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GENERALIZED RESOLVENT EQUATIONS AND
UNSYMMETRIC DIRICHLET SPACES

JOANNE ELLIOTT

0. Introduction. Let (X, %, u) and (X, &, u') be measure spaces with
the measures u and u’ totally finite. Suppose { Ux:\ > 0} is a family of
positive (i.e., ¢ = 0= Uy¢ = 0) continuous linear operators from
L*(X,dy') to L*(X,du) with the following additional properties: if
¢ = 0 then U,¢ is non-decreasing as \ increases, while A"1U\¢ is non-
increasing.

A family {My:\ > 0} of continuous linear operators from L2(X, du)
to L*(X, du') satisfies the ‘‘generalized resolvent equation’’ relative to
{ON if

0.1) M\— M, = MU, — UM,
for positive A and v. If Uy = A, then (0.1) is just the well-known

resolvent equation. The family {M,} is called submarkov if M, is a
positive operator and

0.2) MUIZ1 W —ae;
it is comservative if
(03) Af)\U)‘l =1 ,u./ — a.e.

Families of operators satisfying (0.1) for choices of U\ other than AI
are found in the theory of boundary value problems associated with
stochastic processes. For example, Fukushima [2] classified all the con-
servative, symmetric Brownian processes over an arbitrary bounded
domain in R”. This amounts to finding all the conservative resolvents
{Gx:X > 0} on L2(E, dx) (where E is a bounded domain in R” and dx
is Lebesgue measure), given by symmetric kernels of the form

04) G y) = &'k, y) + Hi(x, ),

where G,° is the minimal resolvent density corresponding to the absorbing
barrier Brownian motion on E. The term H,(x,y) is A\-harmonic (i.e.,
1AH, = \H,) in x for each fixed \ > O and y € E. This A\-harmonic term
has the so-called Feller representation:

(0.5)  Hi(x,) =fw faEKx(m ) My (n, )Kx (€, ¥)uo(dE)mo(dn),
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where dF is the Martin boundary, K, is the Poisson-Martin kernel for
the N\-harmonic functions, and u, is the canonical representing measure
for 1, i.e.,

06) 1= f aEK(é,x)ﬂo(dE)-

The kernel K(% x) is the Poisson-Martin kernel for the harmonic
functions. The kernels M, (7, £) in the Feller representation give rise to
mappings which satisfy the conditions of Section 1 with

0.7)  U\d(¥) =faE U (&, 1) d(n)po(dn),

where

(08) @X(Ev 7]) = A LE K)\(S, x)K(nv x)dx = OZ/)\(WY E)

If {Gh:N > 0} is a conservative resolvent family, then it turns out that
M%\1 = 1i.e., the family { My} is conservative. Thus, the classification
of all the conservative resolvents of type (0.4) amounts to a study of
the conservative families { My:N > 0} in the Feller representation which
satisfy (0.1) with {%,} given by (0.7) and (0.8).

Each conservative family { My:\ > 0} determines a Dirichlet space on
dE in which range M, (which is independent of A) is dense. The Dirichlet
form for the space has the structure

0.9 W, ¢) =U{, o)+ N, o)

where

.1
0.10) Uy, ¢) = ilgloz faE fw [6(¢) — oMY (&) — ¥()]
X %x(f, Mo (dE)wo(dn),
and the form N is a Dirichlet form, i.e., N(¢, ¢) = 0 and
(0.11) N{(p — ), o6 Ac) 20

for all positive constants ¢, and all ¢ in the Dirichlet space. The con-
servativity requirement for the resolvent is reflected in the requirement
that N(1,1) = 0. Since & (1,1) = 0, we do not get a norm from
& (¢, $)12, but we can add a suitable L? term to get an actual norm:

0.12) |[lll|> = & (¢, ¢) + allo]-,

and for each @ > 0 the space is complete in this norm.
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Conversely, any Dirichlet space with a form of type (0.9) with
N(1,1) = 0determines a conservative family { M:\ > 0} which in turn
gives a conservative Brownian motion resolvent, via the Feller repre-
sentation. We refer to [2] for the technical details.

Kunita [4] extended Fukushima's results to unsymmetric Brownian
motions in which the Laplacian is replaced by an unsymmetric elliptic
operator of the form

0.13) L= X2 (aud/ox)) + X bid/ox,

where a,; = a,; is bounded, measurable, uniformly positive definite, and
b; € LP(E, dx) for some po > n. Kunita did not use Dirichlet spaces on
the boundary, but he did make use of the Feller representation to get the
generator Q of the Ueno Markovian semigroup on the boundary. We
shall go into more of the details of this example in Section 7.

In the present paper, we shall be interested in submarkov (not neces-
sarily conservative) generalized resolvent families {My:\ > 0}, whose
adjoint family {M\ :Ax > 0} is also submarkov, and which determine
“unsymmetric’’ Dirichlet spaces in the sense of Definitions 5.1 and 5.2 in
Section 5. We make use of the concept of unsymmetric Dirichlet forms
developed in [3]. The family { Ux:X > 0} which we consider is of a rather
general type, not necessarily connected with differential operators. The
results are therefore applicable to other types of processes with Feller
representations.

In Section 1 we give the most basic information about { Uy} and { M,}.
In Section 2 various quadratic forms determined by M) and U, are defined
and studied. In Section 3 we discuss ‘‘continuity conditions’ for quadratic
forms, a type of condition satisfied by Kunita's unsymmetric Dirichlet
forms. The complete spaces that result from using norms associated with
our quadratic forms are studied in Section 4. The generalized concept of
Dirichlet space that we use is defined and applied in Section 5. In Section
6 we show that each of these Dirichlet spaces whose associated Dirichlet
form is of specified type determines a submarkov family {M:\ > 0}
satisfying the requirements set down in Sections 1 and 3. Section 7 is
devoted to illustrative examples.

1. The basic operators. Let (X, &, m) and (X, &, m') be o-finite
measure spaces.

We are given a family of linear operators {#»:\ > 0} with the follow-
ing properties:

Ul: %\:L®(X,dm’) — LY(X, dm)
U\ L2 (X, dm) — LY(X, dm').
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(Here %' denotes the adjoint of %,.)
U2: 62 0= ¢ =0
U3: ¢ = 0and Ay = A\, = X0 = Ur¢ and
N S NTU
Ud: U\1 > 0m — ae.and Z)\'1 > 0m’ — ae.
Ub: %\1 T +o0 and %1 T +© a.e.as A T +0.
We form three new measures:
du = U1 dm
(1.1)  dy' = U/l dm'’
dp = 3(dp + av').

Clearly, the measures du and du’ are absolutely continuous with respect
to dj.
Define

(1.2)  Uho(§) = YU\ (§)[U11(8)]
if 2.1(¢) < oo and zero otherwise. Similarly,
(1.3)  UNo(&) = UNoE) U1
if %,1(¢) < o and zero otherwise. Then
(1.4) 1=U1 N m— a.e.

