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LOCALLY UNIFORMLY ROTUND RENORMING
AND DECOMPOSITIONS OF BANACH SPACES

V. Z1ZLER

A norm |°| of a Banach space X is called locally uniformly

rotund if limlxn—xl = 0 whenever x, ., € X , and

lim 2]z]2 + 2|xn|2 - |.z:+xn|2 =0 . It is shown that such an

equivalent norm exists on every Banach space X which possesses

a projectional resolution {Pa} of the identity operator, for

which all [P )X admit such norms. This applies, for

a+1 Fa
example, for the dual space of a space with Fréchet

differentiable norm.

Projectional resolutions of the identity in nonseparable Banach spaces
were first studied by Amir and Lindenstrauss [1]. It has proved to be a
very powerful tool in the study of geometry of some nonseparable Banach
spaces. For example, it was used to prove that every weakly compactly
generated Banach space admits an equivalent locally uniformly rotund norm
in [6], and that the dual space of a space with Fréchet smooth norm admits
an equivalent strictly convex norm in [4]. 1In the projectional resolutions

used in [6], the spaces (Pa )X were all separable. Sometimes one
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cannot ensure this separability requirement, but only the fact that

(P

a+l_P0t)X all admit equivalent locally uniformly rotund norms. Then, a

slight variant of the construction from [6], given here, works to give the

result. This is, for example, the case mentioned in the abstract.

We will work in real Banach spaces. N will denote the set of all

positive integers.
THEOREM 1. Let (X, |*|) be a Banach space which possesses a family
{Pa} , @ €T , of bounded linear operators Pa : X > X, such that
(i) the map T defined on X by Tx(y) = IPYacI for x € X,

maps X 1into co(I‘) s
(ii) if xz€ X, then =z € sp{Px} .,

(ii1) for each o €T , PaX admits an equivalent locally
unt formly rotund norm.
Then X admits an equivalent locally wuniformly rotund norm.
An application of Theorem 1 is given below.

COROLLARY 1. Suppose that X is a Banach space which admits a real
valued continuously Fréchet differentiable function with bounded non-empty

support. Then X* admits an equivalent locally uniformly rotund norm.

Proof. Using the method of [5], it was shown in [4] that under our
assumption on X , the identity operator on X* admits a projectional

resolution {Pa} for which each Pax* is isometriec to some X* where
dens Xa = dens X& < dens X = dens X* . So, using a transfinite induction

argument on dens X , one can ensure the existence of operators needed in

Theorem 1, by the projections (Paﬂ—Pa) on X* . This proves Corollary 1
from Theorem 1.

Proof of Theorem 1. A variant of that in [6]. Assume, without loss

of generality, that |pa| <1, a€Tl . Let ha(x) = |pax|a where a € T
and x € X , and where ﬁ-la is an equivalent locally uniformly rotund

Furthermore, for k € N , let

<l <2

norm on P X such that
o o
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k (k k ] .
r.=1r. , ..., 7. =1, 2, ... be a sequence of all (ordered)
J J’l k] J’k b} J L] t] q

k-tuples of rational numbers. Let @ be a map which assigns to each
finite subset A C T an enumeration of A to an (ordered) sequence

@4) = (@, ..., @), o, daistinct.
1 n 1

n and Q(4) = (a

If AC T , where card 4 s s an) and if

Jj, L €N define

5 1 n n 2 n n 2 %
E(A, 5, I)(x) = | X ha(x) +7 /|y |r i +l] |x - Y 7, iPa x
o4 =1 | J> i=1 9t %
for x € X . Furthermore, if J, L, n € N are fixed, let
G(g, 1, n)(x) = suplE(4, j, I)(x), AS T, card 4 = n}
for x € X .
Finally, let
lel = {lz? + £ —=2— (4, 1, n)(a) i
B il O o
for x € X . Then it is easy to see that ”'" is an equivalent norm on
X .
We shall show that it is locally uniformly rotund.
To this end suppose z; , x € X , are such that || =1 ana
. 2 2 2
(1) lim 22| + 2 [T - fasz, |© = 0 .
We need show that lim|xk—x| =0 . Thus, given € > 0 , we shall show that
beginning with some index ko s [xk—x| < ke . For that, first find a set

Ac{a€ErT, ha(x) £ 0}, qa) = (al, e an) such that

p(z:, Sp{Paxs a € A}} <g .
Assume without loss of generality that

min hz(x) - max h2(x) =d>0.
oA oA
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n
(2) |=- % 77,8 <c
s=1 s
where (rl, ceey rn) is a sequence of rationals.
. n 7 n
€N t r,=|r, . =7, ..., 2 ) .
Choose ¢ so tha g [ FRE N rJ,n] ( 12 N n)

Finally let % > 4/d . Fix these n, j, I . From (1) we have that

(3) ay = 263, 1, (=) + 2674, 1, ) (z) - P4, L, m) (wray) = 0 .

