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SOME QUADRATIC AND CUBIC SUMMATION 
FORMULAS FOR BASIC HYPERGEOMETRIC SERIES 

MIZAN RAHMAN 

ABSTRACT. An identity of L. Carlitz for a bibasic hypergeometric series is used to 
find some summation formulas for series in which the bases are either q and q2 or q and 
q3,0 < q < 1. In general, these series are neither balanced nor very-well-poised in the 
usual sense. 

1. Introduction. A basic hypergeometric series in base q with r + 1 numerator pa

rameters and r denominator parameters is defined by 

(1.1) 

where 

(1.2) 

r+l^ 
a\,a2,... ,a r + i 

b\,...,br 

; q,z 
_ y (fll,fl2 flr+l^)« n 

n=0 (q,b\,...,br\q)n 

(ai\q)n = 
0, 
1,2,. 

(aua2,...,ak;q)n = (a\\q)n- • -(ak\q)n , 

1, i f n : 
(l-ai)(l-qai).--(l-q"-lai), ifn 

and z is a complex number. We shall assume throughout the paper that 0 < q < 1. If one 

of the a's in the numerator of the r+i</>r series is of the form q~n, n a nonnegative integer, 

then the series is a polynomial of degree n in z, otherwise we shall assume that \z\ < 1 

which guarantees the convergence of the infinite series. 

The series (1.1) is called balanced if b \bi- • -br — qa\a2 • • -ar+\ andz = q\ it is called 

well-poised if a2b\ = a^bi = • • • = ar+\br = qa\, and very-well-poised if, in addition, 
1 /2 

a2 = —«3 = qa{' . Most of the known summation and transformation formulas for 

higher order basic hypergeometric series (that is, 3</>2,4</>3, etc.) are for series that are 

either balanced or well-poised or both. The main building blocks for these formulas (see 

for example, Bailey [2] and Slater [11]) are the ^-binomial theorem 
(az\ <?)o r CL 

(1.3) i</>o|_;<7,z 

the g-Gauss formula 

(1.4) 2<£i H \q,c/ab 

y , {a\q)n n 

n=o (q\ q)n (z; q)0 

(c/a,c/b;q)0 

(c9c/ab\q)oo 

\z\ < 1, 

\c/ab\ < 1, 
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BASIC HYPERGEOMETRIC SERIES 395 

the g-Saalschûtz formula 

(1.5) 3<P2 
Q a, 

c, 

b 
abql~n/c \q>q 

(c/a,c/b;q)n 

(c,c/ab',q)n ' 

and an easily proved identity for a very-well-poised series 

a, qaxl2, —qall2, q~ 
a1'2, -a1'2, aq> 

where n is a nonegative integer. 

A more general formula containing two independent bases p and q, that reduces to 

(1.6) when/7 = q, is given by 

(1.6) 4</>3 JI+I'I'V — £«,0, 

(1.7) 
^(a;p)k(l-apkqk)(q-n;q)k nk 

k=o (<l\<Ùk(\ ~a){apqn\p)k 

This is equivalent to eq. (2.1) of L. Carlitz [3] and was rediscovered by Gessel and Stan

ton [6,7] in their work on ^-Lagrange inversion formulas. A closely related formula was 

also given in Al-Salam and Verma [1]. Clearly, (1.7) opens up the possibility of gener

ating summation and transformation formulas for truly bibasic series; however, in this 

paper we shall only consider the cases when p = q2, qxl2 or q3. 

We shall first give an elementary proof of (1.7) based on hypergeometric series ma

nipulations and then proceed to prove the following summation formulas 

(1.8) 
~ (a; q\(\ - aq3k)(b, c,aq/bc; q\ k(k+l)/2 

k=o to 0)*(1 - a)(aq2/b, aq2 / c, bcq; q2\ 

(1.9) 
°° (a;q2)n(l -aq3n)(b,aq/b;q2)n(c,d,aq/cd;q)n n 

n=o(#; tf)n(l - à)(aq/b, b; q)n(aq2 / c, ag2/d, cdq\ q2)n 

(ag2, bg, eg, ag2 /be, q2)^ 

(g, ag2/b, ag2 / c, beg; q2)0 

(b/a, gb2 / a, aq2, b2g2/ac, b2g2/ad, b2cdq/a2; g2)oo(c, d, aq/cd', q)^ 

(a/b, bg, b3g2/a2, aq2 / c, aq2 / d, cdq\ g2)oo(bc/a, bd/a, bg/cd; q)^ 

°° (b3/a2;g2)n(l-b
3g3n/a2)(b2/a,bg/a;g2)n(bc/a,bd/a,bg/cd;g)n n 

' wto (g; q)n{\ - b3/a2)(bg/a, b2 / a; g)n(b
2g2/ac, b2g2/ad, b2cdg/a2; q2)n

q 

(aq2, eg, dg, ag2 / cd, bg/c, bg/d, bed /a, b/a; q2)^ 

(g, aq2 J c, ag2 / d, edg, be/a, bd/a, bg/cd, bq; q2)^ ' 

(1.10) 

(a; g)k(\ - ag3k)(d, g/d; g\(b, c, a2 g/be; q \ y> l"> H)k\i — uq A", HI u> H)k\v> i> " HI UL^H )k k 

k=o (q2\ V2)k(l - a)(ag2/d, adg; g2\(agjb, ag/c, be/a; q)k 

_ (aq, ag/bc; g)00(adg/b, adgjc, aq2 jbd, ag2/cd; q2)^ 

(ag/b, ag/c; g)OQ(adg, adg/be, ag2 / d, ag2/bcd; q2)^ 

aq (b, c, a2g3/bc2, a2q3 jb2c\ g2)oo(ag, d, g/d; q)^ 

be (adq, adg/be, ag2 / d, ag2 /bed; g2)oo(ag/b, aq/c, be/a; q)0 

a2 g/be, adq jbc, aq2 /bed 

•192 
a2q3/bc2, a2q3/b2c 

2 2 
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(bcdq , g )n(l — bcdq 

( l .H) 

and 

(1.12) 

w=o(^^)n(l 

• 493 ' 

,4«-2 )(ft, c, rf; <?)n n2 
bcdq 2)(cdq, bdq, bcq', q3)n 

A-n Al-n 

bq2, cq2 
bcdq 

dq2 

3n 
3 3 (bcdq,bq,cq,dq;q3)0 

(q, cdq, bdq, bcq\ q3)0 

(bcdq-l;q\(\ - bcdq4n~[)(b,c,d;q)n 

j è o t a <Ùn(\ ~ bcdq~l)(cdq2, bdq2, bcq2\ q3)n 
£ 

• 4 9 3 
\q-\bcdq- 3 3 

bg, eg, dg 

(bcdq2, bq2, cq2, dq2;q3){ 

(q2, cdq2, bdq2, bcq2m,q3)oo ' 

Apart from the assumption 0 < q < 1 the only restrictions on these formulas are 
that no zero factors occur in the denominators on either side and a limit needs to be 
taken whenever an indeterminate form appears. Specifically, (1.11) is not valid if any of 
bq2, cq2, dq2, bcq, bdq, cdq is of the form q~3k, k — 0 , 1 , . . . ; similarly (1.12) fails to hold 
if any of bq, cq, dq, bcq2, bdq2, cdq2 is of this form. 

