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Abstract

Consider n points independently sampled from a density p of class C2 on a smooth com-
pact d-dimensional submanifold M of Rm, and consider the random walk visiting these
points according to a transition kernel K. We study the almost sure uniform convergence
of the generator of this process to the diffusive Laplace–Beltrami operator when n tends
to infinity, from which we establish the convergence of the random walk to a diffusion
process on the manifold. In contrast to known results, our result does not require the
kernel K to be continuous, which covers the cases of walks exploring k-nearest neighbor
(kNN) and geometric graphs, and convergence rates are given. The distance between
the random walk generator and the limiting operator is separated into several terms: a
statistical term, related to the law of large numbers, is treated with concentration tools
and an approximation term that we control with tools from differential geometry. The
case of kNN Laplacians is detailed. The convergence of the stochastic processes having
these operators as generators is also studied, by establishing additional tightness results
of their distributions on the space of càdlàg functions.
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1. Introduction

Let M be a compact smooth d-dimensional submanifold without boundary of Rm, which
we embed with the Riemannian structure induced by the ambient space R

m. Denote by ‖ · ‖2,
ρ(·, ·), and μ(dx) the Euclidean distance of R

m, the geodesic distance on M, and the vol-
ume measure on M, respectively. Let (Xi, i ∈N) be a sequence of independent and identically
distributed (i.i.d.) points in M sampled from the distribution p(x)μ(dx), where p ∈ C2 is a
continuous function such that p(x)μ(dx) defines a probability measure on M.
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2 H. GUÉRIN ET AL.

In this paper, we study the limit of the random operators (Ahn,n, n ∈N):

Ahn,n(f )(x) := 1

nhd+2
n

n∑
i=1

K

(‖x − Xi‖2

hn

)
(f (Xi) − f (x)), x ∈M, (1)

where K : R+ →R+ is a function of bounded variation and (hn, n ∈N) is a sequence of positive
real numbers converging to 0.

Such operators can be viewed as the infinitesimal generator of continuous-time random
walks visiting the points (Xi)i∈[[1,n]], where [[1, n]] = {1, . . . , n}. Such a process jumps from its
position x to a new position Xi at a rate K(‖x − Xi‖2/hn)/(nhd+2

n ) that depends on the distance
between x and Xi. Note that here the Euclidean distance is used. When walking on the manifold
M, using the geodesic distance and considering the operator

Ãhn,n(f )(x) := 1

nhd+2
n

n∑
i=1

K

(
ρ(x, Xi)

hn

)
(f (Xi) − f (x)), x ∈M,

could be also very natural. In fact, for smooth manifolds, we show that the limits of the two
operators Ahn,n and Ãhn,n are the same, due to the equivalence between the geodesic and
Euclidean distances (see [13, Proposition 2]). In view of applications to manifold learning,
when M is unknown and when only the sample points Xi are available, using the norm of the
ambient space R

m can be justified.
The operator (1) can also be seen as a graph Laplacian for a weighted graph with vertices

being data points, and their convergence has been studied extensively in the machine learning
literature as an approximation to the Laplace–Beltrami operator of M (see, for example, [2, 3,
15, 27, 31, 32]). Most of these results have been obtained for the Gaussian kernel, K(a) = e−a2

,
or sufficiently smooth kernels. These assumptions on the kernel are too strong to include the
case of ε-geometric graphs or the ‘true’ k-nearest neighbor (kNN) graphs, and that correspond
to choices of indicators for the kernel K. In recent years, much work has been done to relax
the regularity of K, giving rise to many interesting papers (e.g., [7, 33]), as discussed in the
following.

In the sequel, under a mild assumption on K (weaker than continuity; see Assumption 1)
and a condition on the rate of convergence of (hn), we show that the sequence of operators
(Ahn,n) almost surely converges uniformly on M to the second-order differential operator A
on M defined as

A(f ) := c0

(
〈∇M(p),∇M(f )〉 + 1

2
p�M(f )

)
, (2)

for all functions f ∈ C3(M), where ∇M and �M are the gradient operator and Laplace–
Beltrami operator of M (introduced in Section 3), respectively, and

c0 := 1

d

∫
Rd

K (‖v‖2) ‖v‖2
2 dv = 1

d
Sd−1

∫ ∞

0
K(a)ad+1 da, (3)

where Sd−1 denotes the volume of the unit sphere in R
d. Moreover, a convergence rate is also

deduced, as stated in our main theorem (Theorem 1), which we present after having stated the
assumptions needed on the kernel K.

Assumption 1. The kernel K : R+ →R+ is a measurable function with K(∞) = 0 and of
bounded variation H such that ∫ ∞

0
ad+3 dH(a)<∞. (4)
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Convergence of Laplacians of random geometric and kNN graphs on compact manifolds 3

Recall that the total variation H of a kernel K is defined for each non-negative number a as
H(a) = sup

∑n
i=1 |K(ai) − K(ai−1)|, where the supremum ranges over all n ∈N and all subdi-

visions 0 = a0 < · · ·< an = a of [0,a]. Assumption 1 is the key to avoiding making continuity
hypotheses on the kernel K. This allows, for example, step functions, which are very useful for
modeling and inference purposes (beyond applications in machine learning; see, for example,
[24, 30]).

Theorem 1 (Main theorem). Suppose that the density of points p(x) on the compact smooth
manifold M is of class C2. Suppose that Assumption 1 on the kernel K is satisfied and that

lim
n→+∞ hn = 0 and lim

n→+∞
log h−1

n

nhd+2
n

= 0. (5)

Then, with probability 1, for all f ∈ C3(M),

sup
x∈M

∣∣Ahn,n(f )(x) −A(f )(x)
∣∣= O

⎛⎝√ log h−1
n

nhd+2
n

+ hn

⎞⎠ . (6)

Note that the window hn that optimizes the convergence rate in (6) is of order n−1/(d+4),

up to log factors, resulting in a convergence rate in n−1/(4+d). This corresponds to the optimal
convergence rate announced in [18].

An important point in the assumptions of Theorem 1 is that K is not necessarily continuous
nor with mass equal to 1. This can allow one to tackle the cases of geometric or kNN graphs,
for example.

This theorem extends the convergence given by Giné and Koltchinskii [15, Theorem 5.1].
They consider the kernel K(a) = e−a2

and control the convergence of the generators uniformly
over a class of functions f of class C3, uniformly bounded and with uniformly bounded deriva-
tives up to third order. For such class of functions, the constants on the right-hand side of (6)
can be made independent of f and we recover a similar uniform bound.

Condition (5) results from a classical bias–variance trade-off that appears in a similar way in

the work of Giné and Koltchinskii [15]. Note that the speed
√

log h−1
n /(nhd+2

n ) is also obtained

by these authors under the additional assumption that nhd+4
n / log h−1

n → 0. We do not make this
assumption here. When the additional assumption of Giné and Koltchinskii is satisfied, our rate
and their rate coincide as h2

n = o
(
log h−1

n /(nhd+2
n )

)
. Hein et al. [17, 18] extended the results of

Giné and Koltchinskii to other kernels K, but requiring in particular that these kernels are twice
continuously differentiable and with exponential decay (see, for example, [17, Assumption 2]
or [18, Assumption 20]). Singer [31], considering Gaussian kernels, upper-bounds the variance
term in a different manner compared with Hein et al., improving the convergence rate when p
is the uniform distribution.

To the best of our knowledge, there are a few works where the consistency of graph
Laplacians is proved without continuity assumptions on the kernel K. Ting et al. [33] also
worked under the bounded variation assumption on K. Additionally, they had to assume that
K is compactly supported. In [7], Calder and García-Trillos considered a non-increasing ker-
nel with support on [0,1] and Lipschitz continuous on this interval. This choice allows them
to consider K(a) = 1[0,1](a). Calder and García Trillos established Gaussian concentration of
Ahn,n(f )(x) and showed that the probability that |Ahn,n(f )(x) −Af (x)| exceeds some threshold
δ is exponentially small, of order exp (−Cδ2nhd+2

n ), when n → +∞. In this paper, thanks to
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4 H. GUÉRIN ET AL.

the uniform convergence in Theorem 1, we obtain a similar result with uniformity on the test
functions f and the point x ∈M.

Corollary 1. Suppose that the density p on the smooth manifold M is of class C2, and that
Assumption 1 and (5) are satisfied. Then there exists a constant C′ > 0 (see (58)), such that for

all n and δ ∈
[

hn ∨
√

log h−1
n

nhd+2
n

, 1

]
, we have

P
(

sup
f ∈F

sup
x∈M

|Ahn,n(f )(x) −Af (x)|>C′δ
)
� exp

(−nhd+2
n δ2), (7)

where F is the family of C3(M) functions bounded by 1 and with derivatives up to third order
also bounded by 1.

The fact that the convergence in Theorem 1 is uniform has several other applications. First,
the uniformity on the class of test functions F provides the convergence of the generators
seen as a sequence of operators, and is related to the convergence of the semi-groups of the
associated stochastic processes, as known since the Trotter–Kato theorem (see, for example,
[36]). Uniformity over x can be, for example, a step toward studying the spectral convergence
for the graph Laplacian using the Courant–Fisher minmax principle (see, for example, [7]).
Interestingly, the uniform convergence of the Laplacians is also used to study Gaussian free
fields on manifolds [10, 34].

The result of Theorem 1 can be extended to the convergence of kNN Laplacians in the
following way. Recall that for n, k ∈N fixed, such that k � n, the kNN graph on the vertices
{X1, . . . , Xn} is a graph for which the vertices have out-degree k. Each vertex has outgoing
edges to its k-nearest neighbor for the Euclidean distance (again, the geodesic distance could
be considered).

For x ∈M, the distance between x and its k-nearest neighbor is defined as

Rn,k(x) = inf

{
r � 0,

n∑
i=1

1‖x−Xi‖2�r � k

}
. (8)

The Laplacian of the kNN graph is then, for x ∈M,

AkNN
n (f )(x) := 1

nRd+2
n,kn

(x)

n∑
i=1

1[0,1]

(‖Xi − x‖2

Rn,kn (x)

)
(f (Xi) − f (x)). (9)

A major difficulty here is that the width of the moving window, Rn,kn(x) is random and depends
on x ∈M, in contrast to the previous hn. The above expression corresponds to the choice of
the kernel K(a) = 1[0,1](a). The case of kNN has been much discussed in the literature but,
to our knowledge, there are few works where the consistency of kNN graph Laplacians has
been fully and rigorously considered, first, because of the non-regularity of the kernel K, and
second, because the kNN graph is not symmetric, or more precisely, because the fact that the
vertex Xi is among the k-nearest neighbors of a vertex Xj does not imply that Xj is among the
k-nearest neighbors of Xi. Ting et al. [33] discussed that if there is a kind of Taylor expansion
with respect to x of the window Rn,kn(x), one might prove a pointwise convergence for kNN
graph Laplacians, without convergence rate. In the present proof, we do not require such a
Taylor-like expansion. Let us mention also the work of Calder and García Trillos [7] where the
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Convergence of Laplacians of random geometric and kNN graphs on compact manifolds 5

spectral convergence is established. In other papers such as [9], equation (8) is considered for
defining the window width hn but the kernel K remains continuous.

We prove the following limit theorem for the rescaled kNN Laplacian.

Theorem 2. Under Assumption 1, if the density p ∈ C2(M) is such that for all x ∈M,

0< pmin � p(x) � pmax, (10)

and if

lim
n→+∞

kn

n
= 0 and lim

n→+∞
1

n

(
kn

n

)−1−2/d

log

(
kn

n

)
= 0, (11)

then with probability 1, we have

sup
x∈M

∣∣∣AkNN
n (f )(x) −A(f )(x)

∣∣∣= O

(√
log

(
n

kn

)
1√
kn

(
n

kn

)1/d

+
(

kn

n

)1/d
)

. (12)

This theorem is proved in Section 6. Note that the important point in assumption (10) is
the lower bound, since in our compact manifold case, any continuous function p is bounded.
Condition (11) and the rate of convergence in (12) come from that fact that the random distance
Rn,kn (x) stays with large probability in an interval [κ−1hn, κhn] for some κ > 1 independent of
x and n, and for a sequence hn independent of x. This property is based on a result of Cheng and
Wu [9]. The proof of Theorem 2 follows the main steps presented in the proof of Theorem 1
with some slight modifications.

