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Characterizing the Absolute Continuity of
the Convolution of Orbital Measures in a
Classical Lie Algebra

Sanjiv Kumar Gupta and Kathryn Hare

Abstract. Let g be a compact simple Lie algebra of dimension d. It is a classical result that the
convolution of any d non-trivial, G-invariant, orbital measures is absolutely continuous with respect
to Lebesgue measure on g, and the sum of any d non-trivial orbits has non-empty interior. The
number d was later reduced to the rank of the Lie algebra (or rank +1 in the case of type A,). More
recently, the minimal integer k = k(X) such that the k-fold convolution of the orbital measure
supported on the orbit generated by X is an absolutely continuous measure was calculated for each
Xeg.

In this paper g is any of the classical, compact, simple Lie algebras. We characterize the tuples
(X1,...,Xr), with X; € g, which have the property that the convolution of the L-orbital measures
supported on the orbits generated by the X; is absolutely continuous, and, equivalently, the sum
of their orbits has non-empty interior. The characterization depends on the Lie type of g and the
structure of the annihilating roots of the X;. Such a characterization was previously known only for
type An.

1 Introduction

Let G be a compact, connected, simple Lie group and let g be its Lie algebra. Given
X € g, we let px denote the G-invariant orbital measure supported on Oy, the orbit
generated by X under the adjoint action of G. Geometric properties of the Lie algebra
ensure that if a suitable number of non-trivial orbits are added together the resulting
subset of g has non-empty interior and if a suitable number of orbital measures are
convolved together the resulting measure is absolutely continuous with respect to the
Lebesgue measure on g. From the work of Ragozin in [18] it can be seen that the
dimension of the Lie algebra is a “suitable number”.

In a series of papers (see [9,10] and the papers cited therein) the authors, with
various coauthors, improved upon Ragozin’s result determining, for each X € g, the
integer k(X) with the property that u¥ is absolutely continuous for all k > k(X) and
¥ is singular to Lebesgue measure otherwise (where % denotes the k-fold convo-
lution). Furthermore, the k-fold sum of Ox has non-empty interior if k > k(X), and
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otherwise has measure zero. A formula was given for k(X) depending on combina-
torial properties of the annihilating roots of X. In particular, it was shown that the
convolution of any r orbital measures is absolutely continuous if and only if r is at least
the rank of the Lie algebras when g is of type B,, C,,, or D,, and r is at least rank+1
for the Lie algebras of type A,,. The proofs relied heavily upon representation theory
and harmonic analysis.

By taking a geometric approach, Wright [22] extended these results in the special
case of the classical Lie algebra g = su(n) (type A,-1), proving that pux, * - - * ux,
is absolutely continuous with respect to Lebesgue measure if and only if Y% s; >
n(L - 1), where s; is the dimension of the largest eigenspace of the n x n matrix X;,
provided it is not the case that L = 2, n > 4 is even, and Xj, X, each have two distinct
eigenvalues, both of multiplicity n/2.

Using primarily algebraic methods, Gracyzk and Sawyer (cf. [4,5]), addressed anal-
ogous problems in the setting of a non-compact symmetric space, improving upon
other work of Ragozin, [17]. In particular, they characterized when the convolution
of two (possibly different) bi-invariant measures is absolutely continuous in the sym-
metric spaces sl(n, F)/su(n, F) (where the restricted root system is also type A,_;).

Inspired by their methods, in this paper we characterize the L-tuples, (X, ..., X1)
with X; € g, such that the convolution pyx, * --- * yx, is absolutely continuous when
the Lie algebra is any one of the classical Lie algebras (those of type A,, B,, C, or
D,,), leaving only one pair in D,, where we have been unable to decide the answer.
As well, this characterizes the L-tuples such that Y%, O, has non-empty interior in g
as opposed to measure zero. As Wright found with type A,, the characterization can
be expressed most simply as a function of the dimensions of the largest eigenspaces of
the X; when these are viewed as matrices in the classical matrix Lie algebras (see Sec-
tion 3 for the precise statement). The characterization can also be described in terms
of the root structure of the set of annihilating roots of the X;, as was done in the pre-
vious study of convolutions of a single orbital measure. Our argument is completely
different from that used by Wright and from the harmonic analysis/representation
theory approach used by the authors previously. It relies heavily upon the (algebraic)
Lie theory of roots and root vectors.

Using these results, we also obtain a similar characterization of the absolute con-
tinuity of the convolution products of G-invariant measures, yy,, supported on con-
jugacy classes Cy, in G, for the elements x; € G whose annihilating roots agree with
those of a preimage of x; in g under the exponential map. This extends the work of [8]
where the minimal integer k(x) with the property that yﬁ(x) is absolutely continuous
was determined.

In a future paper, we will adapt our general strategy to improve upon Gracyzk and
Sawyer’s symmetric space results.

Finding the density function, or Radon Nikodym derivative, of the absolutely con-
tinuous measure px, *- - -* i, is a challenging problem. In the case of the convolution
of two orbital measures in su(#), this has been computed in [2]. A general formula for
the convolution of two orbital measures in terms of the projection of such measures
to maximal tori was found in [1]. The density function for the analogous problem on
non-compact symmetric spaces was studied in [3] (see also the references cited there).
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In [15], the sum of two adjoint orbits in su(n) is explicitly described in terms of a sys-
tem of linear equations, but for more than 2-fold sums this too seems very difficult.
Other work investigating the smoothness properties of convolutions of measures sup-
ported on manifolds whose product has non-empty interior was carried out by Ricci
and Stein in [19,20].

The paper is organized as follows. In Section 2 we review background material in
Lie theory and introduce basic notation. In Section 3 we state the main result. The
necessity of our characterization is proved in Section 4. In Section 5 we establish the
general strategy for tackling the absolute continuity problem and then complete the
proof of the main theorem in Section 6. In Section 7 we discuss consequences of our
result and deduce the absolute continuity result for convolutions of orbital measures
on Lie groups mentioned above.

2 Notation and Background
2.1 Notation

We begin by establishing notation and reviewing basic facts about roots and root vec-
tors. Assume G, is a classical, compact, connected simple Lie group of rank #, one of
type A,, By, Cy, or D,,. We denote by g, its (real) Lie algebra, by t,, a maximal torus
of g, and by W the Weyl group.

We write [ -, -] for the Lie bracket action. The map ad:g, — g, is given by
ad(X)(Y) = [X, Y]. The exponential function, exp is a surjection of g, onto G,,
and G, acts on g, by the adjoint action, denoted Ad( - ). Recall that for M € g,,,

Ad(exp M) = exp(ad(M)) =1d+ i adkk('M)’
k=1 :

where ad* (M) is the k-fold composition of ad(M).

By an orbit of an element X € g,, we mean the subset

Ox :={Ad(g)(X): g€ G} S gn.

There is no loss in assuming X belongs to t,, since every orbit contains a torus ele-
ment. Orbits are compact manifolds of proper dimension in g, and hence of Lebesgue
measure zero. If X = 0, then Ox = {0} is a singleton, but otherwise, Ox has positive
dimension.

By the orbital measure, yx, we mean the probability measure invariant under the
adjoint action of G,, and compactly supported on Oy. It integrates bounded contin-
uous functions f on g, by the rule

| fdux= [ f(adg)x)dg,

where dg is the Haar measure on G,,. The orbital measures are singular to Lebesgue
measure, since their supports have Lebesgue measure zero. Except in the special case
when X = 0, ux is an example of a continuous measure, meaning the y x-measure of
any singleton is zero.

The classical Lie groups and algebras are said to be of type A, forn > 1, B, for n > 2,
C, for n > 3, or D, for n > 4. This means that the root system of the complexified
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Lie algebra with respect to the complexified torus, denoted @, is of that Lie type. It
is often convenient to refer to type A, as type SU(n + 1) for reasons that will become
clear later.

For the convenience of the reader we describe ®,, below for each of the classical
types. Note that by e; we mean the j-th standard basis vector of R” (or in R"*! in the
case of type A,,). The real span of @,,, denoted sp @, is equal to R" (or the subspace

of R"*! spanned by the standard vectors e; — e, for j = 1,..., 7 in the case of type
Ay).
Lie algebra Root system @,
A, {x(ei—ej):1<i<j<n+1}
B, {zei,xejxej:1<i#j<n}
Ch {2ej,xe;xej:1<i+j<n}
D, {xe;+ej:1<i#j<n}

In the case of type A, the Weyl group is the group of permutations on the letters
{1,...,n+1}. For types B,, C, (and D,,), the Weyl groups are the group of permu-
tations on {1,.. ., n}, together with (an even number of) sign changes.

These Lie algebras and groups can be identified with the classical matrix algebras
and groups listed below. All compact, connected, simple Lie groups are homomorphic
images by finite subgroups of these classical matrix groups.

* su(n): The set of n x n skew-Hermitian, trace zero matrices is the model we use for
the Lie algebra of type A,,_;. Then SU(#n), the n x n special unitary matrices, is a
compact Lie group of type A,_;.

* so(p): The set of p x p real, skew-symmetric matrices. When p = 2 it is the Lie
algebra of type D,, and when p = 2n + 1 it is of type B,,. SO(p) - the p x p special
orthogonal matrices are associated compact Lie groups.

* sp(n): The set of 27 x 2n matrices of the form [ _‘% %], where A, B are complex
n x n matrices with B symmetric and A skew-Hermitian is the Lie algebra of type
C,. The n-th order symplectic group, Sp(n), is the set of 21 x 2n unitary matrices
U satisfying U JU = ], where J = [ I ] with I being the n x n identity matrix.
Sp(n) is a compact Lie group of type C,,.

For each root « € ®,, we let E, denote a corresponding root vector so that if

H € t,, then

2.1 [H,E,] = ia(H)E,.

(We make the convention that roots are real valued.) We will choose a collection of
root vectors, {E, }, that form a Weyl basis (see [11, p. 421] or [21, p. 290]). In par-
ticular, this ensures that if &, f and & + f§ are roots, then there are non-zero scalars
N, g satisfying Ny g = N_y g and [Eq, Eg] = Ng gEq+p. If & + B is not a root, then
[Ee» Eg] = 0.

The root vector, E,, can be written in a unique way as E, = RE, + ilE,, where
RE, and IE, both belong to the (real) Lie algebra g,. We refer to these as the real
and imaginary parts of the root vector. We write FE, if we mean either RE, or IE,.
One can easily see that E_, = RE, — ilE,. Furthermore, RE, = (E, + E_,)/2 and
IE, = (Eoc - E—rx)/(Zi)'
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The vector space spanned by RE,, and IE, over various sets of roots & will be im-
portant to us. In particular, we put
V, ={REq,IE, :a € D} Cg,,

where @7 denotes the subset of positive roots. With this notation the Lie algebra can
be decomposed as

gn =ty @ acd; SP{REou IEa} =t, @ Spvn,
where sp denotes the real span. Thus, the dimension of g,, is equal to n + | @,,|.
From (2.1) it follows that
[H,RE,] = -a(H)IE, and [H,IE,]=a(H)RE,.

It is also well known that
-1
[RE“,IE(X] = E[E“’E_a]

is a non-zero element of the maximal torus. It should be noted thatif {a; : j € J} € @,
is a spanning set for sp @, then {[RE,;, [Eq;] : j € J} spans t, .
Since {E, } is a Weyl basis, we have
2.2) [RE, REg] = cREq.p + dREj_,,
[REq, IEg] = cIEqp + dIE 4
[IEq, TEg] = —cREq.p + dREj 4,
where RE,, and IE, should be understood to be the zero vector if y is not a root and
c= N(x,l;/z, d= Na,_[;/z.

We refer the reader to [12,14, 21] for proofs of these well known facts and further
details on the representation theory of Lie algebras.