Note that the infinite series in (1.8)—(1.10) have a well-poised structure although none 
of them is a very-well-poised series in the usual sense. The same is true for the series in 
(1.11) and (1.12), however, the 4^3 series in both are balanced in base q3. Note also that 
(1.9) and (1.10) are nonterminating extensions of [6, (1.14)] and [6, (1.4)], respectively. 

2. Proof of (1.7). Let us assume that max( I/? I, \q\, \ap\) < 1. Clearly (1.7) is true for 
n = 0. Denoting the sum on the left side of (1.7) byfn we then have to prove that/„ = 0 
for n > 1. Since 1 — apkqk — qk(\ — apk) + (1 — qk), we can split up/„ into two series: 

(2.1) /„ = E ' * ( * + ! ) * 
(q n;q)k(ap;p)l 

j^0(q',q)k(apqn',p)k 

= y (q-n\q)k(ap\p)k (n+i)k 

k=o(<I><l)k(apqn;p)k 

By the ^-binomial theorem (1.3), 

nk 
t * (q-n\q)k(a\p)k 4 

k=\ (q'i<Ùk-\(apqn\p)k 1 -a 

(1 
n~l (a \-r, \q)k(ap',p)k nk 

k=0(q',q)k(apqn;p)k+l 

and 

Hence 

(a/?*+Y;/?)cx 

(ap*+1;p)oo 

1^ ~<—T~yaP y = —,—tri—r~ 
j=6 &P)j ( < * / > , p ) o o 

pQ (P>P)j 

fn = 

(2.2) 

(ap;p)oc 

(apqn;p\ 

- d -

(ap\p)oc 

(q-n\q)k 

k=o iq\q)k 
n-\ ( „\—n. 

W'ÏÏ{apy£W"±<U*,J^ (pV+T 

(apqn;p)0 

= 0. 

» ly=o (P>P)j 

°° (qn;p)j(qpj;q)oo • °g, ((fxp^iiq^q)^ A 

p0(p;p)j(pJq"^;q)JaP)
 7èo (p;p)j(pJq"\q)cc Km J 
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Since (1.7) is a finite-series identity we may now drop the assumptions \p\ < 1 and 
\ap\ < 1. George Gasper [4] pointed out to me that a slight modification of this proof 
yields the infinite series identity 

(2.3) 
g (a;pMl-apkgk)(b-l;q)kbk = Q 

„=o (q;q)k(\-a)(apb;p)k 

provided max(|/?|, \q\, \b\) < 1. 

3. Quadratic summation formulas I. Let p = q2 in (1.7), from which it follows 
that for a nonnegative integer n, 

(3.1) 

and 

(3.2) 

^(a;q2)k(l-aq3k){q-2";q)k 2nk 

t0(q;q)k(l-a)(aq2»+2;q2)k
g °"'° 

2"+1 (a;q2)k(l-aqik)(q-2»-l;q)k (2n+m 

E 
k=0 (q\q)k(\-a)(aq2n+^q2)k 

So, for arbitrary bounded sequences {A„} and {pn} we have 

(-l)kq(2)(a;q2)k(l-aq3k)Xn 

0. 

(3.3) A 0 = E E 
n=0k<2n (?; qhn-k(q\ q)k(l - a)(aq2;q2)n+k 

A n+k/2 = _ (-l)kq(2)(a;q2)k(\-aqU) 

(q; q)k(\ - a) „^0 (q; q)2n(aq2\ q2)3k/2+n A: even 

A„ 

(q\ q)k(\ - a) ^ {q\ q)ln+\(aq2\ q2)u±i^ kodd 

and 

(3.4) Q= y q^Xa;q\(l-aq3k)y /W/2 
fceven ( # <Ùk(\ ~ <*) «>0 ( # q)ln+Mtf>\ q2)3k/2+n 

q(2)(a;q2)k(l-aq3k) 

kodd to; 4)k(\ - à) n>0 to; q)in(aq3\ q2)^ 

The key to the whole set of calculations that follows is that we use both (3.3) and (3.4). 
The A- and /i-sequences have to be chosen so that the corresponding series are conver
gent. Being aware of the g-Saalschutz formula (1.5) and its nonterminating extension 

3<f>2 

(3.5) 

a, b, c 

392 

e, r*q. 
aq/e, bq/e, cq/e 

q2/e, fy/e'™ 

(q/e,a,b,cjq/e;q)0 

(e/q, aq/e, bq/e, cqje,f\ q)^ 

= (q/ej/aj/bj/cq)^ 

(aq/e,bq/e,cq/ej\q)0 
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where abcq — ef, known as Sears' formula [9], we choose 

(3.6) \ n = (b, c, aq/bc; q2)nq
2n, 

\xn = (bq,cq,aq2/bc,q2)nq
2n. 

We now substitute (3.6) and add a multiple, say A, of (3.4) to (3.3). The sum of the two 

even series gives 

(3.7) 

g ( f r V , q\(l - aq3k) j Q>, C aq/bc; q\/2 

^ (q\q\(\-d) j (aq2;q2)3k/2 fceven 

bqk, cqk, aqk+l/bc 2 2 
SAi+2 \Q ->Q q, aq*K+z ^ ^ 

(bq,cq,aq2/br,q\/2 

+ A——-— — 3</>2 
(aq3',q2)3k/2(l-q) 

If we choose 

bqk+l, cqM, aqk+2/bc. 2 2 

q\ aq5k+i 

A = -q 

then by (3.5), (3.7) reduces to 

(q, aq2/b, aq2 / c, bcq\ q2){ 

(aq3,b,c,aq2 jbc.q2)^ 

(aq2, bq, cq, aq2 /be, q2)0 

^ ^ , „ , ^ , - , — ^ / u u ^ (a\q2)k(l ~ aq3k)(b,c,aq/bc;q)k k(k+l)/2 

(aq2, bq, cq, aq2/bc; q2)^ * ~ n (q; q)k(\ - a)(aq2/b, aq2 / c, bcq; q2\ 

It turns out that the two odd series in (3.3) and (3.4) also add up to the same as (3.8) with 

a negative sign. Since Ao = 1, we have the summation formula (1.8). 