1201 €N m — ae.

Therefore, both U, and U\ map bounded functions into bounded
functions. We next extend the mappings U, and U,’ so that

(1.5) Un:L*(X, du') — L3(X, dp)

NiLA(X, dp) — LA(X, du)
with U\’ now denoting the L? adjoint of Uy. In fact, if ¢ € L™(X, du'),
then

(1.6) f (Uno)’dp < f (Uh¢") (Uhl)dp < A f Urd’dp

= f &' UN1dy' £ \° f ¢ du’.
Thus U, extends as claimed with
7 O £\

Similar considerations apply to U,” and show that the extension of U’ is
actually the L2-adjoint of U,.
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Associated with the family {Ux:\X > 0}, we shall consider families
{Mx:\ > 0} of operators from L2(X,du) to L*(X, dy’) satisfying the
“generalized resolvent equation’” (0.1). Note that (0.1) is equivalent to

(1.8) Mx— M, = M, (U, — Ux) My,
for positive N and ». The adjoint operators M)’ map L?*(X, du’) into
L2(X, du) and satisfy
(19) ﬁ{)\, - 1M,,’ = JW,,/(U,./ - U)\I)M)\l = ﬂ[)\'(lfyl - U)‘I)fu.,/.

Note that both Range (4,) and Range (M,’) are independent of \. We
denote them by R(M) and R(M’), respectively.

In this paper we shall be interested in the case that the following
conditions are satisfied:

Ml:p20=M¢ =0 (VX>0)
M2: MU\ £1 (W — a.e.)
111)\/(])\/1 é 1 (p, — a.e.)

(the “‘submarkov’’ conditions). It is easily seen that if ¢ = 0, then both
My¢ and My'¢ decrease as A increases.
Let us define a new family of operators by

(1.10) Sy = MUy
S, = MY Uy

We then have, for bounded ¢
(1.11) f (Sx¢) Uy'1dy < f (Sxd")Uy'1dy' < f & UV Saldy’

§f¢2Ux'1du' S ({@VvX f¢2d#'

and similarly

(1.12) f(Sm)zled# gfdeu (v A)f ¢'dp.
Thus, since (A A 1) £ Uh1 £ (A V 1) we see that, as a mapping from
L2(dy') into itself, we have
IS\ = [(v Vv 1)/(NA ]2

and similarly for S\ as a mapping from L2(du) to itself. If we knew that
Uil = ¢\ for some positive constant, then we could conclude that
sup {[|Sa]]:N > 0} < oo, but we shall not make that assumption.

We shall also need the operators

(1.13) The¢ = Mi(o-Url)
T)\d) = M\ (¢-U\1).
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It is easily seen (since 731 £ 1 and 7,31 £ 1) that

(1.14) f(Tx¢)2Ux'1du' §f¢'2U>\1d#y
and
(1.15) f(Tx¢)2Ux1d# §f¢2U>\'1d#"

From this we conclude that if ¢ € L2(du),

(1.16) f (M) Uy'1dy’ < f [\ - ¢%dp.

Note that the right side is finite since Ux1 = 1 A \. Similarly,

(1.17) f (MY ¢)* - Upnldu < f [OV1]7" - ¢%dy.

The right sides of (1.16) and (1.17) have integrands decreasing to zero,
and we can conclude that

(1.18) lim f (M) Un1dy’ = lim f (MY $)*Upldu = 0.
)‘—)CD Ao
If ¢ = M.y, then from (1.8)
(1.19) ¢ — S = My(n — U,M,n)

so that

(1.20) f (¢ — Sig)'dw’ < f (DA™ (o — U, Mom)dp.
Thus

(1.21) lim f(qb — S\¢)’dy = 0.
Ao

Using similar arguments,

(1.22)  lim f(¢ — S5\¢)du =0
Ao

ifp € R(M").

If S\ and S\ have operator norms which are bounded in A, then (1.21)
and (1.22) will hold for the closures R(M) and R(M’) in L2(dy') and
L2(du), respectively. However, we do not know that this is true, and
shall assume only the following condition:

M3: Sy — ¢ (weakly in L2(d)) if ¢ € R(M) N L2(dp).
(Note that R(M) M L2(du) is nonempty, since M takes bounded
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functions into bounded functions. This follows from M2 plus the fact
that hl1 =21 A )\.)

2. The associated quadratic forms. Define the measures

duy = U\ldu
(2.1)  dw' = U\Nldy
din = 3(dun + dw')

for A > 0. Note that when A = 1, we get the measures defined in (1.1). If
¢ and ¢ belong to L2(di), then they also belong to each L2(df), and we
can define the symmetric quadratic form

22) O, ¢) =f¢¢dﬁx - % flPdeu — % fl&U)\'cbdu'.
This form has the properties:

23) Ux$,¢)20,

2.4) On )2 Us, ¢)

fA=2v2=0.
From now on we shall consider %\’s of the form

2.5)  Uné(©) = h(E) () +f@x(£, 1) ¢ (n)m (dn),

where fy € L'(dm) is non-negative with fy non-decreasing in A\ and \~'f)
non-increasing. The positive kernel %), is integrable on the product space
and has the property that %\(£ 1) is non-decreasing as \ increases,
while A\=1% (¢, 3) is non-increasing. Then

(26)  Uho(§) = br(§) 8 (8) +fo(E, n) ¢ (n)u’ (dn)

and

27) OV = o' (©)v(§) +fo(n, E)Y (E)uldn)

where

b)\ = f)\ . [02/11]—1
(28) b)\, = f)\ . [%1/1]_1
Un(g, m) = Un(E, ) - (U1 (8) Ui ()]
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We use the following notation

(29) o®) =fo(£, nu' (dn)

o' (n) =fo(£, n)u(dE).
Then

(2.10) Oa(E) + an(§) = U\ (H)
b () + a'(n) = U1(n).

From this representation of U it follows that
(2.11)  Uhe(§) — (&) - UN1(8) =fo(£, o) — ¢ (E)w' (dn)
and

(2.12) Oy (&) — ¢(&) - UVL(E) =fo(n, Oy ) — ¢(&)]uldn).
Let

0= U n) = limg, O n) £ 40

and

N, = {(&n):UE ) = n.
For each fixed 7, we define

U\™ (&) = Ux(&n) (&n) ¢ N,

=0 (& n) € N,
and

®,(¢) =fo‘")(g, e E) — ¢(n)u (dn).
Then

(2.13) lim f‘I’nz(S) (O] w(dE) = 0
Ao
because of condition U5 (Section 1). Similarly, if

W, (£) =fo(")(n, () — ¥ () uldn),

then

(2.14) lim f v, [UV1]7 ' (d§) = O.

)\—)oo
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In terms of the kernel U\(¢, 7) we have

21 0w o) =1 [ [t nieo® - o)

X [¥ (&) — ¢()lw (dn)u(dE)
for all ¢ and ¢ in L2(dp).

