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Abstract. Macroscopic velocity fields in stellar atmospheres significantly affect the shapes of
the emergent Stokes profiles. The inextricable coupling between the angle and frequency vari-
ables becomes more complex in a moving medium when compared to a static medium. In this
paper we consider both complete frequency redistribution (CRD) and partial frequency redis-
tribution (PRD) in the line scattering of a two-level atom in the presence of an external weak
magnetic field. For simplicity we consider empirical velocity laws to represent motion of the
atmospheric layers. We present emergent Stokes profiles computed with CRD, angle-averaged
PRD, and angle-dependent PRD. We show that angle-dependent PRD effects are important
both in non-magnetic and magnetized scattering when vertical velocity gradients are present in
the atmosphere. The results are presented for simple atmospheric models. They are expected to
be of relevance to polarized line formation in slowly expanding chromospheric layers.
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1. Introduction
Mass motions are common in astrophysical objects such as stellar winds, novae, super-

novae, etc. Such macroscopic velocity fields in spectral line formation regions strongly
affect the shape of the spectral line. For example an expanding atmosphere produces
so-called P-Cygni profiles with a blue absorption and a red emission, instead of an ab-
sorption line. While detailed studies on the effect of macroscopic velocity fields on the
unpolarized radiation field exists, little has been explored with regard to their effect on
the polarized radiation field, especially when the effects of partial frequency redistribution
(PRD) and a weak magnetic field are taken into account.

Early works on non-magnetic resonance line polarization in moving media were carried
out by Sengupta (1993) and Nagendra (1996), who assumed complete frequency redis-
tribution (CRD) and PRD in line scattering, respectively. Recently, Carlin et al. (2012,
2013) presented a detailed study on the effect of macroscopic vertical velocity fields on
the scattering polarization profiles of the Ca ii IR triplet lines, in isothermal and realistic
solar model atmospheres, and also in hydrodynamical models of the Sun. To this end
they self-consistently solved the polarized statistical equilibrium equation and the trans-
fer equation for a five level Ca ii model atom under the approximation of CRD. They
show that the vertical velocity gradients significantly affect the polarization profiles of
the Ca ii IR triplet lines by producing Doppler shifted asymmetric line profiles and by
considerably modifying the polarization amplitudes compared to the static or constant
velocity case.

In the present paper we study the effect of macroscopic vertical velocity fields on the
linear polarization profiles formed due to resonance scattering in an isothermal atmo-
sphere. We take into account the effects of PRD as well as a weak magnetic field (Hanle
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effect). We consider a two-level atom model with an infinitely sharp and unpolarized
lower level. In Section 2 we recall the polarized PRD transfer equation in the observer’s
frame. The numerical method for solving it is briefly outlined in Section 3. Results of our
numerical study are presented in Section 4. Conclusions are presented in Section 5.

2. Polarized PRD Transfer Equation in the Observer’s Frame
We consider a one-dimensional planar isothermal atmosphere with velocity fields along

the atmospheric normal. The polarized transfer equation in the observer’s frame is

μ
∂I(τ, x,Ω)

∂τ
= [ϕ(x, μ) + r] [I(τ, x,Ω) − S(τ, x,Ω)] , (2.1)

where I = (I,Q,U)T is the Stokes vector, Ω (θ, χ) is the ray direction with respect to
the atmospheric normal, μ = cos θ, and τ is the line optical depth. The normalized Voigt
function is ϕ(x, μ) = H(a, x − μV ), where x = (ν − ν0)/ΔνD (ν0 being the line center
frequency and ΔνD the Doppler width) and V is a non-dimensional velocity defined as
V = (ν0/c)vz /ΔνD (vz being the vertical velocity field). The ratio of continuum to line
absorption coefficient is denoted by r. The reference direction for positive Stokes Q is
chosen to be perpendicular to the nearest limb. The total source vector is given by

S(τ, x,Ω) =
ϕ(x, μ)Sl(τ, x,Ω) + rSc

ϕ(x, μ) + r
, (2.2)

where the unpolarized continuum source vector is given by Sc = Bν0 U , with Bν0 the
Planck function at the line center and U = (1, 0, 0)T . The line source vector has the form

Sl(τ, x,Ω) = εBν0 U +
∫ +∞

−∞

1
4π

∮
R(x,Ω, x′,Ω′,B)