To prove (1.9) we proceed as follows. First observe that by (1.5), 

(d,aq/d;q2)k m 
3^2 | \q~*q~ | = ~7ZZTJ~T~ra • 

dq, aq2 j d 
(3.9) 

Hence 

(aq/d,d;q\ 

ETT: 
(a;q\(\ - aq3k)(d,aq/' d;q\(b,c,aqj'bc;q)k 

(3.10) 
%{q\ q)ki\ ~ a)(aq/d,d; q)k(aq2/b,aq2 / c, bcq; q2\ 

= v v (a\ q\+j(l - aq3k)(b, c, aq/bc; q)kq^J>k 

Tj (q;q\-2j(\-a)(aq2/b,aq2/c,bcq;q2\(q2;q2\(aq2 

Setting k—2/ = n and interchanging the order of summation which can be easily justified 

because of the assumption 0 < q < 1, the double sum on the right side of (3.10) becomes 

(a; q2)3j(l ~ aq6J)(b, c, aq/bc; q)2jq
2J 

(3.11) 

f^(q2; q2)j(\ - a)(aq2/b, aq2 / c, bcq; q2)2j(dq,aq2/d; q2)j 

~ (a 

n=o (<?; 

= °° (a; q2hj(l - aq6J)(b, c, aq/bc; q)2j 

f, (aq6j'> q2)nd - aq6j+3n)(bq2J, cq2\ aq2^ /be, q)n n ( l I+1) /2 

h (q\ qUl - aq^)(aq^2/b, aq^2/c, beq^ ; q2)n
 q 

PQ (q2; q2)j(\ - a)(aq2/b, aq2/c, bcq\ q2)2j 

q2j (aq6j+2, bq2j+l, cq2j+l, aq2j+2/bc; q2)0 

(dq, aq2/d; q2)j (q, aq4J+2/b, aq4J+2/c, bcq4J+l ; q2)^ 
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by (1.8). Simplifying the sum on the right side of (3.11) we find that 

(a; q\{\ - aq3k)(d, aq/d; g\(b, c, aq/bc; q)k 

\2/c,bcq;q2 

b, c, aq/bc 

k=o(l> <Ùk(\ - a){aq/d,d; q\(aq2/b,aq2/c,bcq\ q2\ 

(aq2, bq, eg, aq2/bc; q2)^ 

(q, aq2/b, aq2/c> beq; q2)c 
"392 

dq, aq21 d 
;<?V 

Note that the 3</>2 series is balanced and so is summable by (1.5) if it terminates. Suppose 

aq/bc = q~2n, n — 0 ,1,2, — Then, after some simplifications we obtain 

(3.13) 

* (bcq-2n-l;g2)k(l - bcq3k~2n-l)(d, bcq~2n/d; q\{b, c, q~2n; q\ k 

à (q; q\(\ - bcq'2^){bcq~2n/' d, d; q\{cq^2\ bq^2\ beq; q2\ q 

_ (<?, q/bc, dq/b, dq/c; q2)n 

(q/b, q/c9 dq, dq/bc; q \ ' 

Since (q~In; q2)^ = 0, it also follows from (3.12) that 

E 
(beq-2"-2; q2)k{\ - bcq3k-2n-2)(d, beq'2^1 /' d; q\(b, c, q-2n~l;q)k k 

(3.14) to (q;q)k(l-bcq-2n-2)(bcq-2n^/d,d;q)k(cq-2n,bq-2\bcq;q2)k 

= 0, n = 0 , 1 , 2 , . . . . 

Formulas (3.13) and (3.14) are the same as (6.14) of [6]. 

To prove (1.9), which is the nonterminating extension of (3.13) and (3.14), note that 

(3.15) i 

(d/a, dq/b, dqj c, bed/a; q2)0 
3 92 

b, c, aq/bc 

dq, aq2/d 

2 2 

(bd/a, cd/a, dq/bc, dq; q2)0 

(d/a, b, c, aq/bc, qd2 / a; q2)oo 

(a/d, bd/a, cd/a, dqj be, dq; q2)c 
"392 

bd/a, cd/a, dq/bc 

dq2 /a, qd2/a 

2 2 

However, (3.12) enables us to express the balanced 3</>2 series on the right side of (3.15) 

in terms of a bibasic series similar to the one on the left side of (3.12). Combining these 

results and interchanging b and d we obtain (1.9). 

If we let a —-> 0, b —> 0 in (1.9) such that ajb = constant and then rename the 

parameters, we obtain a summation formula for 

(3.16) 

493 

a, 
\a,q 

/abq, —y/abq, c2 

(a, b\ q^jq/c2, abq3/c4; q2)^ 

(aq/c2, bq/c2; q)œ(c2/q, abq; q2)0 

•493 

aq/c2, bq/c2 q/c, -q/c 

^dbq^/c2, -y/abef/c2, q2/c2 
;<2W 
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which, by virtue of Bailey's transformation formula [2, 8.5 (3)] can be expressed as 

%W-j{—c\] ab J q\ a, b, c, —c, —yfabq/c, q, C\Jq/ab) 

(3.17) ^ (-g, c2/a, -Cx/âbq, Cyjaq/b; q)oo(a2q2, bq, c2, c2q2 /b2\ q2)^ 

(c2, -aq, c^Jq/ab, -Cy/bq/a; q)oo(c2 / a, abq, aq2, aqc2 jb1', q2)0 

where \qc2/ab\ < 1, and 

(3.18) r#W„2(a\bub2,...9br\q,z) 
a, qsfa, -qx/a, 

: r+3<Pr+2 
y/a, 

bu 

\/â, aq/bu 

A 

,aq/br 

\q,Z 

Formula (3.17) was found previously by Gasper and Rahman [5]. 