2.2 Annihilating Roots

We call a root, «, an annihilating root of X € t, if a(X) = 0, and we call « a non-
annihilating root of X otherwise. The set of annihilating roots of X,

Ox:={aec®:a(X)=0}

is a root subsystem of @,,. As we will see, these root subsystems are critical for under-
standing properties of orbits and orbital measures, as are the associated root vectors.
We will denote by

(2.3) Ny = {REq,IEq : a ¢ ®x} €V,

the linearly independent subset of V,, consisting of the real and imaginary parts of
the root vectors corresponding to the non-annihilating roots of X. It is known that
dim Ox = |Nx| [16, VL.4]. Indeed, the tangent space at X to Oy is spanned by the
vectors in N, and these are linearly independent (see the proof of Proposition 3.8).
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2.3 Type of an Element

The torus of su(#n), the classical Lie algebra of type A,,_; (or type SU(n)) consists of
the diagonal matrices in su(n). After applying a suitable Weyl conjugate, any X in the
torus can be identified with the n-vector of the real parts of the diagonal elements,

X=(a1,. 5015 s Omy e ),
— ~————
$1 Sm
where the a; € R are distinct and Y7’ s;a; = 0. This means that ia; is an eigenvalue
of the n x n matrix X with multiplicity s;. The set of annihilating roots of X is ®x =
Y uU---U V¥, where

Vi={ei—ej:1<i#j<s}),

Vi={ei—ejisi+--+s5<i#j<sg+---+s)forl>1

Following [9], we say that X is type SU(s;) x --+ x SU(s,,), as this is the Lie type of
its set of annihilating roots.

The torus of so(2n +1), the classical Lie algebra of type B,,, consists of block diago-
nal matrices, with n 2x 2 blocks of the form [ _(Zj bo" ] having b; > 0, and a 0 in the final
diagonal position. We identify X in the torus with the n-vector (by,...,b,) € R™".
Up to a Weyl conjugate, X can thus be identified with the n-vector

X=(0,...,0,81,..0,81, s @msener@m)s
—_——— — — N—_— ———
] S1 Sm
where the a; > 0 are distinct. One can see that 0 is an eigenvalue of the (21+1) x (2n+1)
matrix X with multiplicity 2] + 1and +ia; are eigenvalues with multiplicity s;.
The set of annihilating roots ®x = ¥ U ¥; - -- U ¥}, where

Vo = {xex, xe; xe;:1<i,j, k<], i #j},

Vi={ei—ej:J+si+- 45 <itj<J+s+--+5}
for I =1,...,m. We will say that X is type
B]XSU(Sl) ><--~><SU(5m),

as this is the Lie type of ®x. Here by B; we mean the root subsystem {xe; }, while
SU(1), By and SU(0) are empty (and typically omitted in the description).

Similarly, if X belongs to the torus of the Lie algebra of type C,, or D,, then, up to
a Weyl conjugate, X can be identified with the n-vector

X=(0,...,0,a1,..., 01, s 0m>-- > (£)am),

] S1 Sm
where the a; > 0 are distinct. We remark that the minus sign is needed only in type
D, and only if ] = 0. (This is because the Weyl group in type D,, changes only an
even number of signs.) Viewing X as an 2n x 2n matrix in sp(n) or so(2n), this
means that 0 is an eigenvalue of X with multiplicity 2/, and +ia; are eigenvalues with
multiplicity s;.
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The set of annihilating roots of X can again be written as ®x = Yo U ¥, --- U ¥,,.
In this case

\PO = {iZek,ieiiej:IS l,],kﬁ],l#]}
when the Lie algebra is type C, and
‘I’Oz{ie,-j:ej:léi,jéf,i#j}

when the Lie algebra is type D,. For [ > 1, the ¥, are as in type B,,, except when
X=(ap,...,01,...s4m»...,—0y) in D, when

Wy ={x(ei—ej),x(ei+e,) in—s, <i#j<n-1}.
We will say X is type
Cy xSU(s1) x -+ xSU(spy) or DyxSU(sp) x -+ xSU(sp)

respectively, as these are the Lie types of ®x. Here C; is the subsystem {+2e; }, C, is
{£2e;,£2¢;, e1 2 ey}, Dy is {+e; £ e, } (or type Ay x Ay), D3 is defined in the obvious
way, and Dy, Dy, Cy are empty (and often omitted).

Note that there are two distinct subsystems (up to Weyl conjugacy) of annihilating
roots of elements of type SU(n) in D,,.

Definition 2.1 Suppose X is in the torus of the Lie algebra of type B, and is type
By x SU(sy) x-+-x SU (s ). We will say that X is dominant B type if 2] > max s, and
is dominant SU type, otherwise. We define dominant C and D type similarly for X in
C,orD,.

It was shown in [9, Thm. 8.2] that for each non-zero X € g,,, thereis an integer k(X)
such that for k > k(X), u% € L' L2(g,) (in particular, u¥ is absolutely continuous
with respect to Lebesgue measure) and u% is purely singular if k < k(X). A formula
was given for k(X) depending only on the type of X and the type of the Lie algebra.
For example, if X is dominant SU type in the Lie algebra of type B,, C, or D,, and
not of type SU(n) when the Lie algebra is type D,, then k(X) = 2. If X is type B,
(Cy-1, Dyy, or SU(n — 1)) in the Lie algebra of type B, (C,, D, or SU(n)), then
k(X) = n, and this is the maximal choice required for k(X).

3 Statement of the Main Result
3.1 Eligible and Exceptional Tuples

We introduce the following terminology.

Notation 3.1 If Xisoftype SU(s;)x:--xSU(s,,) in the Lie algebra of type SU(n+1)
(equivalently, type A, ), put Sx = maxs;.
If X is type By x SU(s;) x - -+ x SU(s,, ) in the Lie algebra of type B, put

Sy < 2] if X is dominant B type,
X maxs; else.

Define Sx similarly when X belongs to the Lie algebras of type C,, or D,,.
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If X € so(2n +1) is dominant B type, then the dimension of the largest eigenspace
of the matrix X is Sx + 1, while if X is dominant SU type, then the dimension of the
largest eigenspace is Sx. In all the other Lie algebras, Sx is the dimension of the largest
eigenspace when X is viewed as a matrix in the appropriate classical matrix algebra.

Definition 3.2
(i) We will say that the L-tuple (X, X5, ..., X1) of elements in the torus of a Lie
algebra of type SU (n +1) is eligible in g,, if

isx,. < (L-1)(n+1).

(ii) We will say that the L-tuple (X;, X5, ..., X ) of elements in the torus of a Lie
algebra of type B, C,, or D,, is eligible in g, if

L
> 8x, < (L-1)2n.
i=1

Definition 3.3 We will say that (X3, X,,...,X1) € tL is an exceptional tuple if it is
any one of the following:

* gistype SU(2n), L =2, n > 2,and X; and X, are both of type SU(n) x SU(n); i.e.,

X,‘ = (ai,...,ai,—ai,...,—ai);
—— ———
n n

* gistype Dy, L =2, X; is type SU(n) and X is either type SU(n) or type SU(n—-1)
(more precisely, type SU(n —1) x Dy or SU(n —1) x SU(1));

* gistype Dy, L =2, X; istype SU(4) and X is either type SU(2) x SU(2), and Oy,
is Weyl conjugate to a subset of @y, , or X, is type SU(2) x Ds;

* gistype Dy, L = 3, and X, X5, X; are all of type SU(4) with Weyl conjugate sets
of annihilators.

Definition 3.4 Wewill call (X3, X;,. .., X1) an absolutely continuous tuple if px, *
Ux, * -+ * Ux, is an absolutely continuous measure.

Our main result is that other than for the exceptional tuples, eligibility character-
izes absolute continuity of the convolution product. The proof of this theorem will
occupy most of the remainder of the paper. Here is the formal statement of the theo-
rem.

3.2 Main Result

Theorem 3.5 Let g, be one of the classical, compact, connected Lie algebras of type
A, withn >1, B, withn > 2, C, withn > 3, or D,, with n > 4. Assume that non-zero
Xi,i=12,...,Lfor L > 2, belong to the torus of g,.

(i) Suppose (X1, X5, ..., X1) is not an exceptional tuple. The measure, px, * px, *
-k Uy, , is absolutely continuous with respect to Lebesgue measure on gy, if and only if
(X1, X3,...,X1) is an eligible tuple.
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(ii) If (X1, X3,...,X1) is an exceptional tuple, other than a pair (X1, X5) of type
(SU(n),SU(n -1)) ' in a Lie algebra of type D,, with n > 6, then the measure uy, *
Ux, * -+ * Ux, is not absolutely continuous.

Remark 3.6 The characterization of absolute continuity in type A, was previously
established by Wright [22]. We will include a proof in this paper as our approach is
completely different and requires little additional effort.

Remark 3.7 (i) We conjecture that a pair of type (SU(n),SU(n - 1)) in D,
with # > 6 also fails to be absolutely continuous.

(ii) Notice that unlike the case for convolutions of the same orbital measure ([9,
Thm. 8.2]), the property of being absolutely continuous does not depend only upon
the type of the annihilating root systems of the underlying elements, but also, in some
cases, upon their Weyl conjugacy class.

In proving both absolute continuity and its failure we will rely crucially upon the
following known geometric properties.
The notation Tz (Ox) will denote the tangent space to Ox at Z € Ox.

Proposition 3.8  The measure px, * px, * -+ * fx, on @, is absolutely continuous
with respect to Lebesgue measure if and only if any of the following hold:

(i) Xi, Ox, € g, has non-empty interior;

(i) Y%, Ox, € g, has positive Lebesgue measure;

(iii) there exists g; € G, with g = 1d, such that

sp{Ad(g)(Nx,):i=1...,L} = g,
(iv) there exists g; € G, with g = 1d, such that

L
Y- Tad(e)(x)(Ox,) = Gn-
i=1

Furthermore, if the identity holds in (iii) or (iv) for one choice of (g2, ...,gr) € GE7,
then it holds for all (g2, ..., g1) in an open dense subset of G=™" of full measure.

Remark 3.9 We note that (ii) implies that if yx, * yx, * --- * px, is not absolutely
continuous, then px, * yx, * --- * px, is a purely singular measure.

Proof This proposition is a compilation of arguments that can be found in [6,9,18].
We include a sketch here for the convenience of the reader. We will show that (iii)
and (iv) are equivalent and then demonstrate the implications (ii) = (iv) = absolute
continuity and (iv) = (i). If yx, * px, * -+ * px, is absolutely continuous or (i) holds,
then (ii) clearly holds so this completes the equivalence.

(iii) < (iv). It is well known (see [6], [16, V1.4]) that

Tx(0x) = {[¥,X]: ¥ € g,}.

I'When we say a pair (X, Y) is of type (, %), we mean that X is of type * and Y is of type #.
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Writing Y = Y agRE, + boIE, + t for some ¢t € t,, and a,, b, real, it is easily seen
that Tx (Ox) = sp Nx. Further, Tpq(4)x(Ox) = Ad(g)(Tx(Ox)) = sp{Ad(g)Nx},
proving the equivalence of (iii) and (iv).

The final comment is an analyticity argument. Assume (iii) holds, for example,
with ¢ = (Id, g2,...,g1). Forany h = (hy, hy,...,hy) € GL, hy = Id, consider the
collection Ad(h;)Y for Y € Nx; and j = 1,..., L, as vectors in RYm9» and form the
associated matrix M(h). As (iii) holds with g, there is a suitable square submatrix
of M(g) with non-zero determinant. By analyticity of the determinant map, the de-
terminant of the corresponding square submatrix of M(%) must be non-zero for an
open, dense subset of & € GL! of full measure. The same argument applies to (iv).

