NUMERICAL VALUES OF SOME INTEGRALS
INVOLVING BESSEL FUNCTIONS
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1. Introduction

In the solution of boundary value problems in mathematical physics by
means of integral transforms, we often find that the solution of a particular
problem can be expressed in terms of integrals of the type

S(v, n) = on u" sin uJ (ur)e M du, ..oeoeiieiiiiiiniiiieen, (1)

0

C(v, n) = J.w u" (1 —cos u)J (ur)e ™du, ......c........... @)

0

where r and z are positive, and v and » are integers satisfying the convergence
condition v+n> —1.

The method of evaluating integrals of this type is outlined by Sneddon
(1, pp. 466-468) but he does not give tables of numerical values though in
the paper (2) he gives tables of stress components depending directly on these
integrals.

The object of the present paper is to make available tables of numerical
values of the integrals S(v, n), C(v, n) for the values:

v=0, n=0,1,;
v=1, n=-101.

Analytical expressions for these integrals are derived in §§2, 3 below. These
integrals may be regarded as basic, not only in the sense that they are the
ones which occur most frequently in applications but also because values of
integrals of these types with higher values of v or n can be derived by means
of the recurrence relations of § 4.

Tables of values of the ten basic integrals listed above for values of r, z
from O to 2 by steps of 0-1 and from 2 to 10 by unit steps are given in tables
1-10. The numerical calculations were carried out using the IBM 650 Digital
Computer at Duke University.

+ The work described here was done at Duke University, North Carolina and was
supported by the U.S. Air Force Office of Scientific Research, A.R.D.C., under Contract
AF 18(600)-1341.
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2. Expressions for the Integrals S(v, n)

The method of evaluating the integrals is illustrated by Pétiau (3, p. 51)
who deduces the value of S(0, 0) by putting p = z— i in the well-known formula

f Jo(ru)e ™ Pdu = (r*+p») 7t €))
(V]
and equating imaginary parts. In this way we find that
Y
S0,0) = ——— e 4
©.0) X2+Y? )
where we have written
2X?2=[(rP 4+ 22— 1) +422 P+ (P 22 =1), e )
2Y2 =[(r*+22 =12 +422 P - (P +22=1). e, (6)
In a similar way from the formule
uJo(ru)e Pdu = p(r*+p>) 7, i @)
JO
(* 0
u T (rwe Pdu = r (24 pDE—Dp), e, (8)
Jo
Ji(rwye ™ du =r [1=p(r*+p) ¥, e, ©®
JO
uJ (rw)e Pdu =r(r*+p) 7 (10)
L 4 0
(4, p. 112) we deduce that
3XY(zX+Y)—(zY?*+ X3
s, 1) = 2XX( - ) gz ) (11)
X*+Y%
S, =1 =2 e (12)
r
X-—-zY
S(1, 0) = — ", e 13
(4. 0) "(X*+Y? (13)
rY(3X*—Y?)
S, 1) = o s 14
D X177 (14)
When z = 0, S(0, 1) and S(1, 1) are divergent and
1-r3)7%, O<r<i
5(0, 0) = {( o <<l 15)
0, r>1
rrif1-(1-rH*], O0<r<i
s, -1 = { [1-( Pl O<r<t (16)
r4, r>1
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S(1, 0) = 0 O<r<l o 17
roirr-1t r>1
When r = 0, §(1, —1), S(1, 0) and S(1, 1) are all zero and
S0,0) =142, s (18)
S0, 1) =22(1+2)72 i (19)
It should also be noted that
lin; riS(1, m) = 3[S0, n+1)], 2 0-  ceeeeeeeeeeeeeeeeen (20)

3. Expressions for the Integrals C(v, n)

We can derive expressions by which to calculate the integrals C(v, n) by
an exactly similar method.
From equations (3), (8) and (9) we find immediately that

X

(2 2y E
OO 1) = (P42 = i 1)
CL, 0) = P (24 2 = XT, oo, 22)
ca, 1y=2X*tY A 23)

Xi+y?: rJ(r*+z%
Further, from equation (3) we find by integrating both sides with respect to
p from z to p that
o
f u~ e —e PV o(ur)du = log [p+(r* + p?)*]—log [z + (r* + z5)*].
[+]

Making the substitution p = z—i and equating real parts we obtain the

expression
C(0,0) =} log [(z+X)>+(1+Y)*]—log [z+ r* +2H)¥].......... (23)