Before closing this section we would like to point out that (3.12) is equivalent to a 
formula due to Gosper which was communicated to various people including Dennis 
Stanton who brought it to my attention. In order to prove this equivalence we first use 
(3.15) in (3.12) and rewrite the formula in Gosper's notation 

°° (a2b2c2q-l;q2)k(l - a2b2c2q3k-l)(abcd, abed'1; q\(a2, b2, c2; q)k k 

ho (q',q)k(l - a2b2c2q-l)(abcd-\abcd;q)k(b
2c2q,c2a2q,a2b2q;q2)k

 Q 

_ (a2b2c2q, a2q, b2q, c2q, dq/ abc, bedq/a, cdaq/b, dabq/c; q2)^ 

(q, b2c2q, c2a2q, a2b2q, abedq, adq/bc, bdq/ac, cdq/ab; q2)oo 
(3- 1 9 ) (a2b2c2q, a2q, b2q, c2q, a2, b2, c2, qd/abc, d2q2; q2)^ 

(q, b2c2q, c2a2q, a2b2q, adq/bc, bdq/ac, cdq/ab, abc/qd; q2)^ 

• 3<t>2 

adq/bc, bdq/ac, cdq/ab 
2 2 

\q ,q 
d2q2, dq3 /abc 

Since 

(3.20) 

3<t>2 

abq/be, bdq 

d2 

/ ac, cdq/ab 
2 2 

,q ,q 
q2, dq3/abc 

= lim &Wj(d q /abce;adq/bc,bdq/ac,cdq/ab,dq /abce,d q /e\q ,q ), 

it follows, by an iterate of the following limit case of Jackson's transformation formula 
[11,(3.4.2.4)] 

(3.21) 
8W7(a; b, c, d, e,f; q,a q /bedef) = 

(aq, aq/ ef, a2q2 /bede, a2q2/bcdf; q)^ 

(aq/ e, aq/f, a2q2 /bedef, a2q2/bcd; q)^ 

&Wi(a2q/bcd; aq/ cd, aq/bd, aq/bc, e,f; aq/ ef), 
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that 

(3.22) 

3</>2 

adq/bc, bdq/ca, cdq/ab 

d2q2, dq3/abc 

2 2 
\q ,q 

L (adq/bc, bdq/ac, cdq/ab; q2)0 

(d2,d2q\dq3/abc\q2)OQ 

^ (l-d2q4n+2)(bcdq/a,cdaq/b,dabq/c;q2)n / d_y (lI+1)2 

^ o (1 — d2q2)(adq3 jbc,bdq3 jac, cdq3/' ab\ q2)n \ abc) 

Using (3.22) in (3.19) we obtain Gosper's formula 

(3.23) 

™ (a2b2c2q-l;q\(l - a2b2c2q3n-{)(abcd,abcd-l;q2)n(a
2,b2,c2;q)n n 

„to (q\q)n(l ~ a2b2c2q-l)(abcd-\abcd;q)n(b
2c2q,c2a2q,a2b2q;q2)n

 q 

(a2b2c2q, a2q, b2q, c2q, dq/abc, bcdq/a, cdaqjb, dabq/c; q2)^ 

(q, b2c2q, c2a2q, a2b2q, abcdq, adq/bc, bdq/ac, cdq/ab; q2)oo 

(a2,b2,c2;q)OQ(a2b2c2q;q2)OQ 

(q; q)oo(b2c2q, c2a2qy a2b2q, abcdq, abcd~xq\ q2)^ 

-Yd-d2 4n+2) (bcdq/a>cdaq/b>dabq/c>q2)» t ^_y 
n=0 (adq/bc,bdq/ac,cdq/ab\q2)n+\\ abc) 

,(n+D2 

4. Quadratic summation formulas II. Let us now consider the p2 = q case of 

(1.7). For an arbitrary sequence {A„}^° we then have 

(4.1) Ao = E 
An 

n=0 

»(a;q)k{\-aqik){q-2n;q% 2nk 

(q2;q2)n{aq;q)ln k% (q2\q2Ml - a)(aq2n+x;q)k 

= £ 
(a;q)k(\-aqik){-\Yq> \kJc2-k 

E U+n 

k=0 (q2\ q2\(\ - a)(aq\ q)3k n=0 (q2\ q2)n(aq3k+l; q)2n 

where it is assumed that the infinite series over n is absolutely convergent. If we now 

set Aj = (b, a2q2n+l/b, q~2n\ q2)j, j = 0 , 1 , . . . , where n is a fixed nonnegative integer, 

then this series becomes a terminating balanced 3^2 series which can be summed by the 

g-Saalschutz formula (1.5). This leads us to the summation formula 

r 4 ? , A (a; q)k(l ~ aq3k)(b, a2q2n+l/b, g'2"; q \ _g } _k (aq;qhn n 

to (q2',q2)k(l - a){aq/b,bq-2n/a,aq2n+X\q)k (aq/b\q)ln 

Since 

(4.3) 392 

q 2 \ aqk, aqk+l 

2 2 
\q ,q 

dq, a2q2/d 

(d/a,aq/d\q\ w * f o 

(dq,a2q2/d;q\ 
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by (1.5), we find that 

(4.4) 
" {a;g)k{\ ~ aqn){dla,aqld;qUb,a2qln+xlb,q-2n-q2)k k 

à o t e W M l " a)(a2q2ld,dq;qi)k{aqlb,bq-2nlaW+U'q)kq 

_ " * (a;q)y+k(l ~ aq3k)(b,a2q2n+i/b,q~2n\q\ {-\y^)-Q^Ja~
k 

~ h h tf'tfW-q2)k-j(aq/b,bq~2"/a,aq2^;q)k ' (1 - a)(dq,a2q2/d;q2)j 

» (a;qhj(l - aq3J)(b,a2q2n+l /b,q~2n;q2)j(-\yq-3& 

5 (q2; q2)j{\ - a)(aq/b, bq-2" / a, aq2»+l ; q)j(dq, a2q2/d; q2)j 

"^ (aq^^qMl - aqii+u)(bq2J,a2q2n+2i+i/b,q2i-2n;q2)k 

•E 4 (q2; q2)k( 1 - aqlj)(aq>+l/b, bq>-2"/'a, aq2n+J+] ; q)k 

<haq\ 

By (4.2) the series over k equals (aq3j+l ; qhn-ij (bq2jy n / (aqj+l jb\ q)2n-2j- The right side 

of (4.4) then simplifies to 

{aqjb\q)ln 
b~n 

392 

~2n a2q2n+l/b 
2 2 

dq, a2q2/d 

But this 302 series is balanced and so, by (1.5) we get the summation formula 

(4.5) £; 
(a;q)k(l - aq3k)(d/a,aq/d;q)k(b,a2q2"+l/b,q-2n;q\ 

^0(q
2;q2)k(l - a)(a2q2/d,dq-q2)k(aq/b,bq-2»/a,aq2"+l;q)k' 

= (aq\ q)2n(dq/b, a2q2/bd; q \ 

(aq/b;q)2n(dq,a2q2/d\q2)n ' 

which is the same as [6, (1.4)]. 