(ii) = (iv). Consider the addition map F:Ox, x --- x Ox, — @, given by
F(Y,..., Y1) = X1, Y;. The image of F is ¥}, Ox,. If the rank of F is not full at
any point in its domain, then Sard’s theorem ([13, p. 286]) implies the measure of
the image of F is zero. Thus the differential of F at some point Y = (Y3,..., Y1),
where Y; = Ad(g;)X;, has full rank. But the range of the differential of F at Y is
Z]L-zl Ty,(Ox;) and hence this sum must be g,,.

(iv) = (1). The hypothesis of (iv) guarantees that the map F defined above has
full rank at some point Y. By the Implicit function theorem, F is an open map in a
neighbourhood of Y, and thus Im F has non-empty interior.

(iv) = absolute continuity. This is similar again. To see that the measure y =
Ux, * Ux, * -+ * px, is absolutely continuous with respect to m, we should show that
#(E) = 0 whenever m(E) = 0. Define f : GL — g, by

f(g---g) = F(Ad(g) X1, ..., Ad(gr) X1).

By definition, u(E) = mgt(f'(E)). By (iv), the differential of f has full rank at
some point. An analyticity argument ensures that this is true on a subset of g € GL of
full measure. An application of the Implicit function theorem shows that f(E) has
mgt-measure zero. For more details, see [18, Thm. 2.2]. |

The following is an immediate corollary of this proposition and the main theorem.

Corollary 3.10  Suppose (X1, Xa,...,X1) is eligible and not exceptional. Then
Yk Ox, has non-empty interior. If (X1, Xa,..., Xy is either not eligible or is excep-
tional and not type (SU(n), SU(n —1)) in D,, then Y-, Ox, has measure zero.

There is a sufficient condition for absolute continuity, established by Wright in [22],
that we will use in the proof of the main theorem to establish the absolute continuity of
certain convolution products of orbital measures in small rank Lie algebras. We state
this result below. By the rank of a subsystem we mean the dimension of the vector
space it spans.

Theorem 3.11 ([22, Thm. 1.3]) Let Xi,..., Xy, belong to the torus of g,. Assume

L
(3.1) (L-D(|@[ - [¥]) -12 3 (|0x,| - min|dx, no(¥)])
i=1 o€
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for all root subsystems ¥ € © of rank n—1 and having the property that sp(¥)n® = V.
Then ux, * --- * px, is absolutely continuous.

4 Tuples That Are Not Absolutely Continuous

We begin by establishing the necessity of the conditions that give absolute continuity.

4.1 Eligibility is a Requirement for Absolute Continuity

Lemma 4.1 If(Xy,...,Xy) is an absolutely continuous L-tuple, then (Xi,...,X1)
is eligible.

Proof Suppose the L-tuple, (Xi,..., X1 ) € gL, is not eligible; that is,
L
> Sx, > (L-1)2n+1 (or (L-1)(n+1)+1ifg, istype A,.)
i=1

Let «; be the eigenvalue of X; with greatest multiplicity (where we view each X; as
a complex matrix of the appropriate size depending on the Lie type of g,) and let
gi belong to the associated Lie group, G,. Let V; be the eigenspace of Ad(g;)(X;)
corresponding to the eigenvalue «;.

If g, is of type C,, or D, then Ad(g;)(X;) are 2n x 2n matrices and dim V; = Sx,,
s0

L L
Y dimV; =) Sx, > (L-1)2n+1
i=1 i=1

We deduce that

L
dimNOV;

i=1
L -1

= ZdimVi—(dim(Vl+ V2)+dim((Van2)+V3) +~--+dim( N V,-+VL))
i=1 i=1

>(L-1)2n+1-2n(L-1) 21,

and hence the matrices, Ad(g;)(X;), have a common eigenvector, v. As

> Ad(g) (X)) = Y,

it follows that 3°; a; is an eigenvalue of }>; Ad(g;)(X;). Since ¥; Ad(g;)(X;) is an
arbitrary element of Ox, + --- + Oy, , one can see that every element of }°; Oy, has
eigenvalue }; «;. This is impossible if Ox, + --- + O, has non-empty interior, thus
an application of Proposition 3.8(i) allows us to conclude that px, * --- * px, is not
absolutely continuous.

The argument is similar if g,, is type A, viewing X; as matrices in su(#n+1), acting
on R™*,

In the case when g, is type B,, we require a slight variation on the argument,
since every matrix in the Lie algebra so(2n + 1) (the model for type B,) has 0 as
an eigenvalue. We use the same notation as above and first observe that if all X; are
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dominant B type, then all a; = 0 and dim V; = Sx, +1. Thus, Y-, dim V; > (L —1)2n+
L + 1. Since the vector spaces V; are subspaces of R*"*1, it follows that

L
dim O V; 2 (L-1)2n+L+1-(2n+1)(L—-1) > 2.
i=1

Consequently, 0 is an eigenvalue of every element of Ox, + --- + Oy, of multiplicity
at least two. Again, we can conclude that Oy, + --- + Oy, has empty interior, and
therefore (Xj, ..., X1 ) is not an absolutely continuous tuple.

If, instead, precisely one X; is dominant SU type, with eigenvalue & # 0 of max-
imum multiplicity, then ¥ dim V; > (L —1)2n + L. This shows that dim N}, V; has
dimension at least one, and hence every element of Oy, +--- + Ox, has « as an eigen-
value, again a contradiction if (Xj, ..., X} ) is an absolutely continuous tuple.

If two or more X; are dominant SU type, then (X, ..., X ) is automatically eligi-
ble. ]

4.2 Exceptional Tuples That are not Absolutely Continuous

Lemma 4.2 Suppose (Xi,. .., X1) is an exceptional tuple and is not a pair (X1, X)
of type (SU(n),SU(n-1)) in D, where n > 6. Then (X, ..., X1) is not an absolutely
continuous tuple.

Proof We will need separate arguments for the various exceptional tuples.
(i) Suppose X; and X, are both type SU(n) in the Lie algebra D,,. Observe that

dim(sp{Ad(gi)(Nx,) :i =1,2}) <|Nx,|+[Nx,|.

In this case, |[Nx,| = |®,|/2. As the dimension of the Lie algebra is |®,| + # it is
clearly impossible for sp{Ad(g;)(Nx,) : i = 1,2} to be the full Lie algebra. Thus
Proposition 3.8(iii) proves that this pair is not absolutely continuous.

(ii) Suppose X; and X, are of types SU(n) and SU(n —1), respectively, in D,, with
n = 4 or 5. For this problem, we will use the fact that a root system of type SU(4) is
isomorphic to one of type D3. We will explain the argument for # = 4 and leave n = 5
as an exercise.

Let 7 be an automorphism of the root system of type D, (an isomorphism that pre-
serves the Cartan matrix) that maps the annihilating roots of X; (those of type SU(4))
onto a root subsystem of type D3. This automorphism extends to an automorphism
on the torus of D4 that maps X to the element 7(X;) whose set of annihilating roots
is the D3 root subsystem, and it maps X to the element 7(X,) whose set of annihi-
lating roots is isomorphic to those of X, and hence is type SU(3) (as this is unique
up to Lie isomorphism). It induces a Lie algebra isomorphism that we also call 7. We
have 7(Ox;) = On(x;) and

7( Tad(g))(x,)(0x,)) = Tad(n(g))(n(x,)) (On(x))s

where if g; = exp Hj, then 71(g;) = exp n(H;).
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The pair (7(X;), (X3)) is not eligible in Dy as S, (x,y = 6 and S;(x,) = 3, so by
our previous lemma it is not an absolutely continuous pair. Consequently, Proposi-
tion 3.8(iv) implies that

2
dim( 2~ Tad(n(g)n(x) ( o,,(X,,))) <dim D,

i=1

for any choices of g, g». But then a similar statement holds for Y7, Tad(g)x,;(0x;)>
and thus (X, X3 ) is not an absolutely continuous pair.

(iil) When (X;, X,) is a pair of type (SU(4), SU(2) x D,) in D, the arguments
are similar. The Lie isomorphism, 7, that maps the subsystem of type SU(4) onto one
of type D3 must preserve the type of the root subsystem of type SU(2) x D,. But the
pair (7(X;), (X3)) is not eligible, and hence neither it, nor the original pair, can be
absolutely continuous.

Next, suppose X is type SU(4) and X, is type SU(2) x SU(2) in D4 with the
subsystem, @ x,, Weyl conjugate to a subset of the subsystem ®x,. Since any Weyl
conjugate of X, generates the same orbit as X,, there is no loss of generality in assum-
ing @y, € Oy,. Consider the same Lie isomorphism 7 again. Then 7(®yx,) ¢ n(Dy,)
has the same Lie type as @x,. But the only subsystems of type D5 that are isomorphic
to type SU(2) x SU(2) are of the form {+e; + e;} for some i # j, and hence are type
D,. Being of type (D3, D,), the pair (7(X;),7(X3)) is not eligible, and therefore
(X1, X3) is not absolutely continuous.

(iv) Assume X, X5, X; are each of type SU(4) in D4, with Weyl conjugate sets of
annihilators. As the annihilators are Weyl conjugate, for each i = 1,2, 3 there exist h;
in the Lie group of type D4 such that Ad(h;)(Nyx,) = Nx,. Therefore, there exist g;
in the group such that

sp{ Ad(g:)(Nx,):i=1,2,3} =¢g
if and only if
sp{ Ad(gihi)(Nx,) :i=1,2,3} =g.

But the latter was shown to be impossible in the proof of [9, Thm. 8.2].

(v) The argument is similar if X; and X, are both type SU(n) x SU(n) in the Lie
algebra of type SU(2n). In this case, Nx, and Ny, are Weyl conjugate and it was
shown in [9, Prop. 5.1] that there is no g € SU(2#n) such that sp{Ad(g)Nx,,Nx,} =
su(2n). [ |

5 Proving Absolute Continuity - Main Ideas
5.1 General Strategy

Our proof that the eligible, non-exceptional tuples are absolutely continuous will pro-
ceed by induction on the rank of the Lie algebra. The reduction is based upon the
following idea.
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Notation 5.1 Suppose X in the torus of the Lie algebra of type SU(n), B,, C,, or
D, is identified (after a suitable Weyl conjugate) with the n-vector

(0,...,0,a1,.. ., 81, Qs oo o5 () Am),
J s1 Sm

where s; = maxs; and J = 0 in the case of type SU(n). Define the element X’ € t,_;

by
(0,...,0,a1, ..., a1, s Ay .o (2)am) 2] 25,
(51) X! = J-1 $1 Sm
' (0,...,0,a1, ..., 815 s Gmse.s (£)am) 2] <sp.
J s1—-1 Sm

This means, for example, that if X has type By x SU(s;) x -+ x SU(s,,), where
s1 = max s, then X’ has type Bj_; x SU(s;) x --- x SU(s,) if X is dominant B type
and X’ has type B; x SU(s; = 1) x -+- x SU(s,,) if X is dominant SU type. If X in
SU(n) has type SU(s;) x -+ x SU(sp), then Sx» = Sx —1if s; > max;; sj, and
Sx = Sx otherwise. In the latter case, Sx < n/2.

We can embed t,,_; into t, by taking the standard basis vectors ey, ..., e, in R”
(O €1 — eni1s-++>€n — eny1 in R in the case of type SU(n + 1)) as the basis for
t, and taking the vectors e, ..., e, (resp., €3 — €n41,-..,€n — €441) as the basis for
t,—1. This also gives a natural embedding of ®,,_; into ®,, and together these give an
embedding of g,_; into g,, an embedding of V,,_; into V,, and an embedding of G,,_;
into G,,. We will also view X’ as an element of t,, in the natural way.

An induction argument will be applicable because of the following lemma.

Lemma 5.2 If(X,Y) is an eligible pair in g, and X, Y are not both of type SU (m) x
SU(m) in the Lie algebra of type SU (2m), then the reduced pair, (X', Y"), is eligible in
gn—1~

Proof Casel: g, istype B,, C, or D,.