Similarly integrating both sides of equation (8) with respect to p from z
to z—i and equating real parts we obtain the expression

cd, —1)= 2lr{1—Y+z[x—(r2+zz)*]}

+3rlog [(z+ X)) +(1+Y)*]—4rlog [z +(r* +2H)*]. ...24)
When z = 0 we have the formula

I 1+(1=r®* -1 2 O<r<i
C(0’0)={og[ (1-r)¥]~log :
0, r>1
-1 O<r<l1
cQ, 1) = {r r
r—l_(,.2_1)—i, r>1
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5_1—[1 (- +3r{log [1+(1—r) ] -log r}, O<r<l
r
ca, -1 =
l, r>1
\2r
1, 0<r«i
c1,0)=
1-r 32 =1, r>1
ri(1—r?)t 0<r<i1
c(l, 1) =
0 r>1

for the evaluation of the integrals.
When r = 0(z>0) the integrals C(1, —1), C(1, 0) and C(1, 1) are all zero
but it should be noted that

lim T_]C(l, n) = %[C(O’ n+1)]r =0

r—0

and that forr = 0,
C(0, 0) = }log (1+2%)—1log z,

C@O,1) =z"'(1+2z*)"L

4. Recurrence Formulz

In some problems we may wish to evaluate integrals of the type C(v, n),
S(v, n) where v, n are integers, v=2, n=22. In this section we derive some
simple recurrence relations by means of which such integrals may be found.

Integrals involving Bessel functions of higher order are easily found from
the recurrence relation

Ty er @R+ ) = 2 T (ur)
ur

(4, p. 95). Inserting this in the definitions (1), (2) we obtain the simple recur-
rence formula

SO+1, 1) = 2 S, nm )= SO—1, 1) oo, @5)
r
C(v+1,n)= 2—‘:C(v, n—1D)—-Clv—=1,n). ccocoeevenennn... (26)
r
Results of this kind for v = 0, 1, n>2, can be found in a similar way. Since
10
Ji(ur) = — = —[Jo(ur)]
r du
we find, after an integration by parts that

C(, n+1) = 1'[ Jo(ur) 9 [u"(1 —cos u)e™**]du
r)e du
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from which it follows that
c, n+1) = % (S0, n)+nC(O, B)—zC(O, n+1D}. erveerrenn.. @7
On the other hand, using the relation
udo(ur) = 19 [uJ(ur)]
r 0u

and integrating by parts, we find that

O, n+1)= -1 '[ uJ,(ur) ai [u"~*(1—cos u)e~™]du
rJo u
which is equivalent to

CO, n+1) = L{zC(n, n+1)=(n—=1CA, =S, M} ooo..... (28)
r
Solving equations (27) and (28) for C(1, n+1) and C(0, n+1) we find that

CO, n+1)= errLzz [C(0, n)+S(0, n)]

= rT-:? [(r—1CA, m+5(1, m)] ..o (29)
€1, n+1) = 2 [(=DCU, 7 +5(, )]
+ 52— [nCO, M)+SO, M]. wovcerrririrnnn. (30)
re+z

Proceeding just as we did in the derivation of equations (27), (28) we obtain
the relations

rS(1, n+1)+2S(0, n+1) = (n+1)S0, n) + 10, n-+1)— C©, n+2),
zS(1, n+1)—rSO, n+1) = nS(U, n)+1(1, n+1)—C(1, n+2),

where

I(v, n) = Jw wJur)e™du. c.ooooooiiiiiiii 31)

0
These equations may be solved in turn to give

51, n+1) = r—zb[(n+1)5(0, n)+1(0, n+1)—C(0, n+2)]
+ rz_i? [nS, My+I(1, n+1)—CA, n+2)], ccvevevrns (32)
SO, n+1) = ﬁ% [(n+1)S(0, m)+I(0, n+1)—C(0, n+2)]

- 7'——2 [2S(1, ) +I(1, n+1)—C(1, n+2)}. cueveee. (33)
re+z
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Since the integrals C(0, n+2), C(1, n+2) can be determined easily from
equations (29), (30) and I(v, n) defined by equation (31) can be evaluated by
means of the formula

I(n+v+1Dr n+v+1l v—n_ vl r?
2"I"(v—i-1)(r2+zz)‘*’”’*”+‘*2 ! ’ ’ P P2 4z?

I(v, n) =
(v, n) 5 5

(z>0, v+n>0), (4, p. 111) we see that S(0, n+1), S(1, n+1) can be found by
means of equations (32) and (33).
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