Let
(2.16) Z = {¢ € L2(dp):supr U\(¢, ) < o0}.
If ¢ € Zandy € I, we write
(2.17) U, ¢) = limv,, h(¥, @),

the limit being finite in this case. If U(§, 7n) < oo almost everywhere in
the product space, then we have

019) 0w 0) =2 [ [Uemwe - slow - sml@n @n.

If U(t, 1) = + on set S of positive u X u’. then each ¢ < & would
have to be constant on that set. Thus (2.18) would hold if the integration
is extended just over the set where U (¢, #) is finite. Or, alternativelv, we
can simply define the integrand in (2.18) to be zero on the set S. With
this understanding, we shall use (2.18) in both cases.

It is easily seen that & is a Hilbert space with inner product and norm

(219) (¥, ¢)a = U(¥, &) +f11/¢dﬁ

lells® = U(s, &) +f¢2dﬂ.
The semi-norm (¢, ¢) is not a norm, since /{1, 1) = 0.

LemMa 2.1. If ¢ € D, then

(2.20) lim | [Ung — oUNT - [UN1]"du = O

)\—>oo

and

(2.21) lim f (U — oUVIY - [UN1] Ydu’ = 0.

Ao

Proof. To prove (2.20), we use (2.13) plus

(2.22) f [Uré = $UMT" - [UM]du — f - (U] du

éfNﬂ fU(g, MleE) — ¢ *u(dé)u(dn).
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The right side can be made as small as we please by taking » sufficiently
large, provided ¢ € &. A similar argument proves (2.21).

We next turn to various quadratic forms associated with the particular
family {M\:X > 0} under consideration. These involve the mappings
Sy, Sy, T\ and Ty introduced in (1.10) and (1.13).

We shall use the following notation for inner products:

f¢¢du = (¥, ¢)
(2.23) fll/dﬂiu' = (¢, ¢)

f‘ﬁfbdﬁ = (¢, ¢)2.

Definition 2.1. We define
(2.24) (W, ¢) = W, Un(d — S$¢)) = (' — Sw), ¢)
for ¢ € L*(du) and ¢ € L2(dp');
(225) VW, 6) = (b, UN'L(¢ — Sie))’
for ¢ and ¢ in L2(du’);
(2.26) ANV, ¢) = (Dhl-(¥ — Sw), 8)
and ¢ and ¢ in L2(dy’);

(227) V)‘(gb, o) = f\//(ﬁdﬂ)‘ —f\ﬁTx(ﬁdu)\’ = f!/ﬂf)dﬁ)\ "‘fTMI/ odun,
for y and ¢ € L2(dR).

Note that all of these forms are defined for ¢ and ¢ in L2(di). Whenever
the following limits exist, we write

& W, ¢) = lim,., E\(Y, ¢)
(2.28) DY, ¢) = limy,, AV, ¢)
FO, ¢) = limy,., ErO (Y, ¢)
Vg, @) = limy,, (¥, ¢).
LEmMa 2.2. If ¢ € L*(dfi), then
(g, ¢) 20
(229) E\V(g,9) 2 0
Vx(¢, ¢) = 0.
Proof. The statement for &’ and &\ follows from (1.11) and (1.12).

Il
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For 1\ we make use of (1.14). Thus

1/2 172
(2.30) f¢>T>\¢dﬂ>\' = ( fszdm') (f(qub)zdu)\')
172 172 172
= (f¢2dﬂx') (f¢2d#x) = <f¢2dﬂx) .

LEMMA 2.3. For each ¢ € L2(dfi) and each integer n = 0 we have

@31) V(s 9) 2 5 fN" J e mis® - s lutenan

1 -
- srowaria
X
where ®, is defined as in (2.13).
Proof. We have

(2.32) \V(8, ) = Ta(s, ¢) + Ur(9, ¢) +f[¢U)\1 — Urgl
T 1 R 2
X [Thé — ¢ldu 2 {Vx(¢, ¢) =3 f(¢ — Ih¢) dﬂx}

+ {Ux<¢, ) — é f[¢>Ux1 — Uho)*- [lel“ld#} .
But

1 ~ 1 — -
(2:33) 5 f<¢ ~ D¢ = 3 f&m +§f(T>\¢)2dm —f«medm

§f¢2dﬁ)\ —f¢Tx¢d#x = (¢, ¢).

In addition, using (2.11), we have

(2.34) Uh{(¢, ) — % f (U1 — Ungl*[UN1] "du

gfwf [6(8) — o(m)]* - Ua (g, n)w’ (dn)u(dd)

S srowara,

which completes the proof.
CoroLLARY 2.1. (i) If
supy 61\ (¢, ¢) < o,
then ¢ € D, and
(2.35) supy X0 (¢, ¢) = U(o, ¢);
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(i 11 0P, ) exists, then & < &7 and
(2.36) €V (g, 0) = Uig, ¢

Proof. Use (2.31) and (2.13).

COROLLARY 2.2. If & W (¢, ¢) exists, then so does V (¢, ¢) and
(2.37) ED (g, ¢) = Ule, ¢) + V(4 ¢).

Proof. If &1(¢, ¢) exists, then ¢ € & from Corollary 2.1 (ii). From
(2.32) we conclude that

2.38) &\ (e, ¢) = V(¢ &) + Uh(, ¢)
1/2
— {Lx<¢)}”2'{f(¢ — Txd))zdm}

(2.39) La(¢) = f [Uhg — ¢ - OALP[UNL ] M

(240} Lyle) = 20{d. o).
Using vhis and {2.23) we have

(2410 Fvie ¢y Vg, @) — T, ¢ 1

o 4 ey £ N
Spree oot Ty e and T0p o exist, we muast then have

. P
SUTL e,

But this implies

(242)  fim fi(b- Ll = Uyl Taed — dldu = 0,

sinee v L., Ia{e) = 0 bv (2.20: The conclusion o the theorem then
follows from (2.32).

LeMMA 2.4. If &W (¢, ¢) exists, then & (o, ¢) exists and
(243) & (o, ¢) = Vg, ¢).

Proof. We have
I Cl ) I - ~ i
(244) [&2(9, 9) — €V (9, ¢)| = }f[b&’qs — UV1]le — Sigldu |

< {La(¢)}*28, Y (¢, )},

where

(2.45) Li(¢) = f (U — oUTTUNL] dy.
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We have also used the easily verified inequality

(2.46) f [0 — Sapl'dm’ = 28237 (9, ¢).

The right side of (2.44) goes to zero as A — o by Corollary 2.1 (ii) and
(2.21).

THEOREM 2.1. If ¢ = M,y for some 5 € L*(df), then & (¢, ¢) exists
¢ €D, and

(247) &(¢,¢) = Ul &) + V(¢, ¢).
Proof. First, note that
(2.4%) ¢« LVdE) C L*(dg).
Using
(2.49) &\, @) = (M, UNMy(n — U, M) = (Sxp, 1 — U,e).

If we now let A — o0 and use condition M3 at the end of Section 1, we
have

(2.50) & (o, ¢) = (¢, n — U.p).

