
AN ISOPERIMETRIC INEQUALITY FOR CONVEX POLYHEDRA 
WITH TRIANGULAR F A C E S 

Magelone Komhoff 

H. T. Croft [1] has conjec tured that among a l l t e t r a h e d r a with 
fixed to ta l edge length the r e g u l a r one has the g r e a t e s t su r f ace a r e a . 
In this note we p rove the following r e s u l t , which inc ludes th is con jec tu re 
as a s p e c i a l c a s e : 

THEOREM. Let P be a convex polyhedron with t r i a n g u l a r f a ce s , 
T 

and let L and A denote i ts to ta l edge length and i ts to ta l su r face 
T T 

a r e a . Then 

L " 7 A > 12N/~3 
T T 

with equal i ty if and only if P is a r e g u l a r t e t r a h e d r o n . 
T 

The proof of this t h e o r e m wil l be based on the following p r e l i m i n a r y 
r e m a r k s : 

A (finite) se t M of polygons will be called a L - s e t if the following 
T 

hold: 

A. The s u m of the p e r i m e t e r s of the polygons of M is 2 L . 
T 

B . Each s ide of any polygon in M m a y be pa i r ed with a s ide of equal 
length f rom a dif ferent polygon in M, with no two polygons containing 
m o r e than one comple te se t of pa i red s i d e s . 

C. No polygon in M has m o r e than 3 s i d e s . 

The m a x i m u m to ta l a r e a of the polygons in a L - s e t wil l be at 
T 

l eas t a s g r e a t a s the su r face a r e a of any convex po lyhedron with t r i a n g u l a r 
faces and fixed to ta l edge length L . s ince the se t of faces of such a 

T 

po lyhedron is a L - s e t . 
T 

Sets of polygons sat isfying A and B w e r e cons ide red by O. Abe r th 
in [2] . The proof of the ex i s t ence of a L - s e t of convex polygons enclos ing 

T 

m a x i m u m to ta l a r e a A* (L ) is comple te ly ana lagous to that of L e m m a 1 
T 

in [2] . F u r t h e r , O. Aber th shows in [2] that a c i r c l e m a y be c i r c u m s c r i b e d 
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about each polygon of the maximal set. The sum, 2L , of the perimeters 
T 

of all polygons of the maximal set satisfies 

2L > ^ G(s), 
T » S ç P d 

where P denotes the polygon with the largest circumscribed circle 

and G(s) is defined as the length of any side sçP plus the perimeter 

of that polygon P containing the side s1 paired to s . 

Using Lemma 3 of [2] and normalizing the maximal set by putting 

2A*(L ) / L = 1 , O. Aberth obtains in [2]: 
T T 

_ v ( 2 r s inB (1 +TT/<J>) f o r 1 /2 < d < 1 

G(s) > j 
/ 6r sin0 for d > 1 

Here r is the radius of the circle circumscribing P (with centre 0), 

26 is the angle sçP subtends at 0 and d is the distance from 0 to 

s defined in Lemma 3 of [2]. 2 $ = tan ^21!: is the angle 
1 - r cos6 

s' eP subtends at the centre of the circle circumscribing P . 
q q 

Proof. The simple transformation of the function sin6 in 
9 6 0 ^6 

2»sin—-'Cos— = .2'tan—'cos — allows us to establish a lower bound for 

the sum 2L as a function of the number of the sides of P . Using 
T 6 

the inequality of Jensen for the convex function tan—, we obtain 

(since P , in our case, has 3 sides (which implies r >. = i)) 
1 2 cos TT/3 

9 T 2 . n . 2 f e G(s) ^ _ J TT J . G(s) 

2L
T̂  s ^ G(s) = 4

sep^ t a » 2 " r r e i l 2 t a n 6 ] m ; n ~~^~ 
1 1 4 t a n - / seP, 4 tan~ 

2 L 1 2 
with equality only if the number of the polygons of the maximal set is 
four and P is a regular triangle. 
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Now: 

G(s) 

i 6 3(1 + cos 9) 
3 r . cos - > r r 

£ — 2 cos0 

> 3 for d = r cos0 > 1. 

