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Abstract. The author shows that any family C*-closeto f,(x)=1—ax’ (2—e<a =2)
satisfies Jakobson’s theorem: For a positive measure set of « the transformation f,
has an absolutely continuous invariant measure. He also indicates some generaliz-
ations.

0. Introduction
In recent years there has been major interest in the following theorem of Jakobson:

THEOREM. Let f,(x)=rx(1~x), 0=r=4, be a one parameter family of mappings of
the unit interval. There is a positive measure set of those r for which f, has an absolutely
continuous invariant measure (abbreviation: a.c.i.m.).

The author of the current paper uses his earlier ideas from [5] to give another proof
of this theorem. It seems to be less technical than other existing proofs (see [2],
[1]) and therefore it yields some interesting generalizations (§ 6). In particular, any
family C’-close to the one above satisfies Jakobson’s theorem. Also, the families
that contain f,(x) = 4x(1—x) and do not satisfy Jakobson’s theorem form a ‘set of
codimension o’ in the set of C’-families that contain f, (or any mapping C>-close
to f, with the property that f*(critical point) = fixea point). In particular, any analytic
family of this type satisfies Jakobson’s theorem.

One reason to understand Jakobson’s result is a possible generalization to higher
dimensions. Similar phenomena seem to accompany every period-doubling bifurca-
tion, when we pass the critical value of the parameter (and the ‘chaos’ is born!).
So far M. Rees has found an analogue for rational mappings of the Riemann sphere
[4]. (Probably our proof can be modified to work in that case also.)

Let us say a few things about our notation. The Lebesgue measure of a set A is
denoted | A|. Variables as subscripts mean differentiation. Occasionally we use prime
for the derivative over x or when the parameter is the only variable. Sometimes we
do not say explicitly that an object depends on the parameter. We also call a set
an interval, where obviously the set has two components. For technical reasons we
work with the family f(x, @) =1—-ax’ and interval [—1, 1].

The author would like to apologize if some ideas are being used without references.
It is difficult, though, to write a proof disjoint with the existing work.
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1. Sketch of the proof
For a =2 the point f2(0) = —1 is a repelling fixed point.

Let us define I, =[-37",37"] for n=0,1,.... Let us fix pe(0,1) very close to
1. Let V,=f(p 'I,). It is easy to show (see Appendix) that f"*'|p 'L \pl,.,, is
expanding with constant A, = %p. It is also easy to show that the set V, ., U f(V,.,)u
e ufN (Ve {x: | f'(x) =3} Let W,=f"(V,,,). We will show that |W,|=<
p (3", s0 |W,| >0, as n>oo0,

Let us define T: 1> 1 by

T(x)=f"(x), asxeM,=I,_\I, (1.1)

for n=1,2,.... This transformation is piecewise expanding. From [5] we know
that T has an a.c.i.m. v, with bounded density. We can easily verify that the measure

o n-1

v=13 ¥ filvelM,) (1.2)
n=1 k=0
is an a.c.i.m. for f. It is finite, since
v(I)= Y nyo(M,)<const. ¥ n|M,|<co. (1.3)
n=1 n=t

We would like to point out that this measure is well known and has density
const.(1—x%)~"2, The construction we have just presented is a starting point to our
construction of a.c.i.m. for a # 2. It also produces a.c.i.m. for families like f(x)=
1-2x2+ éx’(1—x?), where ¢ is a small parameter. The author does not know any
explicit formula for the density of the a.c.i.m. in this case.

Let us start with the observation that given arbitrarily large N € Z" there is ay <2
such that f**'|p~'I,\pl,,, is an expanding for n= N and a €[ay,2]. For a =2
the set W, contains —1 for every n. For a #2 the set W, approaches the critical
point. The extreme case is when for some n we have f"(0) = 0. In this situation 0
attracts a.e. orbit of f and no a.c.i.m. exists. Our hope is that by varying « we can
push W, away from 0. Actually, we will put W, into a set p 'L \pl;, for some k < n.

Let us fix N sufficiently large and let ey <2 be such that for all & € [ay, 2] and
n=0,1,..., N we have W, {x:|f"(x)=3}. Let T.,,,=f"""|p " IL\pl,., for n=
0,1,...,N—1andlet S,,=f"|V, forn=1,2,..., N. We have

Tiny=Swmef and S, = Tg)° Sy (1.4)
forn=0,1,..., N—-1.

We will try to extend the definition of expandings T, and S.,, on n> N (at
least for some parameters). We are going to use induction.