The n —* oo limit of this formula gives 

( 4 6 ) ^ {a\q)k(\ -aq3k)(d,q/d\q)k(b',q2)k aq . Q 

k=o(q2',q2)k(l-a)(aq2/d,adq-q2)k(aq/b;q)k b 

(aq, aq2, adq/b, aq2/bd; q2)oo 

(aq/b, aq2/b, aq2 j d, adq\ q2)oo 

Using (4.6) we shall now derive (1.10). First observe that, by (3.5) 

(4.7) 
bq2k, bq k j a, bql k/a 

392 
b2cq/a2, bq21 c 

2 2 

(a2q/b2c,q2/c\q2)00(aq/c;q)00 (c,a2q/bc,q2)k b k _Q 

(a2q/bc, bq2jc\ q2)oo(aq/bc; q)^ (aq/c, be/a; q)k a 

(b,qa2/b2c,a2q3/bc2; q2)^/a\ q)^ (aq/b,a2qjbc\ q2)k (b2c^k 

(a2q/bc, b2c/a2q, bq2 j c\ q^iaq/bc; q)^ 

a2q2k+l/bc, aql~k/bc, aq2~k/bc 

a2q3/bc2, a2q3/b2c 

(b,bc/a;q2)k \a2q \a2a) 

' 3 9 2 
2 2 
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Hence 

E 

(4.8) 

(a; q)k( 1 - aq3k)(d, q/d; q)k(b, c, a2q/bc; q \ k 
• —- q 

o(<72; <?2)*(1 - a)(aq2/d,adq; q2)(aq/b,aq/c,bc/a; q)k 

(a2q/bc, bq2/c; q2)oo(aq/'bc; q)œ ^ (b; q2)j(b/a; q)2jq
2J 

E (a2q/b2c, q2/c; q2)oo(aq/c; q)oo ,=o (<72> bq2/c, b2cq/a2; q2)j 

(a; q)k{\ - aq3k)(d, q/d; q)k(bq2J; q \ 

(p'-2-î 7@ 
S (^ 42)*0 - a)(aq2/d,adq; q2)k(aq^/b; q)k \b 

(b,a2q3lbc2;q2)00(b/a;q)00 ~ (a2q/bc;q2)j(aq/bc;q)2jq
2j 

E (q2/c,b2c/a2q; q^^aq/c; q)^ j=0 (q2,a2q3/bc2,a2q3/b2c; q2)j 

(a;q)k(\ - aq3k)(d,q/d;q)k(a
2q2j+l Ihr- n2\ rhm~2^ 

E k=o ( ? W ) * U - a)(aq2/d,adq;q2\(bcq 

_ (aq, aq/bc; q)oo(a2q/bc, bq2 / c, aq2/bd, adq/b; q2){ 

(aq/b, aq/c; q)(yo(a
2q/b2c, q2 /c, adq, aq2/d; q2)^ 

' b, bd/a, bqjad 

lbc;q2\ rbcq 2j\ Q 

^/a;q)k\ a ) q 

• 3 9 2 

bq2/c, b2cq/a2 

2 2 

(aq, b J a; q)oo(b, a q /be , bcq/ad, bed/a; q)oo 

{aq/c, bc/a; q)OQ{b2c/ a2q, q2 j c, adq, aq2 / d; q2)0 

• 3<P2 

a2q/bc, adq/bc, 

a2q3/bc2, 

aq2 /bed 

a2q3/b2c 

2 2 

by (4.6). Applying (3.5) on the first 3^2 series on the right side of (4.8) we get 

(4.9) 
°° (a; q\(\ - aq3k)(d, q/d; q)k(b, c, a2q/bc; q \ k 

k=0 (q2;q2)k(l - d)(aq2 / d,adq;q2\(aq/b,aq/c,bc/a;q\ 

(aq, aq/bc; q)OQ(adq/b, adq/c, aq2/bd, aq2 / cd; q2)oo 

(aq/b, aq/c; q)00{adq, adq/bc, aq2 / d, aq2 /bed; q2)oo 

(aq; q)oo(b, a2q3/bc2 ; q2)^ 

(aq/c; q)œ(b2c/a2q, q2/c, adq, aq2 / d; q2)^ 

i (bcq/ad, bed/a; q2)(b/a; q)^ (bd/a, bq/ad, aq2/bd, adq/b; q2)oo(aq/bc; q)0 

\ (bc/a;q)oo 
ra2q/bc, adq/bc, 

(adq/bc, aq2/bcd; q2)oo(aq/b; q)0 

392 

aq2/bed 

a2q3/bc2, a2q3/b2c 

2 2 
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However, by [11, (7.4.4)], 
(4.10) 

(aq/bc, aq2 /be, beq/a, be/a, bd/a, aq2/bd, adq/b, bq/ad; q2)^ 

— (b/a, aq2/b, bq/ a, aq/b, adq/bc, beq/ad, bed/a, aq2 /bed; q2)0 

aq 
be 
aq 

(d, q/d, q2/d, dq, c, q2 / c, a2q3/b2c, b2c/a2q; q2) 

y(d, q/d; q^c, q2/c, a2q3/b2c, b2c/a2q; q2)^ 

and so the coefficient of the 3^2 series on the right side of (4.9) simplifies to 

aq (b, c, a2q3 /be2, a2q3/b2c, ; q^^aq, d, q/d; q)^ 

be (adq, adq/bc, aq2 / d, aq2 /bed; q2)oo(aq / b, aq/ c, be/a; q)^ 

which completes the proof of ( 1.10). It can be shown that (1.10) is equivalent to Gosper's 

formula (1.7^) in his second letter to Gessel and Stanton. 

It is clear that if either b and c is of the form q~2n, n = 0 , 1 , . . . , then (1.10) reduces to 

(4.5), but it is not clear how (1.10) becomes (4.5) if a2q/bc = q~2n. The problem is that 

the right side of ( 1.10) is not symmetric in b, c, a2q/bc, as it should be. So our final task in 

this section is to transform the right side of ( 1.10) to a form where the symmetry becomes 

obvious. To that end let us first make the changes: a —> abeq, b —> acq, c —> abq so that 

a2q/bc —* beq and (1.10) conforms to Gosper's notation. So (1.10) is rewritten as 

(4.11) 
°° (abeq; q)k(\ - abcq3k+l){d, q/d; q\(abq, acq, beg; q \ k 

^0(q
2; q2)k{\ - abcq)(abcq3 / d, abedq2; q2)k(cq, bq, aq; q\ 

_ (abeq2,a~x; q)OQ(cdq,bdq,eg2/d,bq2/d; q2)^ 

(bq, cq; q)00(abcq3 / d, abedq2, d/a, q/ad; q2)^ 

.; (abq, acq, bq2/a, eg2/a; q^^abcq2, d, q/d; q)0 
+ a 

•392 

(abeq3 / d, abedq2, d/a, q/ad; q2)oo(aq, bq, cq; q)0 

beq, d/a, q/ad 

bq21a, cq2 / c 

2 2 

By Bailey's summation formula [11, (IV. 15)] for nonterminating very-well-poised bal

anced 807 series, 

(4.12) 
sWi(abcq; beq, caq, abq, d,q/d; q2, q2) 