Observe that we always have Sy < Sx, since the dimensions of the eigenspaces of
X' can only be at most the dimensions of those of X.

Ifboth X and X’ are dominant B, C or D type, then Sy = Sx —2. If X is dominant
SU type, then Sxs < n — 1, regardless of the type of X. Finally, if X is dominant SU
type while X’ is dominant B, C or D type, then Sx = s; > 2] = Sx» > s; — 1. Since it is
always true that J + s; < n, one can check that s; < (2n +1)/3 and hence Sx» <n —1.

Thus, if either X and X’ or Y and Y’ are both dominant B, C, or D type, then

Sxr + Sy SSX-FSy—ZSZ(I’l—l).
Otherwise, both Sy and Sys < n —1and again we conclude that Sy + Sy < 2(n -1).

Case 2: g, is type SU(n +1).

If either Sx» < Sx or Sy+ < Sy, then Sy + Sy» < Sx + Sy — 1, and thus (X', Y’) is
eligible. Otherwise, Sy = Sx and Sy = Sy and in that case Sx, Sy < (n+1)/2. If n
is even, then we must have Sy, Sy- < n/2 giving Sx- + Sy < n. If n is odd, it is still
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true that Sxs + Sys < n unless Sx» = Sy» = (n +1)/2. But that happens only when X
and Y are both type SU((n +1)/2) x SU((n +1)/2), which is not permitted. [ |

Remark 5.3 Itis easy to see that if X and X’ are of opposite dominant types, then
X is type By, (Cyor Dy) x SU(s1) x -+ x SU(s,, ), where 1< J < ¥ ;. It follows from
[9, Thm. 8.2] that u% € L%

We record here a well-known fact from elementary linear algebra that is a con-
sequence of the continuity of the determinant function and will be quite useful for

us.
Lemma 5.4  If{v1,...,v,} is a set of linearly independent vectors in vector space V
and wy, ..., wy, €V, then for sufficiently small € > 0, the collection {v, + ewy,...,v, +

ew, | is also linearly independent.

Notation 5.5 Given X’ as defined above, let Nx: = {RE,,IE, : a ¢ @x }, (as in
(2.3)), but viewed as embedded into V,,. Let Qx = Nx \ Nx.

We will refer to the next result as our general strategy. It will enable us to establish
that Proposition 3.8(iii) holds for a given tuple.

Proposition 5.6 (General Strategy) Let X; €t,, i =1,...,L for L > 2, and assume
(X7, ...,X}) is an absolutely continuous tuple in g,,_,. Suppose Q) is a subset of V,,\V,_1
that contains all Qx, and has the property that ad(H)(Q) < sp Q whenever H € g,,_;.
Fix Qg € QXL-
Assume there exists g1,...g1-1 € G,—1 and M € g, such that

(i) sp{Ad(gi)(Qx,), Qx,\Qo:i=1,...,L -1} =spQ;
(i) ad*(M):Nx,\Qq — sp{Q, gn_1} for all positive integers k;
(iii) the span of the projection of Ad(exp sM)(Q) onto the orthogonal complement

of sp{gn-1, Q} in g, is a surjection for all small s > 0.

Then (X3, ..., Xy) is an absolutely continuous tuple.
Proof As(Xj,...,X}) isan absolutely continuous tuple, Proposition 3.8(iii) tells us
that

sp{Ad(h;)(Nx:), Ny :i=1,...,L -1} = gny

for a dense set of (hy,..., hy_1) € GE71. Given ¢ > 0, choose such h; = h;(¢) € G,
with || Ad(h;) — Ad(g;)| < &, where the elements g; € G, are the ones given in the
hypothesis of the proposition. (The norm can be taken to be the operator norm.)

Lemma 5.4, together with assumption (i), shows that for sufficiently small ¢ > 0,

dim(sp Q) = dim(sp{Ad(gi)(Qx,), Ax,\Qo:i=1,...,L - 1})
= dim(sp{Ad(h;)(Qx,), Qx,\Qo :i=1,...,L -1}).

Since ad(H)(Q) < sp(Q) forall H € g,,_; and h; = exp H; for some H; € g,_;, we

have

Ad(h;)(Q) = Ad(exp H;)(Q) = exp(ad(H;))(Q) S spQ

https://doi.org/10.4153/CJM-2015-018-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2015-018-2

856 S. K. Gupta and K. Hare
for all h; € G,,_;. Thus, for sufficiently small € > 0,
sp{ Ad(h:)(Qx,), Qx,\Qo:L=1,...,L -1} =spQ.
For such a choice of ¢ (hereafter fixed), we have
sp{ Ad(h;)(Nx,),Nx,\Qo:i=1,...,L -1} =
sp{ Ad(h;)(Nx:), Ad(hi)Qux,» Nx;, Qx, \Qo} = sp{Q, gn1}-

Assumption (ii), and the fact that Nx, \Qo € sp{Q, gu-1}, implies that for any real
number s, exp(s - adM) = Ad(expsM) maps Nx,\Qo to sp{Q, gn-1}. Moreover,
| Id - Ad(expsM)| — 0 as s — 0, thus similar reasoning to that above shows that for
all small enough s > 0,

sp{Q, gn-1} = sp{ Ad(h;)(Nx,), Nx,\Qo:i=1,...,L}
=sp{ Ad(h;)(Nx,), (Ad(expsM))(Nx,\Qo) : i =1,...,L - 1}.

Combined with assumption (iii), this proves that for sufficiently small s > 0,
sp{Ad(h;)(Nx,), Ad(expsM)(Nx,):i=1,...,L -1} = g,.

Another application of Proposition 3.8(iii) shows that px, * --- * px, is absolutely
continuous. |

We will occasionally make use of the following specific application of the elemen-
tary linear algebra property in order to verify the hypothesis of the general strategy.

Lemma 5.7  Suppose Q is a subset of V,\V,_; that contains both Qx and Qy, and
has the property that ad(H)(Q) ¢ sp Q whenever H € g,_1. Fix Qo € Qx. Assume
Q€ (Qy nQx) \ Qq and the vectors in {adH(), Qy \ Q1, Qx \ Qo } span Q
for some H € g,,_;. Then for sufficiently small t > 0,

sp{ Ad(exp tH)(Qy), Qx\Qo} = sp Q.
Proof The arguments are similar to that of the general strategy. Since

|ad(H) - ;(Ad(exptH) -1d)| and |Id-Ad(exptH)],

both tend to 0 as ¢ — 0, and ad* (H)(Q) < sp Q for all k, the same argument as used
above shows that

sp{ (Ad(exptH) - 1d)(Q;), Ad(exp tH)(Qy\Q1), QX\QO} =spQ.

But since Q; € Qx\Qy, we can replace (Ad(exp tH) —1d) () in the span on the left
hand side by Ad(exp tH)(€;). Hence,

sp{Ad(exp tH)(QY),QX\QO} =spQ. [ |
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5.2 Applying the General Strategy with L =2

The following proposition, the “induction step’, is the most important ingredient in
the proof of the main theorem.
We continue to use the notation Qx = Nx \ Ny, where X’ is defined as in (5.1).

Proposition 5.8 Suppose (X, Y) is an eligible pair in g, other than X, Y both of type
SU(n) in D, or type SU(n/2) x SU(n/2) in SU(n). Assume also that the reduced
pair, (X', Y"), is an absolutely continuous pair in g,_1. Then (X,Y) is an absolutely
continuous pair in g,.

Proof The main task of the proof is to show that any eligible pair, other than one of
the two exceptional pairs mentioned, satisfy properties (i)-(iii) of the general strategy,
Proposition 5.6.

Part I: g,, is type B,,, C,, or D,,. The proof is divided into three cases depending on
the dominant types of X and Y.

Case 1: Neither X nor Y are of dominant SU type.

With the notation as before, we have Sx = 2] and Sy = 2K (meaning X is dom-
inant By (Cj or Dy) type and Y is dominant Bx (Ck or Dg) type). Applying a Weyl
conjugate, if necessary, we can assume without loss of generality that

Qx ={FEey+e;:J<j<n, F=RI}

and similarly
Qy ={FEe +e;: K< j<n,F=R1I}.

Case 1(a): gy, is type D,.
Recall that V,, is the set of all real and imaginary parts of the chosen Weyl basis of
root vectors of g,. Put

Q=V, \V,.1={FEe;+ej:j=2,...,n,F =R, I}

and
QQ = {REEl + en,IEel + en}.

If H € g,,_1, then H is a linear combination of a torus element of g,,_;, and the
vectors REe; + ej, IEe; + ej with 2 < i < j < n. It follows easily from (2.2) that
ad(H)(Q) csp Q.

Take g € G,,_; to be the Weyl conjugate that permutes the letters 1+ j and K + j for
j=1,...,]—1. This is well defined and leaves the letter n unchanged as the eligibility
condition ensures J + K —1 < n —1. Consequently, Ad(g)(FEe, + ex+j) = FEe; £ e1;
for j=1,...,] -1, and all other vectors in () are fixed, including FEe; + e,. Thus,

{Ad(g)(Qy), QX AN .Qo} = {FE@] +eg: k = 2,0, l’l},
proving that (i) of the general strategy, Proposition 5.6 (with L = 2) is satisfied.
Let M = REe; +e, € g,,. Applying (2.2) again, we see that if H = FEe, + ¢; for some
j < n,thenad(M)(H) = cFEe; ¥ e, € g, for a non-zero constant ¢ depending on

j,nand F. If H = FEe; + e,,, then ad(M)(H) = cFEe; F e; € sp(Q \ Q). Finally,
note thatad(M)(H) = 0if H = FEe;+e;for1< i, j < nor H = FEe, —e,. This proves
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ad®(M): Nx\Qo — sp{Q, g,_1} for all positive integers k, so that property (ii) of the
general strategy is satisfied.

As sp{Q, g,-1} is of co-dimension one, its orthogonal complement is spanned by
the projection onto any element in the complement of sp{Q, g,_; }. The torus element

ad(M)(IEe; +e,) = [REe; + ey, [Ee; + e, ] := 1
is such an element. Since
ad(M)(t;) = [REe; + ey, t1] = cIEe; + ey
for some ¢ # 0 (see 2.1), it follows that
Ad(expsM)(IEe; + e,) = a(s)IEe; + e, + sb(s)t,

where a(s), b(s) - lass — 0. Therefore, Proposition 5.6(iii) is also fulfilled with any
s > 0. Applying that proposition, we conclude that yx * py is absolutely continuous.
Case 1(b): gn is type By,.

Again, we will apply the general strategy, but here with

Q=V,\V,_1={FEe, +e¢j,FEe;: j=2,...,n,F =R,I},
QO = {REC] + en,IEel + en}.

The fact that ad(H)(Q) € Q whenever H € g,,_; follows easily from properties of
the roots, as with the case D,,.

Fort > 0,let g; = (exp tREe,)g where g € G,,_; corresponds to the Weyl conjugate

that permutes the letters 1+ jand K+ jfor j =1,..., J—1asin the previous case. Since
REe, € g,-1, gt € G,_1. Observe that

[REe,,FEe;] = cFEe; + e, + c'FEe; — ey,

{c(i)FEel it j=mn,

[REe,,FEe; + ¢j] =
else,

with ¢, ¢’ and ¢*) non-zero constants. In particular, this implies that
Ad(exptREe,)(FEe; + ej) = FEe, = e; for j # n.