Note that assumption (11) is satisfied for

kn = Cn1−α, with α ∈
(

0,
1

d + 2

)
,

for instance. Optimizing the upper bound in (12) by varying α in the above choice gives

kn = Cn
4

d+4 ,

yielding again a convergence rate of O
(√

log (n) n−1/(d+4)
)
.

Finally, we make the link between the convergence of the generators and the convergence of
the associated stochastic processes. As mentioned at the beginning of this paper, the generator
Ahn,n can be seen as the infinitesimal generator of continuous-time random walks (X(n))n�0
visiting the points (Xi)i∈[[1,n]]. Their trajectories are described by the following stochastic
differential equation (SDE):

X(n)
t = X(n)

0 +
∫ t

0

∫
N

∫
R+

1i�n1
θ� 1

nhd+2
n

K

( ‖Xi−X(n)
s− ‖2

hn

)(Xi − X(n)
s−
)

Q(ds, di, dθ ), (13)

with initial condition X(n)
0 and where Q(ds, di, dθ ) is a Poisson point measure on R+ ×N×

R+, independent of X(n)
0 , and of intensity ds ⊗ n(di) ⊗ dθ , with ds and dθ Lebesgue measures

on R+ and n(di) the counting measure on N (see, for example, [20] for an introduction on
SDEs driven by Poisson point measures). Consider a fixed time T > 0. These random walks
on [0,T] are stochastic processes with paths in the space D([0, T],M) of càdlàg M-valued
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6 H. GUÉRIN ET AL.

processes, embedded with the Skorokhod topology (see [5, 21]), and converge to a diffusion
on the manifold M with generator A.

Theorem 3. Let T > 0 be fixed. Suppose that the density p on the smooth manifold M is of
class C2 and that Assumption 1 and (5) are satisfied. Assume additionally that the initial con-
ditions

(
X(n)

0

)
n�0 converge in distribution to a probability measure ν on M. Then the sequence

of random walks (X(n))n�0 converges in distribution, and in the space D([0, T],M), to the dif-
fusion X that is the unique solution of the martingale problem associated with the operator A
with initial distribution ν.

Similarly, we introduce the random walk associated to the kNN generator as the solution of
the following SDE:

X(n),kNN
t = X(n),kNN

0

+
∫ t

0

∫
N

∫
R+

1i�n1
θ� 1

nRd+2
n,kn

(
X(n),kNN

s−
) 1‖Xi−X(n),kNN

s− ‖2�Rd+2
n,kn

(
X(n),kNN

s−
)(Xi − X(n)

s−
)

Q(ds, di, dθ ).

(14)

Theorem 4. Let T > 0 be fixed. Suppose that the density p on the smooth manifold M is
of class C2 and that Assumption 1, (10), and (11) are satisfied. Assume additionally that
the initial conditions (X(n),kNN

0 )n�0 converge in distribution to a probability measure ν on
M. Then the sequence of random walks (X(n),kNN)n�0 converges in distribution, and in the
space D([0, T],M), to the diffusion X that is the unique solution of the martingale problem
associated with the operator A with initial distribution ν.

The convergence established in Theorems 3 and 4 of the above random walks is of particular
interest, as certain functionals are continuous with respect to topologies on path spaces. In
particular, it implies the convergence of the occupation measures of the random walks toward
that of the diffusive process with generator A. This limiting occupation measure has been
studied in [12, 35].

The rest of the paper is organized as follows. In Section 2, we give the scheme of the proof.
The term |Ahn,n(f )(x) −A(f )(x)| is separated into a bias error, a variance error, and a term
corresponding to the convergence of the kernel operator to a diffusion operator. In Section 3,
we provide some geometric background that will be useful for the study of the third term, which
is treated in Section 4. The two first statistical terms are considered in Section 5, which will
end the proof of Theorem 1. Corollary 1 is then proved at the end of this section. In Section 6,
we treat the convergence of kNN Laplacians: after recalling a concentration result for Rn,kn (x),
the proof amounts to considering a uniform convergence over a range of window widths. The
functional limit theorems, showing the convergence of the random walks to diffusive limits,
are shown in Section 7.

Notation 1. In this paper diam(M), BRd (0, r), and Sd−1 denote the diameter of M,
maxz,y∈M (‖z − y‖2), the ball of R

d centered at 0 with radius r, and the volume of the
(d − 1)-unit sphere of Rd, respectively.

2. Outline of the proof for Theorem 1

First, we focus on the proof of Theorem 1. Recall that ρ(·, ·) denotes the geodesic distance
on M and that μ(dx) is the volume measure on M. We define two new operators Ah, Ãh for
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Convergence of Laplacians of random geometric and kNN graphs on compact manifolds 7

each h> 0, x ∈M, f ∈ C3(M):

Ah(f )(x) := 1

hd+2

∫
M

K

(‖x − y‖2

h

)
(f (y) − f (x))p(y)μ(dy), (15)

Ãh(f )(x) := 1

hd+2

∫
M

K

(
ρ(x, y)

h

)
(f (y) − f (x))p(y)μ(dy). (16)

The difference between Ah and Ãh lies in the use of the extrinsic Euclidean distance ‖ · ‖2
for Ah and of the intrinsic geodesic distance ρ(·, ·) for Ãh. Recall that these two metrics are
comparable for close x and y.

Theorem 5 (Approximation inequality for Riemannian distance) [13, Proposition 2]. There is
a constant c such that, for x, y ∈M, we have

‖x − y‖2 ≤ ρ(x, y) ≤ ‖x − y‖2 + c‖x − y‖3
2.

Let us sketch the proof of Theorem 1. By the classical triangular inequality,∣∣Ahn,n(f )(x) −A(f )(x)
∣∣� ∣∣A(f )(x) − Ãhn(f )(x)

∣∣
+ ∣∣Ãhn(f )(x) −Ahn(f )(x)

∣∣
+ ∣∣Ahn(f )(x) −Ahn,n(f )(x)

∣∣ . (17)

The first term on the right-hand side of (17) corresponds to the convergence of the kernel-based
generator to a continuous diffusion generator on M. The following proposition is proved in
Section 4.2.

Proposition 1 (Convergence of averaging kernel operators). Under Assumption 1, and if p is
of class C2, we have, for all f ∈ C3(M),

sup
x∈M

∣∣∣Ãh(f )(x) −A(f )(x)
∣∣∣= O(h).

This approximation is based on tools from differential geometry and exploits the assumed
regularities on K and p. Similar results have been obtained, in particular by [15, Theorem 3.1],
but with continuous assumptions on K that exclude the kNN cases.

The second term in (17) corresponds to the approximation of the Euclidean distance by the
geodesic distance and is dealt with in the following proposition, proved in Section 4.3.

Proposition 2. Under Assumption 1, and for a bounded measurable function p, we have, for
all f Lipschitz continuous on M,

sup
x∈M

∣∣∣Ah(f )(x) − Ãh(f )(x)
∣∣∣= O(h).

For the last term on the right-hand side of (17), note that

E
[Ahn,nf (x)

]=Ahn f (x),

because (Xi, i ∈N) are i.i.d. This term corresponds to a statistical error. The following
proposition will be proved in Section 5 using Vapnik–Chervonenkis theory.

Proposition 3. Under Assumption 1 and for a bounded measurable function p, we have, for all
f ∈ C3(M),

sup
x∈M

∣∣Ahn,nf (x) −Ahn f (x)
∣∣= O

⎛⎝√ log h−1
n

nhd+2
n

+hn

⎞⎠ , almost surely.
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It is worth noting that there is an interplay between Euclidean and Riemannian distances. On
the one hand, the Vapnik–Chervonenkis theory is extensively studied for Euclidean distances,
not for Riemannian distance. On the other hand, approximations on manifolds naturally use
local coordinate representations for which the Riemannian distance is well adapted.

3. Some geometric background

3.1. Riemannian manifold

Let us recall some facts from differential geometry that will be useful. We refer the reader
to [8, 26] for a more rigorous introduction to Riemannian geometry. Let M be a smooth d-
dimensional submanifold of Rm.

At each point x of M, there is a tangent vector space TxM that contains all the tangent
vectors of M at x. The tangent bundle of M is denoted by TM= �x∈MTxM. For each x ∈M,
the canonical scalar product 〈·, ·〉Rm of Rm induces a natural scalar product on TxM, denoted
by g(x). The application g, which associates each point x with a scalar product on TxM, is then
called the Riemannian metric on M induced by the ambient space R

m. For ξ, η ∈ TxM, we
use the classical notation 〈ξ, η〉g to denote the scalar product of ξ and η with respect to the
scalar product g(x).

Consider a coordinate chart �= (x1, . . . , xd) : U →R
d on a neighborhood U of x. Denote

by
{

∂

∂x1

∣∣∣
x
, ∂

∂x2

∣∣∣
x
, . . . , ∂

∂xd

∣∣∣
x

}
the natural basis of TxM associated with the coordinates

(x1, . . . , xd). Then the scalar product g(x) is associated to a matrix (gij)i,j∈[[1,d]] in the sense
that in this coordinate chart, for ξ and η ∈ TxM,

〈ξ, η〉g =
d∑

i,j=1

gij(x)ξ iηj, (18)

where (ξ i), (ηj) are the coordinates of ξ and η in the above basis of TxM. Note that, for each
i, j ∈ [[1, d]],

gij(x) :=
〈
∂

∂xi

∣∣∣∣
x
,
∂

∂xj

∣∣∣∣
x

〉
g
, (19)

and gij : U ⊂ M →R is smooth. For a real function f on M, we will denote by f̂ its expression
in the local chart: f̂ = f ◦�−1. Recall that the derivative ∂f

∂xj is defined as:

∂f

∂xj
:= ∂̂f

∂xj
◦�.

Also we denote
ĝij := gij ◦�−1, (20)

which will be called the coordinate representation of the Riemannian metric in the local
chart �.

Charts (from U ⊂M→R
d) induce local parameterizations of the manifold (from R

d →
U ⊂M). Among all possible local coordinate systems of a neighborhood of x in M, there
are normal coordinate charts (see [26, pp. 131–132] or the remark below for a definition). We
denote by Ex the Riemannian normal parameterization at x, that is, E−1

x is the corresponding
normal coordinate chart.
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Convergence of Laplacians of random geometric and kNN graphs on compact manifolds 9

Remark 1 (Construction of E−1
x ). For the sake of completeness, we briefly recall the construc-

tion of [26]. Let U be an open subset of M. There exists a local orthonormal frame (Ei)i∈[[1,d]]
over U (see [26, Proposition 2.8, p. 14]). The tangent bundle TU can be identified with U ×R

d

thanks to the smooth map

F :
U ×R

d → TU
(x, (v1, . . . , vd)) �→ v =∑d

i=1 viEi|x.
(21)

Thus, for each x ∈ U, F(x, ·) is an isometry between R
d and TxM.

Recall that by [26, Proposition 5.19, p. 128], the exponential map exp ( · ) of M can be

defined on a non-empty open subset W of TM such that for all x ∈M,
−→
0 x ∈ W, where

−→
0 x

is the zero element of TxM. Then the map exp ◦F : (x, v) �→ Ex(v) := exp ◦ F(x, (v1, . . . , vd))
is well defined on F−1(W ∩ TU) and E−1

x is a Riemannian normal coordinate chart at x ∈ U,
smooth with respect to x.

Let us state some properties of the normal coordinate charts.