Suppose that I, S, have been defined for m=n (n= N) and let T,,,,= S, f
for m<n. Let us fix e (,1) to the solution of the equation 4’ =3 and let a=1.
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We define
Ly =[—alSi,(DI™7, alSiy(D] 7], (1.5)
Vi :f(P_lInﬂ)-

Now we can define T,,= S, °f|p ' I,\pl.+; and W, =5, (V,1)).
Suppose that W, = p 'L \pI,., for some k= k(n)< n. In this case we set

S(n+1):nk)°s(n)|vn+1 (k=k(n)). (1.6)

As we have already mentioned, for some parameters there is no k with the property
W, < p 'L\IL,. We need to discard those parameters to proceed with the next
step of our induction. Let us describe in detail how we do it.
Let (s,,) m~o0 be a sequence of integers such that T;,,,=f" (on p~'I,\pl,.,). We
impose an extra condition in our construction.
We fix a sufficiently small 8> 0 and require
Skemy =max (Bm, 1) (m=0,1,...,n). (1.7)
Along with I, and S, we construct families of intervals &, in the space of
parameters. This is the corresponding inductive definition:
(i) AN consists of a single interval [ay, 2].
(ii) If Je o, then for a € J all n steps of our construction work and yield the
same sequence (s,,)m_o. Let us consider intervals
Jo={ael: Sl a)e I\I,). (1.8)
The family o, ., consists of all intervals J, for all Je€ &, and k such that s, < n.
We will show that if @ € J, then W, < p 'I,\pI.,,. This is possible because the
length of |W,,| decays much faster than the length of I;,,.
The set of parameters J\|_J J; is in general nonempty, but we will see that there
is A €(0, 1) such that
NU Ji < {a e J: dist (Su(1, @), 0) < ar”"}. (1.9)
Let A, = o, and let B, be the union of the sets on the right-hand side of (1.9).
The crucial part of the proof is to show that |B,|<const. AY"|Ay|. Once we have
obtained this estimate, we can write (in view of A,\A,.,< B,)):

n—1 - n—1
A=Ay \ U B,|=|An- T |B,,]Z|AN]<1—const. Y A”).
m=N m=N m=N
(1.10)
Let A, =( )y-n A.. Letting n—>0 in (1.10) we get
|Aw|2|AN|<1~const. ¥ )\‘/7"_>. (1.11)
m=N

By fixing N sufficiently large we can make the ratio |A.}/|An| arbitrarily close to
1, in particular |A,|> 0.

From our estimates it easily follows that if @ € A then f has an a.c.i..m. First we
construct a piecewise expanding T(x)=f"(x), as xe I,\I,; (n=0,1,...) which
has an a.c.i.m. v, with bounded density. Formulas analogous to (1.2) and (1.3) yield
an a.c.im. v for f.
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2. Certain consequences of the Chain Rule

Let u and v be functions of x and «, where « is a parameter. For example, w=v o u
means that w(x, ) =v(u(x, a), a). We can easily verify

LemMA 2.1.  The following formulas hold:

(1) we=(vc° u)uy;

Let us introduce the following notation:

luuﬂ!
|’

Ax(u) Lt Ax(u) L Boo(u)=

| Juf”

A(u) =max (A (u), Ay (u), Ao lu)),

8(u)=—2,
R . (u)=1, 2.1)
1
R (u) = |—| +|==|,
1 L1 L7
Roo(u)=—s+2| % =
fu| o] u

R(u)=max (R (u), R, (u), Ry, (u)).

LEMMA 2.2, Let w=vou. Then

A(w)S<[v1|°u>A(u)+R(u)(A(v)ou). (2.2)

Moreover, this formula holds with A(w), A(u) and R(u) (but not A(v)) subscripted
with ‘xx’, ‘ax’ or ‘aa’.

Proof. By inspection of formulas (iii}-(v) of Lemma 2.1. O
Remark 2.1. If |u,|=1 then R(u)<d4max (1,|8(u)|’).

3. Basic concepts

Let f be a C-function of x and a. As a function of x, f is a transformation I - I,
where I =[—1, 1]. We will deal with transformations T=f*:%(T)~> R(T), where
@(T) and R(T) are subintervals of I. The integer d =1 is called the degree of T
and denoted by deg(T).

https://doi.org/10.1017/5014338570000434X Published online by Cambridge University Press


https://doi.org/10.1017/S014338570000434X

A proof of Jakobson’s Theorem 97

Let Ag> 1. We will call T Aq-expanding, if |T'| = A,.

Definition 3.1. A sequence of expanding maps (T;)/-, is called B-homogeneous
(B=0) if deg (T;)=max (Bi,1) fori=1,2,...,n.
This notion proves useful because of the following:
LEMMA 3.1. Let (T,)){_, be a B-homogeneous sequence of A,-expandings and let
S;=T,oeT,_yo---oT, fori=1,2,..., n Suppose that B=1. Then

ITile Siy= Ro|Si_[ (3.1)
where R, is a constant such that sup |f'|= R, and € = B log Ry/log A,.

