Instability, Chaos and Predictability Copyright © 1992 by Nova Science Publishers, Inc.
in Celestial Mechanics and All rights of reproduction in any form reserved.
Stellar Dynamics ISBN 1-56072-054-9

ROCHE INSTABILITY IN EJECTING STELLAR SYSTEMS

K.S.V.S. Narasimhan and S.M. Alladin
Centre of Advanced Study in Astronomy,
Osmania University, Hyderabad, India

ABSTRACT

We consider a small stellar system ejected from the in-
terior of a bigger one. The two systems are represented by
unequal Plummer models and energy changes in them are deriv-
ed analytically under the impulse approximation. These are
used to obtain the conditions for the Roche instability of
the systems. For systems greatly differing in dimension,the
density ratio of the tw systems is a useful parameter for
specifying the Roche limit for the disruption of the smaller
system and the mass ratio is a meaningful parameter for spe-
cifying the Roche limit for the disruption of the bigger sys-
tem. Density ratios and mass ratios at Roche limit are given
for both systems for various scale-length ratios of the tw
systems,

INTRODUCTION

Of much interest in recent times has been the idea of
ejection of matter from galaxies in various forms - gas
(Gerola and Carnevali 1983, Fukunaga-Nakamuraand Toss 1989),
radio jets (Yokosawa and Imoue 1985), quasars (Hutchings
1983, Marlikar and Das 1986, Burbidge and Hewitt 1889), black
holes (Kapoor 1985, Mikkola and Valtonen 1990) and stellar
systems (Ambartsumian 1965, Arp 1972, 1986).

Saslaw, Valtonen and Asrseth (1974 ) discuss the gravita-
tional slingshot mechanism for the ejection of an object from
the centre of a galaxy, when three or more massive objects
near the centre interact strongly.
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In the 19505 Ambartsumian suggested that galaxies eject-
ed material from which new galaxies formed. Arp (1986) has
drawn attention to observations which indicate that in the
Virgo cluster of galaxies, the galaxy M 84 had originated as
a protogalaxy within the bigger galaxy M 87 and had been ej-
ected out along the line of the jet. X-ray observations show
that M 84 is moving almost exactly along the same line from
M 87. In the Stephen's Quintet, one of the five galaxies has
a very different red shift from those of the rest and could
have been ejected from the group. Our galaxy and ¥ 31 were
probably ejected from the same initial protogalaxy. Thus the
ejection of a smaller system for a bigger one is of much as-
tronomical interest.

In this paper we consider the ejection of a smaller ste-
llar system by a bigger stellar system and determine the in-
crease in energy of the constituent stars in each system on
account of tidal forces. Initially both the systems are assu-
med to be in virial equilibrium. Using the Jacobi' criterion
of stability, namely, that a system is unstable if its total
energy is positive, we deduce the conditions under which each
of the two systems becomes unstable,

STELLAR VELOCITY PERTURBATIONS

Let Ml and M2 be the masses of the bigger system(ejector)

and the smaller system (ejected) respectively. We consider
both systems to be spherically symmetric configurations of
density distribution represented by Plummer model, namely,

3M o .
p.(r) = , 1 =1,2 a)
1 4w (r2 + a‘zi )572 '
where
_ M, 13
a; = (——==) ()
an(p;)y
S
p. being the central density. Let a = -~ be the scale
i 12 g

length ratio and let oq > ag.

Consider the tidal effects of M1 and M2’ Let the centre
of Mz be the origin of the coordinate system, Let r' and r
demote the position of the centre of Ml and of a representa-
tive star in Mz respectively and let "= 7' - ¥. The motion

of the star in M2 is given by
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(X 1
r=‘-\7¢2 +V"(I>1—ﬁ;V'W 3)

and ¢ and W represent the potential and the interaction pote-
ntial energy given by

GM .
¢i(r)= ~—'2—1m , 1 =1,2 “4)
(ay +T7)
GM, M
172
W(r) = - (5)
(GZ +r2)1/2

o is a complicated function of oq and Gge We shall make the
approximation az = af + ag as in Aarseth and Fall (1980) in
carrying out subsequent integration. The first term on the
right hand side in equation (3) represents the gravitational
attraction of M2 on the star while the remaining two terms

together give the tidal acceleration ET due to the ejector Ml'