We next show that ¢ ¢ Z. First, we have the identity
(2.51) (g, 9) — €1V (g, 9) zf[Ux'd) — oW1l — Sigldw’

== !f [\S;)\(p — ¢][n - ('Txfd)_!d.u“
Theretore,
(2.52) supy [Er(9, ) — €3V (8, 9) S Cllglllnlle

since Sy1 < 1 and 71 < 1.
But by Corollary 2.1, if Ux(¢, ¢) T o0, then lim, ,,, &\ (¢, ¢) = 0
also, which is false. Therefore ¢ ¢ <. Next we note that

i _ ‘ ,
(2.53) ;f(bw — ¢UN1) (¢ — Sxd)d’ | < {La(d)} 28,V (9, $)}".
Since ¢ € £ and sup &',V (¢, ¢) < 00, the right side of (2.53) goes to

zero as A — « by (2.21). Applying this to (2.51) we see that &V (g, ¢)
exists and is equal to & (¢, ¢). We then get (2.47) from Corollary 2.2,

COROLLARY 2.3. If ¢ ¢ L%(dR), then for A > 0

(2.54) (Mo, ¢) = f (Mro)’djin,
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and consequently

(2.55) f (Mho)'dm =2 f o [U\]dp </2 f p'dp < 2 f ¢'dp.
Proof. We have

(2.56) & (Mg, Mrp) = (Mo, ¢) — (Mrp, UrMro).

But by (2.47)

(2.57) & (Mg, Mrg) = UM, Mrd) = Ur(Mrg, Mrg).

Substituting (2.56) into (2.57) gives (2.54). To get (2.55) we use (2.54)
and

(2.58) (Mo, ¢) = (f (M””Zd’“)m(f ¢2{Ux1}_1du)1/2

= \/E(f(Mx(ﬁ)zdﬁx) - (f " UAl}_ld#) 1/2.

COROLLARY 2.4. The mapping M, is a continuous wmapping from
L2(dR) — L*(di) and also from L*(du) — L*(dR).

Proof. This is an immediate consequence of (2.55) plus the fact that
dp £ dp.

From Corollary 2.4 we see that
(2.59) R(M) C L*(dp).

COROLLARY 2.5. If ¢ = M, with 7 ¢ L2(du) then & (¢, ¢) exists,
¢ €D, and

(2.60) & (¢, ¢) = Ulp, ¢).

Proof. Since we have now shown that R(M) C L?*(dg) the proof that
& (¢, ¢) exists is the same as that in Theorem 2.1 for the case n € L.
Then (2.56) and (2.57) are valid when the ¢ in those formulas is replaced
by n € L2*(du). Thus

(4 ¢) = Un(d, ¢) V¢ RM).
Letting N\ T o, we see that ¢ € & and (2.60) holds.

COROLLARY 2.6. If ¢ = Syp with n € L2*(dy’), then & (¢, ¢) exists and
(2.60) holds.

Proof. We need only note that
n € L*dw') = Uwm € L*(dn)

to apply the previous corollary.
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3. Continuity conditions. We say that a bilinear, positive semi-
definite form satisfies condition C, the “continuity condition’’, on a set
S X Sin L2*(dg) X L2*(dp) if there exists a constant C > 0 such that for
each ¢ and ¢ in S

(3.1)  [EW, )| = C{E (¢, ¢) + |02 E W, ) + ¥l

where || -||2 denotes the L2(dg) norm.

THEOREM 3.1. The form & defined in (2.28) satisfies (3.1) on R(M) X
R(M) of there exists a v > 0 and a constant K, > 0 such that

(3.2)  |[(My, )| = K, (M, ) * (M0, ¢)'"*
for all ¢ and ¢ in L2(dy).

(Note that the terms (M,,¢) and (M,¢, ¢) make sense since
R(M) C L*(di). Furthermore, by (2.54) these terms are positive.)

Proof. If (3.2) holds, then

(3.3)  |E (M, M,¢)| = |(My, ¢) — (M, UM, ¢)| < K, (Mg, $)'*
1/2 1/2
X (Mv¢‘y ¢)1/2 + (f(MV¢)2dl‘) (f(Mv¢)2dl")

1/2
= 2Ky[(M,,¢, ¥) + f (Myyb)zdﬁ]
1/2
X [(Mm, ) -I-f(Myqb)Zdﬁ] :
But
(3'4) (Mvd)y ¢) = éa(Mv¢y Ml’¢) +f(Mv¢)2dﬂv - fjv <Mv¢y MV¢>

<20V 1){@@(M,¢, M.,9) +f(M,¢)2dﬁ}.

Therefore,

1/2
(3.5) |& (M., M,¢)| < KV'{o@(Mup, M) +f(MV¢)2dﬁ}

1/2
X {@“’<MV¢, M,9) + f (M,¢)2dﬂ} ,
which is the continuity condition for & on R(M) X R(M).

THEOREM 3.2. If the form & defined in (2.28) satisfies (3.1) on
R(M) X R(M), then (3.2) holds for all v > 0.
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Proof. Referring to (3.4) we have
3.6) & (M.¢, M.0) + f (M,9)di, = (M4, ) + Uy (M¢, M,)

s (Mg, ¢) + 200 V l)f(Mm)Qdﬁ s G(My9, ),
by (2.54). Thus, using condition (C) on R(M) X R(M),
(B.7) (M, 9)| £ |E WY, Muo)| + [(My, UM, )|

f e
< A,,Iéa(ﬁ’[y#/, M,¥) -l-f(Mylﬁ) d,il}
1/2
‘{é"(qub, M) +f(My¢)2dﬁ; :
Combining (3.6) and (3.7) gives (3.2).

Since we shall be interested in forms & that satisfy the condition (C),
we shall assume from now on that { My:\ > 0} satisfies the condition:

M4: Condition (3.2) is satisfied for some value of » > 0.
Lemma 3.1. If (3.2) holds for all ¢ and  in L2(du) then
(3.8)  closure {R(M')} in L2(du) D R(M).

Proof. Let the closure on the left be denoted by R(M"). We prove (3.8)
by showing

(3.9 {(RM')} C R(M).

Since {R(M")} = N(M), the common null space of the M\’s, we need
only show that

(3.10) N(M) C R(M)-.

If ¢ € N(M), then (3.2) shows that ¢ € R(M)+, which completes the
proof.

From this lemma we see that in cases where
(3.11) sup {[|Sx¢l:N > 0and ¢ € R(M)} < 0,

the assumption (3.2) will imply the condition M3 at the end of Section 1.
However, we are not assuming (3.11).

4. The complete space determined by the form &. Let.% be the
completion of R(M) in the norm

@h el = & (o) + [ = (o 9) + ol
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Clearly,
(42) RWM) C#F C 2 C L*(dp).