Theorem 6 (Derivatives of Riemannian metrics in normal coordinate charts) [26, Proposition
5.24]. For x ∈M, let E−1

x : U ⊂M→R
d be a normal coordinate chart at a point x such that

E−1
x (x) = 0 and let (̂gij;1 ≤ i, j ≤ d) be the coordinate representation of the Riemannian metric

of M in the local chart E−1
x . Then, for all i,j,

ĝij(0) = δij, ĝ′
ij(0) = 0, (22)

where δij is the Kronecker delta. Additionally, for all y ∈ U,

ρ(x, y) = ‖E−1
x (y)‖2. (23)

Notation 2. For any function f : Rd →R
k, we denote by f ′ : Rd →R

k the linear map that rep-
resents the first-order derivative of f. Similarly, we denote respectively by f ′′ : Rd ×R

d →R
k

and f ′′′ : Rd ×R
d ×R

d →R
k the bilinear map and trilinear maps that represent the second-

and third-order derivatives of f. Thus, the Taylor’s expansion of f up to third order can be
written as

f (x + v) = f (x) + f ′(x)(v) + 1

2
f ′′(x)(v, v) + 1

6
f ′′′(x + εv)(v, v, v),

for some ε ∈ (0, 1).

For the normal parameterizations Ex, we now state some uniform controls that are key to
our computations in the sequel.

Theorem 7 (Existence of a ‘good’ family of parameterizations). There exist constants c1, c2 >

0 and a family (Ex, x ∈M) of smooth local parameterizations of M which have the same
domain BRd (0, c1) such that, for all x ∈M, the following assertions hold.

(i) E−1
x is a normal coordinate chart of M and Ex(0) = x.

(ii) For v ∈ BRd (0, c1), we denote by (̂gx
ij(v);1 ≤ i, j ≤ d) the coordinate representation of

the Riemannian metric g(Ex(v)) of M in the local parameterization Ex. Then, for all
v ∈ BRd (0, c1), ∣∣∣√det ĝx

ij(v) − 1
∣∣∣≤ c2‖v‖2

2. (24)
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(iii) We have ‖Ex(v) − x‖2 ≤ ‖v‖2. In addition, for all v ∈ BRd (0, c1),

‖Ex(v) − x − E ′
x(0)(v)‖2 ≤ c2‖v‖2

2 (25)

and

‖Ex(v) − x − E ′
x(0)(v) − 1

2
E ′′

x (0)(v, v)‖2 ≤ c2‖v‖3
2. (26)

Proof. Let U be an open domain of a local chart of M. Following Remark 1 and not-
ing that there is always an orthonormal frame over U, we can define a family of normal
parameterizations (Ex)x∈U .

First, we note that ‖Ex(v) − x‖2 ≤ ‖v‖2 thanks to Theorem 5 and (23).
Restricting U if necessary (by an open subset with compact closure in U), there exist

constants c1, c2 > 0 such that exp ◦F is well defined on U × BRd (0, c1) and that, for all
v ∈ BRd (0, c1), expressions (25) and (26) hold by Taylor expansions of Ex. Expression (24)
is a consequence of the smoothness of Ex and of the compactness of M (see Propositions 5.19
and 5.24 in [26]).

Clearly, for each point y ∈M, we can find an open neighborhood U of y and positive con-
stants c1 and c2 as above. Hence, such open sets form an open covering of M. Therefore, by
the compactness of M, there exists a finite covering of M by such open sets U and, therefore,
the constants c1 and c2 can be chosen uniformly for all Ex. �

3.2. Gradient operator and Laplace–Beltrami operator

Given a Riemannian manifold (M, g), the gradient operator ∇M and the Laplace–Beltrami
operator �M are, as suggested by their names, the generalizations for differential manifolds
of the gradient ∇Rm and the Laplacian �Rm in the Euclidean space R

m.
For a function f of class C1 on M, the gradient ∇Mf is expressed in local coordinates as

∇Mf (x) =
d∑

i,j=1

gij(x)
∂f

∂xi
(x)

∂

∂xj

∣∣∣∣
x
, (27)

where (gij)1�i,j,�d is the inverse matrix of (gij)1�i,j,�d. Since
∑d

j=1 gijgjk = δik, we note that

for f , h functions of class C1,

〈∇M(f ),∇M(h)〉g =
d∑

i,j=1

gij ∂f

∂xi

∂h

∂xj
. (28)

The Laplace–Beltrami operator is defined by (see [19, Section 3.1])

�Mf :=
d∑

i,j=1

1√
det (g)

∂

∂xi

(√
det (g)gij ∂f

∂xj

)
. (29)

When using normal coordinates, the expressions for the Laplacian and the gradient of a
smooth function f at a point x match their definitions in R

d.

Proposition 4. Suppose that� : U ⊂M→R
d is a normal coordinate chart at a point x in M

such that �(x) = 0. Then:

(i) 〈∇Mf (x),∇Mh(x)〉g = 〈∇Rd f̂ (0),∇Rd ĥ(0)〉;
(ii) �Mf (x) =�Rd f̂ (0),
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Proof. Recall that gij(x) = ĝij(0). By Theorem 6, we know that ĝij(0) = δij, thus, ĝij(0) =
δij and assertion (i) is a consequence of (28). For assertion (ii) we use (29). Since for the
normal coordinates det ĝ(0) = 1 and since the derivatives of ĝij and ĝij vanish at 0, we can
conclude. �

4. Some kernel-based approximations of A
The aim of this section is to prove the estimates for the two error terms on the right-hand

side of (17) and prove Propositions 1 and 2. Both error terms are linked with the geometry of
the problem and use the results presented in Section 3. The first deals with the approximation
of the Laplace–Beltrami operator by a kernel estimator (see Section 4.2), whereas the second
treats the differences between the use of the Euclidean norm of Rm and the use of the geodesic
distance (see Section 4.3).

4.1. Weighted moment estimates

We begin with an auxiliary estimation. The result is related to kernel smoothing and can also
be useful in density estimation on manifolds (see, for example, [4]). In particular, the following
lemma does not require the compactness of the support of K, which also encompasses the
Gaussian kernel function studied in [15], for example.

Lemma 1. Under Assumption 1, uniformly in x ∈M, when h converges to 0, we have

1

hd+2

∫
M

1ρ(x,y)≥c1K

(
ρ(x, y)

h

)
μ(dy) = o(h), (30)

1

hd+2

∫
M

1ρ(x,y)≥c1K

(‖x − y‖2

h

)
μ(dy) = o(h), (31)

and there is a generic constant c such that, for all points x ∈M and positive number h> 0, we
have

1

hd+2

∫
M

K

(
ρ(x, y)

h

)
‖x − y‖3

2μ(dy) ≤ ch, (32)

1

hd+2

∫
M

K

(
ρ(x, y)

h

)
‖x − y‖2

2μ(dy) ≤ c, (33)

1

hd+2

∫
M

K

(‖x − y‖2

h

)
‖x − y‖3

2μ(dy) ≤ ch, (34)

1

hd+2

∫
M

K

(‖x − y‖2

h

)
‖x − y‖2

2μ(dy) ≤ c. (35)

Proof. Using Lemma 4, we have∫
M

1ρ(x,y)≥c1K

(
ρ(x, y)

h

)
μ(dy) ≤μ(M) sup

r≥c1

K
( r

h

)
≤μ(M)

[
H(∞) − H

(c1

h

)]
=μ(M)

∫
(c1/h,∞)

dH(a)

≤ hd+3μ(M)

cd+3
1

∫
(c1/h,∞)

ad+3dH(a). (36)
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Thanks to the boundedness of
∫∞

0 ad+3 dH(a), we obtain (30). Then, as a consequence of (30),
by the compactness of M, we readily observe that uniformly in x ∈M, when h converges
to 0,

1

hd+2

∫
M

1ρ(x,y)≥c1K

(
ρ(x, y)

h

)
‖x − y‖3

2μ(dy) = o(h).

Thus, to prove inequality (32), it remains to prove that uniformly in x, when h converges
to 0,

I := 1

hd+3

∫
M

1ρ(x,y)<c1K

(
ρ(x, y)

h

)
‖x − y‖3

2μ(dy) = O(1). (37)

Recall that in Theorem 7, we showed that for each point x ∈M, there is a local smooth param-
eterization Ex of M that has many nice properties, especially ρ(x, y) = ‖E−1

x (y)‖2 for all y
within an appropriate neighborhood of x by (23). Thus, the term I on the left-hand side of (37)
can be rewritten in its coordinate representation under the parameterization Ex by using the
change of variables v = E−1

x (y):

I = 1

hd+3

∫
B
Rd (0,c1)

K

(‖v‖2

h

)
‖x − Ex(v)‖3

2

√
det̂gx

ij(v) dv.

Then, using Theorems 5 and 7(ii) and (iii),

I ≤ c2

hd+3

∫
B
Rd (0,c1)

K

(‖v‖2

h

)
‖v‖3

2

(
1 + c2‖v‖2

2

)
dv

≤ c2

hd+3

∫
B
Rd (0,c1)

K

(‖v‖2

h

)
‖v‖3

2

(
1 + c2c2

1

)
dv

≤ c2

hd+3

∫
Rd

K

(‖v‖2

h

)
‖v‖3

2

(
1 + c2c2

1

)
dv

= c2
(
1 + c2c2

1

) ∫
Rd

K(‖v‖2)‖v‖3
2 dv. (38)

Using the spherical coordinate system when d � 2,

I � c2
(
1 + c2c2

1

) [∫ ∞

0
K(a)a3 × ad−1 da

]
×
[∫

[0,2π ]×[0,π ]d−2
sind−2 (θ1) sind−3 (θ2) · · · sin (θd−2) dθ

]
= c2

(
1 + c2c2

1

)
Sd−1

[∫ ∞

0
K(a)ad+2 da

]
.

For d = 1, we use that ∫
R1

K(|v|)|v|3dv = 2 ×
∫ ∞

0
K(a)a1+2 da.

Hence, by Lemma 4 in the Appendix and by Fubini’s theorem, we have

I ≤ c2
(
1 + c2c2

1

)
Sd−1

∫ ∞

0
(H(∞) − H(a)) ad+2 da

= c2
(
1 + c2c2

1

)
(d + 3)−1Sd−1

∫
[0,∞]

bd+3 dH(b)<∞. (39)

Therefore, inequality (32) is proved. The proof of inequality (33) is similar.
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For inequalities (31), (34), and (35), we observe that they are indeed consequences of (30),
(32), and (33). Consider, for example, (31), again using Lemma 4 and Theorem 5:

1

hd+2

∫
M

1ρ(x,y)�c1K

(‖x − y‖2

h

)
μ(dy)

≤ 1

hd+2

∫
M

1ρ(x,y)�c1

[
H(∞) − H

(
ρ(x, y)

h(1 + c3‖x − y‖2
2)

)]
μ(dy)

≤ 1

hd+2

∫
M

1ρ(x,y)�c1

[
H(∞) − H

(
ρ(x, y)

h(1 + c3diam(M)2)

)]
μ(dy)

= 1

hd+2

∫
M

1ρ(x,y)�c1K̃

(
ρ(x, y)

h

)
μ(dy), (40)

for K̃(a) := H(∞) − H
(

a
1+c3diam(M)2

)
and where the second inequality uses the fact that H

is a non-decreasing function. Thus, inequality (31) corresponds to inequality (30), where K is
replaced with K̃. Clearly, the function K̃ is of bounded variation and satisfies Assumption 1,
which concludes the proof for (31). The arguments are similar for (34) and (35).

4.2. Proof of Proposition 1

We now prove Proposition 1, dealing with the approximation of the Laplace–Beltrami oper-
ator by a kernel operator. In the course of the proof, some quantities involving gradients
and Laplacians will appear repetitively. The next lemma will be useful in dealing with these
expressions and its proof is postponed to Appendix C.