Proof. |Ti|=R§®™ < R™ D <max (Ry, RE). Also, Ro|Si-i|*=Ry(A) ) =
R,REV = RE! O

Remark 3.1. (3.1) holds with T, replaced by any T verifying deg (T)<max (8], 1).
Definition 3.2. A sequence of functions (¢;)7-, is called (C, g)-stable (C =0, q

(0, 1)) if
¢ @)l = Cg™™" (32)
fori,j=1,2,...,n
Definition 3.3. (i) We say that T has rank (u, A) if
|6(T)| = A| T, |*. (3.3)
(i) We say that T has type (o, B) if
MT)=BIT.J" (3.4)

THEOREM 3.1. Suppose (T;)i-, is a B-homogeneous sequence of A,-expandings and
T; has rank (n, A) fori=1,2,...,n Let S;=T,o---oT, fori=n and let $= S,
So=1d. There are constants C, and q€(0, 1) independent of A, u or n such that for
sufficiently small B we have:

(i) 8(S)= C, (equivalently, S has rank (0, C,)).

(ii) The sequence of functions (8(S,))~o is (C,, q)-stable.

Proof. (ii) From Lemma 2.1 we derive by induction the following formula (i <j)

3(5)= 3 (5(T)=S,)(81 )" +8(S). (3.5)
This gives
18(5)=8(S)I= % (8(T)] = SISl (3.6)

For I=<[B~'] we have |8(T;)| = R, where R, depends on f only (note: deg (T;) =1).
For I>[B"'] we have

|8(T))| e Si-y = A[Ti[* = S, < ARE|S| |
by Lemma 3.1. We always have |S;_|= A '. Therefore,
3(S)-8(S)l= ¥ RAV+ Y REAASTHV O (3)
J 1

1+is=l=[p""] (B '=t<j

Suppose eu <3 (i.e. B <log Ao/3u log Ry). Let q=A5§’ and let B be such that
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RE{A=R,q ') The right-hand side of (3.7) does not exceed

J
1=;+1 Rq'=R(1-¢)7'¢’

(the terms of the first sum are obviously =R,g""' and the second sum

<R, g*""VF <R g, since I1-1=[B"]). Therefore, the Lemma holds with

C,= R,(1-g)"". We notice that (i) can be easily obtained from (ii), since 8(S,) =0.
O

THEOREM 3.2. Let v be an arbitrary positive number. Suppose that the assumptions of

Theorem 3.1 are satisfied and, in addition, T, has type (o, B) fori=1,2,..., n. There

is a constant C, independent of A, B, w, v, o or n such that if B is sufficiently small

then S has type (v, C,).

Proof. Lemma 2.2, Remark 2.1 and Theorem 3.1(i) give
A(S,) = A¢'A(S,-1) + G(A(T,) ° S, 1), (3.8)
where C;=4max (1, C3}). Therefore, by induction we get

AS)=C; ¥ Ag" PA(T) 8= Cy(1-Ag") ™ max A(T)° Sy, (3.9)
i=1 =i=n

We can assume that for i=[87'] we have A(T;)<R; and for i>[B"'] we have
A(T;)e S;_,= B|T}|”  5;_; = R§ B|S'|*". Therefore,

C
A(S)< " /i—l max (R,, R{B|S'|*). (3.10)
— 1o
Suppose that eo < »/2 (i.e. B < v log Ao/20 log R,) and B is such that R,AP™1*/2=

R B. Then
RBIS|™ = REBIS|">=< (R§B/|S|)IS'"
We also have
RSB/|S"?< RSBA;™ < R{BAGP "2 <R,.
Therefore

G,
A(S)= R,|S')¥
( )<1_A(;1 2|S|

and we can set C, to R,C3/(1—Agh). O

Definition 3.4. Let V< &(T). The number supy | T'|/infy | T'| is called the distortion
of Ton V. Weomit V, if V=1

The next lemma is well known in the theory of expandings.

LEMMA3.2. Let S=T,o---oT,, where T, is a Ay-expanding fori=1,2,...,n and
deg (T;) = 1. The distortion of S does not exceed Cy=exp (2R,(1—Ag")™").

Proof. In a similar way as in the proof of Theorem 3.2 we get [S"/(S')’|= Cs=
R,(1—Ay")"". Therefore, for y, ze @(S) we have

S/(y) <J’ S
[y.2]

!m S'(2) 5

This gives S'(y)/S'(z) = exp (2C;) = C,(note: §'(y), S'(z) have the same sign). O

SCsJ’ |S'| = Cs|S(y) ~ S(2)|=2Cs. (3.11)
fv.z]

Possessing type (o, B) does not imply bounded distortion on the whole of I, though
the distortion is bounded on sufficiently small intervals.
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THEOREM 3.3. Let S be an expanding type (v, C,). For every 6,> 1 there is n,>0 s.t.
if for some interval V< @(S) and yye V we have |V|=mno|S(yo)|™"'™" then the
distortion of S on V is bounded by 6,,.