If {¢,} and {¢,} are Cauchy sequences in R(M) converging to ¢ and ¢ in
|| ‘ll#, then & (yn, ¢,) is a Cauchy sequence of reals because of the
continuity condition (3.1) which holds on R(M) X R(M). We then
define

& (‘P: ¢) = limn—mo & (‘pnv ¢n)r

which is independent of the particular pair of sequences chosen. The
continuity condition carries over to# X.% and (2.60) holds for ¢ € % .
We have also

43) S, S = W, 9)

for all ¢ and ¢ in & .
For each A > 0 we introduce the form

(44) MW, ¢) = W ¢) + (¥, Ure)
defined on ¥ X %.
LeMMA 4.1. For each N > 0 and ¢ € F, we have
4.5) (A A Dlglls? = 4Ni(¢, ¢) < 40 V D]oll52
Proof. We first note that

+ (v Dl = OV D ¢lls*

On the other hand
@7 M(¢, ¢) 2 f $'dmn 2 (\ A D¢’
and therefore
(4.8)  M($,9) 2 1€ (8, 6) + 1(¢, Ung) + 21 A 1)[j@]]2?

z 16 (6 ¢) + 1 A Dlolle* 2 (0 A Dlg]ls2

LeEMMA 4.2. There exists a constant M > 0 such that
4.9) ¢ — Swlls = Mléll»
forall ¢ € F ,and ) = 1.

Proof. Using (4.8), (4.3), and (3.1) we have
(4.10) [l¢ — Sidlls? = ANA( — Si¢, ¢ — Sid) = 4S" (6 — Srd, @)
< 4C|l¢ — Sroll#l¢ll#

A

which proves the lemma with M = 4C.
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COROLLARY 4.1. If ¢ € F, then

(4.11) limy,, |l¢ — Swlls = 0.

Proof. This is true for ¢ € R(M), since if ¢ = My, then ¢ — Sy =
Myno where np = n — U,M,p,and if A = 1

| Mnol|#? < 4N\(Mxno, Mrno) = 4(Mno, n0).

The right side approaches zero as A\ — o0 by (2.55). We then use (4.9) to
conclude that (4.11) holds for all ¢ € % .

COROLLARY 4.2. If ¢ and ¥ belong to ¥, then
(4.12) &, ¢) = limy,, E\(¥, ¢).
Proof. We have
EW, ¢) — 2 0)| = |6, ¢ — Si9)|
Clivlzlie — Sills
An application of Corollary 4.1 completes the proof.
COROLLARY 4.3. If ¢ € F, then
(4.13)  suprz1|Sa (e, 0)| = A[]5°
and
(4.14)  suprso €2V (¢, ¢) < Bl ¢|l5°
where A and B are positive constants.

Proof. Inequality (4.13) follows from (4.3), (3.1), and (4.9).

To prove (4.14), we use (2.51), (2.46), and (4.13) plus the easily
verified inequality
(4.15) Lx(¢) = 20x(¢, ¢) < 2U(e, ¢)

to conclude that

(4.16) &\ (¢, ¢) = [ (o, ¢)| + V2 Li(9)H END (9, $)}1/2

IIA

< Bl¢[ls%

We next look at some other characterizations of % .
THEOREM 4.1. If
(417) G = {¢ € L*(dp):suprz1 AV (¢, ¢) < 0},
then # = 9.
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Proof. 1If ¢ € %, then clearly (4.13) implies that ¢ € %. To prove
G C %, suppose ¢ € F. Then Sy¢ € F and

(4.18) & (S\p, SKp) = & V (g, ¢) + (UV'Si¢ — Un'l1-Spg, ¢ — Sro)
E\DV (¢, ¢) + 200 (Sxp, i) 2{ E\V (o, ¢)}172
E\V (9, §) + 2{E (Sig, S\) 112 &NV (9, ¢)1/2).

A 1A

Hence,
(4.19) & (S, Sio) = (1 + V2)E\D (9, ¢).
In addition

(4.20) [|Svdlls" = Ui(Sae, Si¢) + (Sio, UrSig) = & (Shd, Sr¢)
1/2
+\/§'|Sx¢||2' (f(5x¢)2du') .

Butif A =1

20 (f(qus)?d,/)m = (f(d’ - 5A¢)2d#')1/2 + (f‘ﬁzdu')m

VAV (¢, o)1 + V2] 4]
Combining (4.20) and (4.21) we conclude that if A = 1

(4.22) [[Sllz = C'[E\D (8, ¢) + [8]la].

Thus, from (4.19) and (4.22)

(4.23) suprz1 [[Sols < 0.

Since Z is a Hilbert space in the symmetrized form

4.24) EW@¢) + W, 8)2 = HEW ) + €6, 9)} + W 9):

there exists a sequence \, — o and an 3 ¢ % such that
(425) limnam S)m -1

weakly in % . But for each ¢ € L2(du’) the inner product (¢, )’ defines a
continuous linear functional on %, and therefore }Sy,¢} also converges
to n weakly in L2(du’). However, for y € L2(du’) we have

4.26) |(¥, & — Sip)'| < {f(d) - S)‘¢)2d”)‘r}l/2{f'//2(Ux'1)_ldy'}1/2

1/2
= V2D (e, ¢)}‘”{ f ¢2(Ux'1)_1d#'} :

Since ¢ € ¥ and U\'1 T o0, the right side of (4.26) goes to zero as \ T 0.
Thus ¢ = 7 € % . This completes the proof.
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Using the results of Theorem 4.1, we can now define a second norm
on the space # , namely

(4.27)  lolls® = suprz1 21D (¢, ¢) + o2
LEMMA 4.3. If ¢ € F then
4.28) &, ¢) = lim,, 1V (Y, ¢) = FDV({Y, ¢),
and therefore
429) l¢ls = l@ls-
Proof. As in (2.44) we have

(4.30) [\, 8) — XV, 9) £ V2 L)' D (¢, ¢)}12

Since ¢ € ¥ and ¢y € 9, the right side tends to zero as X — 0.
It is easily seen that # is complete in || |4, and therefore we can find
a constant d > 0 such that

(4.31) dlolle® = llolls* = llolls
LEMMA 4.4. The space ¥ is a Hilbert space with the inner product
(4.32) MY, ¢) = 5@, 8) + Na(s, V)1,

where Ny is defined in (4.4). Furthermore, there exist bounded linear
mappings Qx and Qx from F to F with continuous linear inverses such that

(4.33) Ny (Qwg, ¢) = Na(¥, ) = Na(¢, Orop).

Proof. We have already shown in Lemma 4.1 that N\(¢, ¢)!/? is a norm
equivalent to ||¢[#. We also have

(4.34) (MW, ¢)| = Cll¥lzllolls + [Wllel-
< K\Wlzllolls = KNV Na(, ) V2NN (9, 6)' /2.
The existence of Qx and Qy then follows from the Lax-Milgram Lemma.
THEOREM 4.2. We have
(i) R(M") C #

and
(ii) R(M’) is dense in F .