Since Ad(g)(FEe ek ;) = FEeyxey,jfor j=1,...,]-1and the eligibility condition
ensures Ad(g) fixes FEe; + e,, it follows that for j=1,...,] — 1 we have

Ad(g;)(FEe, + ex.;) = Ad(exp tREe, )(FEe; + e1,j) = FEe; + ey,
and

Ad(g:)(FEe; £ e,) = Ad(exptREe,)(FEe; + e,)
= a(t)FEe, e, +tb(t)FEe, + t*c(t)FEe, ¥ e,
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where a(t) — 1as t — 0, and b(t) and c(t) converge to non-zero scalars.” All other
choices of FEe, + ¢j are fixed by Ad(g;). Hence,

sp{ FEe; — e,, Ad(g:)(FEe; + e,) : F =R, I} =
sp{ FEe; — e, FEe; + e, +tb'(t)FEe;, FEe; +tc'(t)FEe; + e, : F=R,I},
where b’(t) and ¢’(t) converge to non-zero limits as ¢ — 0. Since
{FEe; +e,,FEe;: F=R,I}
is a set of six linearly independent vectors, so too is the collection
{FEe, - e,, FEe; + e, +tb'(t)FEe,, FEe, + tc'(t)FEe; +e,:F=R,I}

for sufficiently small ¢, and therefore they span the same space. Because Qx\Q con-
tains FEe; — e,,, it follows that

sp{Ad(g:)(Qy), Qx\Qo}
= sp{Ad(gt)(FEel +er),FEe +ej,FEe;—e,: k>K,J<j<nF= R,I}
=sp{FEe, + ej,FEe| £ e,, FEe;: j<n,F=R,I} =spQ.

Again,put M = REe;+e, € g,,. Aswithtype D,, adk(M)(FEeliej) € sp{gn-1. Q}
for all k and j < n, and ad(M)(FEe, - e,) = 0. Furthermore, ad(M)(FEe;) = 0 if
j#*1,n,ad(M)(FEe,) = cFEe;, and ad(M)(FEe,) = cFEe,, so property (ii) of the
general strategy holds. As in the first case, sp{g,_1, Q} is of co-dimension one in g,,
and just as in type D, property (iii) holds, so we deduce the absolute continuity of
Ux * yy by appealing to Proposition 5.6.

Case 1(c): gn is type C,.
Here we will use a variant on the general strategy. As with type D,,, we begin with
Q={FEe;+ej:j=2,...,n,F =R, I}
and g the Weyl conjugate permuting the letters 1+ jand K+ jfor j=1,...,J - 1. Take
Qo ={FEe;+e,: F=R,I}.
The eligibility condition gives that sp{Ad(g)(Qy), Qx\Qo} = sp Q.

As with type D,,, ad(FEe; + ¢;)(Q) S sp{Q,gn1} foralll < i < j <nand
similarly, ad(FE(2e;))(Q) ¢ Q for j > 1, so ad(H)(Q) < sp{Q, g,—1} whenever
H € g,_1. Thus, as in the proof of the general strategy, upon applying the induction
assumption, we can deduce there is some h € G,,_; such that

(5.2) SP{Ad(h)(NY)aNX\QO} =sp{Q, gn1}.

Once again, we will put M = REe; +e, € g,,. As with the types B,, and D, standard
facts about roots show that ad(M)(H) € sp{Q, g,—1} for all H € Nx\Qo. In fact, for
all k > 1, ad" (M) (H) € sp{Q, gn_1} for all H € Nx\Qq except for H = FE(2e,) as
ad*(M)(FE(2e,)) has a component in FE(2e,). (Recall that FE(2e,) € Ny, since
the only roots 2¢; € @ are those with j < J.) It is because of this exception that we
cannot appeal directly to the general strategy.

2a(t),b(t),c(t) depend on F and the choice of +, as well as ¢. From here on we will omit noting
this dependence, unless it is important.
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Another difference between this set up and the situation for types B, and D,, is that
here sp{Q, g1} has co-dimension three, its orthogonal complement being spanned
by RE(2e;),E(2e;) and the projection onto the torus element [REe; +e,,, [Ee; + e, ].
That will also complicate matters.

Let A be the subspace spanned by the torus of g,_; and the vectors REg and IEg
where [ ranges over all the positive roots except 2ey, 2e,,

A :=sp{Q,g,-1} ©sp{RE(2e,),IE(2e,)}.
Let P be the orthogonal projection onto A. Since Nx \ {Qq, FE(2e,)} € A, prop-
erty (5.2) implies that
sp{ P(Ad(h)(Nv)), Nx \ {Qo, RE(2¢,), IE(2e,)}} = A.

Choose Y[f, Y; € Ad(h)Ny and X5, X; € Nx \ {Qo,RE(2e,),IE(2e,)} such that

(a) th +X§ = FEg + Wlf where Wlf € sp{RE(2e,),1E(2e,)}, F = R, I and f3 ranges
over all roots except 2e;, 2e,,, and
(b) Y;+ X; =tj+ W; where j = 2,...,n, {t2,..., t,} is a basis for t,_; and W; ¢
sp{FE(2e,)}.
Note that if we put #; = [REe; + e,,, [Ee; + e, ], then {f1,...,t,} is a basis for t,,.
This collection of vectors {YéD + Xg , Yj+ X} is linearly independent and hence for
small enough s > 0, so is the set
{ Y;JrAd(expsM)(X;;), Yj+Ad(expsM)(X;): B #2e,2en, j=2,...,n,F= R,I}.
Observe that
Ys + Ad(expsM)(Xp) = Y5 + Xj + (Ad(expsM) - 1d) (Xj)
= FEg + Wy +5Qg(s),
where the vector QX (s) depends on s, but has bounded norm. The projection of
Qg(s) onto sp{RE2e;, IE2e¢,} is zero, since Ad(exp sM) maps
Ny \ {Qo, FE(2e,): F = R, I}
into g, © sp{RE2e;, [E2e; }. Also, it is clear from the definitions that for 8 + e; — e,
the projection of FEg + Wtf onto sp{REe; — e,, [Ee; — e,, } is zero. Similar statements
can be made for Y; + Ad(exp sM)(X;).

Claim: The collection of vectors, Y; + Ad(expsM) (Xg), Y; + Ad(expsM)(X;) over
all positive roots § # 2e;,2e,, F = R, I, and j = 2,...,n, together with the four
vectors Ad(expsM)(FE(2e,)), Ad(expsM)(FEe; — e,) for F = R, I, are linearly
independent.

To prove this we first observe that

[REe; + e,, FE(2e1)] = c;FEe; — e,
[REe; + e,, FE(2e,)] = c;FEe, — e,
[REe; + e,,FEe; — e,,| = c3FE(2e1) + c4FE(2e,),
where c; # 0. Thus,
(5.3) Ad(expsM)(FEe, —e,) = af FEe, — e, +sb"FE(2e,) + scf FE(2e,,)
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and

(5.4) Ad(expsM)(FE(2e,)) = sb’"FEe, — e, + s*c/" FE(2e,) + a’"FE(2e,),

where the coefficients, af, alf, b¥, b’F, cF, c/F, converge to non-zero constants as

s—0.

The vectors listed in (5.3) and (5.4), as well as those in sp{g,-1, Q}, belong to
gn © sp{t }. We view them as vectors in R? with d = dim g,, — 1, whose coordinates
are given by the basis for g, © sp{#;} consisting of the torus elements, {f,,...,t,},
together with the real and imaginary parts of the Weyl basis { E, }, taking as the final
six positions the basis vectors FEe; — e, FE(2e,) and FE(2¢;), F = R, I.

With this understanding, consider the square matrix whose rows are given by
the vectors Y; + Ad(expsM)(X;) for j = 2,...,n; followed by the vectors Y/f +
Ad(exp sM)(Xg), B + 2e1,2e,, ordered consistently to above so that the final two
come from f3 = e; — e,; and then finally the four vectors Ad(exp sM)(FE(2e,)) and
Ad(expsM)(FEe; — e,) (for a small, but fixed, choice of s).

The calculations above show that this matrix, denoted A = (A;;), has the form

—[Id76 + O(S)] (d-6)x(d—6) [O(S)](d76)><2 [*](d*G)XZ [0](d76)><2

ty

X%

0o (100, | ]

A= ,
(0] sb!® 0 a® 0 o(s?) o
2x(d-6) 0 sb! 0 a 0 0O(s?)
ak 0 sck o sbR® 0
| [ka(d_ﬁ) 0 af 0 sc! 0 sb!

where I, denotes the m x m identity matrix, O(s*) means terms dominated by Cs*
for some constant C independent of s, and * denotes terms that may depend on s, but
are bounded independently of s.

We estimate the determinant of this matrix using the Leibniz formula. Since
we have |AjjAy - Agg| 2 Cos? for some Cy > 0 and all the other products
A15(1)A20(2) "+ Ado(d)> Where 0 is a permutation of {1,...,d}, are dominated in ab-
solute value by C;s°, the determinant is non-zero for sufficiently small s > 0. This
completes the proof of the claim.

As there are the appropriate number of vectors, these vectors form a basis for g, ©
sp{t1}. Recall that X%, FE(2e,) and FEe, - e, all belong to

Nx \ {FEe; +e,:F=R,I},
hence
sp{Ad(h)Ny,Ad(expsM)(NX \ {FEe; + en})} =g, ©sp{t}.
Finally, our familiar calculation shows

Ad(expsM)(IEe; + e,) = asIEe; + e, + sbsty
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where b converges to a non-zero constant. It follows that for small enough s,

sp{Ad(h)(Ny),Ad(expsM)(NX)} = Gn»
as desired.

Case 2: Both X and Y are dominant SU type.

First, assume the Lie algebra is type B, or C,. According to [9, Thm. 8.2] both
p% and u? belong to L?. Applying Holder’s inequality we see that ux * uy € L2.
Being compactly supported, it follows that ux * py is in L', and hence is a measure
that is absolutely continuous with respect to Lebesgue measure. (Note that the same
argument applies to the Lie algebra of type D,, unless one of X or Y is of type SU(n).)

However, we prefer to give an argument that is independent of [9] as the techniques
will then have more general application and such an argument will be needed in the
case of type Dy, in any case. For this, in the case of type B, put

Q= {FEe;,FEe; +ej:j>2,F=R,I} and Qo= {REe;,IEe},
while in the case of type C,, put
Q ={FE(2e,),FEey+ej:j>2,F=R,I} and Qg ={RE(2e),IE(2¢,)}.

In either case, ad(H)(Q) cspQforall H € g,,_;.

As X, Y are dominant SU type, both Qx and Qy contain FE(2)e; and all the roots
FEe; +ej, j > 2.If g € G,,_; is the Weyl conjugate that changes the signs of the letters
2,...,n, then {Ad(g)(Qx), Qy \ Qo} = Q. Now take M = RE(2)e; and apply the
general strategy.

The arguments are similar when the Lie algebra is type D,,. Let

Q={FEej+ej:j>2,F=R,I}.

As we do not permit both X and Y to be of type SU(n), without loss of generality Qx
contains all the roots FEe; + ¢ for 2 < j < n —1, as well as both FEe; + e,;, and Qy
contains either all FEe; + e; for 2 < jorall FEe, + ej for2< j<n-1and FEe; - e,,.
Let Qg be the choice of {FEe; + e, } or {FEe; — e, }, depending on which belongs to
Qy. Let g € G,_1 be the Weyl conjugate that changes the signs 2,...,n —1 (and n if
needed to be an even sign change). Then Ad(g)(Qx) 2 {FEe;—e¢j, FEe e, : j > 2}
and hence {Ad(g)(Qx), Qy \ Qo} = Q. Take M = REe; * e, with the choice of +
depending on which belongs to Qy.

Case 3: X and Y are of different dominant type.

Without loss of generality assume X is dominant SU(m) type and Y is dominant
By, Cy, or Dj type, depending on the type of the Lie algebra. Eligibility implies that
2] +m < 2n.

