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COMPUTING THE TOPOLOGICAL DEGREE OF POLYNOMIAL MAPS

TAKIS SAKKALIS AND ZENON LIGATSIKAS

Let C be a cube in R**! and let F = (f1,---, fa+1) be a polynomial vector field. In
this note we propose a recursive algorithm for the computation of the degree of F on
C. The main idea of the algorithm is that the degree of F is equal to the algebraic
sum of the degrees of the map (fl,fa, T fiﬂl,ﬁ,f,-ﬂ, .- ,fn+1) over all sides of C,
thereby reducing an (n + 1)-dimensional problem to an n—-dimensional one.

1. INTRODUCTION

Let (z1,z2,- -+, zx) be a point in R*, k > 1. In the sequel we shall denote such a
point by z. Let

F(z) := (fi(z), fala), -, fani(2)) : R™TT > R

be a differentiable mapping. A zero of F is a point o € R™"! such that F(zy) = 0 =
(0,0,---,0). Let a € R™"! be a zero of F' and suppose that the sphere S(a,€) centred
at a of radius ¢ isolates a and it is such that no zero of F' lies on S(a,e). We then can
consider the (Gauss) map

. n _ _F(=)
(1) G, : S(a,e) = 5™, Gu(x) TF@]
where S™ is the unit sphere in R™!. Then the degree, degG,, of G, is an integer
which, roughly speaking, tells us the (algebraic) number of times GG, wraps S(a, ¢) around
S™ with respect to specified orientations on S(a,e) and S™. We give S™ the following
orientation, which we shall call the positive orientation. We think of S™ as the boundary of
the unit ball B(0,1) = {z € R"*! | ||z]| < 1} centred at 0 of radius 1. Let e, ey, -+, €1,
be the standard basis of R™!. At each point of the open unit ball Int(B(0,1)) the
orientation is given by that basis. Therefore, its boundary inherits an orientation by the
following rule. Let y be a point on 5™ and let v,,; be the unit normal vector to S™ that
points towards the origin 0. Let vy, vs, -+, v, be a basis for the tangent space of S™ at
y. We call this basis positive if and only if det(vy, v, -+, Un, Uny1) = 1. By applying this
rule to every point y on the sphere we get the positive orientation of S™. We also give
S{a, ¢) the same orientation.
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DEFINITION 1.1: We call deg G, the local degree of F' at a, and denote deg G, =
1.d.Fa).

It is well known that the local degree of F' at a is independent of the chosen sphere
S(a,€) as long as the sphere we choose isolates the zero a of F.
We define a cube C (or a box) in R™*! as the boundary of the set:

C = [al,bl] X oo X [an+1,bn+1], a; < bi, 1= 1,"', n+ 1.
Je define the “upper”, C; (“lower”, C;) i—th side of C as follows:

Cl+ = [alybl] X oo X [bl] X oo X [an+17bn+1]
C7 =lay,bi] x -+ x [a;] X -+ X [ans1, bns]-

(2)

Since C is homeomorphic to S™ we orient each side of C' the same way we oriented the
sphere S™, namely, at each side C;" and C; the normal vector points inside the cube C.

Let now F = (f1,- - -, fas1) be a polynomial vector field in R**! and consider a cube
C so that no zero of F lies on C. In that case we can again define the Gauss map, which
we call G,
F(z)
G:C- 85" Gli)=-——.
© = F@

Suppose now that all zeros of F' that lie in the interior Int(C) are isolated. Then the
following holds:

PROPOSITION 1.1. ForC,F,G as above, we have

(3) degG =Y l.d.F(a)

where the above sum is taken over all a such that F(a) = 0 and a € Int(C).
DEFINITION 1.2: We call deg G the degree of F on C, and denote deg G = deg F¢.

Our aim is to compute deg F¢ given the cube C and the polynomial map F. Vari-
ous methods of computing this degree have been proposed. O’Neal and Thomas [4] use
quadrature methods to evaluate the Kronecker integral formula for the degree. Stenger
[6] has a method, derived from the Kronecker integral formula as well. Kearfortt describes
two methods, one that is related to Stenger’s method [1], and one that is recursive, re-
peatedly reducing by one the functions to be considered [2]. Our method is also recursive
and uses the idea of Grébner basis.

In the next section we describe the method and prove the main result. The last
section gives an implementation of the algorithm, as well as examples, in dimension 3.