Proof. For each y € L*(du’) the functional (¢, ¢)’ is a continuous linear
functional on % and therefore there exists a continuous linear mapping
P, from L2(dy’) into (¥, N)) such that

(4.35) NM(Pw, ¢) = (¥, ¢)".
Letting

(4.36) M = O\Pyy,

https://doi.org/10.4153/CJM-1981-085-7 Published online by Cambridge University Press


file:///Nxtt
https://doi.org/10.4153/CJM-1981-085-7

DIRICHLET SPACES 1131

where O, is defined as in (4.33), we get

(4.37) M, ¢) = W, ¢)’

for ¢ € L*(dy’) and ¢ € # . In particular,

(4.38) NIy, M) = (¥, Mrg)’

for y € L2(dy’) and ¢ € L%(du). But we have already shown that
(4.39) Ny(n, Mrp) = (n, ¢)

forn € &% and ¢ € L2(du). Therefore,

(4.40) N(Mhy, Mro) = (Mg, ¢) = (¥, Mro)’,

for all ¢ € L2(dy’) and ¢ € L2(du), which proves that

(441) Ihy = My'y.

This establishes part (i).
To prove (ii) suppose R(M’) were not dense in {%, N,}. We could
then find a non-trivial ¢ € % such that

0 = NM(M\¥, ¢0) = M(IL'Y, Ordo) = (¥, Ordo)’

for all ¢ € L2(du’). But this is impossible unless ¢ = 0, which is a con-
tradiction. This completes the proof of part (ii).

Later on we shall find it convenient to have the following lemma:
LEMMA 4.5. If ¢ and ¢ belong to ¥ | then

4.42) EW, ¢) = limy,., EXV Y, ¢).
Proof. For ¢ and ¢ in % we have the identity

4.43) AV, ¢) — AV (Y, ¢) =f(TMI/ — ) (¢ U\l — Uro)du

+f(¢ OV — W) (The — ¢)dw’.
Thus
(4.44) €\, ¢) — EXOWY, ¢)| £ VIV, ) 12La($)1
+ Va(o, ¢)172-La(y)' /2.

Using Lemma 4.3 and Corollary 2.2, we see that 1V (¢, ¢) and V (¢, ¢)
exist. Furthermore both Lx¢ and Lyy approach zero as A — o0 since ¢
and ¢ are in &, so the right side of (4.44) approaches zero as A — 0.

5. The Dirichlet conditions. Suppose we have an L? space relative
to a finite measure » on X. Following [3] we make the definition:
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Definition 5.1. Suppose B is a real bilinear form defined on D(B) X
D(B), where D(B) is a linear subspace of L?(dv), satisfying the following
conditions:

B1: B is bounded below, i.e., there exists a non-negative constant S
for which

(5.1)  B(¢,¢) + Bo(¢,9)2 2 0
holds for every ¢ € D(B).
Let
Bﬂ(‘llv ¢) = B(‘pv ¢) + a(‘pv ¢)2

B2: B satisfies the continuity condition: for some a > S there exists
a constant C > 0 such that

(5.2) (B, ¢)| = CBa(9, ¢)'*-Bal¥, ¥)'
for all ¢ and ¢ in D(B).
B3: D(B) is complete relative to the norms
6.3)  llgllla* = Ba(d,0) (@ > Bo).
B4: D(B) is a sublattice of L?(dv) such that for each constant ¢ = 0
¢ € D(B)= (¢ Ac¢) € D(B).
Furthermore
(5.4) B((¢—o)t,¢Nc)2z0

for each constant ¢ = 0 and ¢ € D(B). (Note: since ¢ = (¢ — ¢)* +
(¢ A ¢) the fact that ¢ and ¢ A ¢ both belong to D(B) assures that
(¢ — o)t € D(B).)

Then B is called a Dirichlet bilinear form.

Definition 5.2. If B is an unsymmetric Dirichlet bilinear form, then the
pair {D(B), B} is called an unsymmetric Dirichlet space relative to L?(dv).
If B is symmetric, then {D(B), B} is a Dirichlet space relative to L? in
the sense of [2]. The term ‘‘Dirichlet space relative to L?"’ will include
both cases.

The following theorem is basic in the study of these Dirichlet spaces.
For convenience, we give the proof here since it is not overly long.

THEOREM 5.1. Suppose B is a Dirichlet bilinear form, either symmetric
or unsymmetric. There exists, for each N > B, a continuous linear mapping
Gr:L*(dv) — D(B) such that

(i) B(¢, Gxp) + N, Grg) = (¥, ¢) for ¢ € D(B), ¢ € L*(dv);
(il) Gr — Gu = (p — MGG,
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(i) 0 =S¢ =1=0=\axo = 1;

(iv) (A = Bo)l|Grglle = [lbllos
(v) Rng Gy is independent of N\ and is dense in D(B) relative to the

norms ||| *||l« for @ > Bo.

Proof. Since all the norms ||| -||[» for N > By are equivalent, D(B) is a
Banach space relative to each of these norms. Now let

(5.5)  Ba(¥, ¢) = 3{BW, ¢) + B¢, ¥)} + \¥, ¢)o.

Then D(B) is a Hilbert space with inner product Bx(¥, ¢).
Since B2 holds, the Lax-Milgram lemma gives the existence of bounded
linear operators Q) and Q) from {D(B), By} to itself such that

(5.6)  Ba(¥, Onp) = Ba(¥, ¢) = Br(Q, 9).

Furthermore, Qx and Q) have continuous linear inverses.
Now, given ¢ € L2, we can define a continuous linear functional on
the Hilbert space {D(B), B)\} by

(B.7)  F() = (¢, ¢)2

Thus, there exists a unique element Jyx¢ € D(B) such that
(5.8)  B(¥i /) = (¥, 9):.

But by (5.6)

(5.9) B\, Oxe) = (¥, ¢)

Now define

(5.10) Grp = Qro.

Then for each ¢, the unique element of D (B) satisfying (i) is Gr¢. The
resolvent equation (ii) follows from the uniqueness.

We next establish the submarkov property (iii). Suppose N > B, and
¢ < C where C = 0 is a constant. We shall show that \Gyx¢ = C. By
taking C = 0 and C = 1 in turn, we get (iii). Let

o= (\ao — o)™
Conditions (5.1), (5.4) and (i) imply that
(5.11) 0 = B(a, NGx) + Boll¥n[[* = (¥a, Mo — NGap) + Boa ).
If [¢alls # 0, then from (5.11),
(5.12) A, ¢ — (\Gxp A ©))2 = (N — Bo) [al]* > 0,

which is a contradiction, since

(6.13) =)= (@—-9"he¢—-—@AC) =0
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for all » € L2 Thus,
(5.14) ll/)\ = ()\G)\(b - C)+ = 0,

i.e., \Gx¢ = c¢. This completes the proof of (iii).

Condition (iv) is an immediate consequence of (5.1) and (i).

In (v) the independence on X of range G\ follows from (ii). If range
Gy = R(G) were not dense in {D(B), ||| -||l}, then range Q»~'R(G) would
not be dense in {D(B), By}. But that contradicts (5.8). This completes
the proof of the theorem.