Lemma 2 (Some auxiliary calculations). Suppose that f , h : Rm →R, k : Rd →R
m are C2-

continuous functions, that k(0) = x and that G : R+ →R is a locally bounded measurable
function. Then, for all c> 0,∫

B
Rd (0,c)

G(‖v‖2)〈∇Rmf (x), k′(0)(v)〉〈∇Rmh(x), k′(0)(v)〉 dv

= 〈∇Rd (f ◦ k)(0),∇Rd (h ◦ k)(0)〉
(

1

d

∫
B
Rd (0,c)

G(‖v‖2)‖v‖2
2 dv

)
(41)

and∫
B
Rd (0,c)

G (‖v‖2)

[ 〈
∇Rmf (x), k′(0)(v) + 1

2
k′′(0)(v, v)

〉
+ 1

2
f ′′(x)(k′(0)(v), k′(0)(v))

]
dv

= 1

2
�Rd (f ◦ k)(0)

(
1

d

∫
B
Rd (0,c)

G(‖v‖2)‖v‖2
2 dv

)
. (42)

We are now in a position to prove Proposition 1. As M is compact, it is a properly embedded
submanifold of Rm (see [25, p. 98]). Hence, any function of class C3 on M can be extended to
a function of class C3 on R

m (see [25, Lemma 5.34]). Thus, without loss of generality, assume
f and p are C3 and C2 functions on R

m with compact supports, respectively.
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Recall that we want to study
∣∣Ãh(f ) −A(f )

∣∣, where A and Ãh have been respectively
defined in (2) and (16). Thanks to Lemma 1, it is sufficient to prove that∣∣∣∣A(f )(x) − 1

hd+2

∫
M

1ρ(y,x)<c1K

(
ρ(x, y)

h

)
(f (y) − f (x))p(y)μ(dy)

∣∣∣∣= O(h),

uniformly in x ∈M, to conclude the proof of Proposition 1, where c1 > 0 is introduced in
Theorem 7.

In addition, thanks to the compactness of M and to the regularity of f and p, Taylor’s
expansion implies that there is a constant c4 such that, for all x, y ∈M,∣∣∣∣(f (y) − f (x))p(y) −

(
〈∇Rmf (x), y − x〉 + 1

2
f ′′(x)(y − x, y − x)

)
p(x)

− 〈∇Rmf (x), y − x〉〈∇Rm p(x), y − x〉
∣∣∣∣≤ c4‖x − y‖3

2. (43)

Hence, by inequality (32), it is sufficient to prove that uniformly in x,

J1 := 1

hd+2

∫
M

1ρ(y,x)<c1K

(
ρ(x, y)

h

)
〈∇Rmf (x), y − x〉〈∇Rm p(x), y − x〉μ(dy)

= c0〈∇M(f )(x),∇M(p)(x)〉g + O(h) (44)

and

J2 := 1

hd+2

∫
M

1ρ(y,x)<c1K

(
ρ(x, y)

h

) [
〈∇Rmf (x), y − x〉 + 1

2
f ′′(x)(y − x, y − x)

]
μ(dy)

= 1

2
c0�M(f )(x) + O(h). (45)

The proof is similar to the study of I given by (37) in the proof of Lemma 1. We rewrite the
integrals considered in coordinate representations. Using the change of variables v = E−1

x (y),
we have

J1 = 1

hd+2

∫
B
Rd (0,c1)

K

(‖v‖2

h

)
〈∇Rmf (x), Ex(v) − x〉〈∇Rm p(x), Ex(v) − x〉

√
det̂gx

ij(v) dv.

By properties (ii) and (iii) in Theorem 7 we have∣∣∣∣J1−
∫

B
Rd (0,c1)

K

(‖v‖2

h

)
〈∇Rmf (x), Ex(v) − x〉〈∇Rm p(x), Ex(v) − x〉 dv

∣∣∣∣
≤ c2

hd+2
‖∇Rmf (x)‖2‖∇Rmp(x)‖2

∫
B
Rd (0,c1)

K

(‖v‖2

h

)
‖v‖2

2‖Ex(v) − x‖2
2 dv

≤ c3
2

hd+2
‖∇Rmf (x)‖2‖∇Rmp(x)‖2

∫
B
Rd (0,c1)

K

(‖v‖2

h

)
‖v‖4

2 dv

≤ c3
2c1

hd+2
‖∇Rmf (x)‖2‖∇Rmp(x)‖2

∫
B
Rd (0,c1)

K

(‖v‖2

h

)
‖v‖3

2 dv.

As in the proof of Lemma 1, we deduce that the latter is bounded by O(h).

https://doi.org/10.1017/apr.2026.10060 Published online by Cambridge University Press

https://doi.org/10.1017/apr.2026.10060


Convergence of Laplacians of random geometric and kNN graphs on compact manifolds 15

In addition, again using property (iii) in Theorem 7, we have that, uniformly in x,∣∣∣ 1

hd+2

∫
B
Rd (0,c1)

K

(‖v‖2

h

)
〈∇Rmf (x), Ex(v) − x〉〈∇Rm p(x), Ex(v) − x〉 dv − J11

∣∣∣
= O(h), (46)

with

J11 := 1

hd+2

∫
B
Rd (0,c1)

K

(‖v‖2

h

)
〈∇Rmf (x), E ′

x(0)(v)〉〈∇Rmp(x), E ′
x(0)(v)〉 dv.

Let us now compare J11 with the first term of the generator A. Using equation (41) of

Lemma 2, with G(||v||2) = K
( ||v||2

h

)
, k = Ex, and Proposition 4, we have

J11 = 1

hd+2

(
1

d

∫
B
Rd (0,c1)

K

(‖v‖2

h

)
‖v‖2

2 dv

)
〈∇Rd (f ◦ Ex)(0),∇Rd (p ◦ Ex)(0)〉

=
(

1

d

∫
B
Rd (0,c1/h)

K (‖v‖2) ‖v‖2
2dv

)
〈∇Mf (x),∇Mp(x)〉g

=
(

1

d

∫
Rd

K (‖v‖2) ‖v‖2
2dv

)
〈∇Mf (x),∇Mp(x)〉g + o(h),

where the last estimation is uniform in x ∈M and comes from the second estimation in (B2)
in Lemma 4. Thus, we have proved Equation (44) for J1.

The proof for J2, given by (45), is similar to what we have done for J1. To identify the
Laplace–Beltrami operator in the last step of the proof, we use (42) of Lemma 2 and the
second point of Proposition 4. Therefore, we have proved Proposition 1.

4.3. Proof of Proposition 2

Let us now prove Proposition 2. This proposition deals with the difference between the
geodesic distance on M and the Euclidean norm of Rm.

By inequalities (30) and (31) of Lemma 1, we know that uniformly in x, when h converges
to 0, ∫

M

(
K

(‖x − y‖2

h

)
+ K

(
ρ(x − y)

h

))
1ρ(x,y)≥c1μ(dy) = o(hd+3).

Thus, by regularity of f , boundedness of p and compactness of M, uniformly in x, when h
converges to 0,∫

M

(
K

(‖x − y‖2

h

)
+ K

(
ρ(x − y)

h

))
|f (x) − f (y)|p(y)1ρ(x,y)≥c1μ(dy) = o(hd+3).

Thus, we only have to prove that, uniformly in x,∫
M

∣∣∣∣K (ρ(x, y)

h

)
− K

(‖x − y‖2

h

)∣∣∣∣ |f (x) − f (y)|p(y)1ρ(x,y)<c1μ(dy) = O(hd+3),

or equivalently, using the change of variables v = E−1
x (y) and ρ(x, y) = ‖E−1

x (y)‖2 by (23),∫
B
Rd (0,c1)

∣∣∣∣K (‖v‖2

h

)
− K

(‖Ex(v) − x‖2

h

)∣∣∣∣ |f ◦ Ex(v) − f (x)| p ◦ Ex(v)
√

det̂gx
ij(v) dv

= O(hd+3).
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In addition, by regularity of f , boundedness of p, and compactness of M, there is a constant
c such that |f (x) − f (y)| ≤ c‖x − y‖2. Moreover, by property (ii) of Theorem 7, the function
v �→ det̂gx

ij(v) is bounded on BRd(0,c1). Hence, it is sufficient to show that, uniformly in x,

I :=
∫

B
Rd (0,c1)

∣∣∣∣K (‖v‖2

h

)
− K

(‖Ex(v) − x‖2

h

)∣∣∣∣ ‖Ex(v) − x‖2 dv = O(hd+3).

Recall that ‖Ex(v) − x‖2 � ‖v‖2 (by Theorem 7). By (B1) in Lemma 4, we have

I �
∫

B
Rd (0,c1)

(∫
( ‖Ex(v)−x‖2

h ,
‖v‖2

h

] dH(a)

)
‖v‖2dv

=
∫

B
Rd (0,c1)

(∫
R+

1‖Ex(v)−x‖2<ah≤‖v‖2 dH(a)

)
‖v‖2dv.

Also by Theorem 5, there exists a constant c3 such that, for all x, y ∈M,

ρ(x, y) � c3‖x − y‖3
2 + ‖x − y‖.

In addition, the polynomial function z �→ z + c3z3 is an increasing bijective function and
we denote by ϕ its inverse. Thus, for all x, y ∈M, ϕ(ρ(x, y)) ≤ ‖x − y‖2. Then, using that
ϕ(‖v‖2) = ϕ(ρ(x, Ex(v))), we deduce that ϕ(‖v‖2) ≤ ‖Ex(v) − x‖2. Therefore,

I ≤
∫

B
Rd (0,c1)

(∫
R+

1ϕ(‖v‖2)<ah≤‖v‖2dH(a)

)
‖v‖2dv

=
∫
R+

(∫
B
Rd (0,c1)

‖v‖2.1ah≤‖v‖2<ah+c3(ah)3 dv

)
dH(a),

by Fubini’s theorem. Finally, using the spherical coordinate system as in the proof of Lemma 1,
we see that

I � Sd−1

∫
R+

(∫ c1

0
rd1ah≤r<ah+c3(ah)3dr

)
dH(a)

≤ Sd−1

∫
R+

(
1ah≤c1 ×

∫ ah+c3(ah)3

ah
rd dr

)
dH(a)

≤ Sd−1

∫
R+

(
1ah≤c1 × c3(ah)3[ah + c3(ah)3]d) dH(a)

≤ Sd−1

∫
R+

c3(ah)d+3(1 + c3c2
1

)d dH(a)

= Sd−1c3
(
1 + c3c2

1

)d
hd+3

∫
R+

ad+3 dH(a).

This concludes the proof of Proposition 2.
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5. Approximations by random operators

In this section, we study the statistical error and prove Proposition 3.

Notation 3. For a C3-function f : M→R
k, we denote respectively by ‖f ′‖∞, ‖f ′′‖∞, ‖f ′′′‖∞

the standard norm of multilinear maps, that is,

‖f ′′‖∞ = supx∈M,(v,w)∈(Rm)2

‖v‖2≤1,‖w‖2≤1

∣∣f ′′(x)(v,w)
∣∣.

Recall that for α ∈ [[1,m]] and x ∈R
m, we denote by xα the αth coordinate of x.

Let us consider the following collection F of C3-functions:

F := {f ∈ C3(M) : ‖f ‖∞ ≤ 1, ‖f ′‖∞ ≤ 1, ‖f ′′‖∞ ≤ 1, ‖f ′′′‖∞ ≤ 1}. (47)

Let X be a random variable with distribution p(x)μ(dx) on M. We introduce the following
sequence of random variables (Zn, n ∈N):

Zn := sup
f ∈F

sup
x∈M

∣∣∣∣Ahn,n(f )(x) − E[Ahn,n(f )(x)]

∣∣∣∣
= 1

nhd+2
n

sup
f ∈F

sup
x∈M

∣∣∣∣∣
n∑

i=1

(
K

(‖Xi − x‖2

hn

)
(f (Xi) − f (x))

−E

[
K

(‖X − x‖2

hn

)
(f (X) − f (x))

])∣∣∣∣ .

