
BULL. AUSTRAL. MATH. SOC. 4 2 A 2 o

VOL. 9 (1973), 321-335.

Uniform convergence and everywhere

convergence of Fourier series. I

Masako Izumi and Shin-ichi Izumi

Carleson and Hunt proved that the space of functions with almost

everywhere convergent Fourier series contains iP (p > l) as a

subspace. We shall give two kinds of subspaces of the spaces of

functions wfth everywhere convergent or uniformly convergent

Fourier series.

1. Introduction

We consider only real valued functions of a real variable and periodic

with period 2TT , and the series of classes of such functions :

[C ^ CBV u Lipa

L 3 iP r> Lq => L° => •( => Lip 1 ,

BV 3 CBV

where 1 < p < q < °° and 0 < a < 1 . By aeo, eo or uc we denote the

spaces of functions whose Fourier ser ies converges almost everywhere,

everywhere or uniformly. I t is evident that

aeo ^ eo 'zi uc .

Carleson [2] and Hunt [5] proved that

THEOREM, aeo => iP for any p > 1 .

I t i s open to find good subspaces of the spaces eo and uc , where a

good subspace means tha t :

( i ) the subspace is sufficiently near to the whole space;
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( i i ) the subspace contains known significant subspaces ;

( i i i ) the subspace has a simple construction l ike L, L , C ,

and so on.

In th is d i rect ion, there are recent works of Goffman [ 4 ] , Garsia and

Sawyer [3] and-Baernstein and Waterman [!]•

We know that

eo 4> C , ec => BV u LipO (0 < a £ l )

and

C P uc => CBV u Lipa (0 < a £ l ) .

2. Theorems

For any i n t e g r a b l e f u n c t i o n f ,

It
( 1 ) <p.( t) = <p (u)du = o(t) as t * 0

1 Jo x

for almost a l l x , where

fju) = f(x+u) + f(x-u) - 2/(x) .

We shall denote by LC the space of functions which satisfy condition (l)

for all x .

Let the Fourier series of / be

00 OO

fix) ^ %a_. + I [a cosnx+b sinnx) = I A (x) .
° n=l n «=0

By lP we denote the space of functions / such that

( 2 ) I ( l % l P + l ^ l P ] = o d / ^ 1 ) as n - - .

We denote by /,(«) the integral of / on the interval (0, u) and
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Convergence of Fourier series 323

Let p - 1 and we denote by if the space of functions / such that

(3) I AI,../, U) du = o\X/rf -J as n •*
' - I T

Thus we get the following theorems:

THEOREM 1.

(i) ec 3 LC n if , (p > l) .

(ii) ec 3 LC n if , (p i l ) .

(Hi) uc^> C n if , (p > l) .

(iv) uc => C n if , (p > l) .

THEOREM 2.

Ci; A^ 3 L i p ( l / p , p ) , ( p i 1) i

if 3 L i p ( l / p ' , p 1 ) n C , (1 < p ' < p) ;

if 3 Lipa j (0 < a « 1, op > 1) .

(ii) N2 3 CB7 ;

Af2 3 Lipa , (1 > a > 1/2) .

(Hi) M = N ;

/^ 3 if , ifl ZD if , {l/p+l/q = 1, q > 2 > p) .

For the proof of Theorem 1, we use the following theorem:

THEOREM 3.. (i) If condition (l) is satisfied, then

as

where s [x~, f) denotes the nth partial sum of the Fourier series of f

at the point x 3 and
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(ii) If f is continuous, then the term oil) in (k) holds

uniformly in x .

As another corollary of the theorem besides Theorem 1, we get

THEOREM 4. (i) If condition ( l ) is satisfied and

(5)
'3-rr/nf A . cp ( u )

du = o(l/n) as n

then the Fourier series of f converges to f(x) at the point x .

(ii) Part (i) is a generalization of Lebesgue 's Convergence

Criterion.

3. Proof of Theorem 3 (i)

We can suppose that n i s an odd integer, x = 0 , / i s an even

function and / = 0 . Then cp = / and ip-, = /-, • Therefore, by

condition ( l ) ,
J 0

sn(0; f) = J f fit) Sifl dt

3Tr/n

We w r i t e
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77 F fl
77 777—TT cosntdt + oil)
2 h t{tv/n)