Proof. Let y e V. We can assume that §'=0. We have
! - 1 =(1+v») J Sex
S S (o)™ ol 155
=(1+V)C V=14 2)0CaS'(3) 77 (3.12)

Multiplying (3.13) by |S'(yo)]'"" yields

S!(yo) 1+v
— -1 =1+ v)n,C;. (3.13)
S'(y)
Now it’s clear that the distortion is arbitrarily close to 1, if 7, is sufficiently
small. =

Now let us go back to the construction of § 1. We will apply our results to the
B-homogeneous sequence T;= Ty, (i=1,2,...,n) and acJe d,. Obviously,
S;=T,o---2T,=S8,. From now on we will often write S, instead of S,,, which
is consistent with the formula and simplifies our notation.

THEOREM 3.4. Suppose that S = S, has rank (0, C,), type (v, C,) and distortion <C,.
Let T=T.,,=Se°f|p 'I,\pl,..,. There exist constants C,, A, B, u, o independent of
n such that T has rank (u, A) and type (o, B). Moreover, |T'|= C,|S'(1)|'™".

Proof. Let us fix C; such that
Co'lx|= fil = Cilx|,
max (R(f), A(f)) = Colx| 2, (3.14)
[8()=Co.
We have |T'| = (IS )| /= CS'|S(D)|Co'|x|= C3'Cq'alS' (D)7 (see (1.5)). We
set C;=C,'C,'a. We notice that

|S"(D]= G| TV 77, (3.15)
where Cy=C; """,
Lemma 2.2 gives

AMT)=(IST "= HAS)+(A(S) o f) - R(f)
=max (A(f), R(f)) x(1+A(S)f)
= Colx| {1+ C(C4S(1)")
= Co(1+ G,CHa IS (N)]*™
< C()(l + Czcz)a‘ZCgT*-V*T/l(27+1/)/(1*‘r)'
This yie]c% o=027+v)/(1—7)and B=Co(1+ C,CHa*Ci*". We have
18(T)|=1(8(S) > f)f<'+8(f)
= C, - Colx| '+ Co=a"'C,CoiS' (1) + Cy
=(1+a”'C)CCH T,
This yields A=(1+a'C,)C,Cs, n=71/{1-17). O
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Remark 3.2. We can apply the method of the proof to A (T), A (T), AL, (T)
separately. We obtain useful estimates

A (T) = G|S'(1)mex 27D
A (T)=Cy|S" ()" (3.18)
8o (T)=C|S(1)] 7.

From now on we assume » <27 — 1, which reduces the first exponent to 27 —1.

Remark 3.3. There exists 6,>1 such that for sufficiently large N, a €[ay, 2] and
all n=1 we have |S,(1)| = 65 and | T{,.,| = max (8,, C,85'' ). In particular, inf | T{,,)|
grows exponentially.
Proof. Let us pick 6,€ (1, 3p) arbitrarily and let N be large enough, so that for all
@€ Ay =[an, 2] we have |T{,|=6, for all n satisfying (*) C,85"' " <#6,. The
number of such » is bounded, so this is possible by the Appendix and C'-continuity
of our family (since ay -2, as N > ).

We will show by induction that

() IStm(1)] = 62,

(i) | T{xy| = 6, for all k< n.
This is obvious for n = 1. Using the induction hypothesis and Theorem 3.4, we get
[Tl = C,05" "7, which is = 6,, if n does not satisfy (). If n does satisfy () then
(ii) is obvious for k = n. Now we apply the definition S, .,,= T(x,° Si,,(k<n) and
get |S,.1(1)|= 65", which completes the proof. O

CoroLLARY 3.1. There exists constants C,, C,, C,, A, B, Aq, v, u (all positive and
Ao>1) such that for N sufficiently large and B sufficiently small and for every n=1
and a € Ap.x (n.n) the mapping S, has rank (0, C,), type (v, C,), distortion <C, and
is Ag-expanding, and T, has rank (u, A), type (o, B) and is Ay-expanding.

Proof. Induction. Suppose that T, has rank (u, A) and type (o, B) for all k<n.
Theorems 3.1, 3.2 (applied to the sequence T, = Tj,(;) and Remark 3.3 imply that
S, has rank (0, C,) and type (», C,). If n= N then Lemma 3.2 implies that the
distortion of S,, does not exceed C,.

Let us notice that 2(S,,,,) = V, and | V,|<3Cop L[> <1Cop *(2a)’|S!,)| " This
means that Theorem 3.3 applies to S,,, for n = N with 8,= C,, if N is large enough
(note: 27> 1+v).

Eventually from Theorem 3.4 we get that T,,, has rank (u, A) and type (o, B).
This ends the proof.

4. Families with a prerepelling critical point
Here we consider families a little more general than f(x, a)=1- ax’.

Suppose that f has a critical point ¢(a) for a close to a, and suppose that for
o = a, and some me Z" the point f™(c(ay), ag) = X, is a repelling point of period
k. We consider the following nondegeneracy condition (cf. [4]). Let x(a) = f"(c(a))
be a differentiable function and let

L1 etan - x(a 20
A la=q
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Let us define a sequence of functions
Xn(a)=(£f"(X(a), a))/(f")x(X(a), a). (4.2)

ProrosITION 4.1, The limit y =lim,,_, « x.(ao) exists. It is #0 iff (4.1) is satisfied.
Proof. Let T=f". Let n=Ik +1;, where 0=1[, =« —1. We have by Lemma 2.1(ii):

ny 1 3 i1 1 R J-1y | 1 o !
6(f)—j‘él(5(T) ) (g( (fref) (fjl),> T.

