
BULL. AUSTRAL. MATH. SOC. 06A55

VOL. 12 (1975) , 383-390.

Compatible tight Riesz orders on

groups of integer-valued functions

Gary Davis

A construction due to Re illy is extended to show that there is a

correspondence between compatible tight Riesz orders on Z and

non-principal fi l ters on X . The maximal compatible tight Riesz

orders are in one-to-one correspondence with non-principal ultra-

f i l ters , and are dual prime subsets of the positive set of Z

Conversely every dual prime algebraic Riesz order is maximal.

The lattice-ordered group Z of al l functions defined on the set X

and taking values in the totally-ordered group of rational integers Z

admits no compatible tight Riesz order when X is finite. This can be

seen by induction or, more conceptually the fact that Z then has no

order-dense homomorphic image, and also from the fact that when X is

finite al l ultrafilters on X are principal. When X is infinite,

however, there are compatible tight Riesz orders on Z : in the countably

infinite case Re illy [4] has a construction that gives a compatible tight

Riesz order for each non-principal ultrafil ter on X .

For the definition of a compatible tight Riesz order on a la t t ice-

ordered group see Wirth [5], where the following characterization occurs:

a subset I7 of an abelian lattice-ordered group (G,<^) is the strict

positive set for a compatible tight Riesz order on G if and only if the

following three conditions are satisfied:

(1) T is a proper dual ideal of G* = {g € G : g> 0> ;
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(2) T = T + T ;

(3) if 0 < n x < y for all y (• T , for al l integers w > 1 ,

then a; = 0 •

Throughout this paper a compatible tight Riesz order on Z will be

identified with i t s s tr ict positive set.

The positive set of Z (namely, the set of / f Z satisfying

f{x) 2: 0 for a l l x (. X ) is denoted by Z* , and that of Z by Z+ .

We define the mapping <J> : lX x Z -»• 1X by <j>(/, w) = ( \f\-m) V 0 ,

where | / | i s the function x •* \f{x)\ and m also denotes the constant

function whose value at each point of X is m € Z . For each / € Z

the zero set of / i s Z(/) = {x € X : /(x) = 0} . The complement X\Z(f)

of the zero set of / i s the siqpport of / , denoted by supp(/) .

LEMMA 1. If ( / , m), {g, n) € Z* x Z+ tfcen

m) A <()(g', n) >

with equality if m = n .

Proof. For ( / , m), (g, n) € Z^ x Z+

A (|>(ff, n) = ((/-m)vo) A ((gwi)vo) = ((/-m)A(^-n)) v 0
)) v 0 = ((/Ag-)-p) v 0 = <f>(/A#, p)

where p = max(m, n) . If m = n then

* ( / , n) A $(g, n) = ((/-w)A(?-n)) v 0 = {(fAg)-n) v 0 = <&(f/\g, n) .

In the following result the term "adjunction" is used in the sense of

Mac Lane [3] (and in preference to the equivalent "dual Galois

correspondence").

THEOREM 2. There is an adjunction a. i- 3 from the set of compatible

tight Riesz orders on Z (ordered by inclusion) to the set of non-

principal filters on X (ordered by inclusion).

Proof. If F i s a non-principal f i l t e r on X then 8(F) i s defined

to be the set If € Z^ : supp<f>(/, m) € F for a l l m ? Z+l . Since
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supp(0, 0) is empty the set 3(F) is properly contained in Z + . Since

F is non-principal there is a sequence 5 , S , S , ... of subsets

S. € F with 5 . = X , S. . properly contained in S. , and

00

n S. = • . If f :.X ->• 1 is defined by /(x) = n if x € 5 n \S ,

n i 0 , then / is everywhere defined and
oo

supp<f)(/, m) = {x € X : / ( x ) > m} = U 5 . € F
1

for all m € Z + , so that 3(f) is not empty.

If / € B(F) and ^ > / then for each m (. Z+ ,

suppc(i(̂ , m) => supp<J)(/, m) € F so supp^Cg, m) $ F and <? € g(F) . If

f,g(. &{F) and m € Z + then

supp<j)(/Ag, m) = suppc()(f, m) A $(g, m) = supp<()(/, m) n supp<))(g', m) € F

so f f\ g £ g(F) . That is, g(F) is a proper dual ideal of Z+ .

