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Abstract

We define the quotient and complete NUOS-quotient map (NUOS stands for nonunital operator system)
in the category of nonunital operator systems. We prove that the greatest reduced tensor product max0

is projective in some sense. Moreover, we define a pseudo unit in a nonunital operator system and give
some necessary and sufficient conditions under which a nonunital operator system has an operator system
structure.
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1. Introduction and preliminaries

Tensor products of C∗-algebras have played an important role in the development of
the theory of C∗-algebras. Recently, operator system theory has developed further and
tensor products of operator systems have been studied deeply (see [1, 3–5, 9–11]).
Properties of operator systems related to nuclearity have been shown to have essential
connections with operator system exactness, the weak expectation property, the local
lifting property and so on (see [6]). In particular, the operator system quotient and
complete order quotient map were defined in [2]. The maximal tensor product in an
operator system was proved to be projective.

The theory of nonunital operator systems was developed in [8, 12, 13]. A nonunital
operator system is an abstract characterisation of a ∗-invariant subspace of L(H) up
to a completely isometric complete order isomorphism. Given the absence of an order
unit, we have to study both the matrix order and the matrix norm structures at the same
time. In this respect, unitalisation is an important tool turning a nonunital operator
system into a operator system with a universal property, similar to the C∗-algebra case.

The minimal and maximal tensor products of nonunital operator systems were
studied in [7]. The minimal tensor product was proved to be injective. It was shown
that there are very few (Min, Max)-nuclear nonunital operator systems. Moreover, the
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concept of reduced tensor products was introduced through unitalisation. The greatest
reduced tensor product max0 was studied and (Min, max0)-nuclearity was proved to
have a strong connection with C∗-nuclearity.

In this article, we continue the study of the tensor product theory of nonunital
operator systems. Moreover, we give a definition of a pseudo unit in a nonunital
operator system and give some necessary and sufficient conditions under which a
nonunital operator system is an operator system.

In Section 2, we define the quotient of nonunital operator systems through the
regularisation of a matrix ordered operator space. We prove that this approach is
actually the same as the approach of unitalisation. Then we give the definition of a
complete NUOS-quotient map and prove that the greatest reduced tensor product max0

is a projective tensor product in some sense.
In Section 3, we give a necessary and sufficient condition under which a nonunital

operator system is an operator system. We give a definition of the pseudo unit in a
nonunital operator system. Let X be a nonunital operator system with a pseudo unit e0.
We define an index n+

cb(X; e0) similar to the MOS-index defined in [8] (MOS stands
for matrix ordered operator system and is defined below). Then we prove that (X, e0)
is an operator system if and only if n+

cb(X; e0) = 1.
Before we start, let us first recall some related results and set some notation. In this

article, all vector spaces are over C. We denote by S1(E) the unit sphere of a normed
space E. We denote by 1S the order unit of an operator system S . Let S and T be
operator systems. We denote by S(S ; T ) the unital completely positive maps from S to
T and define SS

n := S(S ; Mn). Let V and W be operator spaces. We denote by ‖ · ‖∨ and
‖ · ‖∧ the injective and projective tensor product matrix norms respectively on V ⊗W.

Let S be an operator system and J ⊆ S be a subspace. Then J is called a kernel of S
if there exist an operator system T and ϕ ∈ S(S , T ) such that J = ker ϕ (see [6]). The
quotient operator system S/J is determined by the family of positive cones

Mn(S/J)+ := {(ui, j) : ∀ε > 0,∃ki, j ∈ J, εIn ⊗ 1S + (ui, j + ki, j)i, j ∈ Mn(S )+}

for all n ∈ N. Suppose that T is an operator system and ϕ ∈ S(S ,T ) is surjective. Then
ϕ is called a complete order quotient map if, for any Q ∈ Mn(T )+ and ε > 0, there exists
P ∈ Mn(S ) such that P + εIn ⊗ 1S ∈ Mn(S )+ and ϕn(P) = Q (see [2]).

Let X be a matrix ordered ∗-vector space with an operator space structure such that
the ∗-operation is completely isometric and Mn(X)+ ⊆ Mn(X) is closed for all n ∈ N.
Then X is called a matrix ordered operator space, or simply MOS.