(T"'y (T )
. . . (4.3)
Substituting (x,, ao) and letting [ - o yields:
lim 5(f7)(Xo, @) = 8(T)(x0, ao)(1 = T'(x0)" N=x. (4.4)
Condition (4.1) is equivalent to
(To(x0, ag) = 1)x'(ag) # ~ T, (x0, o) (4.5)
or x'(ay) # —x. On the other hand,
d
o fH(x(e@), a)/(f")x(xo, o)
o =g
=x"(ag) + 8(f" )Xo, @) > X'(ag) + X =X, as n—> . (4.6)
This completes the proof. d

THEOREM 4.1. Let x # 0. For every n> 0 there is noc Z* and § > 0 such that for every
n=ny and a € (ay— 8, ay+ 8): if for some interval Uc I, f(-, a)| U is Ay-expanding
and {x(a), f(x(a),a),...,f"(x(a), @)} < U then

IXa(a@)/ x =1 <n. (4.7)
Proof. First, we choose n, large enough, so that

ano(aO)_X| <%771X|

n n n, 1 (48)
|8(f™)(x, @) = 8(f")(x, a)| < Ciq™ <inlx|
(we applied Theorem 3.1).
We pick 8 such that if |a — ay| < § then
18(S™)(x, @) = 8(f™)(x0, @o)| <im|x|
’ ’ 1 (49)
|x'(a) = x'(ag)l <am|x|-

We get Theorem 4.1 by the triangle inequality. O

Remark 4.1. We will not dwell on the general case, leaving the details to the reader.
We notice that in the case of f(a, x) =1 — ax’ we have x,(a)=—-2a8(S,+1))(1, a).
It is easy to see that condition (4.1) holds for this family.

COROLLARY 4.1. Let D =|x/(2a,)|. For every 6 >1 we can choose sufficiently large
n, such that for every n=n, and every «, a,, a,€ A,
h=18(S»)(1, a){= H.
S(S(n))(laal)<
6(S(n))(19 @) ’
where h=0"'D, H = 68D (see Remark 4.1 and Theorem 3.1(ii)).

(4.10)
97t =
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Let us finish this section with one more distortion estimate, this time over «.

LEMMA 4.1. For every 6,> 1 there is m,> 0 such that if |a,— a,| = n,|S,(1, )] """,

a,, a € A,, then
‘1<(Sn)a(1, a2)<

' —(Sn)a(la al)_ b
Proof. We notice that

Sn aa S s —(2+v ‘Sn aa l —(2+v
((S ))2+V | ( n)l ( k ((s ))2+,, = )Cz. (4.11)
In[eg[a[lllg over a, We gft

1 ~ 1 \<(
(S2)e () (S (e
= (1 + V)h_(2+V)C2771iSn(1, a|)|7(l+y)-

1+ V)hd(ZH)Cz'az_ |

Multiplying by |(S,)(1, a;)|'"* leads to:

S" « 1’ a 1+v .
(ET}%;_D —1| =1+ " Comy. (4.12)
n/a s Y2
If 7, is sufficiently small, (4.12) yields the lemma. 0

CoROLLARY 4.2. Using the assumptions and notation of Lemma 4.1 we have

01,10—1_<_ (Sn)x(ls a2)S
(Sn)x(la al)

Remark 4.2. The sets J, have not more components than I\ I, since by simple

differentiation we can see that the absolute value of the derivative of S,,,,(1, @) over

a is > absolute value of the derivative of the ends of I\ I,,.
Proof. Indeed, we ask if

8.,0. (4.13)

d .
d—aISL(l,a)l

a = ar|(Sc)ax(1, @)] - [Si(1, )] 7"
<|(S,)a(1, a)|. (4.14)
This is equivalent to
ab . (Si) - 7|8V <8(S,)I[S7 (4.15)
and because of A, (S,) = C,|S%|” we need
arGy|Si|" 77 <|S,]18(S,)]- (4.16)

We have [Si]=]S}|. Also [8(S,)| = h>0 for large n. Therefore (4.16) holds for large
n, since v <7 (note: ¥y <<27—-1< 7).

5. The measure of A.
We use the notation of § 1.

PROPOSITION 5.1. (i) Suppose that N=28"". The numbers s,,, m=N, N+1,... n
satisfy the inequality

B

sm55m2+1. (5.1)

https://doi.org/10.1017/5014338570000434X Published online by Cambridge University Press


https://doi.org/10.1017/S014338570000434X

A proof of Jakobson’s Theorem 103

(i) faeldied,., then W,< p ' I\pl.,.