_ (abeq2, aTx ; q)OQ(bdq, cdq, bq2/d, cq2/d; q2)^ 

(bq, cq; q)OQ(abcq3 / d, abedq2, d/a, q/ad; q2)oo 

(abeq3, abq, acq, d, q/d, bq2 / d, cq2 /a, beq3 / d, bedq2; q2)oo 
+ a 

(beq31 a, aq2, bq, bq2, cq, cq2,d/a, q/ad, abeq3 / d, abedq2; q2)Q 

' $Wi(bcq/a; beq,bq, cq,d/a,q/ad; q2, q2). 
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However, by [2, 8.5(3)], 
(4.13) 

8 Wj(bcq/a; bcq, bq, cq, dja, q/ ad; q2, q2) 

__ (bcq3 j a,abcq2,dq,q2 j d;q2)0 

(aq, q21 a, bcq3 jd, bcdq2; q2)oo 

bcq, d ja, q/ad 

3<f>2 ' 
2 2 

bq2/a,cq2 ja 

(bcq3 j a, bcq, dja, q/ad, bq3, cq3 ,qja; q2)^ 

(q2 j a, 1/ aq, bq1 j a, cq1 j a, bcq3 jd, bcdq2, q2; q2)0 

rdq, q2 j' d, q2, abcq2 

• 4 < / > 3 

aq3,bq3,cq3 

Combining (4.11), (4.12) and (4.13) we obtain the desired formula 

2 2 

(4.14) 
°° (abcq; q)k(\ - abcq3k+l)(d, q/d;q\(abq,bcq, caq; q2)k k 

k=o (<72; <l2)k(\ - abcq)(abcq3 / d, abcdq2; q2)k(cq, aq, bq; q\ 
\ abcq, q2y/abcq, —q2^/abcq, d, q/d, abq, bcq, caq 

\Jabcq, —y/abcq, abcq3/ d, abcdq2, cq2, aq2, 

(abcq3, abq, bcq, caq, d, q/d'^2)^ q 

(q2,aq2,bq2,cq2,abcq3/d,abcdq2;q2)oo (1 — aq)(\ — bq)(\ — cq) 

abcq2, dq, q2/d 

403 

bq2 

;*V 

2 2 

aq5, bq , cq 

It is clear that if any one of d,q/d, abq, bcq and caq is of the form q~2n, then the second 

term on the right vanishes and the 8</>7 series can be summed by Jackson's formula [11, 

(IV. 8)]. On the other hand, if dor q/dis q~n where n is an odd integer then the appropriate 

formula to use is (4.11) since the coefficient of the 3^2 series on the right side vanishes. 

5. Proof of the cubic summation formulas. We now set p = q3 in ( 1.7) and obtain 

the following formulas 

(5.1) 
^(a;q3)k(l-aq4k)(q-3n;q)k 3nk 

ÉÔ (q\q)k(\-a)(aq^;q3)k
q <w 

(5.2) 
3-1 (a;q3)k(l-aq^(q-3^;q)k (3n+l)k = 

t 0 (q;q)k(\-a)(aq^;q3)k
 q 

(5.3) 
M (a;g3)k(l-aq*k)(q-3»-2;q)k (3n+2)k = 

t 0 (q;q)k(l-a)(aq3^;q3)k
 q 
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Similar to the quadratic case we then easily deduce the following summation formulas 

(5.4) 

AQ = g (-\)kq^{a\q3)k(\~aqAk) g Xn+k/3 

(q\ q)k(l - a) n=0 {q\ qhn(aq3\ q3)n+4k/3 k=0 (mod 3) 

°° (-\)kq^(a\q\(\ - aq4k) °° A, 
+ E 

k=\ (mod3) (<?;<?)*(! -a) 
y^ 3 
n=o(9;<5 ,)3n+2(a«3;?3)n+«±2 

\ + i ± i 

te2 (mod3) (<7'> 9)t(l - «) „=o (<?; qhn+iiaq3; q3)n+a*L 

(5.5) 
h {q;q)k{\-a) 8k' 

(5.6) 

where 

(5.7) 

and 

(5.8) 

it=o (q\q)k(\-a) 

gk= < 

£ 
n + J _ 

A* = < 

«=° (q;qhn+\(aq4;q3)n+4k ' 

^ i 

v^oo n+~T 
^ « = 0 (q;q)3n+l(qq5;ql) 4k_^ 

1_ y>oo 
^n=0 (q\qhn(aq5\q3)^ 

iffc = 0(mod3), 

iflfc= 1 (mod 3), 

if* = 2 (mod3), 

if* = 0(mod3), 

ififc= 1 (mod 3), 

iffc = 2(mod3), 

where {An}, {fin} and {z/„} are arbitrary complex sequences such that the corresponding 
series on the right sides of (5.4)-(5.8) are convergent. Since (a; q)3n = {a, aq, aq2; q3)n, 
the simplest choice that can be made for these sequences is 

(5.9) Xn = (b,cyd,aq3 /bcd\q3)nq
3n, 

[in = (bq,cq,dq,aq4/bcd;q\q3n, 

vn = (bq2,cq2,dq2,aq5/bcd;q3)nq
3n 

so that each of the series in (5.4), (5.7) and (5.8) is a balanced and nonterminating 4^3 
series in base q3. But nonterminating 4(̂ 3 series are neither summable nor transformable 
to another single series and so the only logical thing to do is to add suitable multiples of 

https://doi.org/10.4153/CJM-1993-020-8 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1993-020-8


BASIC HYPERGEOMETRIC SERIES 407 

(5.5) and (5.6) to (5.4) so that multiples of two 4</>3 series combine to give a very-well-

poised 8</>7 series by [2, 8.5 (3)]. Thus, adding 

—q(b, c, d, aq3 /bed, aq4; q3)/{(bq, cq, dq, aq4 /bed, aq3; q3)œ} 

times (5.5) to (5.4) we obtain 

( 5 1 ( ) g {-\)kqk{k^l2(a;q3)k(\-aq4k)^ = (agWXx, 

k=o (q;q)k(l-a) k (q,b,c,d,aq3/bcd;q3)oo' 

where 

(bcq2k+l, bdq2k+l, cdq2k+l, aq4k+3 ; q3)^ 
(5.11) rk 

(bqk+l, cqk+l, J ^ + 1 , bqk, cqk, dqk, bcdq3k+l, aqk+3 /bed; q3)^ 

îW7(bcdq3k~2; bcdq3k, bqk, cqk, dqk, beda^'2 / a; q3, aqM/bed), if k = 0 (mod 3), 

1 (fcctf2*+2, Z?^2*+2, cdq2k+2,aq4k+5; q3)^ 
ru I — q (bqk+2, cqk+2,dqk+2, bqk, cqk, dqk, bcdq3k+4, aqk+5/bed; q3)0 

•sW7(bcdq3k+l ; bcdq3k, bqk+2, cqk+2,dqk+2, bedq^'1 /a; q3, aqk+3/bed), 

ifk = l (mod3) , 

_ _q (bcq2k+3,bdq2k+3,cdq2k+3,aq4M; q3)^ 
rk ~ l-q(bqk+2,cqk+2,dqk+2,bqk+Kcqk+Kdqk+Kbcdq3M,aqM/bcd;q3)œ 

-sW7(bcdq3k+l ; bcdq3k, bqk+l, cqk+l, dqk+l, bcdq'k / a; q3, aqk+5/bcd), if k = 2 (mod 3), 

assuming, of course, that \aq3/bcd\ < 1. 