Let X, Y and Z be MOSs. We denote by qMor(X × Y; Z) the set of all completely
contractive completely positive bilinear maps from X × Y to Z, and set QX,Y

n :=
qMor(X × Y; Mn). We denote by qMor(X; Y) the set of completely positive completely
contractive maps from X to Y , and set QX

n := qMor(X; Mn). The MOS-index of X in [8]
is defined as follows:

n+
cb(X) := inf

‖u‖=1;k∈N
u∈Mk(X)

sup
n∈N
f∈QX

n

‖ fk(u)‖.
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Theorem 1.1 [8, Lemma 2.4 and Theorem 2.6]. Let X be a MOS.

(i) The evaluation map
ιX : X →

⊕
n∈N

C(QX
n ,Mn)

is a complete order monomorphism.
(ii) n+

cb(X) = 1 if and only if there exist a Hilbert spaceH and a completely isometric
complete order monomorphism from X to L(H).

Let X be a MOS with n+
cb(X) = 1. Then X is called a (possibly) nonunital operator

system, or simply NUOS. By Theorem 1.1, a nonunital operator system is an abstract
characterisation of a ∗-invariant subspace of L(H) up to a completely isometric
complete order isomorphism. The nonunital operator system ιX(X) is called the
regularisation of a MOS X, denoted by Xreg. Let X and Y be MOSs. Then ϕ ∈
qMor(Xreg; Yreg) whenever ϕ ∈ qMor(X; Y).

The unitalisation of a nonunital operator system X is an operator system S with a
map i : X → S such that i is a completely isometric complete order monomorphism
and, for any operator system T and ϕ ∈ qMor(X; T ), there exists ϕ̃ ∈ S(S ; T ) satisfying
ϕ̃ ◦ i = ϕ. There exists a unique unitalisation for any nonunital operator system X,
denoted by X1. In fact, a specific form of X1 is ιX(X) + C · I.

Proposition 1.2 [12, Lemma 4.9]. Let X and Y be nonunital operator systems and
ϕ ∈ qMor(X; Y). Then ϕ1 : X1 → Y1 defined by

ϕ1(ιX(x) + λ · 1X1 ) = ιY (ϕ(x)) + λ · 1Y1

is unital completely positive.

An injective linear mapping ϕ : X → Y is called a MOS-embedding if ϕ1 defined in
Proposition 1.2 is a complete order monomorphism. A self-adjoint subspace X0 ⊆ X
is called a MOS-subspace if the inclusion mapping is a MOS-embedding. It is the
case that X0 is a MOS-subspace of X if and only if any ϕ ∈ qMor(X0;L(H)) has an
extension in qMor(X;L(H)) for any Hilbert spaceH .

Let X and Y be nonunital operator systems. Suppose that κX,Y : X × Y → X ⊗ Y is
the canonical map and α is a nonunital operator system structure on X ⊗ Y . Then α
is said to be compatible if κX,Y ∈ qMor(X × Y; X ⊗α Y) and QX

m ⊗ Q
Y
n ⊆ Q

X⊗αY
mn for any

m, n ∈ N.
The minimal and maximal tensor products of a nonunital operator system were

defined in [7]. We denote them by X ⊗Min Y and X ⊗Max Y , respectively. In particular,
max0, the greatest induced tensor product of nonunital operator systems, was
introduced.

For any n ∈ N, we set

Q̌X,Y
n := {φ ⊗ ψ : φ ∈ QX

k ;ψ ∈ QY
l ; for any k, l ∈ N with k · l = n}

and consider
ρ̌ : X ⊗ Y →

⊕
n∈N

`∞(Q̌X,Y
n ; Mn)
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to be the map given by evaluations. We denote the operator subsystem ρ̌(X ⊗ Y) by
X ⊗Min Y . The matrix norm on X ⊗Min Y is ‖ · ‖∨, while the matrix cone is given by

Mn(X ⊗Min Y)+

:= {u ∈ Mn(X ⊗ Y) : (φ ⊗ ψ)n(u) ≥ 0; for any k, l ∈ N, φ ∈ QX
k and ψ ∈ QY

l }.

Then Min is the smallest compatible nonunital operator system structure on X ⊗ Y .
For any n ∈ N, let Cn be the ‖ · ‖∧-closure of

Dn := {α(u ⊗ v)α∗ : u ∈ Mk(X)+; v ∈ Ml(Y)+;α ∈ Mn,kl; k, l ∈ N}.