(iii) There is A € (0, 1) such that (1.9) is satisfied.
Proof. (i) Induction. We notice that sy = N+1=(8/2)N*+1, if N=2/8. The
induction step:

B

s,,+1=s,,+sk(")$§n2+1+BnSE(n+1)2+l.

(ii) We notice that since S,)(1) € L\ I+;:
dist (S(.y(1), pli+1) —>—%(1 —p)lIk-Hl

) B _ (5.2)
dist (S(,,(1), p 7' L) = 3(p ™ = DL
It suffices to show that
2| W,|=min ((1- P)“kﬂ" (P_‘ = DILY)
= (1= p)| Lt (5.3)
Obviously, we have
|Wal = sup [Sim| * Vel = CSta(D)] - 2072 Col L |*

=3Cop 2Cya S| (1)]' PT=3Cop *Caa A T (5.4)

On the other hand, |{I,|=2a|S{;,(1)]7"=2aR;™, since deg(S))=s—1=s;.
Because s, < Bn for n= N, we get R;™ = Ry™"=A,°". Suppose that er<27—1.
For sufficiently large n we have

2a(1=p)A; " = Cop 2Caa 2AG"FY (5.5)
and (ii) holds if N is sufficiently large.

(iii) Suppose that S,,(1, a)e I, and deg(T(,) > Bn. Then
dist (S,(1, @), 0) =4I| = alS|;,(1)| "= aA;"".

From (i) we now have that deg (T(,)) = s, =(B8/2)k’+1. Hence, Bn<(B8/2)k’+1
or k>v2n—2/B =+/n, since n= N =2/p. This yields (iii) with A = A;". O

Let us consider the transformation i, defined on every J € &, by ¢,(a)=S,(1, a).
We assume N =287,

THeEOREM 5.1. There is a constant C,, such that for every n= N
y 1

sup ——

séu, I |

Proof. Let 7 be the partition of I into intervals of equal length d (d '€ Z). Let &,
be the family of intervals defined in a similar way to &,, except we replace the
definition of J, with

< CyolAn]. (5.6)

J(P)={aeJ: §,(1, @) e (I\Ir1) " P}, (5.7)

where P € 7. Since every J € &, is a union of elements of &}, it is sufficient to prove
(5.6) for o, instead of «,. We will be able to do it, if d is sufficiently small.
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Let us introduce two sequences

1
Ya= L sup—oo
sy 1l (5.8)

()
We are going to derive estimates of (y,+;, 7,+,) in terms of (y,, n,).
We fix an arbitrary 6 > 1. First, by Corollary 4.1 we have for n large enough
1 1 1
A7k AT
1 1 1
P |T(k)| Jk(m 55 (1)|

= L sup |7].

Jesdy,

—— Hsup—
| Tx,) mm‘l// |

=67 sup | T(i)| ' sup |wn] " (5.9)
J(P)

The first supremum is over «a € J,(P) and x € P~ (I,\I;+,) (note: I, depends on «a).
There is k; € Z" such that

Y osup|Til '=Aq' (5.10)
k=ky
(see Remark 3.3).
Let us choose d small enough, so that for every P € 7 one of the two alternatives

holds: either (1°)P < I, or (2°)P intersects not more than two of the sets I\ Ji.,.
We get:

Y sup =26°A, ' su
k Jk(P)|d/n-r-1| ° J(S'dj |

where J(PY=J ¢, (P).
We notice that ¢, (J(P)) # P for at most two P e 7, namely those for which
(*)P oy, (J) # . Summing up over these P, we get

(5.11)

* sup <40°Ay" sup—— (5.12)
kP (P) |’~l’n+1| ° aelJ W/ |
For those P that (**)(//,,(J(P)) = P we have
1 1 B w//
su —_— — oy, '+ su (5.13)
m?wf |~ .(J(P) L,,mp>>|w,,| 0 [ TP

according to the rule ‘maximum < average + max. of derivative X length of the inter-
val’ applied to (1/|¥,])° ¢,' on P=4,(J(P)); we notice that the average is just
d'|J(P)|. Totalling over P satisfying (%) we get

Y ** sup =26°A;" ( ]J|+sup |J|) (5.14)
Pk J (P [l/}n*rll n
Inequalities (5.12) and (5.14) and summation over J yleld
262 A
Vo1 =46°Ag v, +20%A, 'y, + o Ay, (5.15)
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Now we intend to estimate 7,.;. We have ¢,,1(a) = T,(¢.(a), @) and this yields
(l/,r:+l(a)=(T(k))aa(wn(a), a)
T2 T)) ax(Wn(a), )¢ (a)
+(T(k)xx(l//n(a), a)(l//,n(a))z

