by Kaneko [6], (5.1) can be

rewritten as
d k
BCH = (—1)k2(—1)"’m!{ }(m + 1)
m=0 m

Applying the above formula to Theorem 3.1,

o (=DF S 1
(=k) —
(n+ DE, ™ = > E ( )

m=0

k k
X ;(—1)111{1}(4(1 + D)= )™ = (=3)™)

= el
= -1
2 ; !

n+l1

1
X Z)(”; )(4(! + 1) (=1)" = (=3)")
_(_l)k : I k n+1 n+1
== ;(—1)1!{1}{(4”3) — (4 + 1) O

REmARrk 6.2. We can easily see that the right-hand side of (6.1) is an integer. This
indicates that the denominator of poly-Euler number ES™M is at most n + 1.

We can easily obtain the following corollaries by specializing Theorem 6.1.
CoROLLARY 6.3. For any nonnegative integer k,
(k) _ (k) _ ~Hk+2
E;"=1, EW=2""-2
CoroLLARY 6.4. For any nonnegative integer n,

3n+l

-1 7n+1 _ 5n+l
(n+ DHEY = —— (o DESY = ————.

2
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Numerically, the nEfZO_)] are equal to the number of different nonparallel lines
determined by pairs of vertices in the n-dimensional hypercube (see [7]). Furthermore,
the nE(__ll) are equal to the number of collinear 5-tuples of points ina 5 X --- X5 n-

n RS-
dimensional cubic grid (see [5]).
RemARK 6.5. In [5], it is conjectured that the sequence (7! — 5**1)/2 is equal to the
number of collinear 5-tuples of points in a 5 X - -- X 5 n-dimensional cubic grid, and

n
this is verified for n < 9. However, Shuji Yamamoto kindly gave us a proof that it holds
in general.

The explicit formula (6.1) is useful to evaluate E,([k). However, the following
form is more often useful than Theorem 6.1 in investigating some properties of E,(,_k)
numerically.

COROLLARY 6.6. For any nonnegative integers k and n,

i KNS+ 1 .
(k) — (_ 1)k _1\ n—2
(n+ DESH = (-1) ;( 1)1!{1};(2j+1)(41+2) J (6.2)

In the following section, we often use Corollary 6.6. For convenience, we denote
the inner sum on the right-hand side of (6.2) by A(n, [), that is,

[n/2]
n+1 .
A, D) := § ( ) )(41+2)"—2-/. (6.3)
= 2j+1

7. Congruence relations

Here, we treat several congruence relations of (n + l)Ef,_k) to investigate some
numerical information about them.

First, we show Kummer-type congruences for poly-Euler numbers with negative
index.

ProrosiTion 7.1. Let p be an odd prime and k be any nonnegative integer. For any
nonnegative integers n and m such thatn = mmod p — 1,

(n+ DHESH = (m + 1)ESP mod p.

Proor. Let us put g(I,n) = (41 + 3)"*! — (41 + 1)"*!. Then, from Fermat’s theorem,
q(l,n) = g(I,m) mod p for any integers n and m satisfying n = m mod p — 1 and any
integer [. Applying this to Theorem 6.1, we have the theorem. O

Next, we consider the property of
(n+ DE modn + 1,

which allows us to evaluate whether Ei,_k) is an integer. We begin with the case where
n + 1 is an odd prime.
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TueorEM 7.2. For any odd prime p,
pE;__kl) =1 mod p.

Proor. Putting n = p — 1 on both sides of (3.1),

1 P
(=k) _ P (-5 4(p-m m m
PES =3 Z(m)BpmN (=1)"(1 = 3™)

m=0
=271.3”-1)=2"-2=1mod p.

Thus we obtain the formula. O

Secondly, we treat the modulo p congruence, where p is an odd prime number.
From the following congruence relations, we see that some poly-Euler numbers ECP
are indeed integers.

THeEOREM 7.3. Let p be an odd prime. For any positive odd integers n and k satisfying
k=p—-2modp-1,
(n+ l)E,(l_k) = 0 mod p.

Combining the above theorem with the parity result for poly-Euler numbers (8.1)
below, we obtain the following congruence relation.

CoroLLarY 7.4. We put p; (j=1,...,v) distinct primes. For a positive integer k
satisfying k = p; —2mod p; — 1 for each p;, and a positive odd integer n,

(n+ DES™ =0mod p; - - p,.

Remark 7.5. If n+ 1 = p; - - - p, in the above corollary, then we see that the poly-Euler
number E,([k) is an integer.