Let M2 be ejected from the centre of M1 along the z-axis
with velocity V > V where V is parabolic velocity of
— par par
escape of the two systems. We obtain the change in the velo-
city of the star by integrating %T over time using the impul=

se approximation,i.e. neglecting the motion of the star dur-
ing the ejection., The impulse approximation gives reasonable
estimates for the energy changes in stellary systems moving
with relative speeds equal to or greater than the parabolic
speed (Alladin and Narasimhan 1982),

Following the analysis as in Zafarullah, MNarasimhan and
Sastry (1983), we get the following expressions for the velo-
city changes of the star perpendicular to and parallel to the
direction of ejection:

GM, w

AVL = [(AVX) + (AV ) ]1/2 = ——2—1j— (6)

V(v + al)

GM

1 1 1

N,y = N_ = 1 - ] (1)
11 2 VG2, a12)1/2 (af N Oerg)1/z
where w = (:n:2 + y2)1/2.
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ENERGY CHANGES IN EJECTION

The increment in the kinetic energy AT, due to the ti-
daleffects M, which in the impul se approximation is the sameas
increment in the total energy AU2 is obtained from

wy = ST 2+ (v (iPan, @)

We follow the analysis given in Almed (1979) and Binney and
Tremaine (1987) for integrating over the mass. The integra-
tion is carried out analytically and obtain

My = (M )y + (M;4),
6%uM, B(a,,) 622,
= 55 55 [C(alz)ﬂ)(alz)-# E(alz)]
2V-a 2V-a
1 1
GZMfM
= 3 Hegy) | (9
2V al
2 2
2019 0yp*l
where B(a,,) = [ In a,,-1]
12 2 1 2 4 12
12 12
o2
_ %2 2
C(alz) = ;5—_—]:—[ 1- 2 1 ln 012]
12 %12
o2
12
D(#y5) = 5——
a12+1
202 In{a, o+, -1)/2)
CE(..) = 12 1 [ 127 %12 .
12 2 1 Giaire z S B
12 %19 %12
Table I gives B(alz) and H(alz).
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Table I: The Functions B(alz) and H(alz)

@2 B(ay5) H(a; )
1.0 1.67(-1) 2.24(-1)
1.5 1.56(-1) 2.4 (-1)
2.0 1.38(-1) 1.,77(-1)
3.0 1.05(-1) 1.30(-1)
4.0 8,12(-2) 9.80(-2)
5.0 6.45(-2) 7.64(~-2)
10 2.,75(~2) 3.10(-2)
20 1.01(-2) 1.10(-~-2)
50 2.,33(-3) 2.48(-3)
100 7.21(-4) 7.60(4)
500 4 .,17(-5) 4 .36(~5)
1000 1.16(-5) 1.20(-5)
@) = 10"
The self-gravitational potential energy of M2 is given
by
3n GMg
Q= - 35 o < 2U2 by vivial theorem (10)
%2

whence the fractional increase in the binding energy of M2
is given by
2
o2 o2ty L at)
M2 T TO,T T 3 T 2.2 12
MZV aq

Following the analysis in Almed (1979) and Alladin and
Marasimhan (1986), equation (11) can be written in the form

Lo 18 1 21 M49)  Vpar 2 12)
2 3@ M21(1+ M21) A(alz) v
Mo %2
where M21 = q » Oy = a—; H Vpar is the parabolic speed of

escape of the two systems of ejection. The function A(alz) is
given in Atmed (1979).

Similarly we obtain for the change in the binding energy
of the ejector Mlz

2
(M 32 H(a, ) (13)
P17 T0,T T Ew MV2e2 12
1’ %2
_ 16 1 f12 1012)  Vpar 2,
3 M, (1+ My ,) Aoy ,) v
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ROCHE LIMITS IN EJECTION

According to Jacobi's criterion of stability, a stellar
system is unstable if its total energy is positive. This im-
plies that u = -%T > 1. However, the numerical experiments
by Miller (1986) indicate that a satellite system is in dan-
ger of disintegration if ¥ > 2, When p lies between 1 and 2
many stars remain bound. We shall adopt the criterion uy =1
for obtaining the Roche limits in ejecting systems.