2. A PROCEDURE FOR COMPUTING deg F

We begin by defining some “special” points on S™ that we shall need later:

(4) Nizei, 51':—61‘, i=1,2,---,n+1.
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We shall call the NV;, S; the i—th “north” and “south” poles of S", respectively. It is easy
to see that a local orienting basis at N; (S;), is the following:

~ n—i
617627'"7ei~laeiaei+la""(_1) €n+17_ei)

~ n—i+1l
617627“',61'_1,61',61'4_1,'",(_1) eTH—lze‘L)

respectively, where~denotes omission.

Let now U; = {(z1, -+, Tn41) | 0 < 2 < 1}, and L; = {(21, -+, Zps1) | -1 € z; < 0}
be the upper, lower i-th hemisphere of S"*! respectively. We can then define the natural
charts from these sets to the unit open ball B(0,1) := {z | ||z]| < 1} C R", as follows:

g; : Uz — Rna gz(x) - (:Clv' te 7Ii~17:’iiazi+lv' t 7$n+1)
hl : Ll - Rn7 hl(l‘) = (1'1, o .7xiv17ji7zi+l’ te '7zn+1)'

(5)

These are diffeomorphisms U; & B(0,1), and L; f’:: B(0,1). Let dg:(y), dh;{y) be the
corresponding linear maps that are defined between the tangent planes at a point y of
Ui, L; and R™, respectively, and let |dg:(y)|, |dh;(y)| denote the determinants of these
linear maps. It is then easy to see that

(6) sign|dgi(N:)| = (=1)"™  while sign [dhy(S:)] = (—=1)" """
where sign signifies the signature of a real number. Thus, since g; and h; are diffeomor-
phisms, and if y is any point in U; or L;, we get that

) sign |dg;(y)] = (=1)""*, for all points y € U,
sign |dhy(y)| = (=1)""*',  for all points y € L;.

For a point b € R and z € R™ we define
(8) Ii(b):(-7;17'"7xi—lab7xi+ly"'7xn)~

Let now K; be the image of the natural projection of the interior of either C;* or C; on
R". We then may define the lifting maps

o) pi: Ki = Int(C), pi(z) = 2(b;)
g K; = Int{C]), qlz) = 2" (a;).

Il

Since the orientation of C;" (C;) is the same as the orientation at N; (S;) of the sphere
57, respectively, we can see from (7) that at each point y € K; we have

(10) sign |dp:i(y)| = (-=1)"™", while sign|dg(y)| = (-1)"""*".

Recall that we are given a cube C so that no zero of F lies on C. For each N;, 5
define
XNy = GTHN;)NCF X(Nj); =G H(N;)nCy
X(S;)] = GHSHNCE X(Sy); :=G(S)NCr
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Now using the notation of (8) we define

Fr(z) = (fa(zi(b:)), -5 frsa (b)) : R* — R”
F(z) = (f2($i(ai))>"'7fn+1( i(a;))) : R* - R™.

Moreover, we call the cube C' good for F relative to f, if the sets G~1(N,) and G'(S))
are both finite, each point of that inverse image of Ny, S; lies in the interior of some side
of C, and the Jacobian determinants ‘J(F+)‘ and \J ‘ have isolated zeros at every
point of G"Y(Ny), G71(S)).

We are now ready to state the main theorem of this note.

THEOREM 2.1. Let F, C,G be as above, and suppose that C is good relative to
f,. Then

n+1l

deg Fe = Z( 1’+]ldF+(yl)+Z( V'd.F ()

i=1
n+1

= Y (-VdFH () + X_j (-1 dF(27)

i=1

where y € X(N1)}, y7 € X(N,)], 2 € X(S))] and z;” € X(S1);.

Before we proceed with the proof of the theorem, note that a similar result can be
obtained if the north N} or south pole S is replaced with another north ot south pole
N or Sg. In that case, however, the cube C must be good relative to fi.

ProoF OoF THEOREM 2.1: For the sake of clarity we prove this theorem in the
case where the north pole N, is a regular value of G. That is, the points y;" and y; are
noncritical points of G. So, let us take a point y;* = (y1,-**,¥i-1, bi, Yir1, * > Uns1) and
see what is its contribution to the degree deg F;. We define the series of maps

(11) K; 25 Int(Cf) = C -5 U; o " 25 R”
where < denotes the inclusion map. From (11) we get the composite map
A:=g0Gop;: K; CR" - R
Let dg,, dG, dp; be the corresponding linear maps. Let
Yo = (yl, ) yi—lyai»yi+l7 T yn+1).