Let

Q={FEe; +ej, (FE(2)e;):j>2}.
(with the inclusion of FEe; if the Lie algebra is type B, or FE(2¢,) if the Lie algebra
is C,,). We have

Qx ={FEe, +¢;,FEe; —e,:j<n,}if X =(a,...,a,-a)in D,,
Qx = {FEe, + ¢j,FEe; — e, (FE(2)e1) : j > 2,k > m, F = R, I'} otherwise.
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Put Qg = {FEe; + eyp—js1} € Qx N Qy (or Qp = {FEe; —e,} if ] = land X =
(a,...,a,—a)in D,). Applying a Weyl conjugate from G,_;, we can assume
Qy={FEei+e;j:2<j<n—-]J+1,F=R,I}.
If n — J + 1 > m, then we already have {Qy, Qx \ Qg} = Q, so property (i) of the
general strategy holds with ¢ = Id. Take M = REe;+e,,_j4 (resp., take M = REe;—e,,)

to complete the argument.
Otherwise, m + ] — n > 2 (which implies J > 2). Put

QIZ{FE61+€k32£kSn—],F:R,I}§(Qyﬁﬂx)\Q()

and define
- Z;;;REej"'enf]Jer"REe]—en if X = (a,...,a,-a) intype D,,
) ZT:;]_H REej+ en—j4j otherwise.

As ] # n, ej + e,_j,j are roots of the Lie algebra g,_;. Let2 < k < m + ] - n.
Observethat k + n— ] + jforany j > 2, forifso,then j=k-n+J<m+2]-2n
and therefore the eligibility condition would imply j < 0. Thus, if2 <k <m + ] - n,
then ad(H)(FEe; + ex) = ckFEe; — e,y (or ad(H)(FEe; + ¢j) = ¢jFEe; + ey, if
X=(a,...,—a)).

The eligibility condition also implies

Q1 2{FEe;+er:2<k<m+]—n};
therefore,
sp{ad(H)(Q)} 2 sp{FEe; —ej,FEey +e,:n—-J+2<j<n-1,F=R,I}
if X =(a,...,a,—a) in type D, and
sp{ad(H)(Q)} 2 sp{FEe; —¢j:n—]+2< j<m,F=R,I}, otherwise.
Since Oy \ Q) = {FEe; — ¢, FEe; + e,_j1 : 2 < j < n— ] +1}, in either case we
have
sp{ad(H) (), Qy \ Q1, Qx \ Qo) =spQ.
By Lemma 5.7 there is some g € G,_; (namely, g = exp tH for sufficiently small ¢)
such that
sp{Ad(g)(Qy),QX N QO} =sp Q.
Again, take M = REe; + e,,_j;1 and apply the general strategy to complete the argu-
ment.
Part II: g, is type SU(n).
This is very similar to Case 1(a). Let
QZ{FE€1—8j22<j§l’l,F:R,I}.
We have
Qx ={FEe;—¢j:Sx <j<n, F=R,I},
Qy ={FEe;—¢;:Sy <j<n, F=R,I}.
Put Q¢ = {FEe; —e, : F = R, I}. Take g € SU(n — 1) to be the Weyl conjugate
that interchanges the letters Sy + jand 1+ jfor j = 1,...,Sx — 1. The eligibility
condition ensures that this is well defined and leaves 1 and #n unchanged. Clearly,
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{Ad(g)(Qy), Qx \ Qo} = Q. Take M = REe; — ¢, and apply the general strategy
in the usual manner. ]

6 Proof of the Main Theorem

In this section we will complete the proof of Theorem 3.5.
Necessary conditions for Absolute continuity: Lemma 4.1 shows that absolutely contin-
uous tuples are eligible, while in Lemma 4.2 we saw that the exceptional tuples, other
than possibly the pairs of type (SU(n), SU(n —1)) in the Lie algebra of type D,, with
n > 6, are not absolutely continuous.

The rest of the proof is devoted to establishing that the eligible, non-exceptional
tuples are absolutely continuous.

Sufficient conditions for Absolute continuity for Lie types A, B, and C,:

Case L = 2. The proof proceeds by induction on the rank #n of the Lie algebra. We
begin A, with n = 1 (type SU(2)) and B, with n = 2. Although it is customary to
only define C,, for n > 3, there is no harm in beginning with C,, meaning the root
system +{2ej, 2¢;, €] £ e, }, which is Lie isomorphic to B,.

According to [9, Thm. 8.2], all non-zero pairs (X, Y) in the Lie algebras of type
SU(2) and B, have the property that both u%,u% € L*. Thus, px * py is a com-
pactly supported measure in L? and hence is an absolutely continuous measure. The
existence of g1, g» € G, with

2
Z TAd(g,)(X,)(OX,) = gl’l
i=1

is a Lie isomorphism invariant; thus, from Proposition 3.8 we can also deduce that
Ux * Wy is an absolutely continuous measure for all non-zero (X, X,) in the Lie al-
gebra of type C,.

Now, inductively assume that all eligible, non-exceptional pairs in SU(n-1), B,,_,
or C,_1, with n > 3, are absolutely continuous. (Of course, there are no exceptional
pairs in B,,_j or C,,_1.)

Let (X,Y) be an eligible, non-exceptional pair in SU(n), By, or C,, and form
the reduced pair (X’,Y"). The reduced pair is eligible by Lemma 5.2. Notice that
only an element of type SU(#) x SU(%5!) in SU(n) will reduce to an element of
type SU(%) x SU(“) in SU(n —1). Furthermore, a pair of elements each of type
SU(Z2)xSU (%) is not eligible in SU(n); thus, we can assume that (X', Y') is both
eligible and non-exceptional. By the induction assumption, (X', Y') is an absolutely
continuous pair. But then the induction step, Proposition 5.8, implies that (X, Y) is
absolutely continuous.

Case L > 3. Again, we proceed by induction on n. We remark that as y * v is absolutely
continuous if y is absolutely continuous and v is an arbitrary measure, the fact that
the convolution of any two non-zero orbital measures in type SU(2), B, or C, is
absolutely continuous, proves that the same is true for the convolution of any L non-
zero orbital measures. This starts the induction.

https://doi.org/10.4153/CJM-2015-018-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2015-018-2

Absolute Continuity 865

First, suppose (Xi,..., X ) is an eligible L-tuple in B, or C,, with n > 3. We will
let Q) be as in Proposition 5.8, depending on whether g is type B, or C,,

Q= {FEe;+ej,FE(2)e;: j=2,...,n,F=R,I}.

As a pair of elements that is dominant SU type in B, or C, is eligible and not ex-
ceptional, the theorem for L = 2 implies the convolution of (even) their two orbital
measures is absolutely continuous. Thus, we may assume that at most one X; is dom-
inant SU type.

Suppose that no X; are dominant SU type and form the corresponding X!. If X!
and X} are dominant SU, then the pair (X;, X;) is eligible (and not exceptional);
thus, px, * x, is absolutely continuous. Hence we can assume that at most one Xj is
dominant SU type.

Since Sxs = Sx —2 when both X and X’ are dominant B (or C) type, it follows that

isxgsisxi—2(L—1)sZn(L—l)—z(L—l):2(n—1)(L—1).

This shows that (X7, . ..., X} ) iseligible in g,,_;. As it is not exceptional, the induction
assumption implies it is an absolutely continuous tuple.

Here, fori =1,...,L -1, Qx, = {FEe; + ej : j > J; }, where 2J; = Sy,. Taking g; to
be the Weyl conjugate that switches appropriate letters (and fixes the letters 1 and n),
we can arrange for

i—-1 i
Ad(g:)(Qx,) = {FEeliej L= (i—l)n—Z]k+2,...,in—Z]k+l}
k=1 k=1

(with suitable modifications if any of the specified choices of j exceed n).
If (L-1)n- Y5l Jx +1> n, then

L-1
L_Jl Ad(gi)(Qx,) = {FEe;xej:j=2,...,n},

and this coincides with the set Qy for a suitable Y of type B; (or C;) (meaning type
By (or C;) xSU(1) x --- x SU(1)). As always, Sx < 2(n — 1), and the pair (Y, Xy) is
eligible.

Otherwise, if we let m = n — (L —1)n + ¥ J; and take a suitable choice of Y of
type B, (or Cy,), then

L-1
EJI Ad(g,)QX’ = Qy.

The eligibility condition ensures that
L-1 L
Sy + Sx, :2(n—(L—1)n+ Z]i) +2]p<2n-2(L-1)n+ Y Sx, <2n,
i=1 i=1

and thus the pair (Y, X ) is eligible and clearly not exceptional. The arguments given
in the proof of Proposition 5.8 Case 1 show that there is some g € G,_;, M € g, and
Qg € Qx, such that

(2) spQ =sp{Ad(g)(Qy), Ax;\ Qo }5
(b) ad*(M): Ny, \Qo — sp{Q, g, for all positive integers k; and
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(c) The span of the projection of Ad(exp sM ) (Qo) onto the orthogonal complement
of sp{gu-1, Q} in g, is a surjection for all small s > 0.

Since

sp{Ad(g)(Qy), Qx,\Qo} < sp{Ad(ggi)(Qx,), Qx,\Qo:i=1,....,L -1}

we can call upon the general strategy, Proposition 5.6, with g; replaced there by gg;,
to deduce that (Xj,..., Xy ) is an absolutely continuous tuple. This completes the
argument when no X; are of dominant SU type.

Otherwise, there is one X; that is of dominant SU type, say X . If there is another
index j such that X' is of dominant SU type, then the pair (X, X;) is eligible and not
exceptional, hence px, * x; is absolutely continuous.

So we may assume all X’ with j # L are of dominant B (or C) type. Thus,

stg <Y Sy, —2(L-1)<2(n-1)(L-1),

so (X7,...,X}) isan eligible L-tuple. Again, taking g; to be suitable Weyl conjugates,
we have

L-1 L1
UlAd(gi)(Qxi):{FEeliej:j:2,...,(L—1)n—Z]i+l},
i= i=1
and if we let Y be of type B,,, where m =n - (L -1)n + Zf;ll Ji, then
I-1
U Ad(gi)(Qx,) = Q.

The eligibility condition ensures that
L-1
Sy+SXL :2(1’[—(1,—1)}’1+ ZL) +SXL <2n,
i=1

so the pair (Y, X} ) is eligible. Complete the proof using the arguments of Proposi-
tion 5.8, but this time using Case 3, as X; and Y are of opposite dominant types.

The argument is similar, but easier, if the Lie algebra is type SU(n). We first check
that (X7, ..., X7 ) is eligible when (Xj, ..., X ) is eligible. This is clear if at most one
X has Sx, = Sx;. If two or more X; have Sx, = Sx:, then these two satisfy Sx, < n/2,
and because all Sx < n — 2, we have

isX; <2(nf2) + (L-2)(n-2) < (L-1)(n-1),

i=1
proving eligibility.

Set O = {FEe; — ¢ :2 < j<n}. Wehave Qx, = {FEe; —¢j : j > Sx,}. Upon
taking g; suitable Weyl conjugates that permute letters, we obtain

L-1
L_Jl Ad(g,)(lxl = Qy.

where Y is an element of the torus of SU(#) of type SU(m) withm =n - (L-1)n +
Y1 ;. The eligibility assumption ensures (X1, Y) is an eligible pair and is clearly not
exceptional. Now complete the argument using the L = 2 case in the same manner as
for type B, and C,,. [ |
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The many exceptional pairs in D, (n = 4 in particular) cause complications in
proving the theorem for type D,. We will again prove the main theorem by an induc-
tion argument for L = 2, but it will be convenient to begin the argument with type Ds.
In the next lemma we will prove that all eligible, non-exceptional pairs in D4 and Ds
are absolutely continuous. This will start the base case for us.

We will actually begin with Ds. Usually, D,, is defined for n > 4, but that is because
Dj is Lie isomorphic to type A;. As the problem of characterizing the L-tuples in
type As has already been done, we can use this characterization, together with the
induction step, Proposition 5.8, to handle most of the eligible, non-exceptional pairs
in D4 and Ds. This approach will work whenever the reduced pair is known to be
an absolutely continuous pair (in D3 or Dy, respectively). There will still be a few
remaining pairs to consider, and these will be handled directly by verifying Wright’s
criteria for absolute continuity, Theorem 3.11.