ϕ(x, μ)
I(τ, x′,Ω′)sin θ′dθ′dχ′dx′, (2.3)

where Ω′ (θ′, χ′) is the incident ray direction with respect to the atmospheric normal,
and ε is the thermalization parameter. In the presence of a weak vector magnetic field,
B, the exact Hanle redistribution matrix, R, is given by Approximation-I of Bommier
(1997). The explicit expression of both the angle-dependent (AD) and angle-averaged
(AA) versions of this matrix can be found in Nagendra & Sampoorna (2011) (see also
Sampoorna 2014) and Sampoorna et al. (2008), respectively. In the limit of CRD, the
matrix R is given by R = ϕ(x, μ)ϕ(x′, μ′)PH(Ω,Ω′,B), where the explicit form of the
Hanle phase matrix, PH, is given in Stenflo (1994).

3. Numerical Method
For the studies presented here we consider CRD, AA-PRD, and AD-PRD. For a static

atmosphere, the polarized accelerated lambda iteration techniques to solve the Hanle line
transfer equation were developed in Nagendra et al. (1998) for CRD and in Sampoorna
et al. (2008) for AA-PRD (given by the so-called Approximation-Ia). The scattering
expansion method developed in Nagendra & Sampoorna (2011) solves the polarized Hanle
line transfer equation with AD-PRD (given by the Approximation-I of Bommier 1997).
These numerical methods are generalized to include the effects of a vertical velocity field
in the observer’s frame.

The numerical methods developed in the above-mentioned papers solve the polarized
line transfer equation in an irreducible basis (see e.g., Frisch 2007, 2009) in which the
line source vector becomes independent of Ω (in the case of CRD and AA-PRD) and
becomes independent of the azimuth, χ, (in the case of AD-PRD). This is true for a
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static atmosphere. In the presence of velocity fields, the CRD line source vector in the
irreducible basis continues to be independent of Ω, but the irreducible line source vectors
corresponding to both AA- and AD-PRD are only independent of χ. This is because the
redistribution functions now depend on μ and μ′, even in the AA-PRD case, since we
need to replace x and x′ with the corresponding Doppler shifted frequencies, namely,
x−μV and x′−μ′V . Unlike in CRD, the incoming and outgoing frequencies in PRD are
coupled. Thus, the presence of velocity fields brings in an additional coupling between
the incoming and outgoing angles not only in the AD-PRD case but also in the AA-
PRD case. Thus, unlike in the static case, the irreducible line source vector for AA-PRD
depends on μ.

The specifications with regard to frequency, depth, and angle griding in the observer’s
frame are exactly the same as those discussed in Mihalas (1978, see also Carlin et al.
2012). These specifications are over and above those concerning the use of AA- or AD-
PRD in static media (see Nagendra & Sampoorna 2011). When depth-dependent velocity
fields are used, the redistribution matrix R becomes depth-dependent, despite assuming
an isothermal model atmosphere. Furthermore, to accurately take into account the effects
of velocity gradients in the computation of the optical depth increments in the formal
solution, it is necessary to use a significantly large number of depth points per decade
(say, 20 points per decade). Thus, the requirement of large frequency bandwidths and
the fine sampling of the angle and the depth grids, results in a severe demand on both
the computing and memory resources. For example, with 81 depth points, 37 frequency
points, and 5 Gauss-Legendre angle points, one requires nearly 40 hours of computing
time for both AA- and AD-PRD, and a memory of 45 GB for the former and 95 GB for
the latter. The requirement of significantly more memory for the AD-PRD case comes
from the fact that an azimuthal Fourier expansion of the redistribution functions (see
Frisch 2009) results in complex irreducible Fourier components of order k, which takes
values 0, ±1, ±2, ±3, ±4. Thus all the results presented here correspond to – total
optical thickness T = 100 with a lower boundary condition of I(τ = T, x,Ω) = 1 and
an upper boundary condition of I(τ = 0, x,Ω) = 0, r = 10−8 , ε = 10−6 , a = 10−3 , and
Bν0 = 1. We neglect the effect of both the line broadening and the depolarizing elastic
collisions.

4. Results and Discussions
Here we present the emergent Stokes profiles computed for different empirical velocity

laws (see Section 4.1). We consider both the non-magnetic (see Section 4.2) and magnetic
cases (see Section 4.3). We compare the profiles computed with CRD, AA-PRD, and the
AD-PRD assumptions. The static case solution (solid line) is always shown for reference.