— - *

and

t u

We have to prove that S, T and Q are o(l) as n •* °° . First of a l l ,

using the following formula:

t+TT . ri+Tr/n (n-l)/2 i _ n i
sinmi -, V 1 1 . „ j
— 5 — dw = 2. o " -^Isinnwdw

(u+2k-n/n) (n+(2fe+l)TT/n)'

we can write

n k=0 '2-E/n

, „ f r
J2TT (u+2feir)

f (^(^D^v)sin
•'o (l7it+2kir+u) (jir+(2fe+l)ir+

(•(jir+Dj/n
f(t)dt

•n % {-i)J C s i n y *A^((j'

k=0
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by cond i t i on ( l ) . Using t h e function

CO

J{w) = [w] - w + 1/2 ^ I
fc=X

the inner summation can be written as follows:

r
-L If i i I . [ i _ i I!
VIT | \ji\+v jir+(n-l)TT+yJ [jTr+TT+y jTi+mr+yJ I

r(«-D/2 ,

•'o l

Thus we g e t , by us ing condi t ion ( l ) ,

n-1 . fir

3=2 >Q

[(n+j-l)Tr+yJ

Further we use J(w) again,

0=1

.21/2 t^. f1((2nu+ir+y)/n)

= W + X ,

= n sinydy
J0 J l /2

where

.2
/•ii/

slnnvdv (w-2ir/n)(w-n/n)

fiT/n /y+TT+Tr/n , f u
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/•ir/M fU+ir+ir/n ry+v/n ,
-n\Q - i ™ * * ) ^ [f(y)-f(y-*/n)Uy \y {w.2^Hw.Vn)

= 71
Jn

sinnudu

•'v+2ir/n
\dy

+ 0 (1 )

fV+Tr+ir/ntif/n /-
= v simvdv f(y)dy

J 0 JV+2iT/n

fu+7T+Ti/n

J7,+?TI/*7 -1

ty+2ii/n

{ f ){ f

r-rr/n
= ir sinnudu

[M Jo
= o( l ) , as n -* °° ,

by condition ( l ) , and

f
X = n j sinvdv

/2

/2 A2^ f((2TW+ir+y)/n)

By the transformations w = TJU ' and 2nw' + u =

* •

c o s n v d v

' • • " - • * •

l/2

+ Z +

where
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1=2
~L even

1(1*1)

— • * •

* '

v'/2v-l/2n
J{nw'

sin2Trlnw' • cos2imw 'c
V /2TT-1/2M

A2 .̂ / . . , . _ , . . , cosnlv '+cosn(l+2)v'
(v'-^n)v'

do'

cosnZz; '+COSM( l-2)v'

1=2
I even

J2 2 i r / M

even

= o(l) , as ft •+ °° .

Similarly Z = o(l) and then J/ = o( l ) . Thus we have proved that

Q = oil) as n •* °° . 5 and T are also o ( l ) as n -* °° by the same

way of estimation. Summing up above, we get the required r e su l t .

4. Proof of Theorem 3 (ii)

If f i s continuous, then condition ( l ) holds uniformly for a l l x ,

so that we can prove the theorem easi ly , along the lines of the proof of

Iheorem 3 (i) •

https://doi.org/10.1017/S000497270004332X Published online by Cambridge University Press

https://doi.org/10.1017/S000497270004332X


Convergence of Fourier series

5. Proof of Theorem 1 (i)

By Theorem 3 d) and the estimation of T in Section 2, i t is

sufficient to prove that

T Au/n<Pl("+ir/")
P = n \ — ' cosnudu = o(l) as n -* °° .

Now,

00

<f> (t) ^ 2 £ i47(x)cosZt - 2f(x)

and then
oo A ( T\

2 r J 2 *"~
A . ip (U+TT/W) = 8 2 — T — sinTt/n 1 z = 1 L

Therefore

P = 8n y - ^ — sin ^

1=1 J ^ J3Ti/n

dv

r
2i\Q' ,

and fixrther we w r i t e

Now we s h a l l define A(l, x) for a l l I € (0 , °°) such t h a t

, x) = a(Z)cosZx + 2>U)sinZz ,
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where a{l) and b(l) a re defined in ( 0 , <*>) such t h a t

(1° ) a(l) = az , b(l) = bt for a l l 1=0, 1 , 2 , . . . ,

(2°) a(l) and b(l) a r e l i n e a r for n o n - i n t e g r a l I ,

(3°) they a re continuous in t h e whole i n t e r v a l .

In p a r t i c u l a r A(l, x) = AAx) for a l l I = 0 , 1 , 2 , . . . . Then us ing the

func t ion J(l) = [l] - I + 1/2 for a l l I € (0 , °°) , we can w r i t e

W-1/2 . 2 , .„_ r3ir+3TrZ/w .
e i - I

1 J l / 2
R2 '

where

du

r3ir+3TrZ/w .