(T (Ynla), a)dr(a). (5.16)
We also have ¢, (a)=(5,).(1, a). Therefore
Al _ [ >
e =0(S, A (Ti1))8(S,)
(W)t O "
o Bl T B(SI+ o Aua(T, )]
|Sn| ax (k) (S )2 aa (k)
1 8(S.)° vl
. 3, (5.17)
|(T(k))x| 6(Sn+1)2 (d/n)2
where we omitted the arguments for simplicity. This yields
d’::#—l 1 'jj/r:
- =®.(Tu)+A;'0° (5.18)
Wi | = DT e 0T s
where 6° comes from Corollary 4.1 and
2
®,(T,)=6(S,..)7% A Ao (T 8(S,) + == Auu( T,
(Tiy) = 8(Sn+1) [ st (T))8(S,) (Sn) ( (k))]
(5.19)
Therefore, we can write
d/!/
Nne1= 2. SUP i (P)| = Z D, (Tl (P)|+A5'6°n,  (5.20)
sicp sy [ (Wha)?

Because of the obvious inequality

|J(P)| = sup }Pm U (I\ i) (5.21)
JumWf | wed
we get
Mus1 =7 Yot Ag' 077, (5.22)
where
r=sup r}}g}ik:s;x? ®,({Ty)|Pn L;J(Ik\IkH) . (5.23)

We shall soon see that r is finite and even arbitrarily small. Inequalities (5.15) and
(5.22) imply the theorem, if the eigenvalues of the matrix

40°A," 26%A;"
P:[ 0 52 \fl (5.24)
r g

have modulus <1. As a matter of fact, we can write (5.15) and (5.22) as a single
matrix inequality

§n+lSP§n+c (nSN), (525)

where &, = (vy,, n,). Here ¢ is a constant vector and |/c| < const. |[Ax|. Here and in
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what follows, const. means an unspecified constant independent of N. Also we can
easily see that || || = const. |Ax|. In fact, it is sufficient to show that ny < const. |Ax|.
The inequality yy < const. |Ay| will follow by the same principle we used to prove
(5.13). First, we notice that

N =SUP T

(by definition of § 1, &/, has only one element). Let us fix n; such that (4.10) hold
for n=n,. We can apply (5.18) for a€ Ay and n=n,,n,+1,..., N. For these n
we have k=1 and ®,(T,,,)=h "(R,H>+2R,H+R,)=Cy,. If A;'6°<1, (5.18)
yields

Cll

// ”
sup Un,
1 ""A() 02 AN

(¢N)2 (¥n,)°
Therefore (5.25) yields the Theorem if the spectral radius of P is <1. We recall that
0 is arbitrarily close to 1, as B is sufficiently small. Also, we will see that r is
arbitrarily small, as d is sufficiently small.

By Remark 3.2 we can check that ®,(Ty,,) = const. |S(1)]*""' (note: »<27-1).
We also have |I|< const. |S;_;(1)|77, where a on both sides may be different (see
Corollary 4.2). Also, const. - |S}_;(1)[=]Sk(1)]'/"*® by Lemma 3.1 (indeed, S, =
Ty ° Sk—y and |S;<| = (|Tfk)| ° S-Skl = R0|5L1]E|SL1| = Ro|5k71|]+5)- So, |I]=
const. |S}]~7/*. Hence,

sup (5.26)

D, (T | PN U, (L\1ii1) | = const. |Si(1)]75, (5.27)
where {=17/(1+€)+1-27>0, if 8 is sufficiently small. We also have |S(1)]™* =<
A5*. So, the sum in (5.23) has uniformly exponentially decreasing terms. By fixing
sufficiently small d we can make it arbitrarily close to 0.

This proves the theorem, if 4A,"' < 1. When this condition is not satisfied, we pick
p€Z" such that Af >4 and examine the relation between (¥,+,, Na+,) and (v,, 7.).
The corresponding matrix, as r- 0, looks like

[2MA5P % } o5
o Al (5.28)

where M is an integer which is the maximal number of J'e &, ., contained in a

fixed Je o, and such that there is ie{n,n+1,..., n+p—1} with the property:

there is k < k; such that ;,(J') < I\ I, . This number can be made =2, if we slightly

perturb intervals I,, ..., I . ]
COROLLARY 5.1. We have |B,|<2C,0ar""|Ay|.
Proof. Clearly, B, < 47 ([—ar”™, aA*"]). Theorem 5.1 gives

uEN=( 5, sup ) 1E1= Cul 1Al (529)
for an arbitrary measurable set E< I U
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Remark 5.1. The existence of an a.c.i.m. for T follows directly from [§], since the
function

1/|T'(x)], where T continuous,

g(x) ={ (5.30)

0 on discontinuities

verifies Var g <+co and sup g <1 (a sufficient condition for the existence of an
a.c.im.). One can obtain another proof (and make this paper self-contained) by
imitating the proof of Theorem 5.1 for the sequence of mappings ¢,(x)=T"(x)
(s, becomes the partition into the pieces of continuity of ¢,,). These new functions
satisfy the recursive formula ., ,(x) = T, (¥, (x)) (if ¢¥,(x) € L\ Li+,). This formula
is much easier to differentiate, since x is the only variable.