Recall that for all functions f and points x, E[Ahn,n(f )(x)] =Ahn (f )(x). We want to prove that
with probability 1,

Zn = O

⎛⎝√ log h−1
n

nhd+2
n

+ hn

⎞⎠ . (48)

The general idea in proving this estimation is that instead of directly proving this convergence
speed for (Zn), we show that its expectation also has this speed of convergence, that is,

lim sup
n→∞

⎡⎢⎣
⎛⎝√ log h−1

n

nhd+2
n

+ hn

⎞⎠−1

E(Zn)

⎤⎥⎦<∞. (49)

Then (48) will follow easily from Talagrand’s inequality (see Corollary 1 in the Appendix) and
the Borel–Cantelli lemma, as explained in Section 5.4. The detailed plan for the proof of (48)
is as follows.

I. Use Taylor’s expansion to divide each Zn into many simpler terms.

II. Use Vapnik–Chervonenkis theory and Theorem 8 to bound the expectation of each term.

III. Use Talagrand’s inequality to conclude.

Having used Talagrand’s inequality, we will have a non-asymptotic estimation of

P
(

sup
f ∈F

sup
x∈M

∣∣∣Ahn,n(f )(x) − E[Ahn,n(f )(x)]
∣∣∣≥ δ)

for some suitable constant δ and will be able to prove the Corollary 1 at the end of this section.
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5.1. On Vapnik–Chervonenkis theory

Before starting the proof, we recall the main definitions and an important result from
Vapnik–Chervonenkis theory for the Borelian space (Rm,B(Rm)) we will need. Other use-
ful results are given in Appendix A. For more details on the Vapnik–Chervonenkis theory, we
refer the reader to [11, 16, 29]. In this section, we will recall upper bounds that exist for

sup
f ∈F

E

[∣∣∣∣∣
n∑

i=1

(f (Xi) − E[f (Xi)])

∣∣∣∣∣
]

when the functions f range over certain Vapnik–Chervonenkis classes of functions that are
defined below.

Let (T , d) be a pseudo-metric space. Let ε > 0 and N ∈N∪ {+∞}. A set of points
{x1, . . . , xN} in T is an ε-cover of T if, for any x ∈ T , there exists i ∈ [1,N] such that
d(x, xi) ≤ ε. Then the ε-covering number of T is defined as

N(ε, T, d) := inf{N ∈N∪ {+∞} : there are N points in T

such that they form an ε-cover of (T, d)}.

For a collection of real-valued measurable functions F on R
m, a real measurable function

F defined on R
m is called an envelope of F if, for any x ∈R,

sup
f ∈F

|f (x)| ≤ F(x).

This allows us to define Vapnik–Chervonenkis classes of functions (see Definition 3.6.10 in
[16]). Recall that, for a probability measure Q on the measurable space (Rm,B(Rm)), the
L2(Q)-distance given by

(f , g) �→
(∫

|f (x) − g(x)|2Q(dx)

)1/2

defines a pseudo-metric on the collection of all bounded real measurable functions on R
m.

Definition 1 (Vapnik-Chervonenkis class of functions). A class of measurable functions F is
of Vapnik–Chervonenkis type with respect to a measurable envelope F of F if there exist finite
constants A, v such that, for all probability measures Q and ε ∈ (0, 1),

N(ε‖F‖L2 ,F , L2(Q)) ≤ (A/ε)v.

We will write
N(ε,F) := supQ N(ε,F , L2(Q)).

We now present a version of the useful inequality (2.5) of Giné and Guillou in [14] that
gives a bound for the expected concentration rate. For a class of function F , let us define for
any real valued function ϕ : F →R,

‖ϕ(f )‖F = supf ∈F |ϕ(f )|.
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Theorem 8 (See [14, Proposition 2.1 and Inequality (2.5)]). Consider n i.i.d. random variables
X1, . . . , Xn with values in (Rm,B(Rm)). Let F be a measurable uniformly bounded Vapnik–
Chervonenkis-type class of functions on (Rm,B(Rm)). We introduce two positive real numbers,
σ 2 and U, such that

σ 2 ≥ supf ∈F Var(f (X1)), U ≥ supf ∈F ‖f ‖∞, and 0<σ ≤ 2U.

Then there exists a constant R, depending only on the Vapnik–Chervonenkis parameters A, v
of F and on U, such that

E

[∥∥∥∥∥
n∑

i=1

(f (Xi) − E[f (Xi)])

∥∥∥∥∥
F

]
≤ R

(√
nσ
√|log σ | + |log σ |).

Note that there also exists a formulation of the previous result in terms of deviation probabil-
ity (see, for example, [28, Theorem 3]) that would lead to results similar to the ones established
in [7].

5.2. Step I: Decomposition of Zn

We first upper-bound the quantity Zn with a sum of simpler terms.

Lemma 3. There is a constant c> 0 such that, for all n � 1,

nhd+2
n Zn ≤

m∑
α=1

Yαn +
m∑

α,β=1

Yα,βn + Y (3)
n + 2nchd+3

n , (50)

where

Yαn := sup
x∈M

∣∣∣∣∣
n∑

i=1

[
K

(‖Xi − x‖2

hn

) (
Xαi − xαi

)− E

(
K

(‖X − x‖2

hn

)
(Xα − xα)

) ]∣∣∣∣∣ ,
Yα,βn := sup

x∈M

∣∣∣∣∣
n∑

i=1

[
K

(‖Xi − x‖2

hn

) (
Xαi − xα

)(
Xβi − xβ

)
−E

(
K

(‖X − x‖2

hn

)
(Xα − xα)(Xβ − xβ )

) ]∣∣∣∣ ,
Y (3)

n := sup
x∈M

∣∣∣∣∣
n∑

i=1

K

(‖Xi − x‖2

hn

)
‖Xi − x‖3

2 − E

[
K

(‖X − x‖2

hn

)
‖X − x‖3

2

]∣∣∣∣∣ .

Proof. Since, for any f ∈F , the differentials up to third order have operator norms bounded
by 1, we have, by the Taylor expansion theorem, for any (x, y) ∈ (Rm)2,

f (y) − f (x) = f ′(x)(y − x) + 1

2
f ′′(x)(y − x, y − x) + τf (y;x),

where τf is some function satisfying

supf ∈F |τf (y, x)| ≤ ‖f ′′′‖∞‖x − y‖3
2 = ‖x − y‖3

2. (51)

Thus, using the notation of the lemma, we deduce

nhd+2
n Zn ≤

m∑
α=1

Yαn +
m∑

α=1,β=1

Yα,βn + Yr
n,
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with

Yr
n := supf ∈F

x∈M

∣∣∣∣∣
n∑

i=1

(
K

(‖Xi − x‖2

hn

)
τf (Xi, x) − E

[
K

(‖X − x‖2

hn

)
τf (X, x)

])∣∣∣∣∣ .

Using (51), we now control Yr
n by Y (3)

n as follows:

Yr
n≤ sup

x∈M

∣∣∣∣∣
n∑

i=1

K

(‖Xi − x‖2

hn

)
‖Xi − x‖3

2

∣∣∣∣∣+ n sup
x∈M

E

[
K

(‖X − x‖2

hn

)
‖X − x‖3

2

]
≤ Y (3)

n + 2n sup
x∈M

E

[
K

(‖X − x‖2

hn

)
‖X − x‖3

2

]
.

Since the function p is bounded on the compact M, using (34) of Lemma 1, we deduce that
Yr

n � Y (3)
n + 2nchd+3

n , which concludes the proof. �

5.3. Step II: Application of the Vapnik–Chervonenkis theory

5.3.1. Control the first-order term E[Yαn ] Let α ∈ [[1,m]] be fixed. Given the kernel K, to bound
the first-order term Yαn , we introduce three families of real functions on M:

G := {ϕh,y,z : y, z ∈M, h> 0},
G1 := {ψh,y : y ∈M, h> 0}
G2 := {ζy(x) : y ∈M},

with
ϕh,y,z : x �−→ K

( ‖x−y‖2
h

)
(xα − zα),

ψh,y : x �−→ K
( ‖x−y‖2

h

)
,

ζy : x �−→ xα − yα .

Since K is of bounded variation, by [29, Lemma 22], G1 is of Vapnik–Chervonenkis type with
respect to a constant envelope. Since M is a compact manifold, by Lemma 3, G2 is also of
Vapnik–Chervonenkis type with respect to a constant envelope. Thus, using Lemma 2, we
deduce that G is a Vapnik–Chervonenkis-type class of functions because G = G1 · G2. Thus, by
Definition 1, there exist real values A ≥ 6, v ≥ 1 depending only on the Vapnik–Chervonenkis
characteristics of G1 and G2 such that, for all ε ∈ (0, 1),

N(ε, G) ≤
(

A

2ε

)v

.

Now let us consider the following sequence of families of real functions on M:

Hn = {ϕn,y : y ∈M}
, with ϕn,y : x �−→ K

(‖x − y‖2

hn

)
(xα − yα).

Proposition 5. Let (Xi)i�1 be a sample of i.i.d. random variables with distribution p(x)μ(dx)
on the compact manifold M and X a random variable with the same distribution. We assume
that p is bounded on M.
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Then, if the kernel K satisfies Assumption 1 and the sequence (hn)n�0 satisfies (5), then we
have

1

nhd+2
n

E

⎡⎣∥∥∥∥∥
n∑

i=1

(f (Xi) − E[f (X)])

∥∥∥∥∥
Hn

⎤⎦= O

⎛⎝√ log h−1
n

nhd+2
n

⎞⎠ . (52)

Proof. Since Hn ⊂ G, by Lemma 1, for all n, we have N(ε,Hn) ≤
(

A
ε

)v
. Hence, by

Theorem 8, there exists a constant R, depending only on A, v, and U, such that

E

⎡⎣∥∥∥∥∥
n∑

i=1

f (Xi) − E(f (X))

∥∥∥∥∥
Hn

⎤⎦≤ R
(√

nσ
√|log σ | + |log σ |

)
,

where U is a constant such that U ≥ supf ∈Hn
‖f ‖∞, and σ is a constant such that 4U2 ≥ σ 2 ≥

supf ∈Hn
E[f 2(X)].

Since Hn ⊂ G, we can choose U to be the constant envelope of G (thus, independent of n).
Furthermore, we see that

sup
f ∈Hn

E
[
f 2(X)

]≤ ‖K‖∞ sup
x∈M

∫
M

K

(‖x − y‖
hn

)
(xα − yα)2p(y)μ(dy).

By (33) of Lemma 1, we deduce that there is c> 0 such that

sup
f ∈Hn

E
[
f 2(X)

]≤‖K‖∞‖p‖∞μ(M)chd+2
n , (53)

which goes to 0 when n → +∞. Choose σ 2 := σ 2
n = ‖K‖∞‖p‖∞μ(M)chd+2

n . For n large
enough, σn ≤ 2U. Hence, using assumption (5) on the sequence (hn)n�1, we deduce

1

nhd+2
n

E

⎡⎣∥∥∥∥∥
n∑

i=1

f (Xi) − E[f (X)]

∥∥∥∥∥
Hn

⎤⎦= O

⎛⎝√ log h−1
n

nhd+2
n

+ log h−1
n

nhd+2
n

⎞⎠
= O

⎛⎝√ log h−1
n

nhd+2
n

⎞⎠ .

This concludes the proof. �
The conclusion of the above proposition means that

1

nhd+2
n

E
[
Yαn
]= O

⎛⎝√ log h−1
n

nhd+2
n

⎞⎠ .

5.3.2. Control the second-order term E[Yα,βn ] The way to bound the second-order term Yα,βn ,
for α, β ∈ [[1,m]], is similar to the previous step, but instead of considering Hn, we consider
the following Vapnik–Chervonenkis-type family of functions:

In :=
{
ξn,y,z : x �→ K

(‖x − y‖
hn

)
(xα − yα)(xβ − qβ ) : y ∈M, z ∈M,

}
.
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We note that, for any random variable X,

E
[

sup
g∈In

∣∣g2(X)
∣∣]� diam(M)2E

[
sup

f ∈Hn

∣∣f 2(X)
∣∣].