Then X ⊗∧ Y together with {Cn}n∈N is a compatible MOS-structure on X ⊗ Y . We
denote its regularisation by Max. The regularisation Max is the greatest compatible
nonunital operator system structure on X ⊗ Y .

Proposition 1.3 [7, Example 2.4(b)]. Let X and Y be nonunital operator systems. Then
X ⊗Max Y is induced by the map

ρ̂ : X ⊗ Y →
⊕
n∈N

`∞(QX,Y
n ; Mn).

In other words, a bilinear map Φ : X × Y → L(H) is completely contractive and
completely positive if and only if its linearisation ΦL : X ⊗Max Y →L(H) is completely
contractive and completely positive.

Theorem 1.4 [7, Example 2.4(a) and Theorem 2.6(c)]. Let X ⊆ L(H) and Y ⊆ L(K)
be nonunital operator systems, and let S and T be operator systems. Then:

(i) X ⊗Min Y ⊆ L(H ⊗K);
(ii) if X0 ⊆ X and Y0 ⊆ Y are MOS-subspaces, then X0 ⊗Min Y0 ⊆ X ⊗Min Y;
(iii) S ⊗Min T = S ⊗min T and S ⊗Max T = S ⊗max0 T = S ⊗max T.

2. Quotient and complete NUOS-quotient map

Let X be a nonunital operator system and K ⊆ X be a subspace. Then K ⊆ X is
called a NUOS-kernel if there exist a nonunital operator system Y and ϕ ∈ qMor(X; Y)
such that K = ker ϕ. It is clear that K ⊆ X is a NUOS-kernel if and only if K ⊆ X1 is a
kernel. Moreover, any kernel of an operator system is also a NUOS-kernel.

If K ⊆ X is a NUOS-kernel and q : X → X/K is the canonical map, the operator
space quotient X/K has a natural ∗-operation which is completely isometric. For any
n ∈ N, we define Mn(X/K)+ to be the closure of

qn(Mn(X)+) := {(ui, j + K) ∈ Mn(X/K) : (ui, j) ∈ Mn(X)+}

= {(ui, j + K) ∈ Mn(X/K) : ∃vi, j ∈ K with (ui, j + vi, j) ∈ Mn(X)+}

and denote this MOS by (X/K)MOS. We define the nonunital operator system quotient
of X by K to be (X/K)NUOS = ((X/K)MOS)reg.
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Proposition 2.1. Let X and Y be nonunital operator systems and ϕ ∈ qMor(X; Y).

(i) Suppose that K ⊆ X is a NUOS-kernel and K ⊆ ker ϕ. The induced map ϕ̃ :
(X/K)NUOS → Y given by ϕ̃(x + K) = ϕ(x) is completely positive and completely
contractive.

(ii) Suppose that K ⊆ X is a NUOS-kernel, Z is a nonunital operator system and
ψ ∈ qMor(X; Z). If K ⊆ ker ψ and Z has the property that whenever Y is a
nonunital operator system and ϕ ∈ qMor(X; Y) with K ⊆ ker ϕ, there exists
a unique ϕ̂ ∈ qMor(Z; Y) such that ϕ̂ ◦ ψ = ϕ, then there exists a completely
isometric complete order isomorphism γ : Z → (X/K)NUOS such that γ ◦ ψ = q.

Proof. (i) For any u = (xi, j + K) ∈ qn(Mn(X)+), there exists (yi, j) ∈ Mn(K) such that
(xi, j + yi, j) ∈ Mn(X)+. We have

ϕ̃n(u) = (ϕ̃(xi, j + K)) = (ϕ(xi, j + yi, j)) ≥ 0,

since ϕ ∈ qMor(X; Y). Therefore, for any u ∈ Mn((X/K)MOS)+, we have ϕ̃n(u) ≥ 0. Note
that ϕ̃ is completely contractive. We have ϕ̃ ∈ qMor((X/K)MOS; Y), which implies that
ϕ̃ ∈ qMor((X/K)NUOS; Y). To prove (ii), we only need to note that q : X → (X/K)NUOS
is completely contractive and completely positive. �

Proposition 2.2.

(i) Let S be an operator system and let J ⊆ S be a kernel. Then

id : (S/J)NUOS → S/J

is a completely contractive complete order isomorphism.
(ii) Let X be a nonunital operator system and let K ⊆ X be a NUOS-kernel. Then the

inclusion map
τ : (X/K)NUOS → X1/K

is a completely isometric complete order monomorphism.
(iii) Let X be a nonunital operator system and let K ⊆ X be a NUOS-kernel. Then

((X/K)NUOS)1 = X1/K.