Similarly, adding 

-q2(b, c, d, aq3 /bed, aq5; q^/faq2, cq2, dq2, aq5 /bed, aq3; q3)^} 

times (5.6) to (5.4) we get 

( 5 1 2 ) g (-\)kqk^l)l2{a;q\(\-aq4k)^ = (aq3;q3)oo 

*=o iq\ Q)ki\ - a) k (q2, b, c, d, aq3 /bed; q3)^ ' 

where 

(beq2k+2, bdq2k+2, edq2k+2, aq4k+3 ; q3)^ 
(5. 13) sk (bqk+2, cqk+2,dqk+2, bqk, cqk, dqk, bcdq3k+2, aqk+3 /bed; q3)oo 

iW7(bedq3k-{; bcdq3k, bqk, cqk, dqk, bedq'^/a; q3, aqk+5/bcd), if A: = 0 (mod 3), 

q (bcq2k+3, bdq2k+3, cdq2k+3, aq4k+5 ; q3)^ 
Sk 

1 - q2 (bqk+2, cqk+2, dqk+2, bqk+], cqk+x, dqk+l, bcdq3k+5, aqk+5 /bed; q3)^ 

%W7(bcdq3k+2;bcdq3k,bqk+2,cqk+2,dqk+2,bcdq-k/a;q3,aqk+4/bcd), if k = 1 (mod 3), 
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Sk 
(bcq2k+l, bdq2k+l, cdq2k+l, aq4M ; q \ 

(bqk, cqk, dqk, bqk+l, cqM, dqk+l, bcdq3k+2, aqk+4/bcd\ q3)^ 

-sW7(bcdq3k-1; bcdq3k, bqk+l, cqk+l, J ^ + 1 , bcdq^'2 / a; q\ aqk+3/bcd), 

if* = 2 (mod 3). 

Unlike the quadratic case there does not seem to be any choice of the parameters a,b,c,d 

that would render any of the ^W-j series in (5.11) and (5.13) summable to ratios of q-

shifted factorials, so the next best thing is to choose them so that the formulas (5.10) and 

(5.12) can be brought to forms that suggest they are cubic extensions of the quadratic 

summation formula (1.8). 

First, let us take aq2 = bed in (5.10) and (5.11). All the gW7 series in (5.11) then 

terminate and hence, by Watson's formula [2, 8.5(2)], can be transformed to balanced 

terminating 4^3 series each of which can, in turn, be freely transformed to other 4^3 

series of the same type by virtue of Sears' transformation formula [10] 

(5.14) 
~q~n, «, b, 

4<?3 \W 
a, 

d, e, f 

(aql-"/e,aql-n/f;q)n(bcy 

where def 
(5.15) 

sW^bcdq3^2-

(e,f\ q)n 

abcql~~n. Thus 

! ( T ) * 
a, d/b, 
d, aql-"/e, 

die 

; bedq*, bq\ cqk,dq\ q~k; q\ qK+') 3k bq\ 
3*+l (bedq 1l-k/b;q3)k_ 

Jc+2\ 

(cdq2k+\q;q3)k_ 

i~k bcdq3k, 

' 4 9 3 

q bqk, bql ,k+\ 

[bq2, bcq2k+l, bdq2k+l 

(bcdq3k+l,cq2,dq2,ql-k/b;q3)k_ 

(cdq2k+l, q, bcq2k+l, bdq2k+l \q3)k_ 

\q\qJ 

(bq2k~^ 

\fo 1 
A-k n2-k bedq 3k 

;<?V bq , cq' , dq 

(bq2, eg2, dq2, bcq3k+l, bdq3k+l, cdq3k+l, qk+l, bcdq3k+l ; q3)^ 

(bqk+2, cqk+2,dqk+2, bcq2k+l, bdq2k+l, cdq2k+l, q, bcdq4k+l ; q3)D 

• ( - 1 ) 3 ^ 4 0 3 
A-k 

bq2 

2-k 

2 ' 
cq 

bedq 
dq2 

3k 
. 3 3 

when k = 0 (mod 3). Similarly 

sW7(bcdq3k+l; bcdq3k, bqk+2,cqk+2, dqk+2,q 

(bq2, cq2, dq2, bcq3k+l, bdq3k+l, cdq3k+l 

(5.16) 

l-k-q3,qk+l) 

„k+3 qk+3,bcdq3M',q3) 

(bqk+l, cqk+l, dqk+{, bcq2k+2, bdq2k+2, cdq2k+2, q4, bcdq4k+3 ; q3)Q 

k-\ fk\ 

( - 1 ) 3 q\2)4<l>3 
q 

A-k n2-k 

bq2, cq2 
bedq 

dq2 

3k 

;<?V 
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when k 

(5.17) 

1 (mod 3), and 

sW7(bcdq3M ; bcdq3k, bqk+l, cqk+l, dqk+l, q2~k; q\ qk+3 

r.1 „„2 Ar.1 J,„„3i+1 UA„M+\ „A„ïk+\ „k+2 {bql, cqz,dql, bcq3k+{, bdqik+l, cdq3k+i, qk+2, bcdq3k+4; g3), 

(bqk, cqk,dqk,bcq2k+\ bdq2k+\ cdq2k+\q4, bcdq4^2^3)^ 

. ( - ! )¥,©-• 4</>3 

A-k 
qL \ q 
bq2, 

2~k 

2 
cq , 

3k bcdq~ 3 3 

dq2 ;q>q 

when k = 2 (mod 3). Substitution of (5.15)-(5.17) in (5.11) gives 

(bq2, cq2, dq2, bcq, bdq, cdq; q3)oo (b, c, d; q\ 
rfc ~ („> ^ 3 \ (U ^ A- „ \ i^A 

(5.18) 
( 

•4</>3 

q\^)oo(b,c,d\q)^ 
Y —k \—k ?—k 

q K, q1 K, qL \ 
bq2, cq2, 

{cdq, bdq, bcq\ q3)^ 

bcdq3k 3 3] 

dq2 '«'«\-

ft(-l)k 

Formula (1.11) then follows by combining (5.10) and (5.18). By a similar calculation we 

find that 

(bq, cq, dq, bcq2, bdq2, cdq2 ; q3)oo (b, c, d; q\ 
Sk = 

(q2',q3)ooib,c,d',q)0 

—k—\ —k \—k 
q , q , q , 

(5. 19) 

4<^3 [ bq, cq, dq 

Using (5.19) in (5.12) we obtain formula (1.12). 

