
A NOTE ON THE TARRY-ESCOTT PROBLEM 

Z.A. Melzak1 

( r e c e i v e d June 12, 1961) 

The T a r r y - E s c o t t p r o b l e m in Diophantine a n a l y s i s is the 
following: c o n s i d e r the s y s t e m of equa t ions 

(1) S . k a*! = S * b{ , j = l , . . . n , 
i= l i i = l i 

for the unknowns a , . . . , a, , b » . . . , b , what i s the s m a l l -
1 k 1 k 

e s t i n t e g e r K = K(n) in the se t of a l l k ! s for which the s y s t e m 
(1) p o s s e s s e s a n o n - t r i v i a l solution in i n t e g e r s ? By an 
i n t e g e r we m e a n a r a t iona l i n t e g e r and a solut ion i s ca l l ed t r i v i a l 
if the s e t s { a , . . . , a } and { b , . . . , b } a r e p e r m u t a t i o n s 

1 k 1 k 
of each o the r . By the T a r r y - E s c o t t p r o b l e m one may a l s o m e a n 
the p r o b l e m of finding an ac tua l solut ion of (1) o r finding a l l 
such so lu t ions but we shal l be c o n c e r n e d with the bound K(n) 
only. However , the m e t h o d given h e r e is c o n s t r u c t i v e , tha t i s 
to say , with each e s t i m a t e K for K it l e ads to finding ac tua l 

n o n - t r i v i a l so lu t ions of (1) with k = K . 
1 

Suppose tha t k < n in (1), then f rom e l e m e n t a r y p r o p ­
e r t i e s of the s y m m e t r i c funct ions it follows tha t a , . . . 

y 1 
and b , . . . , b a r e r o o t s of the s a m e equat ion of d e g r e e k. 

1 n 
Consequen t ly the so lu t ions a r e t r i v i a l . T h e r e f o r e 
(2) K(n) > n + 1. 

It ha s been con j ec tu r ed in [ l ] that in fact K(n) = n + 1 ; 
t h i s i s e a s i l y p roved to be t r u e for the f i r s t few v a l u e s of n, [ l ] . 
A s imp le c o m b i n a t o r i a l proof h a s b e e n given in [ l ] of the 
es t imate 
(3) K(n) < [n(n + l ) / 2 ] + 1; 

1 This note was written while the author was a Fel low of the 
Summer Research Institute of the Canadian Mathematical Congres? 
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the above bound has been slightly improved in [2] to 

K(n)< (n2 + 4) /2 , 
and this would appear to be the best bound known so far. 

In this note we shall prove a theorem giving an exact 
expression for K(n). Our expression is of non-constructive 
nature , that i s , it does not allow one to compute K(n), but it 
leads to es t imates for K(n) which are bet ter that (3) for 
certain values of n. Let (X be the c lass of all polynomials 
whose coefficients are in tegers , not all 0. We put 

S[P] = £ . N I a. I for P = P(x) = 2 . N a . x \ 
i=o ' l i=o i 

THEOREM 1. 

(4) K(n) = f ^ S[P(x) (1 - x ) n + 1 ] . 

Proof. By the factorial binomial theorem, or otherwise, 
it is easy to show that 

(5) < * (-l) j r ! 1 ) {x - j)S H 0, . « ! . . . . , » . 

s 
Rearranging this by taking all the powers (x -j) with negative 
coefficients to the other side, one gets 
_ n+1 ,n+l , , ,s ^ n+1 ,n+l% , . ,s 

W l ; ( j U*->] ' V z J j ' i ) ( X " J ) ' s = 1 B 

Letting in the above x be any integer we obtain a non-
tr ivia l solution of (1) with 

k = i _ s n + l ( n + l } = A 

Write (5) symbolically as 

(6) (1 - x ) n + 1 = 0 
and call (5) the expanded form of (6) and (6) the contracted 
form of (5). It is c lear what operation on (5) leads to (6), 
and vice ve rsa . Fur ther , for every polynomial Q c 01 there is 
an expanded form of Q{x) = 0. Let P e (X, then the expansion 

n+1 
of the contracted form P(x) (1 - x) leads, as above, to a 
non-tr ivial solution of (1), with 

(7) k = f s [ P ( x ) ( l - x ) n + 1 ] . 
Hence 

(8) K(n) < 4- ^nin^ S[P(x) (1 - x ) n + 1 } . 
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Suppose next that K(n) = K; let a . . . . , a , (3 , 

p be a non-tr ivial solution of (1). From 

(9) 2 * *j = Z * p? , j = l , . . . f n , 
i=l l i=l l 

one obtains immediately 

(10) Z * (x - a.)J = S * (x - (3.)J , j = l , . . . , n . 
1=1 1 1=1 1 

It is c lear from the definition of K that no equality a, = p. 

holds. On the other hand, some of the a' s, and P' s, may be 
equal. Suppose that the distinct values among the numbers 
a , . . . , a a re p , . . . , p in the order of increasing mag­
nitude, and let the multiplicity of the occurence of p. be m. . 