Using (53), we deduce that
sup
g∈In

E[g2(X)] = O
(
hd+2

n

)
and

1

nhd+2
n

E sup
g∈In

∣∣∣∣∣
n∑

i=1

(g(Xi) − E[g(Xi)])

∣∣∣∣∣= O

⎛⎝√ log h−1
n

nhd+2
n

⎞⎠ .

Therefore, we conclude that

1

nhd+2
n

E
[
Yα,βn

]= O

⎛⎝√ log h−1
n

nhd+2
n

⎞⎠ .

5.3.3. Control the third-order term E[Y (3)
n ] This step is essentially the same as the two previous

steps, except that the family of functions considered is a little bit different:

Kn :=
{

x �→ K

(‖x − y‖
hn

)
‖x − y‖3 : y ∈M

}
.

With the same arguments as before, we obtain

1

nhd+2
n

E
[
Y (3)

n

]= O

⎛⎝√ log h−1
n

nhd+2
n

⎞⎠ .

Thanks to Step I, Step II,and Lemma 3, we have shown that

E[Zn] = O

⎛⎝√ log h−1
n

nhd+2
n

+hn

⎞⎠ . (54)

5.4. Step III: Conclusion

Recall that the set of functions F is defined by (47). Since p is bounded on M, by (35) of
Lemma 1, there exists c> 0 such that for all f ∈F , for all x ∈M,

E

[
K

(‖X − x‖
hn

)2

(f (X) − f (x))2

]

≤ ‖K‖∞ E

[
K

(‖X − x‖
hn

)
‖X − x‖2

]
≤ ‖K‖∞chd+2

n .

In other words,

sup
f ∈F

sup
x∈M

E

[
K

(‖X − x‖
hn

)2

(f (X) − f (x))2

]
≤ ‖K‖∞chd+2

n .
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Thus, by choosing σ := σn =
√

‖K‖∞chd+2
n , and using Massart’s version of the Talagrand

inequality (cf. Corollary 1) with the functions of the form y �→ K
( ‖y−x‖2

hn

)
(f (y) − f (x)), for all

n sufficiently large and any positive number tn > 0, with probability at least 1 − e−tn ,

sup
f ∈F

sup
y∈M

nhd+2
n |Ahn,n(f )(x) − E[Ahn,n(f )(x)]| ≤ 9

(
nhd+2

n E[Zn] + σn
√

ntn + btn
)
, (55)

where, in this case, the constant envelope b is equal to

b := ‖K‖∞diamM.

Choose tn = 2 log n. By the Borel–Cantelli lemma, with probability 1,

sup
f ∈F

sup
x∈M

∣∣Ahn,n(f )(x) − E[Ahn,n(f )(x)]
∣∣= O

⎛⎝√ log h−1
n

nhd+2
n

+hn+
√

log n

nhd+2
n

⎞⎠ .

Furthermore, under assumption (5) on the sequence (hn)n�1, limn→+∞ nhd+2
n = +∞, hence

log h−1
n = O( log n). Thus, with probability 1,

sup
f ∈F

sup
x∈M

∣∣Ahn,n(f )(x) − E[Ahn,n(f )(x)]
∣∣= O

⎛⎝√ log h−1
n

nhd+2
n

+hn

⎞⎠ .

This concludes the proof of Proposition 3. Hence, Theorem 1 is proved.

5.5. Proof of Corollary 1

Using the results of the above sections, we can now prove Corollary 1. First, we see that by
the proofs of Propositions Proof of Proposition 1, Proof of Proposition 2, and (54), there is a
constant C> 0 such that for all h> 0, n ∈N,

sup
f ∈F

sup
x∈M

∣∣E[Ah,n(f )(x)] −A(f )(x)
∣∣≤ Ch (56)

and

E[Zn] ≤ C

⎛⎝√ log h−1
n

nhd+2
n

+ hn

⎞⎠ . (57)

Then, by choosing tn := δ2nhd+2
n in (55) with

δ ∈
⎡⎣hn ∨

√
log h−1

n

nhd+2
n

, 1

⎤⎦ ,
we know that, with probability at least 1 − e−δ2nhd+2

n ,

sup
f ∈F

sup
y∈M

∣∣Ahn,n(f )(x) − E
[Ahn,n(f )(x)

]∣∣≤ 9
(
nhd+2

n E[Zn] + σn
√

ntn + btn
)

nhd+2
n

.
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In addition, by (57), we have

nhd+2
n E[Zn] + σn

√
ntn + btn

nhd+2
n

≤ C

⎛⎝√ log h−1
n

nhd+2
n

+ hn

⎞⎠+ σn
√

ntn + btn

nhd+2
n

= C

⎛⎝√ log h−1
n

nhd+2
n

+ hn

⎞⎠+√‖K‖∞cδ + ‖K‖∞(dimM)δ2

≤ (2C +√‖K‖∞c + ‖K‖∞(dimM)
)
δ.

In addition, from (56), we have

sup
f ∈F

sup
x∈M

∣∣Ahn,n(f )(x) −A(f )(x)
∣∣≤ sup

f ∈F
sup

x∈M

∣∣Ahn,n(f )(x) − E[Ahn,n(f )(x)]
∣∣

+ sup
f ∈F

sup
x∈M

∣∣E[Ahn,n(f )(x)] −A(f )(x)
∣∣

≤ sup
f ∈F

sup
x∈M

∣∣Ahn,n(f )(x) − E[Ahn,n(f )(x)]
∣∣+ Chn

≤ sup
f ∈F

sup
x∈M

∣∣Ahn,n(f )(x) − E[Ahn,n(f )(x)]
∣∣+ Cδ.

Therefore, by letting

C′ := 9[2C +√‖K‖∞c + ‖K‖∞(dimM)] + C, (58)

where C is the constant appearing in (56) and (57), we have

P
(

sup
f ∈F

sup
x∈M

∣∣Ahn,n(f )(x) −A(f )(x)
∣∣>C′δ

)
≤ P

(
sup
f ∈F

sup
x∈M

∣∣Ahn,n(f )(x) − E[Ahn,n(f )(x)]
∣∣>C′δ − Cδ

)
= P

(
sup
f ∈F

sup
x∈M

∣∣Ahn,n(f )(x) − E[Ahn,n(f )(x)]
∣∣> 9

(
2C +√‖K‖∞c + ‖K‖∞(dimM)

)
δ
)

≤ exp
(− δ2nhd+2

n

)
.

This proves Corollary 1.

6. Convergence of kNN Laplacians

We now consider the case of random walks exploring the kNN graph on M built on the
vertices {Xi}i�1, as defined in the introduction.

Recall that for n ∈N, k ∈ {1, . . . , n}, and x ∈M, the distance between x and its k-nearest
neighbor is defined in (8) and that the Laplacian of the kNN graph is given by, for x ∈M,

AkNN
n (f )(x) := 1

nRd+2
n,kn

(x)

n∑
i=1

1[0,1]

(‖Xi − x‖2

Rn,kn (x)

)
(f (Xi) − f (x)). (59)

Note here that the width of the moving window, Rn,kn (x), is random and depends on x ∈M, in
contrast to hn in the previous generator Ahn,n defined by (1).
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To overcome this difficulty, we use the result of Cheng and Wu [9, Theorem 2.3], with
h = 1[0,1], which allows us to control the randomness and locality of the window.

Theorem 9 (Cheng–Wu [9, Theorem 2.3]). Under Assumption 1, if the density p satisfies (10)
and if

lim
n→+∞

kn

n
= 0 and lim

n→+∞
kn

log (n)
= +∞,

then, with probability greater than 1 − n−10,

sup
x∈M

∣∣∣∣∣ Rn,kn (x)

V1/d
d p−1/d(x)

( kn
n

)1/d − 1

∣∣∣∣∣= O

((
kn

n

)2/d

+ 3
√

13

d

√
log n

kn

)
, (60)

where Vd is the volume of the unit d-ball.

As a corollary to Theorem 9, we deduce that the distance Rn,kn (x) is, uniformly in x and
with large probability, of the order of hn:

P
(∀x ∈M, Rn,kn (x) ∈ [hn(x) − γn, hn(x) + γn]

)
� 1 − n−10, (61)

with

hn(x) = V1/d
d p−1/d(x)

(
kn

n

)1/d

and γn = 2

((
kn

n

)2/d

+ 3
√

13

d

√
log n

kn

)
. (62)

We will then derive Theorem 2 for the rescaling of the kNN Laplacian using the following
result.

Theorem 10. Suppose that the density of points p on the compact smooth manifold M is of
class C2. Suppose that Assumption 1 on the kernel K is satisfied and that (hn, n ∈N) satisfies
(5), that is,

lim
n→+∞ hn = 0 and lim

n→+∞
log h−1

n

nhd+2
n

= 0. (63)

Then, for all real numbers κ > 1, with probability 1, for all f ∈ C3(M),

sup
κ−1hn≤r≤κhn

sup
x∈M

∣∣Ar,n(f )(x) −A(f )(x)
∣∣= O

⎛⎝√ log h−1
n

nhd+2
n

+ hn

⎞⎠ , (64)

where Ar,n and A are defined by (1) (replacing hn with r) and (2), respectively.

Proof of Theorem 2. Assume that Theorem 10 is proved, and consider kn as in the
statement of Theorem 2. For hn and γn defined in (62), we know by (61) that the event
{∀x ∈M, Rn,kn (x) ∈ [hn(x) − γn, hn(x) + γn]} is of probability 1 − n−10. Therefore, by the
Borel–Cantelli lemma, with probability 1, there exists N := N(ω) ∈N such that

∀n ≥ N : ∀x ∈M, Rn,kn (x) ∈ [hn(x) − γn, hn(x) + γn].

Thus, with probability 1, for all n ≥ N(ω), we have∣∣∣AkNN
n (f )(x) −A(f )(x)

∣∣∣� sup
r∈[an,bn]

∣∣Ar,n(f )(x) −A(f )(x)
∣∣
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with

an = V1/d
d p−1/d

max

(
kn

n

)1/d

− γn and bn = V1/d
d p−1/d

min

(
kn

n

)1/d

+ γn. (65)

Note that for n large enough, an will be positive. Choosing h′
n = bn and κ = (pmax/pmin)1/d + 1,

we see that [an, bn] ⊂ [κ−1h′
n, κh′

n]. The result follows from Theorem 10. In Theorem 2, the
choice of number of neighbors kn in (11) comes from (63) with our choice of h′

n. The rate of
convergence given in (12) results from (64). �

Proof of Theorem 10. The proof for the above theorem is essentially the same as the proof
we presented for Theorem 1, except for some necessary modifications. Decomposing the error
term as in (17), we have to deal with similar terms. The approximations involving the geometry
and corresponding to Propositions Proof of Proposition 1 and Proof of Proposition 2 can be
generalized directly to account for a supremum in the window width r ∈ [κ−1hn, κhn]. Let us
consider the statistical term.

We recall that F is defined by (47). Following the computations in Section 5, we introduce
the following sequence of random variables (Z̃n, n ∈N), where here K = 1[0,1]:

Z̃n := sup
f ∈F

sup
κ−1hn≤r≤κhn

sup
x∈M

∣∣∣∣Ar,n(f )(x) − E[Ar,n(f )(x)]

∣∣∣∣
= 1

nhd+2
n

sup
f ∈F

sup
κ−1hn≤r≤κhn

sup
x∈M

∣∣∣∣∣
n∑

i=1

(
K

(‖Xi − x‖2

r

)
(f (Xi) − f (x))

−E

[
K

(‖X − x‖2

r

)
(f (X) − f (x))

])∣∣∣∣ .