>3T-3Tl/n v

r3ir/2n ^ -
do

>-3-n/2n J l /

r3ir/2n ^
+ do dl +

J l /2

rn-1/2

s i n c e

f
by ( 2 ) , and

J 3ir/2n

= 4

r3v-3«/2n ,

l3-n/2n >

v • o

1/P/f-1

\'n

n1/<?du (1/p+l/q = l )

dl
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r = 0(1) ,
lJ3tr/2w

by using Holder's inequality; and the further remaining terms can be

estimated similarly. Since

, x)\ 5 for n 5

n being any positive integer, using integration by parts and Holder's

inequality, we get

r
-r

r1/2

t-1/2

sinv

, *)sin lT[/2n 2sinZTr/2w cos ITT/2W sintf do

1 / 2

n , 3TT sin3rt/n),73rt/n)
lv/2n [ n 3TT+3TT£/« n

= o(l) .

Therefore Q = o(l) . Similarly £„ is also o(l) and then Q = o(l)

as w -»• °° . Finally,

Q' <A y
lv/2n

Thus P = o(l) and then the Fourier series of the functions belonging to

LC n IF are everywhere convergent.

6. Proof of Theorem 1 (ii)

Let 1/p + 1/q = 1 , then by Holder ' s i n e q u a l i t y and condi t ion ( 3 ) ,

-r. cosnudu
3-n/n

£ n f
1/P
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Thus the Fourier series of the functions belonging to LC n W are every-

where convergent by Theorem 3 d) •

7. Proof of Theorem 1 (Hi) and (iv)

We can prove these similarly as in Sections 5 and 6. For if /' € C ,

then (l) holds uniformly in x and then the term o(l) in (U) holds

uniformly; and further the integral on the right side of (h) tends to 0

uniformly in x by the conditions (2) or (3)-

8. Proof of Theorem 2 (i)

The case p = 1 is evident. Suppose that p > 1 and

Lip(l/p, p) . Then, by Holder's inequality,

du =
-7T u-it/n

TT fU

d \

du

I * du
u-'n/n

p/q

du C \*,J(v)\pdv\/nf

|A
-TT

Therefore f f / , t h a t i s , L . ip ( l / p , p) <= tP .

Now, l e t 0 < e < 1 , p' = ( l - e ) p and 1/p + 1 / 4 = 1 . I f

/• 6 C n Lip ( 1 / p 1 , p ' ) , then

du

u

u-n/n u-v/n

r TT ru _ i
du \\/nAv)\Pdv

J-TT 'u-T\/n

p/q

du
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= o n'X-P^ f |A ,f(v)\P'dv
-IT

T h e r e f o r e tP => C n L i p ( l / p ' , p 1 ) .

F i n a l l y , i f 0 < a < 1 , a p > l , p > l a n d / £ L i p a , t h e n

-7T u-v/n
du

= o{l/rf+X) .

Thus we get f (. iP , that i s , Lipa

9. Proof of Theorem 2 f i i

If / i CBV , then the Fourier coefficients of / satisfy condition
p

(3) for p = 1 by Wiener's Theorem. Therefore N 3 CBV .

If / € Lipa (1 > a > 1/2) , then

s (x; /) - f{x) = 0{l/na)

and then

J0

for a > 1/2 . Therefore N2 3 Lipa ( l > a > 1/2) .

Since

,2

10. Proof of Theorem 2 (Hi)

\ . 2
K.— J.

\ . 2
Tsin

by Psrseval's Formula, we get
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-7T
l± IT]

 sin s r + J x IT)
 sin ^ •

which i s o[l/n ) i f condition (3) holds for p = 2 , because

a, -\2 , , n «
-p- s in r— = > + >

1
I I

k=l i=k

I
k=n

n k=n K

Thus ff CJT . On the other hand, i f / € W2 ,

holds and then

2a2
k = o{n)

Thuis we can get

1 4 i
k=n k=n

k n k=l i
k=n

that is if c t? .

We shall prove the other part of Theorem 2 (iii). For the sake of

simplicity, we suppose that / is even. Then, by the Hausdorff-Young

inequality,

1/P

k=l 2n
' -TJ

Msm2p m

w h e r e l < p < 2 < < 7 < « a n d 1/p + X/q = 1 . It f i tP ( l < p < 2 ) ,
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then the r ight side of the f i r s t inequality i s o[l/n ") , and thus

I kqaq
k = oM ,

and then

OO 00

y aq = 5" kqaq • k~q

n °° k

k=l k k=n i=l v

That i s , / € tfl {l/p+l/q - 1) and then if r> [f . Similarly, we can see

that Ir 3 «* from the second inequality.
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