Then at yp the Jacobian determinant of A is nonzero, since y; is a noncritical point of
G. Moreover, we have

|dA(yo)| = |dg1(N1)] \dG(yl )‘ < |dpi(yo)!

and thus
4G (y)| = 1dgu(M)] - Idpi(yo)l - [dA (o)
= (-1)"(=1)"""1.d.A(yo), from (6), (10)
(=1)""1.d.A(yo).
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But, an easy computation shows that [.d.A(yp) = [.d.F (y,+ ) A similar argument shows
that the contribution to the degree of F at a y; is (—1)'l.d.F (yi"). Thus, when we
repeat the above process over all preimages of N} under G we get the desired expression
for deg Fc. 0

We close this section with the final step of the recursion, that is, the computation
of the degree in dimension 2, (see also [5]). For this, let F' = (f(z,y),g(z,y)) be a
polynomial vector field in R? and let C' = 8[ay, b1] x [as, bo] be a cube (rectangle) good
for F relative to g. C has the counterclockwise (positive) orientation that it inherits as
the boundary of the (open) rectangle. Let z be a zero of G that lies on a side of C. Then
when we move on C according to the orientation, we observe the sign of f - g passing
through z. If the signf - g changes from + — — the contribution to the degree is 1, while
if it changes from — — + the contribution is —1. By summing up all this contributions
over all sides of C' and dividing by 2 we get the desired degree.

3. THE ALGORITHM IN THE CASES n = 2 AND 3

The algorithms of this section are implemented in the Aziom symbolic algebra sys-
tem, but any type or object oriented language could be used to describe the process. For
the computations with the real algebraic numbers we use the method of interval coding,
see [3]. In this section R denotes the real closure of an ordered field K. The algorithm
is generic.

3.1. Case n = 2:  Let F(z,y) := (fi(z,y), fo{z,y)) : R> - R? be a polynomial
mapping. Let C' = [a;, b1] X [az, b2] be a rectangle in R?. The algorithm degree2 computes

the degree of F' in C. The boundary 0C, of box C, has the positive orientation. The
algorithm proceeds as follows:

ALGORITHM 1. degree2
input: The polynomials fi(z,y), f2(z,v), and the rectangle C as above.
output: An integer equal to deg Fc.

DEscrIPTION:

The basic steps are:

1. Call hi(z) = fi(z,a2), holx) = falz,02) , ;i(y) = fi(b1,y) and goly) =
fa(br,y)).

2. Compute the real roots of hi(z) (g1{y)) in the intervals [ay, b1] ([ag, b2]), respec-
tively. Let (r:),¢;<, be these real roots. If hi(a1) = 0 or gi(az) = 0, or hi(b1) = 0 or
g1(ba) = 0, or there exists an 1 such that hy(r;) = 0, or g,(r;) = 0, then redefine the
rectangle C'. Else, go to step 3.

3. Compute the sign of hi(z}ha(x), and of g,(y)g2(y), on the left and on the right
of each real root r;, respectively.
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4. If sign(hi(z)he(z)) changes from + — — the contribution to the degree is 1,
while if it changes from — — + the contribution is —1.

5. Start by the left contribution of the real root r;. Sum up all the contributions
over the sides y = by and = = b;; denote this sum by [;.

6. Call hi(z) := fi(z, be), ha(z) = folz,be) , 91(y) = fi(a1,y) and g¢2(y) =
falas,y).

7. Compute the real roots of hy(z) (g1{y)) in the intervals [ay, bi] ([az, b2]), respec-
tively. Let (s;);¢;<n be these real roots. If hi(a;) = 0 or gi(a2) = 0, or hy(b;) = 0 or
g1(b2) = 0, or there exists j such that ha(s;) = 0 or go(s;) = 0, then redefine the rectangle
C. Else, go to step 8.

8. Compute the sign of hi(z)he(z) and of g;(y)g2(y), on the left and on the right of
each real root s;.

9. Start by the right contribution of the real root r,,. If sign(h,(z)h2(z)) changes
from + — — the contribution is 1, while if it changes from — — + the contribution is
—1.

10. Sum up all the contributions over the sides y = by, and = = byand denote this

sum by .

I +1
11. The degree is equal to %

3.2. CasEn=3: Let F(zy1, T, x3) := (fi(z1, T2, T3), fo(T1, T2, T3), f3(T1, T2, T3)) be a
3

polynomial map of R* — R®, and C := [][a;, b;] be a box in R®. We use the standard
i=1

implementation of the Grébner basis of the Aziom symbolic system.