To prove Theorem 7.3, we first show the following lemmas concerning the
properties of Stirling numbers of the second kind.

LEmmA 7.6. Let p be a prime number and put | a positive integer less than p. Then, for
any positive integers k and k' satisfying k = k' mod p — 1,

)= e

Proor. Note that an explicit formula for Stirling numbers of the second kind is

l
<—1)’l!{';} = Z(—l)f(l.)j".
=0 J

From the above formula, we obtain Lemma 7.6, since the congruence j* = j* mod p
holds for k = k" mod p — 1. O
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Lemma 7.7. Let p be an odd prime. For any positive integer [ less than p — 1,

(—1)’1!{” ; 2} = (1)l p—i- 1)’{1,1:_2 1} mod p.

Proor. By using the congruence relation (see [1, Lemma 14.19])

) 1 1
(—1)mm!{pm }El+—+---+Emodp m=1,....p-2),

2
we have
1 -1 p-2
i =D (p 1= 1!
p—-1-1
= 1 mod (7.1)
TSI —1—1 P ‘
Since
1 1 p
mil p—l-m m—Dp—l-m = 0P
form=1,..., p—2, the right-hand side of (7.1) is equivalent to O modulo p. O

k

p—l} =0 mod p for

Proor oF ToeoreM 7.3. Since I! = 0 mod p for [ > p and {
(p-DA1k,

p-2
(n+ HESH = (=1)* Z(—l)ll!{];}A(n, 1) mod p (7.2)
=0

from Corollary 6.6 and (6.3). Furthermore, from the point of view of Lemma 7.6, we
may replace k with p —2. Since 4(p —[—1)+2 = —(4/+ 2) mod p and n is an odd
integer, we see that

A 0 mod p forl=(p-1)/2,
n,l) =
-A(n,p—-1l-1)mod p forl=1,...,(p—3)/2.

Therefore, by combining Lemma 7.7 and the above congruence relation, (7.2) becomes

(n+ DESH = Z( 1)1!{ }A(n 1) mod p
(P 3)/2 )
=_ Z (—1)7!{”1 }(A(n,l)+A(n,p—l—1))modp
=1

=0 mod p.

Thus we complete the proof. |

https://doi.org/10.1017/51446788716000495 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788716000495

140 Y. Ohno and Y. Sasaki [15]

8. The 2-orders of poly-Euler numbers with negative index

In [10], we showed the parity of poly-Euler numbers, that is,

(n+ DECH =)L E0med2, 8.1)
" 0 n=1mod?2.

The second equation of the above formula gives rise to our interest in computing the 2-
orders of the poly-Euler numbers E;, - k) . Numerically,it is expected that ord, £, - k) =1
for any positive integer n. In this sectlon we show the following theorem which 1mphes
a partial answer regarding this expectation.

THEOREM 8.1. For any nonnegative integers k and positive integer s,
ordy ESY = 1.
To prove Theorem 8.1, the following congruence for A(n, /) is needed.

Lemmvma 8.2. For any nonnegative integer | and positive integer s, the congruence
AQ2* - 1,0) = 25" mod 25*2 holds.

We first prove Lemma 8.2, and then prove Theorem 8.1.

Proor oF LEmMma 8.2. We denote each term of A(2° — 1,1) by a;(s, ), namely a;(s,[) :=
(2 +1)(4[ +2)%-271 Since ord>(2° — 2 — 1)! = ord»(2* — 2)! — ord,(2)!, we see that

ord; (2 - 1) = s for j+ 1 < 2!, Therefore, for any nonnegative integer / and positive

integer s,
>s+2 ifj=0,...,251 -2,
ordyaj(s,n{- " T
=s+1 if j=2""-1.
Thus it follows that A(2° — 1,) = 2**! mod 25*2. |

The above lemma can be used to deduce Theorem 8.1 as follows.

ProoF oF TrEorEM 8.1. We prove that 2°ES” = 2! mod 2°*2. From Corollary 6.6
and (6.3) with n + 1 = 2°,

PESE = (- 1)k2( l)l'{ }A(2S—1 ). 8.2)

If k = 0 then, from (8.2), 2°EY) , = A(2* - 1,0). Hence the theorem is derived from

Lemma 8.2 for this case. If kK > 1, note that /! is even for [ > 2 and {10‘} = (0, and then

2ESP = (- 1)"“{ }A(ZS— 1,1) = 2**" mod 2°*2. o
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9. Duality formulas for poly-Euler numbers

For the poly-Bernoulli numbers, the duality formula Bfl_k) = Bg;") (n, k € Zsp) was
given by Kaneko [6]. In this section, we present two kinds of duality formula for
poly-Euler numbers.