Proof. We have
Varg<225up|TEk)|_l+z Axx(T(k)).Ik" (531)
k k

The first sum converges by Remark 3.3. The second sum converges by an argument
similar to the proof of (5.27). O

In view of § 1, Proposition 5.1 (iii), Corollary 5.1 and Remark 5.1 the main theorem
is proved.

6. Some generalizations and final remarks

Our method applies without any changes to families f(x)=1—a|x|%, where £ is

sufficiently close to 2. For £ <2 we get an example of a family which is not C?. It

is easy to get examples of families with singularities like |x|* with any £> 1.
Another class of examples would be families with a finite or infinite number of

singularities like

1—ax’ for -1=x=<0
[10/x]—-1 for1=zx=0.

Let us discuss a little different result now. Let fo(x) =1—2x” and let for every >0
X(7n) be the n-neighborhood of f, in the C’-topology. If 7 is sufficiently small
then there is a C' function c: X(7)~ I such that ¢(f) is the only critical point of
fe X. Let M < X(n) be a submanifold of codimension 1 defined as follows:

M={feX(n): f(c(f)=f(c(fN} (6.1)

For fe M, x(f) = f2(c(f)) is a hyperbolic fixed point.

f(X)={

THEOREM 6.1. Suppose that a path aw—>f, intersects M transversally for some «y.
Then «, is a one-sided Lebesgue density point in the set of those a that f, has an a.c.i.m.

COROLLARY 6.1. There is an open set of C*-families satisfying Jakobson’s Theorem.

One can consider a transversality condition in higher jets
dk

F| LG -x() =0, (6.2)
[#3

a=agy

where k=1 is arbitrary.
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THEOREM 6.2, Theorem 6.1 remains true if transversality to M is replaced with
condition (6.2).

The idea of the proof. Let G: X (1)~ R be defined by

G(f)=f(x(f)—x(f). (6.3)

It is easy to check that dG(f)# 0 for fe X (), if n is sufficiently small. Therefore,
there is a mapping p: X(n)-> M such that X3f—(p(f), G(f))e MxR is a
diffeomorphism (one can write down suitable formulas explicitly).

For every fe M we have a standard family f, corresponding to the fiber {f} xR,
so that p(f,)=f and G(f,) =1y for |y|<vy,. We repeat our proof simultaneously
for all families f,. We obtain a family & of submanifolds F< X (%) such that if
ge Fe % then g has an a.c.i.m. Moreover, there is a constant K with the following
property

(i) Every Fe % corresponds to a graph of a Lipschitz function hr: M >R with
a Lipschitz constant <K (M€ &, hy, =0).

(ii) Let A(f)={y; f, € F for some Fe #}. The family % defines a measurable
mapping A.(f,)> A«(f2). This mapping has a measure theoretic Jacobiane

[K™', K] ae.

From our estimates it follows easily that for every fe M and h>0
A 0, h 1\'?
|—(f—)hi[—’i’zl—c1 exp(—c2<logﬁ> ), (6.4)

where ¢, ¢;>0.

These estimates are sufficient to show that every family g, such that G(g,)=0
and (d*/da’*)G(ga)|a—a,#0 for some k intersects the leaves of F for a positive
measure set of parameters a. O

COROLLARY 6.2. Any analytic family which contains f,, satisfies Jakobson’s theorem.

Let us list two more facts concerning our construction.

(1) The density of an a.c.i.m. we constructede L?(I) for every pe[l,2). This
result is analogous to one of Carleson’s results.

(2) If a, is sufficiently close to 2 and inf,.., | f (0)| >0 then a, is also a density
point for the set of « such that f, has an a.c.i.m. The condition that «, is close to
2 can be replaced with the conditions given in [3].

Appendix
In this Appendix f(x)=1-2x".

THEOREM A1, Let I, =[-3"",37"] forneZ". Let V, = f(I,). Then for every n and
pe(0,1):

Q) [(f™Y| V.= (35" and ~4" for large n,

(i) ("Y' [L\plLsi| = A=4p/3 and =const. p(})",

(i) [W,|=[f"(Vard)| ="'V,
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Proof. (i) We have V, =f(I,)=[1-2-97",1]. We have |f’| =4. By the Mean Value
Theorem we have for k<n
FAVI=2-97" 48 =470 (T V= ()T VAl (A1)
This implies f*(V,)c £V, for n=2. We also have |f'|= V,|=4(1-|V,|) =¥ =3}.
We can write

(yIvil=|TT 714 v). (A2)
Clearly, it is =(335)" and also ~4" for large n. Indeed, the product is =
T 401/ ah=4 T -G v ), (A3)
Hence,
(S TN L Z (") [ Vil - 4 3lpL[2374p3 " =3p=A.  (A4)
Using [(f")'| V.| = const. - 4" we also get |(f**") | I,\pl,+,|= const. p(3)". O

If p=27/28 one gets the same inequalities on p "I, \pI, with 335 replaced by 3.
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