Let A, ©T, card 4 =n, Q(Ak) = [allc, cees a:] , be so that
(%) 0<e = Ay, 1, n) (wrn) - B (4, 3, 1) [ve) 5> 0 .
Then
a2 28 (A, 4, 1)(2) + 2 (A, > 1) (&) - B (4, 4, 1) (w42 - e
= b -

for some nonnegative bk and thus, since 1lim ak = lim ck = 0 , we have

that 1lim bk = 0 as well. Thus

2
2 n
b, =2 Y (x)+—l/L5‘ rrf +l] Z .P
k oCA, [ =1 Jt k
%
n b} n
2 2 n
+2Zh(m)+—[l/(12 lr..+12]x r. .P .z
O’EAk a\k A o st J oy 9t algk
1
- T R (aey)
a K
oA
k
2 n ” 2
-7 1/[12 r. +1 Tz, - Z: Pj,iP k(ﬁxk) = 0 -
1=1 Qa.
7
Thus by the convexity argument,
2 2 2
(5) 2 ¥ hlx)+2 ¥ h(z)- ¥ A few) 50
OEAk oEAk OEAk

https://doi.org/10.1017/50004972700021493 Published online by Cambridge University Press



https://doi.org/10.1017/S0004972700021493

Locally uniformly rotund renorming 263

and

n n

n n

(6) x - r., .P.x| -|x, - ) r..P.x|>0.

RN I R R

T 7
We now show that, beginning with some index kl s Ak = A and so then

[ x k
lal, cees @ o= (al, vy (ln) . Indeed, if this were not the case, we

would have for infinitely many k , Ak # A . But for these k we would

have
2
a>22h2(:z:)+21/§: r +12x-§:ran +2Zh2(x}
k=T 5 [ R it Lo tidia, k
A =1 7 1=1 T OEAk
+ 2 l/L% r +l]2 x, - % ri P x 2- Y h2(x+m)
R Pl R B vt g Rl
7 k
L3 ) S |
-7 {1/ r. .|+l x+x - r, P |(x+x -c
: 7
=23 #=) - T hle)
0€A aEAk
2
+_2_[l/[§ o +l]2]x-nran2—x-§ran
PLUGs as =1 Ity i1 I ok
2
+2 Zh2(3)+gl/§: rn..+l]2x—§:rrf.ka
och, ° LG de is1 90t ok
k 2
P 2r n ]21 n 2
+25_‘,h(x)+—l/(12 7 4 ||z, - ¥ rF P =
ofh a 'k [A | Y= ot ) | ko3 It KK
7
2 lr L n 2) n °
- aE% ha(x-*:ck) -7 l/LZl Pj,i +l] z + z —er’iPk[:ka) - o
% L 4= ) o
Z
y
22d-7-¢ 2d-¢ ,

which is a contradiction with the fact that 1im ak = lim ck =0, d>0.
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Therefore, beginning with some index k we must have that Ak = A and

l 3
k
thus (0, ..., & | = (al, eees an)
Now from (5) we have that, for each a € 4 ,
2 2 2
zha(x) + Eha(xk) - hy [x+xk) 7 0
and thus from the locally uniformly rotund of |- Iot , we have that

Pa (:ck—x) %> 0 . Therefore

< n < n
Zr..P:c— r. .P -5+ 0

P =z
iz Jet oy io d.T oy k| k
and using this and (2) and (6) we have that beginning with some index kO .
we have that |:x:—:L‘k| < ke . The proof is finished.
REMARK 1. A version of Corollary 1 was published in [Z2]. However,

we are afraid that the proof given in [2] is not correct.

REMARK 2, The locally uniformly rotund norm constructed in Corollary
1 on X* cannot generally be made to be a dual one (see [5]).
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