(cdq2, bdq2, bcq2;q3)k 

bcdq3k 

f>){-\)k 

wV 

6. Limiting forms of the summation formulas. In this section we will display the 

limiting form of the summation formulas obtained in Sections 3-5. Use of the g-gamma 

function 

(6.1) 

gives us 

(6.2) 

Tq(x) 
(q',q)oo(l -q) 

(qx\q) 00 

\-x 

0<q<\, rOO^liml^Oc) 

3n 

E 
(a\(a + f )(2b\(2c)n(2a +\-2b- 2c)n 

^0 n\(a)(\ +a-b)n(l +a-c)n(\ +b + c)n 

4~n 

T(^)T(l +a- b)T(l +a- c)T(b + c + \) 
— _ 1 

T(\ +a)T(b + ^)T(c + ±)T(l+a- b - c) 

as the limit of (1.8) and 

E 
(6.3) 

(2a)k(2a + M)(2b)k{\ - 2b)k(c)k(2a -c + n + {)k(-n)k 

^0k\{2a){\ +a- b)k{\ + a + b)k(\ + 2a- 2c)k(2c -2a- 2n)k(\ +2a + 2n\ 

(1 + 2q)2„(+ + a + b-c)„(l+a-b-c)n 

(1 + 2a - 2c)2„(l + a - b)n(\ +a + b)„ 

as the limit of (1.10). This formula is the same as (1.7) in Gessel and Stanton [8]. The 
nonterminating extension of (6.3) is obtained by taking the q —+ 1 limit of (4.7): 
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(6.4) 
(2a)k{2a + 3k)(2d)k(\ - 2d)k(b)k(c)k(2a - b - c + \)k 

k=Q k\(2a)(\ + a- d)k(\ + a + d)k(\ +2a- 2b)k(\ +2a- 2c)k(2b + 2c- 2a)k 

T(\ +2a- 2b)T(l +2a- 2c)T({ + a + d)Y{\ +a- d)T({ +a + d~b- c)T(\ + a - d) 

T(\ + 2a)r( l +2a-2b- 2c)T(\ +a + d- b)T(j +a + d- c)T(\ +a-b- d)T(\ +a-c 

T(l + 2a - 2b)T(\ +2a- 2c)T(2b + 2c- 2a)T(\ +a + d)T(\ +a-d) 

d) 

TU+a + d-

T(\ +2a)r(b)r(c)T(2d)n\ - 2d) 

-b-c)T(\+a-b~c-d) 

Hf +2a- 2b-c)YU+2a-b-2c) 

+ a + d-\+2a-

l+2a 

b-c, 

-2b-c, 

\+a~b-

l+2a-b 

-d 

•2c 

The limiting form of (3.12) is 
(6.5) 

°° (a)k(2a + 3k)(d)k(±+a-

j^b ik!(2fl)(l + 2a ~ 2d)k(2d)k(\ +a- b)k(\ +a- c)k(\ + b + c)k 

d)k(2b)k(2c)k(\+2a-2b-2c)k 

T(\)T(\ +a- b)T(\ +a~ c)T({ +b + c) 

T(l + a)T(\ + b)T(\ + c)T(\ +a-b-cY 
F2 

+ d, 

+ a 

1 +a~ d 

which is the nonterminating extension of formula (1.8) in Gessel and Stanton [8]. 
Similarly, 

(6.6) 
°° (a)n(a + 3f)(b)n(a -b + \)n(2c)n(2d)n(2a -2c-2d+ \)n 

ho n\(a)(2b)n(2a -2b + \)n(a - c + \)n(a -d+ \)n(c + d + \)n 

Y(a - b)T(b + \)T(3b -2a+ l)T(a -c+ l)T(a -d+ l)F(c +d+ \)V(2b - 2a + 2c) 
+ V(b - a)T(2b - a + \)T(a + \)T{2b -a-c+ l)T(2b -a-d+ l)F(2b -2a + c + d+ \)T(2c) 

T(2b -2a + 2d)T(2b -2c~2d+\) ~ (3b - 2a)n(3b -2a + ^)(2b - a)n(b -a+\)n 

T(2d)T(2a -2c-2d+l) ho n\(3b - 2a){4b - 2a)n(2b - 2a + l)n 

(2b -2a + 2c)n(2b ~2a + 2d)n(2b - 2c -2d+\)n 

(2b-a-c+ \)n(2b -a~d+ \)n(2b -2a + c + d+\)n 

_ T(\)T(a - c + \)T(a -d+ \)T(b -a + c)T(b ~a + d)Y(c + d+ \)T(b -c-d+ \)T(b + \) 

~~ T(a + \)Y(b - a)T(c + ±)T(d + $)T(a -c~d+ \)T(b - c + \)Y(b -d+ ±)V(b + c + d-aY 

(a + b + c- hn(a + b + c )(3a)n(3b)n(3c)n — yu -r iy ^ ^ 3 ; „ v w ^ " ^ «- 3 ^ ^ JK /nK /nV /n n-2n 

n=on\(a + b + c - \)(b + c + \)n(c + a+ \)n(a + b+±)n 

(6.7) 
a + b + c + n 

2 ' * 

_n \=n 2^n 
3 ' 3 ' 3 ' 

a+ | , b+ | , 

T(\)T(b + c+ \)T(c + a+ \)T(a + b + | ) 

T(a + ^)T(b + \)T(c + \)T(a + b + c+\Y 
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and 

°° (a + b + c-±)n(a + b + c-± + f)(3a)n(3b)n(3c)n^_2n 

„=on\{a + b + c- \)(b + c+ h„(c + a + h„(a + b+h„ 

(6.8) • 4F3 

n+1 —n 1- a + b + c + n 3 ' 3 ' 3 

a + | , /?+ | , c+ | 
_ r(|)r(/7 + c + |)r(c + a + |)r(« + z? + f) 
~ I > + ])T{b + f )r(c + \)T(a + /? + c + | ) ' 

are the limits of (1.9), (1.11) and (1.12), respectively. 
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