Lemma 6.1 All the eligible, non-exceptional pairs in D4 and Ds are absolutely con-
tinuous.

Proof As explained above, we begin the proof by considering D5. Under the Lie iso-
morphism between D3 and Aj, any subsystem of type D, in D5 is isomorphic to one
of type A; x Ay, type D is isomorphic to one of type Ao (or SU(1)), and types SU(§)
for j = 1,2, 3 are unchanged under such an isomorphism. With this observation and
the criteria for absolute continuity already known for the Lie algebra of type A3, it
is easy to check that all pairs (X, Y) in Dj are absolutely continuous except those of
type (D2, D;), (D2,SU(3)), (SU(3),SU(3)) and (SU(3),SU(2)); the first two of
these not being eligible and the latter two, exceptional.

Case Dy: Proposition 5.8 guarantees that all eligible, non-exceptional pairs, (X, Y),
in D, are absolutely continuous, except when the reduced pair, (X', Y’), is one of
the four pairs listed above. Furthermore, because we have already seen that the pair
(X', Y") is eligible whenever (X, Y) is an eligible, non-exceptional pair, we will only
need to give a special argument for those pairs (X, Y) where X' is type SU(3) and Y’
is either type SU(3) or SU(2) (the latter being type SU(2) x Dy or SU(2) x SU(1)).

Thus, we are left to study the pairs (X, Y') where X is of type SU(4) and Y is one
of type SU(4), type SU(3) (to be more precise, either type SU(3) x D; or SU(3) x
SU(1)), type SU(2) x D5, or SU(2) x SU(2). However, these are all exceptional
pairs except when X is type SU(4), Y is of type SU(2) x SU(2), and @y is not Weyl
conjugate to a subset of Dy.

To prove that this last pair is absolutely continuous, we verify the criteria of The-
orem 3.11 (with X; = X and X, = Y) and follow the notation there. Here we have
|®| = 24 and |®x,| + |Dx,| = 12 + 4 = 16. The rank 3, root subsystems, ¥ of Dy, are
those of type D3, SU(4) (two non-Weyl conjugate subsystems) and D, x SU(2).

When V¥ is type D, x SU(2), then |¥| = 6. Thus, we even have |®| - |[¥| -1 >
|®x,| + |Dx,|, so (3.1) clearly holds. When ¥ is type D3, then |¥| = 12. However,
|©x, no(¥)| =6and|Dx, na(¥)| > 2 for all choices of 0 € W, because o (V) must
contain +e; + ej, +e; + e, +e; = ey for three choices of letters i, j, k. Thus, the LHS of
(3.1) is 11, while the RHS is at most 8.
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Now assume ¥ is type SU(4). First, suppose ¥ is Weyl conjugate to the set of
annihilators of X. Since we need to calculate the intersection of ®x; with all Weyl
conjugates of ¥, there is no loss of generality in assuming ®x, = ¥ = {e; —¢; : 1 <
i # j < 4}. By assumption, @, is not Weyl conjugate to a subset of @y, thus there is
also no loss of generality in assuming @x, = {£(e; — e2), +(e3 + €4) }.

The reader can check that |®x, n ¢(¥)| is minimal when we take the choice of
o € W that switches two signs and in this case |Ox, N ()| = 4. Similarly, it can be
shown that if o is any Weyl conjugate, then |[®x, N o(¥)| > 2, so that again the LHS
of (3.1) is 11 and the RHS is at most 10.

Finally, suppose ¥ is not Weyl conjugate to ®x,. Without loss of generality we
can assume V¥ is as before and ®x, = {e; — ej, £(es + €;) : 1 < i # j < 3}. Again,
|®x, N o(¥)|is minimal when o is the Weyl element that switches two signs, but in
this case, |Ox, N o(¥)| = 6. This is already enough to establish (3.1) and completes
the argument that (X, Y) is an absolutely continuous pair.

Case Ds: Again, Proposition 5.8 implies we only need to study the eligible non-excep-
tional pairs, (X, Y) in D5, where the reduced pair has X’ of type SU(4) and Y’ one of
type SU(4), SU(3), SU(2) x D,, or SU(2) x SU(2). Since the pairs (SU(5), SU(5)
and (SU(5), SU(4)) are exceptional and the pair (SU(5), D3 xSU(2)) is not eligible,
this reduces the problem to the study of the pairs (X, Y) where X is of type SU(5)
and Y is either of type SU(3) x D, or SU(3) x SU(2). Further, since the set of annihi-
lators of an element of type SU(3) x SU(2) is contained in the set of annihilators of an
element of type SU(3) x D,, it will suffice to prove that the pair (SU(5), SU(3) x D,)
is absolutely continuous.

For this, we again use Theorem 3.11. In Ds, the rank 4 root subsystems ¥ that we
must study are those of type Dy, SU(5), D3 x SU(2), and D, x SU(3), with cardinal-
ities 24, 20, 14, and 10, respectively. The cardinality of @ is 40, while |®y,| = 20 and
Dy, | = 10.

Let A be a root subsystem of type D5, D3, or D, in Ds. It is easy to see thatif A isa
root subsystem of type D; in Ds, with j = 2,3,4, then |®x, N A| = 1|A|. Furthermore,
|©x, N A| = 6 whenever A is type Dy. Since the action of a Weyl element preserves
the type of a root subsystem, these calculations can be used to show that (3.1) holds if
¥ is type Dy, D3 x SU(2) or D, x SU(3).

When V¥ is type SU(5), then |®x, ng(¥)| > 8 for all ¢ (with the minimum occur-
ring when o is two sign changes). Moreover, |®x, N d(¥)| > 4 so that again (3.1) is
satisfied. This shows that the pair (SU(5), SU(3) x D,) is absolutely continuous and
completes the base case arguments. ]

Further complications arise with type D, because of the fact that when X is of type
SU(n), u% is not absolutely continuous. We have already seen this complication in
the proof of Proposition 5.8 (when L = 2), but it presents further difficulties when
L > 2. To handle this, we introduce the following terminology for the remainder of
the proof.

Definition 6.2 We will say that X is almost dominant SU type if X is type Dj x
SU(s1) x---x SU(s;), where J < ¥ s;.
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Of course, if X is dominant SU type, then it is almost dominant SU type. However,
X is also almost dominant SU type if X is dominant D type, but X’ is dominant SU
type, for instance. If X is almost dominant SU type and not type SU(n), then [9,
Thm. 8.2] implies % € L?. Here are some additional properties.

Lemma 6.3 Suppose X, X, are almost dominant SU type in D, and X3 + 0.

(i)  Ifneither X, nor X, are type SU(n), then ux, * ux, € L*.

(ii) If Xy and X, are both type SU(n) and X5 is not, then ux, * px, * px, € L*.

(iii) More generally, if X is type SU(n) and X, is not, then ux, * px, * px, € L*.

(iv) Ifn 25 (orn=4)and X5 (and X4) is almost dominant SU(n) type, then pux, *
Ux, * MX3(*#X4) €L’

Proof (i) follows from [9] as remarked above. The fact that it is absolutely continu-
ous, which is actually all we will need for our application, also follows from the L = 2
part of the proof of the main theorem, since (X, X3) is an eligible, non-exceptional
pair.

(iv) holds similarly from [9], since u} € L* whenever X is almost dominate SU
type and n > 5, and py € L? when n = 4. (Alternatively, absolute continuity can be
checked from Theorem 3.11.)

For (ii) and (iii) we proceed by induction on n, noting that according to the main
theorem, as already established for all L > 2 in the Lie algebras of type A, all triples in
Aj (equivalently, D3) are absolutely continuous, except when all three are type SU(3).

Now assume n > 4. We put

Q={FEe;+ej:j=2,...,n,F=R,I}.

(ii): Here X7, X} will be of type SU(n-1) in D,,_;, while X3 is not, so the induction
hypothesis applies. Without loss of generality we can assume

QXl = {FE€1+€]' ]ZZ,FZR,I}
and Qy, either coincides with Qy, or
Qx, = {FEe, +e¢j,FEe;—e,: j<n—-1,F=R,I}.

As X5 isnot of type SU(n), Qx, contains { FEe; e, }. Let g be the Weyl conjugate
changing the signs of 2,...,7n — 1 (and # if needed to be an even sign change). Then
Qx, U Ad(g)(Qx,) contains all of Q) except for possibly {FEe; — e, : F = R, I}. If
Qo = {FEe; + e, }, we have

QXI UAd(g)(QXZ) @] (st AN Qo) =Q.

Taking M = REe; + e, one can verify that the hypotheses of the general strategy,
Proposition 5.6, are all satisfied. Consequently, (X;, X5, X3) is absolutely continuous.

(iii): We define X] and X} as usual, but will redefine X} so that it continues to be of
almost dominant SU type and not type SU(n —1) (so that we will be able to apply the
induction hypothesis). This can be achieved by defining X}, to be type Dj_; x SU(s1) x
-+ x SU(s¢) if X, is type Dy x SU(s1) x -+ x SU(s;) with J > 1, or defining X}, to be
type Dy x SU(s; —1) x --- x SU(s;) if ] = 0 or 1 and 5; = maxs;. The fact that X; is
almost dominant SU type ensures that ] < n/2, so whether X, is dominant SU type
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or not, Sx, < n and thus (X, X,) is an eligible pair. Further, X;, X, are not both of
type SU(n).

The arguments given in Proposition 5.8 (Case 2 or 3 depending on the situation)
can be applied to prove there is some g € D,,_; such that

sp{Qx, \ Qo,Ad(g)(Qx,)} =spQ,

where Q is taken to be the choice of FEe; + e, or FEe; — e, that belongs to Qy,.
Therefore,

sp{ Qx, \ Q0,Ad(g)(Qx,), Qx, } =spQ.
Now take M = REe; + e, (depending on the choice of Q) and apply the general
strategy. u

We are now ready to conclude the proof of Theorem 3.5 by completing the proof
of sufficiency for absolute continuity in type D,,.

Proof of Theorem 3.5, continued
Sufficient conditions for absolute continuity for Lie type D,:

Case L = 2. Lemma 6.1 starts the induction argument for type D,. Now, inductively
assume that all eligible, non-exceptional pairs in D,_;, with n > 6, are absolutely
continuous. By Lemma 5.2, the pair (X', Y") is eligible. If it is an exceptional pair,
then it must be either of type (SU(n-1), SU(n—1)) or type (SU(n-1), SU(n-2))
(where the SU(n — 2) could be type SU(n — 2) x D; or SU(n - 2) x SU(1)). But
then (X, Y) must also have been an exceptional pair in D,,, which is a contradiction.
By the induction assumption, (X', Y") is an absolutely continuous pair, and hence
Proposition 5.8 implies that (X, Y) is absolutely continuous.

Case L > 3. Again, we give an induction argument. The base case, Dy, will be dis-

cussed at the conclusion of the proof. So assume n > 5and (X, ..., X1 ) is an eligible
L-tuple in D,,. We note that there are no exceptional L-tuples in D, for n > 5 when
L>3.

We will take

Q={FEe;xej:j=2,...,n}.
More care is needed in this situation than for the Lie algebras of type B, and C,,
since the fact that y% ¢ L* when X is of type SU(n) means, for example, that we
cannot immediately assume that at most one X; is dominant SU type, as we did in
the argument for those Lie types. Here is where Lemma 6.3 will be useful.

If three or more X; are dominant SU type, then the induction argument is not even
necessary as Lemma 6.3(iv) implies that their convolution is already in L* and hence
is absolutely continuous.

If two X; (say, X;, X5) are both dominant SU type and some X, say X3, is not,
then we call upon one of the first three parts of the lemma.