ALGORITHM 2. degree3
input: The polynomials
fi(z1, 29, 23), fo21, 22, 33), f3(21,72,23), and the box C, as above.

output: An integer equal to deg F¢.

DESCRIPTION:
Notation : If z € R®,d € R and i = 1...3, then we define z'(d) = (., @ ,.),
i—position
and 1t = (., z ,.) € R? where ~ denotes omission, as in Section 2. If j = 1...3,
i~ position

we denote by a;; the i-element of the j-interval, for example, az2 is bs, and ay; is a,.

By [a;1, a2’ we denote the rectancle in R%: ... x [a;i,a;2] X ..., where denotes
7,1 Y3, 3,1y %3, ’
N———

J—position
omission, as above.

1. For j = 1...3 repeat Step;.
2. Step,: Fori=1...2, repeat
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(a) Call hy(27) := fa(z?(a;;)), ha(z?) := f3(z?(a;;)). Compute the Grobner
basis of hy(2?), ha(z?). Let G be this base. The polynomials of G form
a triangular system where the last polynomial is univariate. We find and
isolate the real solutions of this system.
(b) Step 1: Find the sign of f(z1, 22, z3) in the real root of the system of step
2(a). Compute the degree (see Algorithm 1), of ho(z') and h3(z*) in the
corresponding isolating rectangle using degree2.
(c) Step 2:i:=1i+1.
3. Compute the degree of F'(z1, z2, z3) using the formulae of Theorem 2.1.
The binary time complexity of our algorithm is unknown. The complexity is obvi-
ously dependent on the amount of the algebraic numbers generated by the real solutions
and the Grobner basis algorithm.

ExAMPLE 1: Consider the system:

pi(z,y,2) = zd4+9y*—2
F(z,y,2) {pg(ag,y,z) = 34 2P +x}
p3(z,y,2) = 2+27—y
This system has the following five real solutions (aproximately):
1. [z =0.9635,y = 0.60002, z = —1.1289)
[z = —8.715,y = —0.04635x = —1.261]
3. [z=-1,y=0,z=-1]
[r=0,y=1,2=~1]
[z=0,y =0,z = 0]
We compute the degree on the boxes [-3/2, ~1/2] x [-1/2,1/2] x [~9,0] and [—2,2]3.
Consider the first box. For y = 1/2, the algorithm groebner(p2(x,1/2,z),
p3(x,1/2,2)) of Aziom gives:
64 , 56 , 16 5

gl(z,x) = Z—§1-1' —ﬁl’ 312?—51

5 3 129
gplr) = zt+a23 - gx +tett i
If € is the first real root of g;(z), and ¢ the real root of ¢i(z,¢), then the sign of
p1(€,1/2,¢) is negative. The degree of F(x,2) = (pa(z,1/2,2),p3(z,1/2,2)) on the
rectangle [—3/2, —~1/2] x [-9,0] is 1. The point (£,1/2,¢) € X(S)5. Thus from Theo-
rem 2.1, the contribution to deg F¢ is (—=1)® x 1 = —1. The second real root of g,(z),
& ¢ 1-3/2,-1/2]. Forxz = —1/2, the algorithm groebner(p2(—1/2,y,2),p3(—1/2,y,2))
of Aziom gives:

(ey) = ,_ 64 16 68 15
gi(z,y) = LA TE AR T e
3 3 1 1
. 9_ v 6 .3 2 _ -
92(y) = SY VY 5y 1
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Let ¢ be the second real root of the umivariate polynomial g»(y), and ¢ the real root
of g1(2,€) = 0. In this case, the sign of p;(—1/2,&,() is positive, and the degree of
D(y,z) = (p2(—1/2,y,2),p3(—1/2,y,2)) is also 1. Since our point is in X(N),, it
similarly follows that the contribution to the deg F¢ is (—1)' * 1 = —1, as in the case
where y = 1/2.

All the other cases are discarded. Thus deg Fo = —1

Consider now the box 8[—2, 2]*. Let x = —2; if (£, () is the solution of the system of
the Grébner basis, of the polynomials pa(—2,y, 2) and p3(—2, y, 2), the sign of p;(—2,£,(¢)
is negative, and the corresponding degree in R? is -1. The point (—=2,£,¢) € X(S);. It
follows that the contribution to deg F¢ is (—1)1+1 *x (—1) = —1. For z = 2, the sign of p,
in the corresponding point of R? is positive, and the degree in R? is -1. Thus, the degree
deg F¢ in this case is still —1.
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