If, in addition to (5.4), we also have
(5.15) B(p Ac, (¢ —0)t) 20

then the symmetrized form B also satisfies (5.4), and the space { D (B), B}
is a Dirichlet space relative to L?(dv) in the sense of [2].

We now apply these concepts to the spaces constructed in the previous
sections.

THEOREM 5.2. The pair {F, &} defined at the beginning of Section 4 is a
Dirichlet space relative to L*(df) in the sense of Definition 5.2. The form &
satisfies the additional conditions:

(5.16) & (¢, ¢) 2 Ulp, ¢)

(617) E(p Ac, (¢ — o))

2f(¢ -t '{fU(E. n) (¢ — C)_#(di)} u' (dn),

and
(5.18) E((¢—0)" o Ac) sz — ) UE ) (¢ — ) w' (dn)}u(de).

Proof. The only part we need to prove is the pair of inequalities (5.17)
and (5.18). The rest of the proof has been established throughout the
previous sections.

We have,

(5.19) VY, ¢) + (¥, Une) — f vodu' = (¥, Uhe) — f VS’

=W — DT Ue) = (¢ — Ty, Ungp — ¢+ Uhl)

+ (¢ — Ty, ¢ - Uhl).
The first term on the right hand side of (5.19) is bounded by

(5:20)  2La(6)V2- VA (¥, ¥)'72,
where V5 is defined in (2.27). Since ¢ € %, Theorem 2.1 implies that
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¢ € 2 and that V(¢, ¢) exists. Therefore, the expression in (5.20)
approaches zero as A — 0.
Next, we observe that

(5.21) (UN(p Ac) — (6 A c)UVL, (¢ — c)F)
=(WW@Ac—c)(@—0o)F) = (US(d—c)", (¢ — o))

and
(5.22) (@ Ac— Th(d Ac), (¢ —c)tUN) 2 0.
Therefore,

(5.23) E\V(p Ac, (9 —)t) = (U (p— ), (¢ — c)t)
+ (@ Ac—Tad Ac), Up — o) — (¢ — ¢)TULL).

If we now let A — 00, and use Lemma 4.3 we get (5.17). The proof of
(5.18) is similar, using &’V and Lemma 4.5.

COROLLARY 5.1. If & is the symmetrized form corresponding to &, then
(F, &Y is a symmetric Dirichlet space relative to L*(df).

6. The converse construction.

THEOREM 6.1. Suppose {F , &'} is a Dirichlet space relative to L*(d) in
the sense of Definition 5.2, where & is a Dirichlet form (with 8, = 0 in
Definition 5.1) satisfying (5.16)-(5.18). Then there exists a family of
continuous linear mappings { My:\ > 0} from L*(du) into ¥ satisfying
(1.8) and

(6.1) MW, M) = &, Mad) + (¥, Ung) = (¥, ¢)

for each N\ > 0, ¢ € F and ¢ € L2(du). If M\’ denotes the adjoint of My
when the latter is regarded as a mapping from L*(dp) into L*(dy'), then
M\ is also a continuous linear mapping from L2(du') into F satisfying
(1.9) and

(6'2) N)\(M)\/‘I/v ¢) = gj(ﬂ[}\/‘pr ¢) + ([])\/M)\/ll/, ¢>, = (‘l/y ¢)

for N > 0,y € L:(dy'), and ¢ € F.
Furthermore, the mappings My and M\ satisfy conditions M1-M3
(Section 1) and the continuity condition M4 (formula (3.2)) for each v > 0.

Proof. As in the previous sections, we have defined the form N, by
(4.4), and ||¢||#2 by (4.1). Since (5.16) holds, the arguments in the proof
of Lemma 4.1 apply and (4.5) is valid. Also, (4.34) is also applicable and
shows that N, satisfies the continuity condition.
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We next define a new form

63) B ) = Natr ) — | vodun

and show it to satisfy conditions B1-B4 of Theorem 5.1 with dv = du.
Using (5.16), (see (4.6) and (4.7)),

1 1 ; 1 :
6.4)  Ba(¢ 9) +5 f $'dur = Na(¢, ¢) — 5 f $dn 2 5 f $'du = 0.

Thus (5.1) holds for By with 8y = 1/2 and dv = dux.

The continuity condition (5.2) for B follows easily from (4.34), the
continuity condition for V.

To verify B3, suppose o > 1/2, and vy = 1 A (2o — 1). Then using
(4.5) and (4.7),

6.5 (Vv Dlgls" = Mg, ¢) =2 QA [Bx(dx ¢) + af¢2dm]

= (1A a_l){Nx(dh ¢) — (1 — a)f¢2d#x]

= (1A a—l)

: [VNx(% ¢) + (1 — 7)f¢2dﬁx - (1 - a)fdfdux}

> (1A a‘l)[va(dn ¢) + '{l;—l - = “>}f¢2d“*]

= A AHIYN(S d)] = 2AATHE) A Do)l

Since by hypothesis, # is complete in the norm |||z, it must also be
complete in all the norms

(6.6) Br(9, ¢) + aqude)\

for A > 0,a > 1.
Finally, to verify (5.4), we note that

6.7) B¢ =)o Ac)=E(p—0) ¢ Ac)
+ (6 — ), Un($ A ©)) —f<¢ — )" (6 A Odmn

=E(¢ =" ¢eN)— (=0 U6 —0)) 20

by (5.18).
We have now verified all the conditions of Definition 5.1 with B = B,.
Thus, Theorem 5.1 (with 8y = 1/2 and dv = du») assures the existence
of a family {G,*:a > 1/2} of continuous linear mappings from L2(du)
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into & satisfying the conclusions (i)-(v) of that theorem, with the param-
eter \ there replaced by the parameter a in the present proof. In
particular, for @ = 1, we have

(6.8)  Bi(¥, Gi'¢) +f‘//Gl)‘¢d#x = M(¢, Gi'$) =f\//¢d#x

=f¢’¢U)\1 dp.
If we set
(6.9) Mo = GMo-{UNM}TY)

we get (6.1). Since G;* is a positive mapping, so is My, and G = 1
implies M\U)1 = 1.
We can carry through an exactly analogous treatment for

(6.10)  Br(¢, &) = Na(o, ¥) —fdn//dm’,

using (5.17) instead of (5.18). In applying Definition 5.1 and Theorem
5.1 we use By = 1/2 and dv = du)\’, to obtain a family {M,} of con-
tinuous, positive linear mappings that satisfy

NI, &) = (¥, ¢),

plus the submarkov condition M U\'1 £ 1. We then show that My = M)’

exactly as in the proof of (4.41). The continuity condition (3.2) is

satisfied, because of the continuity condition for &" (by Theorem 3.2).
Finally, we must prove M3 at the end of Section 1. Since we know that

R(M) C & C L*(dp),

it is sufficient to prove that Sy — ¢ weakly in L2(du) as A — oo for
Y € % . Actually, we prove more, namely that

(6.11) lima,, ¥ — Sz =0

for all y € & .