4.1. Empirical Velocity Laws

For this study we consider moving atmospheres with three types of empirical velocity
laws. The first one is an isothermal atmosphere moving with constant velocity towards
the observer (i.e., V (τ) = constant). The second one is an atmosphere with a velocity that
varies linearly with optical depth, V (τ) = Vgτ , where Vg represents the velocity gradient.
Again, a positive velocity gradient is assumed so that the atmosphere is moving towards
the observer, however, in this case, different layers are moving with different vertical
velocities. The third case is an atmosphere with a velocity law given by (see Mihalas
1978):

V (τ) = V0/[1 + (τ/τ0)], (4.1)
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Figure 1. Emergent (I , Q/I) profiles at μ = 0.769 from an isothermal atmosphere with model
parameters: T = 100, ε = 10−6 , a = 10−3 , r = 10−8 , Bν 0 = 1. Panels (a), (b), and (c)
show, respectively, the solutions computed with CRD, AA-PRD, and AD-PRD. The solid line
corresponds to the static case, the dotted line to V (τ ) = 3, the dashed line to a linear velocity
law with Vg = 3 × 10−2 , and the dot-dashed line to V (τ ) = V0/[1 + (τ/τ0 )], with V0 = 3 and
τ0 = 1.

where V0 is the limiting value of velocity at small optical depths (i.e., V0 = V (τ → 0))
and τ0 gives the location in optical depth of the largest velocity gradient. Again V (τ) is
taken to be positive, representing an outward motion in the atmosphere.

4.2. The Case of Non-Magnetic Resonance Scattering

Here we present the emergent Stokes profiles formed in an isothermal atmosphere in the
absence of magnetic fields and with the different velocity laws discussed in Section 4.1.
Figure 1 shows the emergent (I,Q/I) profiles for μ = 0.769. As expected, we see a Doppler
shift of the profiles. A constantly moving atmosphere only produces a bulk Doppler shift,
whilst an atmosphere with a velocity gradient, not only produces a Doppler shift, but also
enhances the linear polarization compared to the cases of the static and the constantly
moving atmospheres. As explained in detail in Carlin et al. (2012) the enhancement in
Q/I arises due to an enhancement in anisotropy caused by the Doppler brightening effect.
This enhancement in Q/I is progressively larger for AA- and AD-PRD.

Figure 2 shows a comparison between the emergent Q/I profiles computed with AD-
PRD (solid lines), AA-PRD (dashed lines), and CRD (dotted lines) for μ = 0.769. For
the chosen model parameters, the intensity profile is not very sensitive to the type of
redistribution mechanism used in its computation (see the Stokes I panels in Figure 1),
and hence it is not shown. In general the profiles computed with CRD are narrower than
those computed with AA- and AD-PRD, except in the case of a moving atmosphere with
the velocity law given by Eq. (4.1). The differences between Q/I profiles computed with
CRD, AA-PRD, and AD-PRD are of similar nature for the static and the constantly
moving atmospheres (compare panels (a) and (b) in Figure 2). Significant differences are
seen for a moving atmosphere with a linear velocity law (see Figure 2(c)). In this case the
CRD profiles do not exhibit a peak in the blue wing, while the PRD profiles do. Thus,
unlike in the cases of the static and the constantly moving atmospheres, AD-PRD effects
become important in the case of a moving atmosphere with vertical velocity gradients.
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Figure 2. Comparison of emergent Q/I profiles at μ = 0.769 computed with AD-PRD,
AA-PRD, and CRD. Panels (a)–(d) correspond, respectively, to a static atmosphere, and the
three velocity laws discussed in Section 4.1. The model parameters are the same as in Figure 1.

Figure 3 shows the Stokes profiles emerging from a moving atmosphere with a linear
velocity law (left) and a velocity law given by Eq. (4.1) (right), again for μ = 0.769.
Angle-dependent PRD is used in the computations. The figure shows the effects of varying
the velocity gradient Vg (“a”panels) and the terminal velocity V0 (“b” panels). For the
case of the linear velocity law, the amplitude of Q/I increases with increasing vertical
velocity gradients, and this is accompanied by a Doppler shift in both I and Q/I. When
assuming the velocity law given by Eq. (4.1), Q/I initially grows with increasing V0 .
Then, it reaches a maximum at V0 = 3 and starts decreasing for larger values of V0 . This
behavior is similar to that discussed in Carlin et al. (2012), who show that the decrease
in Q/I for V0 > 3 is due to the larger negative contribution of the horizontal rays to the
anisotropy.