The criterion (3) for &(F) to be a compatible tight Riesz order is

Y
satisfied since Z is archimedean. It remains to see that

. One inclusion is immediate since

suppcj)(/+g', m) > supp(()(/, m) n supping-, m)

for all /, y { ij and all m € Z + . If, on the other hand, / €

then we define g € Z by g(x) = [f(x)/2] + 1 , where, for a rational

number E, , [£,] is the integral part of £ . Suppose that m € Z+ and

m i 2 . If x € supp<j>(/, 2w-2) then f(x) > 2m - 2 so that

/(x)/2 > m - 1 and [/(x)/2] > m - 1 . In this case #(x) i m >ra - 1 sc

that suppcj>(/, 2m-2) c suppi))(g, m-l) and, since F is a filter,

supp<j>(<7, m-l) € F for all m 2 2 . Then supp(<7, 0) =3 suppCg, l) ( ? so

that g € &(F) . Now we have to see that h = f - g € g(F) . It follows,

as above, that supp(j>(/, 2w+2) c supp<j>(7z, m-l) for m > 1 so that

h € 3(F) . This establishes 6(F) as a compatible tight Riesz order on
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zx .

Suppose that T is a compatible tight Riesz order on Z and

a ( r ) = {S c x : S £ supp<)>(/, m) for some / € T , m € Z+} . Then ad1)

i s a f i l ter on X since

supp<j>(/, m) n supp<|>(£, n) = supp<K/, m) A (j)^, n) ^ supp<j>(//̂ , max(m, w))

for / , g- € Z+ and m, n € Z+ . If a(r) is a principal f i l ter then

there is an x $ X such that f{x) > m for al l m € Z+ , which is absurd.

Finally we see that the mappings a, 8 , which are clearly order-
preserving, provide us with an adjunction. Suppose that O.{T) c F , where
I7 is a compatible tight Riesz order and F is a non-principal f i l ter on
X . If / € T then supp<j>(/, m) € a(T) for al l m € Z+ by definition of

a(T) , so supp<j>(/, u) f ? for all m 6 Z+ . That i s , / € 6(F) . On the

other hand, suppose that T £ &(F) . If 5 € a(T) then 5 2 supp<|>(f, "0
for some f *• T , m € Z+ . Since / € g(F) we have supp<f>(/, n) € f for

a l l n € Z+ . In particular, 5 5 ? so we have a(T) c_F if and only if

T

We shall assume that the adjunction a t- 6 between the set of

compatible tight Riesz orders on Z and the set of non-principal f i l ters
on X is the one described in Theorem 2.

DEFINITION 3. A compatible tight Riesz order T on 1X is prime if

for a l l / , £ € Ẑ  , / v 9 € T implies / € T or g € T . Further we

say that T is algebraic if T = ga(r) (of course, T <=_ &a(T) in any
case).

THEOREM 4. There is a one-to-one correspondence between non-
principal ultrafilters on X and maximal compatible tight Riesz orders on

X X
1 . In particular, every maximal compatible tight Riess order on 1 is

Y y

of the form Z+\Py where Py is a non-minvmal prime subgroup of 2
defined in terms of the non-principal ultrafilter U , so every maximal
compatible tight Riesz order is algebraic and prime. Conversely every
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prime algebraic compatible tight Riesz order is maximal.

Proof. The one-to-one correspondence between ultrafilters on X and
Tnavimai compatible tight Riesz orders follows immediately from the
existence of the adjunction a i- 8 so does the fact that maximal
compatible tight Riesz orders are algebraic. If U is a non-principal

ultrafi l ter on X then P = If € 2X : Z<t>(/, m) € U for some m € Z+l is

a proper convex sublattice subgroup of Z which is prime but not minimal

prime since ?#, properly contains the prime subgroup

PQ = {/ € ZX
 s z(/) € U} . Then

B(U) = { / € Z* : supp<K/, m) € U for a l l m € Z + | = Z*\PW

Y

and 3(U) is prime since Py is a join sublattice of Z .