Proof. (i) The canonical map q : S → S/J is unital completely positive and thus q ∈
qMor(S ; S/J), which implies that id ∈ qMor((S/J)NUOS; S/J) by Proposition 2.1(i).
If u ∈ Mn(S/J)+ and εk → 0 as k → +∞, then u + εkIn ∈ qn(Mn(S )+) and thus
u ∈ Mn((S/J)NUOS)+. Therefore, id : (S/J)NUOS → S/J is also a complete order
isomorphism.

We prove (ii) and (iii). Note that the inclusion map from (X/K)NUOS to (X1/K)NUOS
is completely contractive and completely positive. By part (i), the inclusion map from
(X/K)NUOS into X1/K is a completely contractive complete order monomorphism.
Therefore, the canonical map from ((X/K)NUOS)1 onto X1/K preserving the order unit
is unital completely positive. Let q be the canonical map from X to X/K. Note that
q ∈ qMor(X; (X/K)NUOS). We have q1 ∈ S(X1; ((X/K)NUOS)1). Since K ⊆ X1 is a kernel
and K = ker q1, the induced map q̃1 : X1/K → ((X/K)NUOS)1 is unital completely
positive. Since q̃1|X/K = idX/K , we have the desired conclusions. �
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By Proposition 2.2, given a nonunital operator system X and a NUOS-kernel K ⊆ X,
we can also define the nonunital operator system quotient (X/K)NUOS with the structure
induced by the inclusion X/K ⊆ X1/K. In fact, these two approaches are the same.

Remark 2.3. The concept of quotient in the nonunital operator system defined above is
an extension of the operator system quotient defined in [6]. In fact, if S is an operator
system and K ⊆ S is a kernel, then (S/K)NUOS is exactly the operator system quotient
S/K. To prove this, we only need to note that (S/K)NUOS ⊆ S 1/K and S/K ⊆ S 1/K
by Proposition 2.2(iii) and [12, Lemma 4.9(c)]. If S is an operator system and N ⊆ S
is a subspace, then N is a NUOS-kernel if and only if N is a kernel in the operator
system sense. This is clear based on [1, Lemma 5.1.6]. On the other hand, this concept
of quotient in the nonunital operator system case applies to all C∗-algebras, while only
a unital C∗-algebra has the operator system quotient.

Definition 2.4. Let X and Y be nonunital operator systems and let ϕ ∈ qMor(X; Y) be
surjective. Then ϕ is called a complete NUOS-quotient map if:

(i) the induced map ϕ̃ : (X/kerϕ)NUOS → Y is completely isometric;
(ii) for any v ∈ Mn(Y)+ and ε > 0, we can find u ∈ Mn(X) such that ϕn(u) = v and

there exists u0 ∈ Mn(X)+ such that ‖u − u0‖(X/ker ϕ)MOS < ε.

Proposition 2.5. Let X and Y be nonunital operator systems and let ϕ ∈ qMor(X; Y)
be surjective.

(i) ϕ is a complete NUOS-quotient map if and only if ϕ̃ : (X/ker ϕ)NUOS → Y is a
completely isometric complete order isomorphism.

(ii) The map ϕ ∈ qMor(X; Y) is a complete NUOS-quotient map if and only if the
induced map ϕ1 : X1 → Y1 is a complete order quotient map.

Proof. Part (i) is clear. For (ii), if ϕ1 : X1 → Y1 is a complete order quotient map, then
we have X1/ ker ϕ = Y1 by [2, Theorem 3.2], which implies that (X/ker ϕ)NUOS = Y by
Proposition 2.2(iii). Conversely, if ϕ ∈ qMor(X; Y) is a complete NUOS-quotient map,
then (X/ker ϕ)NUOS = Y . By Proposition 2.2(iii), we have X1/ker ϕ = Y1. �

Lemma 2.6. Let X be a nonunital operator system and let S and T be operator systems.
Suppose that X ⊆ S is a MOS-subspace.

(i) If K ⊆ X is a NUOS-kernel and K ⊆ S is a kernel, then (X/K)NUOS ⊆ S/K.
(ii) X ⊗max0 T ⊆ X1 ⊗max T is a MOS-subspace.