4.3. The Case of Magnetic Hanle Scattering
Here we present a similar analysis to that presented in Section 4.2 but for a scenario with
a weak magnetic field. The magnetic field strength is parametrized through the Hanle
ΓB parameter, which is defined as ΓB = gJu

ωL/ΓR, where gJu
denotes the Landé factor

of the upper level with total angular momentum Ju , ωL is the Larmor frequency, and
ΓR is the radiative width of the upper level. For all the figures presented in this paper
we consider a normal Zeeman triplet with Ju = 1 and Jl = 0. The field inclination and
azimuth with respect to the atmospheric normal are denoted by θB and χB respectively.
Figures 4 and 5 are the magnetic analogues of Figures 1 and 2. For all the figures shown
in this section, ΓB = 1, θB = 30◦, and χB = 0◦.
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Figure 3. Effects of a linear velocity law (panel a) and the velocity law given by Eq. (4.1)
(panel b) on the Stokes I and Q/I profiles emerging from a moving atmosphere at μ = 0.769.
Angle-dependent PRD is used. The remainder of the model parameters are the same as in
Figure 1.

Figure 4. Emergent (Q/I , U/I) profiles at μ = 0.769 computed with a weak magnetic field
parametrized by (ΓB , θB , χB ) = (1, 30◦, 0◦). The remaining model parameters and the line types
used in this figure are the same as in Figure 1.

The Stokes I profiles are marginally affected by a weak field, and hence they are not
shown here. If we now compare the non-magnetic Q/I profiles shown in Figure 1 with the
corresponding magnetic Q/I profiles shown in Figure 4, we notice depolarization in the
line core due to the Hanle effect for all cases. For the static and the constantly moving
atmospheres the shapes of the Q/I profiles for both the magnetic and the non-magnetic
cases are very similar, except for a Hanle depolarization in the magnetic case. For CRD
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Figure 5. Comparison of the emergent Q/I and U/I profiles at μ = 0.769, computed with
AD-PRD, AA-PRD, and CRD. Panels (a)–(d) correspond, respectively, to the static atmosphere
and the moving atmospheres with the three velocity laws discussed in Section 4.1. The other
model parameters are the same as in Figure 4.

and AA-PRD this continues to be valid, even for moving atmospheres with velocity
gradients. However, for the AD-PRD case we notice considerable differences in the shapes
of the non-magnetic and the magnetic Q/I profiles emerging from an atmosphere with
a vertical velocity gradient (compare the dashed and the dot-dashed lines in the Q/I
panels of Figures 1(c) and 4(c)). The Stokes U/I profiles are generated due to Hanle
rotation. Like the Q/I profiles, they are very sensitive to the vertical velocity gradients.

Figure 5 shows a comparison of the Stokes Q/I and U/I profiles, emerging from a
static atmosphere and a moving atmosphere with the three velocity laws, for different
redistribution mechanisms. The differences between the magnetic Q/I profiles computed
with CRD, AA- and AD-PRD are similar to those observed for the non-magnetic sce-
nario, especially in the cases of the static and the constantly moving atmospheres. For
atmospheres with velocity gradients, larger differences can be seen due to the difference in
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the non-magnetic and magnetic Q/I profile shapes computed with AD-PRD (see above).
A similar behavior is also exhibited by the U/I profiles. Clearly, the AD-PRD effects are
important for both non-magnetic and magnetic cases in the presence of vertical velocity
gradients.

5. Conclusions
In this paper we have studied the effect of vertical velocity fields on the Stokes pro-

files emerging from a constant property planar isothermal atmosphere with and without
magnetic fields. We have considered the approximation of CRD and both the angle-
averaged and angle-dependent PRD. We reinforce the conclusion of Carlin et al. (2012),
that, when compared to the static or constantly moving atmospheres, the presence of
vertical velocity gradients in the medium enhances the linear polarization and produces
Doppler shifted line profiles that are asymmetric about the line center. Our numerical
studies show that angle-dependent PRD effects for a optically thin line are important in a
moving atmosphere with velocity gradients, both for the non-magnetic and the magnetic
cases.
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