i l 
Define similarly the numbers q . . . q and the multiplicit ies 

1 s 
n , . . . , n for the set p , . . . , p . Now (10) may be written 

I s 1 K 
r i s j 

as E. m. (x - p.) = S n. (x - q.) , j = 1, . . . ,n, 
i=l i i i=l l l 

with m > 1, n. > 1 and p £ q . We have 

(11) TrT m = S S n = K. 
i=l i i=i l 

Let 

F(x) = S . r m.x P i - S . S n .xq i , 
i=l l i=l l 

then (10) is the expanded form of the contraction F(x) = 0 
and we have by (11) 
(12) K = f S[F(x)]. 
We next verify that the equations (9) can also be written as 

F ( j ) ( x ) f x = l = 0 > j = 1 ' - ' - ' n -
Since also clearly F(l) = 0 it follows that x = 1 is an (n+1)-
tuple root of the equation F(x) = 0 and hence 

(1 - x ) n + 1 | F ( x ) . 

We have therefore F(x) = (1 - x) T(x), where T(x) is a 
polynomial. F rom the definition of K it follows that 

g. c. d. (m j , . . . , m , n , . . . , n ) = 1, 
1 r 1 s 

that i s , the g . c .d . of the coefficients of F(x) is 1. This im­
plies that the coefficients of T are integers , and so T € CL> 
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T h e r e f o r e by (12) 

K = i- S[T(x) (1 - x ) n + 1 ] , , T(x) «. Oi, 
which t o g e t h e r wi th (8) p r o v e s (4). 

While the equa t ion (4) does not al low an exp l i c i t c a l c u l ­
a t ion of K(n), it i s p o s s i b l e to ob ta in bounds on K(n) by tak ing 
in (4) su i tab le p o l y n o m i a l s P(x) . By t r i a l and e r r o r it h a s 
b e e n found tha t r e l a t i v e l y low bounds r e s u l t f r om tak ing P(x) 
of the fo rm , 

p(x) = [~\.s=i (i - XYJ] m ^ * . * xJ] 

w h e r e s i s a s m a l l pos i t i ve i n t e g e r and e . = 0 o r 1. The 

bounds on K(n) a r e then of the f o r m 

(13) T S[Q(x) TTJ^1 U - *?)] 
—•— s î f* 

with Q(x) = I! (1 - x ) K S i n c e ' t h e - c a l c u l a t i o n of e x p r e s s i o n s 
j=l 

l ike (13) i s r a t h e r lengthy for n > 10 say, and s ince no easy 
a n a l y t i c a l p r o c e d u r e s e e m s to apply , the p r o b l e m w a s p r o g r a m m e d 
for an a u t o m a t i c c a l c u l a t o r (the IBM 704). The r e s u l t s a r e 
given in the e n c l o s e d Tab le 1 w h e r e b i s the u p p e r bound on 
K(n) ob ta ined f r o m (13), the c o r r e s p o n d i n g po lynomia l Q 
i s l i s t e d , and the bound [n(n + l ) ] / 2 + 1 i s given for c o m p a r ­
i s o n . In c o n s t r u c t i n g the t ab le only four m u l t i p l i e r s Q w e r e 

2 2 
c o n s i d e r e d : 1, 1 - x, 1 - x and (1 » x) (1 - x ). 

The a u t h o r a c k n o w l e d g e s gra te fu l ly the h e l p of Prof . M. 
H e r s c h o r n of McGi l l U n i v e r s i t y who h a s p e r f o r m e d some c a l ­
c u l a t i o n s by hand, and the a s s i s t a n c e of v a r i o u s m e m b e r s of 
the Compu ta t i on C e n t r e of the B e l l Te l ephone L a b o r a t o r i e s who 
have t r i e d to he lp wi th p r o g r a m m i n g . 
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Table 1 

n b Q [n(n+l)]/2+l n b 
n n 

Q [n(n+l)]/2+l 

z 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

3 

4 

6 

8 

10 

14 

18 

22 

22 

34 

32 

41 

46 

58 

1 

1-

1-

1-

1 

1-

1 

1 

1 

1 

1 

1 

1 

1 

-X 

-X 

-X 

-X 

-X 

-X 

4 

7 

11 

16 

22 

29 

37 

46 

56 

67 

79 

92 

106 

121 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

58 

75 

74 

92 

100 

124 

118 

146 

159 

170 

196 

216 

207 

266 

1-x 

1-x 

1-x 

(1-x) (l-xZ) 

1-x 

(1-x) 

(1-x) 

(1-x) 

(1-x) 

(1-x) 

(1-x) 

(1-x) 

(1-x) 

(1-x). 

2x 
(1-x ) 

(1-x2) 

(1-x2) 

(1-x2) 

(1-x2) 

2X 
(1-x ) 

2X 
(1-x ) 

2, 
(1-x ) 

(1-x2) 

137 

154 

172 

191 

211 

232 

254 

277 

301 

326 

352 

379 

407 

436 
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