Proof. (i) By Proposition 2.2(ii), it is clear that (X/K)NUOS ⊆ X1/K and X1/K ⊆
S 1/K. Note that there exists a unital completely positive map from S 1 to S by [12,
Lemma 4.9(c)]. Then the inclusion map from (S/K)NUOS to (S 1/K)NUOS is a complete
order monomorphism. By Proposition 2.2(i), the inclusion map from S/K to S 1/K is
also a complete order monomorphism. Therefore, we have (X/K)NUOS ⊆ S/K.

(ii) Note that

X ⊗max0 T ⊆ X1 ⊗max T1, X1 ⊗max T ⊆ X1 ⊗max T1.
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[7] Quotient and pseudo unit 129

We have X ⊗max0 T ⊆ X1 ⊗max T . For any Φ ∈ qMor(X ⊗max0 T ;L(H)), we have Φ ∈

qMor(X ⊗Max T ;L(H)) and thus Φ̄ : X × T → L(H) defined by Φ̄(x, z) = Φ(x ⊗ z) is
completely positive and completely contractive. We can define

Φ̄1 : X1 × T →L(H)

by Φ̄1((x, λ), z) = Φ̄(x, z) + λIH . Then Φ̄1 is unital completely positive, as is its
linearisation (Φ̄1)L : X1 ⊗max T →L(H), and this is the required extension of Φ. �

Proposition 2.7. Let X and Y be nonunital operator systems and let T be an operator
system. Suppose that ϕ : X → Y is a complete NUOS-quotient map. Then

ϕ ⊗max0 idT : X ⊗max0 T → Y ⊗max0 T

is also a complete NUOS-quotient map.

Proof. If ϕ : X → Y is a complete NUOS-quotient map, we have that ϕ1 : X1 → Y1 is
a complete order quotient map by Proposition 2.5(ii). By [2, Theorem 3.4], the map

ϕ1 ⊗max idT : X1 ⊗max T → Y1 ⊗max T

is a complete order quotient map. By [2, Theorem 3.2],

(X1 ⊗max T )/(ker ϕ ⊗ T ) = Y1 ⊗max T.

Therefore, by Lemma 2.6(ii),

((X ⊗max0 T )/(ker ϕ ⊗ T ))NUOS = Y ⊗max0 T.

By Proposition 2.5(i), we see that ϕ ⊗max0 idT is a complete NUOS-quotient map. �

Remark 2.8. The max0 tensor product of nonunital operator systems has an intrinsic
connection with the operator system maximal tensor product. By Proposition 2.7, if
ϕ : X → Y is a complete NUOS-quotient map,

((X ⊗max0 T )/(ker ϕ ⊗ T ))NUOS = (X/ker ϕ)NUOS ⊗max0 T.

3. Pseudo unit in a nonunital operator system

In this section, we first give some necessary and sufficient conditions under which
a nonunital operator system is an operator system.

Proposition 3.1. Let X be a nonunital operator system. Then the following are
equivalent.

(i) X is an operator system.
(ii) There exists ι ∈ qMor(X1; X) such that ι|X = idX .
(iii) For any nonunital operator system Y and ϕ ∈ qMor(Y; X), there exists an

extension ϕ̄ ∈ qMor(Y1; X).
(iv) For any nonunital operator system Y and ϕ ∈ qMor(X; Y), there exists an

extension ϕ̃ ∈ qMor(X1; Y).
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Proof. By [12, Lemma 4.9(c)], (i) implies (ii). Conversely, suppose that there exists
ι ∈ qMor(X1; X) such that ι|X = idX . Let e := ι(1X1 ) ∈ X+. For any n ∈ N and v ∈
Mn(X)sa, there exists r > 0 such that r · (In ⊗ 1X1 ) ≥ v. Note that ι ∈ qMor(X1; X) and
ι|X = idX . Then r · en ≥ ι(v) = v and thus e is a matrix order unit. Now we prove that
e is an Archimedean matrix order unit. Since e ≥ 0 and ‖e‖ ≤ ‖1X1‖ = 1, we have
e ≤ 1X1 . Suppose that n ∈ N and v ∈ Mn(X)sa satisfy v + r · en ≥ 0 for any r > 0. Then
v + r · (In ⊗ 1X1 ) ≥ 0 for any r > 0 and thus v ≥ 0. Note that ι ∈ qMor(X1; X) and
en ≤ In ⊗ 1X1 for any n ∈ N. For any v ∈ Mn(X), we get −r · en ≤ v ≤ r · en if and only
if −r · In ⊗ 1X1 ≤ v ≤ r · In ⊗ 1X1 . Therefore, X is an operator system.