Similar to what we did in Section 5.2, we can show that there is a constant c independent of n
such that

nhd+2
n Z̃n ≤

m∑
α=1

Ỹαn +
m∑

α,β=1

Ỹα,βn + Ỹ (3)
n + 2nchd+3

n , (66)

where

Ỹαn := sup
κ−1hn≤r≤κhn

sup
x∈M

∣∣∣∣∣
n∑

i=1

[
K

(‖Xi − x‖2

r

)
(Xαi − xαi )E

(
K

(‖X − x‖2

r

)
(Xα − xα)

) ]∣∣∣∣∣
Ỹα,βn := sup

κ−1hn≤r≤κhn

sup
x∈M

∣∣∣∣∣
n∑

i=1

[
K

(‖Xi − x‖2

r

)
(Xαi − xα)(Xβi − xβ )

− E

(
K

(‖X − x‖2

r

)
(Xα − xα)(Xβ − xβ )

) ]∣∣∣∣ ,
Ỹ (3)

n := sup
κ−1hn≤r≤κhn

sup
x∈M

∣∣∣∣∣
n∑

i=1

K

(‖Xi − x‖2

r

)
‖Xi − x‖3

2 − E

[
K

(‖X − x‖2

r

)
‖X − x‖3

2

]∣∣∣∣∣ .

We now treat these terms by applying the Vapnik–Chervonenkis theory. Let us start with
control of the first-order terms E[Ỹαn ].

In Section 5.3.1, we have already shown that the family

G :=
{
ϕh,y,z : x �−→ K

(‖x − y‖2

h

)
(xα − zα) : y, z ∈M, h> 0

}
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is a Vapnik–Chervonenkis class of functions, and that there exist real values A ≥ 6, v ≥ 1 such
that, for all ε ∈ (0, 1), N(ε, G) ≤ (A/2ε)v.

Now, on top of this, we consider the following sequence of families of real functions
on M:

H̃n = {ϕr,y : y ∈M, κ−1hn ≤ r ≤ κhn
}
,

with ϕr,y : x �−→ K
( ‖x−y‖2

r

)
(xα − yα). Because each H̃n is a subfamily of G, it is still a

Vapnik–Chervonenkis class for which we can use the Talagrand inequality (8). The latter can
deal with the additional supremum with respect to the window width. Similarly to what we did
in the proof of Proposition 5, we obtain that:

1

nhd+2
n

E

⎡⎣∥∥∥∥∥
n∑

i=1

(f (Xi) − E[f (X)])

∥∥∥∥∥
H̃n

⎤⎦= O

⎛⎝√ log h−1
n

nhd+2
n

⎞⎠ ,
which means that as n → ∞,

1

nhd+2
n

E[Ỹαn ] = O

⎛⎝√ log h−1
n

nhd+2
n

⎞⎠ .

Control of the second- and third-order terms is done as in Sections 5.3.1 and 5.3.2, using
the same trick and the classes of functions

Ĩn :=
{

x �→ K

(‖x − y‖
r

)
(xα − yα)(xβ − qβ ) : y ∈M, q ∈M, κ−1hn ≤ r ≤ κhn

}
and

K̃n :=
{

x �→ K

(‖x − y‖
r

)
‖x − y‖3 : y ∈M, κ−1hn ≤ r ≤ κhn

}
.

This gives

1

nhd+2
n

E[Ỹα,βn ] = O

⎛⎝√ log h−1
n

nhd+2
n

⎞⎠ and
1

nhd+2
n

E[Ỹ (3)
n ] = O

⎛⎝√ log h−1
n

nhd+2
n

⎞⎠ . (67)

Therefore, we can deduce the conclusion by using the argument presented in Section 5.4. �

7. Tightness and convergence of random walks

7.1. Proof of Theorem 3

Let K be a kernel that satisfies Assumption 1. Let n � 1 be fixed. Recall that the generator
Ahn,n can be related to a random walk X(n) on the sample points {X1, . . . , Xn}, which solves
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the SDE

X(n)
t = X(n)

0 +
∫ t

0

∫
N

∫
R+

1i�n1
θ� 1

nhd+2
n

K
( ‖Xi−X(n)

s− ‖2
hn

)(Xi − X(n)
s−
)

Q(ds, di, dθ )

with initial condition X(n)
0 and where Q(ds, di, dθ ) is a Poisson point measure on R+ ×N×R+

independent of X(n)
0 , and of intensity ds ⊗ n(di) ⊗ dθ , with ds and dθ Lebesgue measures on

R+ and n(di) the counting measure on N.

Remark 2. The initial distribution of X(n)
0 can have support on the sample points {X1, . . . , Xn},

but not necessarily. It can be any distribution on the manifold M. In any case, the random walk
reaches the sample points {X1, . . . , Xn}, and stays in this set, after the first jump.

Proposition 6. For a fixed n � 1, a random variable X(n)
0 and a Poisson point measure

Q(ds, di, dθ ), there exists a unique strong solution of the SDE (13).
For any real-valued measurable bounded function f on M, we have that

Mn,f
t = f

(
X(n)

t
)− f

(
X(n)

0

)− ∫ t

0
Ahn,n(f )

(
X(n)

s

)
ds (68)

is a square-integrable martingale with predictable quadratic variation:

〈Mn,f 〉t =
∫ t

0

1

nhd+2
n

n∑
i=1

K

(
‖Xi − X(n)

s ‖2

hn

)(
f (Xi) − f

(
X(n)

s

))2 ds. (69)

Proof. The proof is straightforward as the process takes its values in the compact manifold
M. The jump rate therefore remains bounded and the path of the random walk X(n) can be
constructed algorithmically for any time t ∈R+. The second part of the proposition comes
from stochastic calculus for jump processes (see [20, Theorem 5.1, p. 66]). �

Let T > 0 be a positive fixed time. Note that when we have Feller processes, the convergence
of the generators implies the convergence of the stochastic processes (see, for example, [23,
Theorem 17.25]). However, without a continuity assumption on the kernel K, the Feller prop-
erty may not be satisfied for our random walks and we follow a more classical line of proof.
The proof of Theorem 3 is now divided into several steps. First, we prove that the sequence
of processes (X(n))n�0 is tight in the path space D([0, T],M). By Prohorov’s theorem (e.g.,
[5]), the sequence is therefore sequentially relatively compact. The convergence of the gener-
ators Ahn,n to A defined in (2) will yield that any limiting value is a solution of the martingale
problem associated with A, which is well posed.

Lemma 4. Under the hypotheses of Theorem 3, the sequence (Xn)n�0 is tight in
D([0, T],M).

Proof. We check conditions (T1) and (T2) in Aldous’s criteria for tightness (see, for exam-
ple, [1, 22]). Because M is compact, only (T2) needs to be considered. Thanks to the Markov
inequality, it is sufficient to show that for any ε > 0, there exists δ > 0 such that for any
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couple of stopping times (Sn, Tn)n�0 satisfying 0 � Sn � Tn � (Sn + δ) ∧ T , we have for all
n sufficiently large that

P
(
ρ
(
X(n)

Sn
, X(n)

Tn

)
> ε
)
� ε. (70)

By the Markov inequality and Theorem 5, it is sufficient to study E
[∥∥X(n)

Sn
− X(n)

Tn

∥∥2

2

]
. We

observe that

E
[∥∥∥X(n)

Sn
− X(n)

Tn

∥∥∥2

2

]
� E

[∫ Tn

Sn

n∑
i=1

1

nhd+2
n

K

(
‖Xi − X(n)

s ‖2

hn

)∥∥∥Xi − X(n)
s

∥∥∥2

2
ds

]

� δ E

[
sup

x∈M

n∑
i=1

1

nhd+2
n

K

(‖Xi − x‖2

hn

)
‖Xi − x‖2

2

]

� δ sup
x∈M

1

hd+2
n

∫
K

(‖x − y‖2

hn

)
‖x − y‖2

2p(y)μ(dy)

+ δ
1

hd+2
n

E

[
sup

x∈M

∣∣∣∣∣1n
n∑

i=1

K

(‖Xi − x‖2

hn

)
‖Xi − x‖2

2 − E

[
K

(‖X1 − x‖2

hn

)
‖X1 − x‖2

2

]∣∣∣∣∣
]

.

Since p is bounded on the compact M by continuity, using (35) of Lemma 1, and using the
estimate of Y (α,β)

n in Section 5.3.2 based on the Vapnik–Chervonenkis theory, we deduce that
there is a constant C> 0, which does not depend on n nor ε, such that

E
[∥∥∥X(n)

Sn
− X(n)

Tn

∥∥∥2

2

]
� Cδ. (71)

Choosing δ = ε2/C yields (70). �
Consider now a limiting value Y ∈D([0, T],M) of the tight sequence (X(n))n�0. There

exists a subsequence converging in distribution to Y . Using the Skorokhod representation the-
orem (see [6, Theorem 29.6 p. 399]), we can assume that this convergence holds almost surely,
and with an abuse of notation we write (X(n))n�0 for the subsequence converging to Y .

Lemma 5. Under the hypothesis of Theorem 3, any limiting value Z of the sequence (X(n))n�0
is a solution to the martingale problem associated to the generator A and with initial
measure ν.

Proof. By assumption, Z0 has the distribution ν, so it is sufficient to show that for all
0 ≤ t0 < t1 < t2 < · · ·< tk � s< t and functions g1, g2, g2, . . . , gk, g ∈ C(M), f ∈ C3(M), we
have

E

[(
k∏

i=0

gi(Yti)

)(
f (Yt) − f (Ys) −

∫ t

s
Af (Yu) du

)]
= 0.

Let us denote by � the application

� : y ∈D([0, T],M) �→
(

k∏
i=0

gi
(
yti

)) (
f (yt) − f (ys) −

∫ t

s
Af (yu) du

)
.
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We have∣∣∣E[�(X(n))]∣∣∣� ∣∣∣∣∣E
[(

k∏
i=0

gi
(
X(n)

ti

)) (
f
(
X(n)

t
)− f

(
X(n)

s

)− ∫ t

s
Ahn,nf (X(n)

u ) du

) ]∣∣∣∣∣
+
∣∣∣∣∣E
[(

k∏
i=0

gi
(
X(n)

ti

)) ∫ t

s

(Ahn,nf (X(n)
u ) −Af (X(n)

u ) du

]∣∣∣∣∣
= O

⎛⎝(t − s)

√
log h−1

n

nhd+2
n

+ hn

⎞⎠
by Proposition 6 and Theorem 1. The application � is not continuous on D([0, T],M) in gen-
eral, but since the limiting process is continuous almost surely, we have that�(X(n)) converges
to�(Y) almost surely. We can then conclude the proof as E[�(Y)] = 0 by using the dominated
convergence theorem. �

Proof of Theorem 3. From Lemmas Proof of Lemma 4 and Proof of Lemma 5, the limiting
processes are all solutions of the same martingale problem associated with (A, ν). The well-
posedness of the latter martingale problem is a consequence of Theorem 1.2.9 in [19]. Hence
the limiting processes all have the same distribution and the sequence (X(n))n�0 converges in
distribution to the limit stated in Theorem 3. �

7.2. Convergence of the kNN random walk

We prove Theorem 4. For the sake of notation, the random walk X(n),kNN is now denoted by
X(n). Let us recall its SDE:

X(n)
t = X(n)

0 +
∫ t

0

∫
N

∫
R+

1i�n1
θ� 1

nRd+2
n,kn

(X(n)
s− )

1[0,1]

(
‖Xi − X(n)

s− ‖2

Rn,kn

(
X(n)

s−
) )(Xi − X(n)

s−
)

Q(ds, di, dθ ),

with

Rn,k(x) = inf

{
r � 0,

n∑
i=1

1‖x−Xi‖2�r � k

}
.

The related martingale is thus

Mn,f
t = f

(
X(n)

t
)− f

(
X(n)

0

)− ∫ t

0
AkNN

n (f )(X(n)
s ) ds

with predictable quadratic variation

〈Mn,f 〉t =
∫ t

0

n∑
i=1

1[0,1]

(
‖Xi − X(n)

s ‖2

Rn,kn

(
X(n)

s
) )(f (Xi) − f

(
X(n)

s

))2 ds.