Table II gives the mass ratios and density ratios at the
Roche limits for various values of Oyg. My = 1 gives the

l1imit for the disruption of the bigger system and By = 1 gi-~
gives the corresponding limit for the smaller system. For a

given L the bigger system is unstable for the values of

M
= 1 = -
M12 = M—-—z or equivalently 012 pl/p2 smaller than the tabul

ar value and the smaller system is unstable for values of M12

Table II: Mass ratios and density ratios at Roche limit when

Vv = Vpar

Roche Limit for the Disruption of

Bigger System Snaller System
=P Mo P12 My P
1.0 0.45 4.50(-1) 2,22 2.22
1.5 0.67 1.99(-1) 3.83 1.13
2.0 0.84 1.05(-1) 6.03 7.60(-1)
3.0 1.10 4.74 (-2) 1.25(+1) 4.64(-1)
4.0 1.29 2.02(-2) 2.27(41) 3.53(-1)
5.0 1.44 1.15(-2) 3.66(+1) 2.13(-1)
10 1.88 1.88(-3) 1.87(+2) 1.85(-1)
20 2.29 2.86(4)  1.07(+2) 1.34(-1)
50 2.79 2.23(-5) 1.19(+4) 9.52(-1)
100 3.13 3.13(-6)  7.76(#4) 7.76(-2)
500 3.83 3.06(-7) 6.78 (+6) 5.42(-2)
1000 4.04 4.04(-9)  4.92(+7) 4.92(-2)

(n) = 10"

or 012 greater than the tabular value. It may be noted from
the table that for the bigger system the range in M12 is con-
siderably smaller than the range in P2 while for the smaller
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system the reverse holds. Hence for specifying the instabi-

lity of the bigger system, the mass ratio is a useful para-

meter; while for specifying the instability of the smaller

system, the density ratio is a meaningful parameter.

21 when V = Vpar and My < 1
o

= (2.6)(0.13) 2 (15)

The dependence of M12 on o«
can be expressed as

Mi2
Using the Chi-square Test, we find the fit to be good both
at 5% and 1% levels of significance. Further as 019 *

M12 + 2.6 v 3, We therefore, infer that a smaller system will
generally disrupt a bigger system at V = Vpar if its mass is
greater than one-third the mass of the bigger.

The dependence of (Di)12 on !‘121 when V = V

and Ho= 1
is of the form

par

= 0.16(10)M21

(P3)12 (16)

The fit is again found to be good. As M12 + o (pi)12 + 0.16
'»117» . This indicates that the bigger system will generally

make the smaller unstable if its density is greater than one-
seventh of the density of the smaller at V = Vpar‘

A similar analysis yields the values 1/2 and 1/3 for t he
disintegration of the bigger and smaller systems respectively
if Miller's (1986) criterion u = 2 is used.

COMPARISON WITH COLL IDING STELLAR SYSTEMS

Energy transfer in head-on collisions of galaxies were
studied analytically by Toomre (1977) and Almed (1979). Mar-
asimhan and Alladin (1986) derived the conditions for Roche
instability for head-on collisions of stellar systems. A com-
parison of the results for the colliding systems with those
obtained here for ejecting systems indicates that the frac-
tional increase in the binding energy of a system in the case
of a collision is about 3 times that in ejection. The corres-
ponding Roche limits in the case of a collision are 1/6 and
1/25,

In the case of a collision AV11 = 0. In ejection AV

is small but is not zero. 11

CONCLUSION

The anal ytical treatment of energy changes under the im-
pul se approximation leads to the following results: (i) The
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energy change in an ejection is about 1/3 of that in a comp-
lete collision. (ii) For stellar systems differing widely in
dimensions the disruption of the smaller system in an eject-
ion is conveniently specified by the density ratio of the
tw systems and the disruption of the larger by the mass ra-
tio, (iii) When the velocity of ejection is equal to the pa-
rabolic velocity of escape of the pair, the amaller system
is generally unstable if its density is less than about 7
times the density of the bigger and the bigger is unstable if
its mass is less than about 3 times the mass of the smaller.

It is desirable to test the accuracy of the predictions
of the analytical formulae presented here by numerical expe-

riments.
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