Now we prove that (ii) is equivalent to (iii) and (iv). Suppose that (ii) holds. Let
Y be a nonunital operator system and ϕ ∈ qMor(Y; X). We can define ϕ̄ : Y1 → X to
be the composition of ϕ1 ∈ qMor(Y1; X1) and ι ∈ qMor(X1; X) and get (iii). Let Y be
a nonunital operator system and ϕ ∈ qMor(X; Y). We can define ϕ̃ : X1 → Y to be the
composition of ϕ ∈ qMor(X; Y) and ι ∈ qMor(X1; X) and get (iv). It is clear that (iii)
or (iv) implies (ii). �

Recall that a nonunital operator system X is called MOS-injective if, for any
nonunital operator system Y with a MOS-subspace Y0 ⊆ Y , any ϕ ∈ qMor(Y0; X) has an
extension ϕ̃ ∈ qMor(Y; X) (see [8]). By Proposition 3.1, any MOS-injective nonunital
operator system is an operator system.

Definition 3.2. Let X be a nonunital operator system and e0 ∈ X+ with span{x ∈ X :
0 ≤ x ≤ e0} = X. There exist a Hilbert space H and η ∈ H such that X ⊆ L(H) and
e0(η) = η. If any completely positive map ϕ from X to an operator system T sending
e0 to 1T is completely contractive, then e0 is called a pseudo unit.

We can prove the following lemma by similar arguments to [1, Lemma 5.1.6]

Lemma 3.3. Let X be a nonunital operator system and e0 ∈ X be a pseudo unit.
Suppose that K is a Hilbert space and Φ ∈ qMor(X;L(K)). Then there exists Ψ ∈

qMor(X;L(K)) such that Ψ(e0) = IK and Φ(x) = Φ(e0)1/2Ψ(x)Φ(e0)1/2 for any x ∈ X.

Let X be a nonunital operator system and e0 ∈ X be a pseudo unit. Write

Q
X;e0
k = {ϕ : ϕ ∈ QX

k ;ϕ(e0) = Ik}

for any k ∈ N. By Lemma 3.3 and QX
k , ∅, we see that QX;e0

k is not empty. Let

π : X →
⊕
k∈N

C(QX;e0
k ; Mk)

be the map given by evaluations. We define

n+
cb(X; e0) = inf

u∈Mk(X)
‖u‖=1;k∈N

sup
f∈QX;e0

n
n∈N

‖ fk(u)‖.

Proposition 3.4. Let X be a nonunital operator system and e0 ∈ X be a pseudo unit.
Then π is a complete order monomorphism.
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Proof. Note that ιX in Theorem 1.1 is injective. We see that π is injective by
Lemma 3.3. It is clear that π is completely positive. Suppose that u ∈ Mn(X) and
πn(u) ≥ 0. To prove that u ∈ Mn(X)+, we only need to show that Φn(u) ≥ 0 for any
Φ ∈ QX

n by Theorem 1.1(i). By Lemma 3.3,

Φn(u) = (Φ(ui, j)) = (Φ(e0)1/2Ψ(ui, j)Φ(e0)1/2)

for some Ψ ∈ Q
X;e0
n and thus Φn(u) ≥ 0. �

Proposition 3.5. Let X be a nonunital operator system and e0 ∈ X be a pseudo unit.
Then (X; e0) is an operator system if and only if n+

cb(X; e0) = 1.

Proof. If n+
cb(X; e0) = 1, the evaluation map π is a completely isometric complete order

monomorphism and π(e0) is the identity map. Therefore, (X; e0) is an operator system.
Conversely, if (X, e0) is an operator system, it is clear that QX;e0

n = SX
n for any n ∈ N

and thus n+
cb(X; e0) = 1. �

The following result follows from Propositions 3.1 and 3.5.

Theorem 3.6. Let X be a nonunital operator system and e0 ∈ X be a pseudo unit. Then
the following are equivalent:

(i) (X; e0) is an operator system;
(ii) n+

cb(X; e0) = 1;
(iii) there exists ι ∈ qMor(X1; X) such that ι|X = idX and ι(1X1 ) = e0.
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