So we can assume there is at most one X; that is dominant SU type, say X;. If there
is some X;;, other than X;, with X} of dominant SU type, then X; is almost dominant
SU and not type SU(n). Apply the appropriate part of Lemma 6.3 with X; and X,
equal to this X;, and Xj3 to any other X;.

If all X', other than j = 1, remain dominant D type, then the calculations used in
the type B, or C, case show that (X],...,X}) is an eligible, non-exceptional tuple
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in D,_;. For the induction step we argue in the same fashion as we did for the Lie
algebras of type B, or C,, in the same situation.

Finally, assume all X; are dominant D type. If two or more X’ are dominant SU
type, then the corresponding two X; are almost dominant SU type and not of type
SU(n). Their convolution is even in L. If at most one X i is dominant SU type, then
(X{,...,X}) is an eligible tuple, so the induction hypothesis applies. The induction
step is the same as for the corresponding situation with type B, or C,,.

To conclude, we must establish the base case, n = 4. Since u% € L* for any non-
trivial X in the Lie algebra of type Dy, every L-tuple with L > 4 is an absolutely con-
tinuous tuple.

So we can assume that L = 3. The induction argument above can be applied to
(X1, X3, X3) provided at most one X is dominant SU type, hence for such triples it
suffices to check that (X7, X3, X3) in Dj; is an absolutely continuous triple. But this
follows from the main theorem for type A, since all triples in A3, except when all X;
are type SU(3), are absolutely continuous.

If two or three X are dominant SU type, but at least one X; is not of type SU(4),
Lemma 6.3 gives the result.

If all three X; are type SU(4) and their annihilating root systems are Weyl conju-
gate, then the triple, (X;, X5, X3), is exceptional. Thus we can assume the annihilating
root systems are not Weyl conjugate. As the arguments are symmetric, there is no loss
of generality in assuming that the set of annihilating roots for X; coincides with that
of X, and is given by

Oy, =Dy, ={e; —ej:1<i#j<4],

while
Ox, ={ei—ej+(es+ex):1<i+j<3,k=123}.

We will again call upon Theorem 3.11 to check the absolute continuity of the triple.
The root systems ¥ of rank 3 that we must consider are those of type D3, SU(4) (two
non-Weyl conjugate root subsystems) and D, x SU(2).

Of course, Y;_, | @, | = 36 and |®| = 24 when ® is the root system of Dy. When ¥
is type D, x SU(2), then |¥| = 6, and as ¥ intersects non-trivially any root subsystem
of type SU(4), the inequality (3.1) is clear. When VW is type Ds it is easy to see that
|©x, na(¥)| > 6 for each i and any Weyl element o.

When ¥ is type SU(4), then |®x, n ¢('¥)| > 4. However, as noted in the L = 2
argument, if ¥ and @, are non-Weyl conjugate subsystems of type SU(4), then this
lower bound can be improved to 6. Consequently, 2(|®| - [¥]) — 1 = 23, while the
right-hand side of (3.1) is at most 36 — (4 + 4 + 6) = 22, so the inequality holds.

This completes the base case argument and hence the proof of Theorem 3.5. R

7 Applications
7.1 Consequences of the Main Theorem

An element X € t, is said to be regular if its set of annihilating roots is empty. These
would be the elements of type SU(1) x---x SU(1) (in any Lie algebra) or D; x SU(1) x

https://doi.org/10.4153/CJM-2015-018-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2015-018-2

872 S. K. Gupta and K. Hare

-+-x SU(1) in type D,, and hence have Sx =1 or 2. In [7] it was shown that the con-
volution of the orbital measures of any two regular elements is absolutely continuous.
The methods used there could be used to prove, more generally, that the convolu-
tion of any orbital measure with the orbital measure of a regular element is absolutely
continuous. Our theorem shows that more is true.

Corollary 7.1 Let X,Y be non-zero elements in the Lie algebra of type B,, C,, or
D,. If Sy < 2, then ux * py is absolutely continuous and Ox + Oy has non-empty
interior, except if (X, Y) is the exceptional pair (SU(4), SU(2) x SU(2)) in D4 where
the annihilating roots of Y are a subset of a Weyl conjugate of those of X.

Proof This is immediate from the theorem, since any non-zero X has Sx < 2(n-1)
(with equality only if X is type Bj,_; (Cy—; or D,,_1 ). [ |

Corollary 72 If (Xy,...,Xy) is an eligible, non-exceptional L-tuple of matrices in
any of the classical Lie algebras, then there are unitarily similar matrices, g;* X; g;, with
the property that Y%, g7'X;g; has distinct eigenvalues.

Proof This follows from the main theorem because any subset of these matrix
groups with non-empty interior must contain an element with distinct eigenvalues.
Indeed, the elements with distinct eigenvalues are dense. [ |

On the other hand, if X; are matrices in one of the classical Lie algebras and there
are unitarily similar matrices, g;7'X;g; € Oy, with the property that Y7, ¢7'X;g; has
distinct eigenvalues, then )’ Oy, contains an element Y with Sy < 2. (Indeed, Y is
either type SU(1) or type By, Cy, or Dy.) As noted in the first corollary, Ox + Oy has
non-empty interior for any X # 0 and thus pyx, *--- pux, * px is absolutely continuous
for any X # 0. It would be interesting to characterize the L-tuples for which }. Oy,
contains a matrix with distinct eigenvalues.

It is known that any n-fold sum of non-trivial orbits in B,, C,, or D, has non-
empty interior. More can be said.

Corollary 73 Let n > 5. If X; are non-zero elements in B, (C, or D,) for i =
1,...,n-1, then Ox, +---+ Ox,_, has empty interior if and only if all X; are type B,_;
(Cn—l or Dn—l)-

Proof Suppose some X;, say X,,_j, is not type B,_;. Then Sx, , < 2(n —2). Asall

SX,. < 2(11 — 1),
n-1
> Sx, <2(n-1)(n-2)+2(n-2)<2n(n-2).
i=1
Thus, (X, ..., X,-1) is eligible and non-exceptional, and hence the sum of the orbits

has non-empty interior. Since all root subsystems of type B,_; are Weyl conjugate,
the converse follows from the fact that if X is type B,_;, then %! is not absolutely
continuous [9]. [ |
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We leave it as an exercise for the reader to determine the choice of n —1 tuples that
are not absolutely continuous when # < 4 and in type A,,.

We note that for types A,, By, and C, our proof required the use of [9] only to
start the induction process. In the proof given in [9] an induction argument was also
used and the base cases were simply done directly. That approach could have been
taken here as well. For type D,, our proof also used [9] to establish that when X was
type SU(n), then u was absolutely continuous for n > 5 and % was absolutely con-
tinuous when n = 4. In fact, the argument that was given there for these special types
actually showed that Theorem 3.11 was satisfied. Thus, our theorem gives another way
to deduce the formulas of [9]. For example, we have the following corollary.

Corollary 74  Suppose g is type B, and X is type By x SU(s1) x -+ x SU(sp).

()  If X is dominant B type, then u% is absolutely continuous (and (L)Ox has non-
empty interior) if and only if L > nf(n —J).
(i) IfX is dominant SU type, then u% is absolutely continuous.

Similar statements can be made for the other types, taking into account the excep-
tional cases.

Remark 7.5 (i) We have not been able to determine if the pair of type (SU(n),
SU(n-1)) in D, for n > 6 is absolutely continuous. Computer results suggest that it
is not for at least n = 6,7. We remark that Proposition 5.8 shows that if such a pair is
absolutely continuous for any #, say n = n, then, being an eligible pair, it is absolutely
continuous for all n > ny.

(ii) Itremainsopen to solve the analogous problem in the exceptional Lie algebras,
those of type Ga, F4, Eg, E7, or Eg. In [10] the minimal k(X) so that ‘ui(x) is abso-
lutely continuous was determined for each X in the compact exceptional Lie algebras.
Although the abstract root theory machinery can be applied in this setting, there is
no underlying classical matrix algebra from which to derive the necessary conditions.

7.2 Orbital Measures on Conjugacy Classes in Compact Lie Groups

A related, but more challenging, problem is to determine which L-tuples (xy,...,xL)
in G have the property that p,, * -+ * p,, is absolutely continuous with respect to
Haar measure on the group G, when y, is the probability measure, invariant under
the conjugation action of G on itself, and supported on the conjugacy class generated
by x, C, = {g'xg : g € G}. In [8, Thm. 9.1], the minimum integer k(x) for which
‘uI;(x) is absolutely continuous was determined for all the classical Lie groups. The
number k(x) depended on the type of the set of annihilating roots of x, where in this
setting by the set of annihilating roots we mean @, := {a € ® : a(x) = 0 mod 27}.
Again, by the type of x, we will mean the type of .

This was extended by Wright [22] to convolution products of (possibly) different
Uy in the case of SU(n), obtaining the same characterization as for the Lie algebra
problem. In this subsection, we will obtain a similar result for all the classical Lie
groups whenever the group elements x; = exp X;, where X; € g and x; € G have the
same type.
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We need the following preliminary result, analogous to Proposition 3.8. Given
x € G,welet N, := {RE,, IE, : a(x) # 0 mod 27}.

Lemma 7.6 (cf [18,22]) The measure py, * -+ * fy, on Gy, is absolutely continuous
with respect to Haar measure on G, if and only if any of the following hold:

(i) the set H{-;l Cy; € Gy, has non-empty interior;
(ii) the set H{;l Cy,; € Gy, has positive measure;
(iii) there exists g; € G,, with ¢; = 1d, such that

4 &

Sp{Ad(gi)Nx,v ri=1,.. .,L} =g,

Proposition 7.7 Letxy,...,x1 € G, and assume x; = exp X; for some X; € g, where
x; and X; have the same type. Then piy, *- - -* Uy, is absolutely continuous with respect to
Haar measure on G, ifand only if ux, *- - * px, is absolutely continuous with respect to
Lebesgue measure on g,,. Moreover, [[+_, Cy, has non-empty interior in G,, if and only
if YL | Ox, has non-empty interior in g,,.

Proof If x; and X; are of the same type, then N, = N,. Consequently,
sp{Ad(g; )Ny, :i=1,...,L} =sp{Ad(g:)Nx,:i=1,...,L},

and thus py, * -+ * py, is absolutely continuous if and only if yx, * -+ * px, is ab-
solutely continuous. The latter statement holds, as absolute continuity is equivalent
to non-empty interior of either the product of conjugacy classes or the sum of orbits,
depending on the setting. ]

Remark 7.8 1Ifx; = exp X; and pyx, * -+ * px, is not absolutely continuous, then it
still follows iy, *- - * piy, is not absolutely continuous. We simply note that ®x, ¢ @,
always holds.

Consider the Lie group SU(n). Every conjugacy class contains a diagonal matrix,
so in studying the measure y, there is no loss of generality in assuming that x =
diag(exp iay,...,expia,), where a; € [0,27) and ¥ a; = 0 mod 271. Notice that
x = exp X, where X = diag(iay,...,ia,) belongs to su(n). The root & = e; — i acts
on x (and X) by a(x) = a; — ax. Thus, @, = Oy, and so the Proposition applies to all
L-tuples in SU(n).

This is not true for the other classical Lie groups. For example, in SO(2n +1) (type
B,) there is an element x with @, = {e; x e; : 1 < i # j < n}, i.e, of type D,. This
type does not arise in the Lie algebra. Indeed, the only element X € so(2n + 1) with
®x 2 @, is X = 0. The element x has the property that u2" € L'(G), but y2" ' is
singular with respect to Haar measure on G. In contrast, any X with exp X = x has
ux € L*(g).

These additional (and often more complicated) types of elements that can arise
in the Lie groups make the problem of characterizing absolute continuity of orbital
measures on Lie groups more challenging than for Lie algebras.
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