Equation (6.2) implies that R(M’) is dense in %, using the Lax-
Milgram lemma as in the proof of Theorem 4.2 (ii). We know that
S\ — ¢ strongly in L2(du) if ¥ € R(M’). Using an argument parallel
to (4.10) we have
(6.12) |y — Swls® = 4N — S, ¥ — Sw) = 46 (¥, ¥ — Sw)

< 4ClYl#lly — Sl
SO
(6.13) [y — Swls = 4C[¢]5.
From this we conclude that (6.11) holds.
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7. Examples. As we have already pointed out, the most familiar
example occurs when U\ = N = U, and dpy = dp’ = dm = dm’. In
this case the form 0 is identically 0. The mappings M) = G) are sub-
markov pseudo-resolvents whose adjoints G\’ are also submarkov. This
implies that

NG [2r = [NGY[[2 = 1.
The form & in this case is given by

(71) (7((/ (¢, ¢) = lin‘l)\aoo )\(\//, ¢ - >\G)\¢)2 = lim)\—mo @@)\(\by d))

In this paper we are interested in the case where ¢ satisfies the continuity
condition (3.1). Such resolvent families have been studied by Kunita [3].

For our second example we return to the unsymmetric L2-diffusion
resolvents treated by Kunita in [4]. Let £ be a bounded domain in R”
with dx the Lebesgue measure on E, and define the elliptic operator L as
in (0.13). A submarkov family of pseudo-resolvents {Gy:N > 0} of
operators on L2(FE) to itself is called an L-diffusion resolvent if it maps
L” into C(FE) and satisfies

72) (= L)Gf =

for all j ¢ L7,
In [4] Kunita considers conservative L-diffusion resolvents {Gy:N > 0}
satisfying the two conditions:

R1. The adjoint G\* in L.2(F, dx) satisfies
(7.3)  (N—=IXGX = [
where L* is the formal adjoint
(74) L*=30/0x,(a;;0/9x;) — 2.0/9x:(b;-);
R2. There exists a strictly positive h with dh/dx,; ¢ L2*(E, dx) such that
(7.5)  NG*h = h.

By replacing dx with the measure dx = hdx and G\* with the new
adjoint

(7.6) G = h'G*(hf)

relative to the inner product in L*(k, hdx), we can reduce this to the
case where N\G\*1 = 1. The operator L* would be replaced by

(7.7)  L*"=3220/0x(a;0/dx;) — 20 (b — 23 a0/ 9x;(log h))d/dx,.

From now on we assume that our measure on E has been so chosen, and
we shall simply write G\* instead of Gy*". We are primarily interested
here in the mappings { M,} arising from the Feller representation for G\.
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There is a minimal ““absorbing barrier’’ resolvent G\’ and a generalized
boundary 9E (see [4], Theorem 2), along with the Poisson-Martin
kernels for representing solutions of Lu = 0 and L*u = 0 (=L*"u = 0
if we are using the measure hdx). If these kernels are denoted by K, (¢, x)
and Ky*(¢, x), resp., then the Feller representation of G\(x, y) is (0.4)
with

(7.8)  Hi(x,) =faE faFKx(E, ) M (&, m)Ex* (n, 3o (d€) T (n) o™ (dn),

where wy and u¢* are the canonical representing measures of 1 and #,
respectively, and % is the boundary function for k. (Note that & satisfies
L*"(h) =0.)

In this example

Uno(§) = Af K\ (& x)H o (x)dx

where H, satisfies LH; = 0 with boundary function ¢. If ¢ ¢ L%, and
dm = hdug*, then

S mjol@an = [ Hiolis < o.
oE E

Now define Uy, Uy, du and dp’ as in (1.1)-(1.3). The mappings

o - | RIACHEIGMCE)

and

MY =faE Y (n)Mx(n, £)u' (dn)

satisfy (1.8) and (1.9). The boundary functions of Gx and Gy* are equal
to M\Uy and M\ U)/, respectively. Conditions U1-U4 of Section 1 are
satisfied, and the representation (2.5) holds with fy = 0. There is a
one to one correspondence between the conservative families { My} given
by the Feller representation and the conservative diffusion resolvents
satisfying R1 and R2. We are interested here in those families { M} that
give rise to Dirichlet spaces on the boundary in the sense of Definitions
5.1 and 5.2. This requires that the Dirichlet forms determined by them
satisfy the continuity condition (3.1).

A discrete example afforded by the Kolmogorov differential equations

dP dP

& _qp L _
;7 QP, 7 PQ

where P and @ are infinite matrices, i.e.,
P = P(,1,k) (z,k =1,2,...)
Q@ k) = —qi + ¢:01(z, k)
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with ¢; 2 0, II(i, k) 2 0 and )_; I1(z,j) = 1. Boundary value problems
for these equations were treated by Feller [1], under the assumption that
the equation

ey — Qxy = 0, Ny — 32 = 0

passes only finitely many linearly independent solutions, say M and N,
respectively. The analogue of (0.4) and (7.8) for the associated resolvent
matrix {P\(z, k)} is (see [1], (13.1)),

(1.9) oG, k) = PG 4 3 30 )M ™ (k)

i,k =1,2,... We have
(7.10)  U\(&,n) = N Ox™

(where the x™ are solutions of Qx™ = 0), for ¢ =1, ..., N and
n=1,..., M.

If M < N, we define the measure m’ so that the integers 1, . .., M get
measure 1, and the integers from M + 1 to N get measure 0. The
measure m gives measure one to all the integers 1, ..., N. If M > N,
then m' and m give measure one to the integers 1, ..., M and m gives
measure zero to N + 1, ..., M. We are therefore taking

X =1{1,2,..., K= MYV N}

The kernels %\ (¢, 1) and My(§, ) are defined almost everywhere on
X X X with the product measure.
In this paper we are interested in the case where as A\ — o0,

(7.11) ;%&WW%WW

and

(7.12) ;%&mm@Tw

although the case of a finite limiting matrix {% (¢, 1)} is also considered
in [1]. It is shown in [1] that

Un(En) TUE ) <o (£ # ).
Thus, if (7.11) and (7.12) hold we must have
Ur(E, &) T oo (1=¢=<MVN).

We then introduce the norming of Section 1, given by (1.1)-(1.3). The
operator M, will be given by

Mo(§) = ; Mg, 0) ¢ ()X 11(n)m (n),
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and

MYy (n) = ; My (8, M) (UL 1L(E)m (5).

The condition that NP1 = 1 is equivalent to M\ U\1 = 1. If we have a
strictly positive solution of Q& = 0 then, as in the previous example, we
can reduce considerations to the case where M\’ U\'1 < 1. The general
structure of this discrete example is exactly analogous to the diffusion
example.

In a subsequent paper we shall investigate some other examples, but
the technical details are too lengthy to present here.
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