4 t a n - r . c o s 1 - (1 + TT/<|>) = f(r, 0) for 1/2 < d < 1 

_1 
with cj> = tan (r s in0 / 1 - r cos0) 

We wil l show now that 

f(r , 0) > f ( l , T ) = 3 for 1 < r < (cos©)"1 , 0 < 0 < ^ 

Since f(r , 0) is continuous and has p a r t i a l d e r i v a t i v e s e v e r y w h e r e 
in i t s domain of defini t ion shown as the shaded a r e a in the f igure , one of 
the following c a s e s o c c u r s : 

1. f(r , 0) a s s u m e s i ts m i n i m u m at a point on AD or at an i n t e r i o r 
point of DC ( i . e . r = 1). 

2 . f(r, 0) a s s u m e s i ts m i n i m u m at an i n t e r io r point with — = T7T = 0 • 

3 . A sequence of points (r , 0 ) can be found, approach ing a boundary 
V V 

point on BC, such that f(r , 0 ) is a monotone d e c r e a s i n g sequence 
V V 

and l im f(r , 0 ) is a s t r i c t lower bound for the function in the 
V V V-voo 

domain . 
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C a s e 1 : A l o n g A D , r c o s 0 = 1 /2 and § = 9 > T T / 3 , SO t h a t 

nr, e ) = £ ( e ) = -| ( ^ + i) (i + f) -

S i n c e 0 > — , w e h a v e : 

df(Q) _ i 

d0 4 

1 
> 2 

r-

1 /* A _L t a n 0 

(tanG + TT —•— 
COS0 0 

1 . 7 3 + 3 . 1 4 - 4 . 3 

0 

> o , 

— • 

TT 

~ 2 
0 J 

i . e . , a l o n g A D , f ( r , 0 ) > f ( l , ~ ) = 3 . 

IT TT 

A l o n g D C ( i . e . , r = 1) w i t h — < 4> < — , o n e h a s 

TT 

& = TT-2cj) , 0 < 0 < — , and t h e r e f o r e 

f ( r , 0) = f(cb)- sin2cj) (1 + ir/<t>). 

F u r t h e r : ™ _ = sinc^ \ 2 c o s d> (1 + ~ ) - * - ^ 
dcj> L * + 

S i n c e f ( ^ ) = f ( ^ ) = 3 and - ^ 2 > 0 f o r 4> = ^ , w e h a v e 
3 2 dcp 3 

f ( r , 0) > 3 a l o n g D C w i t h 0 < 0 < ^ 

C a s e 2 : 

of i 9 d [ r (1 + TT/6 ] 
— = c o s — — ^ ^"^ 
3 r 2 8 r 

1 0 I / . . TT . TT r s i n 0 
= c o s - (1 + - ) - — i • - — -

2 cb cb l - 2 r c o s 0 * ] 
Bf r . TT . . . _x * 0 TT r c o s 0 - r*" 
7 ^ = 7 ^ + l ) ( - s i n ° ) " r - c o s - ' - ' T - x 

90 2 cb 2 cb l - 2 r c o s 0 + r 

3f r, . n . . , TT TT r s i n 0 
-— - 0 i m p l i e s 1 + — = —- ' 
dr r cb c b x l - 2 r c o s 0 + r ' 

T o g e t h e r w i t h — = 0 o n e o b t a i n s : 

- s i n * 8 a.© , „ , , 
= c o s — ( c o s 0 - r ) w h i c h i m p l i e s r = 1 

B u t a l o n g r = 1 w i t h 0 < 0 < — w e h a v e f ( r , 0) > 3 . 
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Case 3 : Along BC, r - c o s 0 = 1 , and cj> = ~r , so that 

f(r , 6) = S r - c o s 2 " ! > 3 for 6 > 0 

0 
However , l im ( 3 r * c o s l - • ) = 3 . 

v-*l 
e->o 

Thus f(r , 9) > f ( l , ~ ) = 3 in ABCD, and t h e r e f o r e 

2L > 1 2 N / 1 in the c a s e 2 A * ( L T > = 1 

T 

with equal i ty if and only if the number of the polygons of the m a x i m a l 
se t is four and the four polygons a r e congruent r e g u l a r t r i a n g l e s . 

2A*(L ) 
In the g e n e r a l c a s e , s ince ; — v a r i e s d i r e c t l y with L , 

Li T 

2 
L > 12 *TS ' A*(L ) 

T "~ T 

with equal i ty only for the se t of polygons cons is t ing of the f aces of a 
r e g u l a r t e t r a h e d r o n . This c o m p l e t e s the proof of the t h e o r e m . 
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