As in the proof of Lemma 4, to obtain the tightness of the distribution, thanks to Aldous’s
criterion, it is sufficient to show that for any ε > 0, there exists δ > 0 such that for any couple of
stopping times (Sn, Tn)n�0 satisfying 0 � Sn � Tn � (Sn + δ) ∧ T , we have for all n sufficiently
large that

P
(
ρ
(
X(n)

Sn
, X(n)

Tn

)
> ε
)
� ε.
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We observe that, using the quantities hn(x) and γn defined by (62) in Section 6,

P
(
ρ
(
X(n)

Sn
, X(n)

Tn

)
> ε
)
�P
(
ρ
(
X(n)

Sn
, X(n)

Tn

)
> ε, sup

x∈M

∣∣Rn,kn(x)− hn(x)
∣∣� γn

)
+ P

(
sup

x∈M

∣∣Rn,kn(x)− hn(x)
∣∣> γn

)
� 1

ε2
E

(∥∥∥X(n)
Sn

− X(n)
Tn

∥∥∥2

2
1supx∈M |Rn,kn (x)−hn(x)|�γn

)
+ n−10.

Introducing (an, bn) given by (65), we have [hn(x) − γn, hn(x) + γn] ⊂ [an, bn] for all x ∈M.
Thus, on the event

{
supx∈M

∣∣Rn,kn(x)− hn(x)
∣∣� γn

}
,

∥∥∥X(n)
Tn

− X(n)
Sn

∥∥∥
2

�
∫ Tn

Sn

∫
N

∫
R+

1i�n1
θ� 1

nRd+2
n,kn

(X(n)
s− )

1[0,1]

⎛⎝‖Xi − X(n)
s− ‖2

Rn,kn

(
X(n)

s−
)
⎞⎠∥∥Xi − X(n)

s−
∥∥

2
Q(ds, di, dθ )

�
∫ Tn

Sn

∫
N

∫
R+

1i�n1
θ� 1

nad+2
n

1‖Xi−X(n)
s−‖2�bn

∥∥Xi − X(n)
s−
∥∥

2
Q(ds, di, dθ ).

We deduce that

E

[∥∥∥X(n)
Sn

− X(n)
Tn

∥∥∥2

2
1supx∈M |Rn,kn (x)−hn(x)|�γn

]
�E

[∫ Tn

Sn

n∑
i=1

1

nad+2
n

1‖Xi−X(n)
s−‖2�bn

∥∥Xi − X(n)
s

∥∥2
2ds

]

� δ

nad+2
n

E

[
sup

x∈M

n∑
i=1

1‖Xi−x‖2�bn‖Xi − x‖2
2

]

� δ

ad+2
n

∫
M

1‖x−y‖2�bn‖x − y‖2
2 p(y)μ(dy)

+ δ

ad+2
n

E

[
sup

x∈M

∣∣∣∣∣1n
n∑

i=1

1‖Xi−x‖2�bn‖Xi − x‖2
2 − E

[
1‖X1−x‖2�bn‖X1 − x‖2

2

]∣∣∣∣∣
]

.

As in the proof of Lemma 4, we use for the first term on the right-hand side that p is
bounded on the compact M, together with (35) of Lemma 1. For the second term we use the
estimate of Ỹ (α,β)

n in Section 6 based on the Vapnik–Chervonenkis theory, and the fact that
[an, bn] ⊂ [κ−1hn, κhn]. We deduce that there is a constant C> 0, which does not depend on
n or ε, such that

E
[∥∥X(n)

Sn
− X(n)

Tn

∥∥2

2

]
� Cδ. (72)

This shows that the sequence of random walks is tight. The identification of the limiting
martingale problem follows the proof of Theorem 3 using Theorem 2.
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Appendix A. Some concentration inequalities

A.1. Talagrand’s concentration inequality

As a corollary of Talagrand’s inequality presented in Massart [28, Theorem 3], where for
simplicity we choose ε= 8, we have the following deviation inequality.

Corollary 1 (Simplified version of Massart’s inequality). Consider n independent random
variables ξ1, . . . , ξn with values in some measurable space (X,X). Let F be some countable
family of real-valued measurable functions on (X,X) such that for some positive real number
b, ‖f ‖∞ ≤ b for every f ∈F . Furthermore, given

Z := sup
f ∈F

∣∣∣∣∣
n∑

i=1

(
f (ξi) − E

[
f (ξi)

] )∣∣∣∣∣ ,
then with σ 2 = supf ∈F Var(f (ξ1)), and for any positive real number x,

P
(
Z ≥ 9(E[Z] + σ

√
nx + bx)

)≤ e−x.

A.2. Covering numbers and complexity of a class of functions

If S ⊂ T is a subspace of T , it is not true in general that N(ε, S, d) ≤ N(ε, T, d) because of
the constraints that the centers xi should belong to S. However, we can bound the covering
number of S by T as follows.

Lemma 1. If S ⊂ T is a subspace of the metric space (T, d), then for any positive number ε,

N(2ε, S, d) ≤ N(ε, T, d).

Proof. Let {x1, . . . , xN} be a ε-cover of T and, for any i ∈ [[1,N]], let us define Ki := {x ∈
T : d(x, xi) ≤ ε}. Of course, Ki may not intersect S, hence, without loss of generality, assume
that for a natural number 0<m ≤ N we have that Ki ∩ S �= ∅ if and only if i ≤ m. Let yi be any
point in Ki ∩ S for i ∈ [[1,m]]. Since {x1, . . . , xN} is a ε cover of T , for any y ∈ S, there exists
an i ≤ m such that y ∈ Ki ∩ S. Hence, d(y, yi) ≤ 2ε. Consequently, y1, . . . , ym is a 2ε-cover of
(S, d). �

Let us consider the Borel space (Rm,B(Rm)). If F , G are two collections of measurable
functions on X, we are interested in the ‘complexity’ of F · G = {fg|f ∈F , g ∈ G}.
Lemma 2 (Bound on ε-covering numbers). Let F , G be two bounded collections of measur-
able functions, that is, there are two constants c1, c2 such that

‖f ‖∞ ≤ c1 and ‖g‖∞ ≤ c2, for all f ∈F , g ∈ G.

Then for any probability measure Q,

N(2εc1c2,F · G, L2(Q)) ≤ N(εc1,F , L2(Q))N(εc2, G, L2(Q)).

Proof. If f1, f2, . . . , fn is a εc1-cover of (F , L2(Q)) and g1, g2, . . . , gm is a εc2-cover of
(G, L2(Q)), then, for any (f , g) ∈F × G, we have

|f (x)g(x) − fi(x)gj(x)| ≤ |f (x) − fi(x)|c2 + c1|g(x) − gi(x)|,
which implies that {figj : 1 ≤ i ≤ n and 1 ≤ j ≤ m} is a 2εc1c2 -cover of F · G. �
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The following lemma is just a simplified version of the result of the theory of Vapnik–
Chervonenkis Hull class of functions [16, Section 3.6.3].

Lemma 3. If f is a bounded measurable function on the measurable space (Rm,B(Rm)) and
D = [a, b] ⊂R is a compact interval, then

F := {f + d : d ∈ D}
is of Vapnik–Chervonenkis type with respect to a constant envelope.

Proof. Let N = [ b−a
ε

], and let fi = f + iε for all i ∈ [[1,N]]. So, by the definition of F , for all
g ∈F , there is an i ∈ [[1,N]] such that |g(x) − fi(x)|< ε for all x ∈R

m. Thus, for all probability
measures Q on R

m, we have ‖g − fi‖L2(Q) ≤ ε, which makes H := {fi : i ∈ [[1,N]]} an ε-cover
of L2(Q). Hence,

N(ε,F , L2(Q)) ≤ N ≤ (b − a)

ε
.

So F is a Vapnik–Chervonenkis-type class of functions with A = b − a, v = 1, and F =
max (1, ‖f ‖∞ + |a|, ‖f ‖∞ + |b|). �

Appendix B. Some estimates using the total variation

Lemma 4. If K : [0,+∞) →R is a bounded variation function with H(a) its total variation on
the interval [0,a], for all a, b ∈ [0,∞], with a � b,

|K(b) − K(a)| ≤ H(b) − H(a). (B1)

Furthermore, if K satisfies Assumption 1, then, when b goes to infinity,

K(b)bd+3 = o(1) and
∫ ∞

b
K(a)ad+1da = o(1/b). (B2)

Proof of Lemma 4. Inequality (B1) comes directly from the definition of total variation. We
note that

bd+3(H(∞) − H(b)) ≤
∫ ∞

b
ad+3dH(a).

Then, by Assumption 1,
lim

b→+∞ bd+3(H(∞) − H(b)) = 0.

Then, as
K(b)bd+3 ≤ bd+3(H(∞) − H(b)),

we have proved the first estimation in (B2).
For the second estimation, we see that

(d + 2)
∫ ∞

b
bK(a)ad+1da ≤ (d + 2)

∫ ∞

b
b(H(∞) − H(a))ad+1da

= − bd+3(H(∞) − H(b)) + b
∫ ∞

b
ad+2dH(a)

≤ − bd+3(H(∞) − H(b)) +
∫ ∞

b
ad+3dH(a).

and we are done. �
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Appendix C. Proof of Lemma 2

Thanks to the symmetry of the Euclidean norm ‖ · ‖2, we observe that for any
i, j ∈ [[1, d]], ∫

B
Rd (0,c)

G(‖v‖2)vivj dv =
{

0, if i �= j,
1
d

∫
B
Rd (0,c) G(‖v‖2)‖v‖2

2 dv, if i = j.

Thus, the left-hand side of (41) is equal to[
1

d

∫
B
Rd (0,c)

G(‖v‖2)‖v‖2
2 dv

] [
d∑

i=1

〈
∇Rmf (x),

∂k

∂xi
(0)

〉 〈
∇Rmh(x),

∂k

∂xi
(0)

〉]

=
[

1

d

∫
B
Rd (0,c)

G(‖v‖2)‖v‖2
2 dv

] [
d∑

i=1

∂(f ◦ k)

∂xi
(0)

∂(h ◦ k)

∂xi
(0)

]

=
[

1

d

∫
B
Rd (0,c)

G(‖v‖2)‖v‖2
2 dv

] 〈∇Rd (f ◦ k)(0),∇Rd (h ◦ k)(0)
〉
.

Hence, we have (41).
For (42), for all i, thanks again to the symmetry of the Euclidean norm ‖ · ‖2, we have∫

B
Rd (0,c)

G(‖v‖2)vidv = 0.

Thus, the left-hand side of (42) is equal to[ 〈
∇Rmf (x),

1

2

d∑
i=1

∂2k

∂xi∂xi
(0)

〉
+ 1

2

d∑
i=1

f ′′(x)

(
∂k

∂xi
(0),

∂k

∂xi
(0)

) ]
1

d

∫
B
Rd (0,c)

G(‖v‖2)‖v‖2
2 dv.

Furthermore, since k(0) = x,〈
∇Rmf (x),

d∑
i=1

∂2k

∂xi∂xi
(0)

〉
+

d∑
i=1

f ′′(x)

(
∂k

∂xi
(0),

∂k

∂xi
(0)

)

=
d∑

i=1

⎡⎣ m∑
j=1

∂f

∂xj
(x)

∂2kj

∂xi∂xi
(0) +

m∑
j,l=1

∂2f

∂xj∂xl
(x)
∂kj

∂xi
(0)
∂kl

∂xi
(0)

⎤⎦
=

d∑
i=1

⎡⎣ m∑
j=1

∂

∂xi

(
∂f

∂xj
◦ k × ∂kj

∂xi

) ∣∣∣
0

⎤⎦
=

d∑
i=1

∂2(f ◦ k)

∂xi∂xi
(0) =�Rd (f ◦ k)(0).

This concludes the proof of Lemma 2.
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