Suppose conversely that T is a prime algebraic compatible tight

Riesz order on Z . We shall see that a(T) is a prime, and therefore
maximal, f i l ter on X . I t is sufficient to show that if A u B € a(T) ,
where A, B ex and A n B = • , then A € a(T) or 5 € a(T) . Suppose
A u £ o supp<f>(,/\ m) for some / € T , m € Z+ , but 4, S £ a(T) . Then

the sets A ' = {x € 4 : /(x) > m} , B' = d U : /(x) > m} are non-
empty. We define g, h : X -*• Z as follows:

g{x) =
0 if x

fix) if x

0 i f x € B'

/(x) if x f S1

Then

suppijiCg', m) = {x € X : g-(x) > m) = B' c s

and

supp4>(?2, m) = {x € X : h(x) > m] = A' <=_A .

Further, g v h = f t T so either g € T or ft € T (since #, ft € Z^ ) .

Thus B € a(r) or 4 € a(T) . Since a{T) is a prime fi l ter on X i t is
an ul t raf i l ter , and T = 6ot(3I) is a maximal compatible tight Riesz order.
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COROLLARY 5. If X has cardinality k i «Q then there are 2lk

y
maximal compatible tight Riesz orders on 1

Proof. There are 22 non-principal ultrafllters on Z (Bel I and
Slomson [1], p. 108).

COROLLARY 6. If T is an algebraic tight Riesz order on 1X then

T = Z^MJ-iP^ : i € l\ for some class {U. -. i (. 1} of non-principal

ultrafilters on X .

For a given ul traf i l ter U on X the totally-ordered group Z /P

has the same first-order properties as Z , since this group is an ultra-
power of Z . If U i s a non-principal ultrafi l ter the totally-ordered

X X

group Z /Pj. must be dense however, since Z .\Pn is a compatible tight

Riesz order.

THEOREM 7. Let G be an abelian lattice-ordered group and I a

convex sublattice subgroup of G . Then T = G \I satisfies T = T + T
if and only if G/I is a dense lattice-ordered group.

Proof. Suppose that G/I is dense. If t f T and t + I > 0 in

G/I then there i s an x € G satisfying t + J > a : + J > 0 . With

y = (xvO) A t we have t > y > 0 so y € G \I , t-y £ G \I and

t = y + {t-y) € T + T . The reverse inclusion i s immediate. On the other

hand suppose that T = T + T and x + I > 0 in G/I . Then x € J and

x + y > 0 for some y 6- I so x + y = t. + *„ where t , £„ € T . Then

0 < * 1 + X < x + J so G/I i s dense.

The problem of characterizing the groups Z /P.. , for U a non-

principal u l t r a f i l t e r on X does not seem to be easy. Without something

Xlike Godel's axiom of constructability even the cardinality of Z /P.. is

X { X \
unclear. As a group we can write Z /P.. as Z /Pn\/ Pi/^r, a n^ then uss
known results on the cardinality of ultrapowers in an attempt to determine
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y
the cardinality of Z /Py .

When X is countable (non-finite) the cardinality of the ultrapower

Z*/P is 2 ° , for each ultrafilter U on X (Bell and Slomson [7],

p.129). As Re illy [4] has remarked the prime subgroup P.. covers P- in

Z so Pn/Pn is isomorphic with a subgroup of the real numbers.

The totally-ordered groups Z /P.. admit more interpolation than that

implied by density. A result of Gillman and Jerison [2] (Lemma 13-7), is

valid with the real numbers R replaced by Z and then says that if A, B

are countable subsets of Z/P^ with A < B then A 5 g 5 B for some

g € Z /P . We summarize these properties of Z/P. . in the followingP..

statement.

PROPOSITION 8. If X is a countable set and U is a non-^vincigal

xfiltev

•properties:

Y

ultrafilter on X then the group G^ = Z fp has the following

(1) Ko < \G{i\ < 2*° ;

(2) Gy is dense;

(3) if A, B CG , \AuB\ 5 NQ arc? A < B then A < g £ B for

some g t Gu ;

(h) Gy is a quotient of an ultrapouer of 1 by a real group.
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