Tueorem 9.1 (Duality formula). For any nonnegative integers k and n,

L (n\ECh " o ()\Eicn -
Z(m) T (Bu(1 -2 ])+m)=2(m) S Ba(1 =277 4 m).

m=0 m=0

The above theorem will be shown by considering its generating function. From the
generating function we also obtain the following explicit formula for poly-Bernoulli
numbers.

CoroLLARY 9.2. For any nonnegative integers k and n,

% (n\ESP
BUH = Z ( )%(ZB,”(I - 2" 4 2m).
m

m=0

Proor. Kaneko [6] showed that

i Lig(l—e™y e

_ = - 9.1)
e l-e* kI erte—e™
By combining this and (3.2),
o 2xe3x Ll_k(l _ e—4x> (4y)k ~ e4x+4y 9o
kzz(; e** —1 4xcoshx k! et 4 ety — ety ©-2)

The inner function on the left-hand side of the above formula has the following
expansion:

2 3x Li.(1 - —4x i 1 "
xe™ Lig(l =) Z_'Z(”)Ei;’ii(wm(l—2'"—1>+2m>x".
n m
=0

e —1 4xcoshx !
m=0

Here, we have used the decomposition

3x X 2x

2xe xe 2xe

T :2€X—1 T + 2xe”.

Since the right-hand side of (9.2) is invariant with respect to the change of variables
x and y and is just the generating function of the poly-Bernoulli numbers (9.1), we
obtain Theorem 9.1 and its corollary by comparing with the coefficients of both sides
of (9.2) with respect to x. O
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We have another duality formula which is similar to the duality formula for poly-
Bernoulli numbers. Let us consider

1 4x+4y
P = sy v v v

and denote its expansion by

(e—x _ e—3X)(e—y _ €_3y)

(o] (o] k
y
F
(= ,;,Z‘S (n+ D! (k+ DY
where

k+1 k41

8(}1, k) = Z( )(_1)k+1—m(1 _ 3k+1—m)(n + 1)E£l_m)4m
m=0 m

Since F(x,y) is invariant with respect to the change of variables x and y, we obtain the
following result.
TueoreMm 9.3 (Duality formula). For any nonnegative integers k and n,

&En, k) = E(k, n).

10. Positivity

Here, we describe the positivity of poly-Euler numbers of negative index. In
Section 6 we mentioned that, in some cases, poly-Euler numbers have combinatorial
interpretations. The positivity is the essential evidence suggesting that poly-Euler
numbers have a combinatorial interpretation in general. We obtain the positivity of
poly-Euler number of negative index from the following recursive formula.

Tueorem 10.1. For any nonnegative integer k and positive integer n,
min(n—1,k) n—j
k) 12 o [r=m| )kt 1
nk " = ]!( ()El{ _}4 ){ .
n—1 ]Z:(; ,; m—1 j ]+1
Proor. From (9.2),

S Lig(l—e™) @) 5 o
; cosh x k! - 2(6 -e )e4x + b — e4(x+y) . (101)
The first factor on the right-hand side of (10.1) can be expressed as
Lig(1 — e™**
2(€3x—€x) = M (102)
cosh x

Furthermore, by the same argument in [1, page 227], the second factor of the right-
hand side of (10.1) can be rewritten as

4 = . .
=" (e - (e — 1Y
j=0

e

et 4 oty — Axty)

= > @G+ Dy (e - 1)/’%(5@ - (10.3)

=0
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By combining (10.2), (10.3) and

(e—1D" o (k)X
m! :Z{m}y,

k=m

we see that the right-hand side of (10.1) can be expanded as follows:

oo oo min{k,n—1} n—j n k
"2 n (0) n—m nem k+1 X (4y)
YOS (Z(m)mE{ ,- }4 ){M}H_k!. (10.4)

n=1 k=0 Jj=0 m=1

Hence we obtain Theorem 10.1 by comparing the corresponding coefficients of (10.1)
and (10.4). O

We obtain the following recurrence relation from Theorem 10.1 with k& = 1.

CoroLLARY 10.2. For any positive integer n,

n
_ n
nEL) = ( )mE‘O)]4n—m.
" m/ "

m=1
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