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Abstract. We show that every countable group with infinite finite conjugacy (FC)-center
has the Schmidt property, that is, admits a free, ergodic, measure-preserving action on
a standard probability space such that the full group of the associated orbit equivalence
relation contains a non-trivial central sequence. As a consequence, every countable, inner
amenable group with property (T) has the Schmidt property.
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1. Introduction

Let G be a countable group. Throughout the paper, we equip each countable group with
the discrete topology unless stated otherwise. We say that G is inner amenable if there
exists a sequence (£,) of non-negative unit vectors in £!(G) such that, for each g € G,
we have ||£f —&,|l1 — 0 and &,(g) — 0, where the function £5 on G is defined by
£8(h) = &,(ghg™") for h € G. Inner amenability was introduced by Effros [Ef] as a
necessary condition for the group von Neumann algebra of G to have property Gamma
when G satisfies the infinite conjugacy class (ICC) condition. Inner amenability also arises
in the context of p.m.p. actions of G. For brevity, by a p.m.p. action of G we mean a
measure-preserving action of G on a standard probability space, where ‘p.m.p.’ stands
for ‘probability-measure-preserving’. Let us say that a free ergodic p.m.p. action of G is
Schmidt if the associated orbit equivalence relation admits a non-trivial central sequence in
its full group. We say that G has the Schmidt property if G has a free ergodic p.m.p. action
which is Schmidt. While the Schmidt property of G implies inner amenability of G [JS,
pp. 113], the converse remains an open problem which was first posed by Schmidt [Sc,
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Problem 4.6]. Recent advances have led to the resolution of some related long-standing
problems concerning the relationship between inner amenability of groups and various
kinds of central sequences [Kil, V].

If the functions &, witnessing the inner amenability of G are further required to be
G-conjugation invariant, that is, they each satisfy £5 = &, for all g € G, then an algebraic
constraint is imposed on G. In fact, the existence of such a sequence (&) is equivalent to
G having infinite FC-center. The FC-center of G is defined as the subgroup of elements
g € G whose centralizer, denoted by C¢ (g), is of finite index in G. The FC-center of G is
a normal (in fact, a characteristic) subgroup of G.

In studying the structure of inner amenable groups, the second author [TD] introduced
the AC-center of G, which is defined as the subgroup of elements g € G for which the quo-
tient group G/ (,eq hCo (g)h~! is amenable. The AC-center of G is also a characteristic
subgroup of G and contains the FC-center of G. If G has infinite AC-center, then G is inner
amenable; this follows from the fact that, for each element g in the AC-center of G, the con-
jugation action of G on the conjugacy class of g factors through an action of the amenable
group G/ (\eq hCa (g)h~!'. If G is linear, or, more generally, fulfills a certain chain
condition on its subgroups, then inner amenability of G is equivalent to G having infinite
AC-center; in this case, the AC-center plays a crucial role in describing the structure of G,
and this resulting structure can, in turn, be used to deduce that G has the Schmidt property
[TD, Theorems 14 and 15]. However, there are many groups with infinite AC-center or
FC-center that do not satisfy the relevant chain condition, so the results of [TD] do not
apply to these groups. In this paper, we solve Schmidt’s problem for them affirmatively.

THEOREM 1.1. Every countable group with infinite AC-center has the Schmidt property.

In fact, the Schmidt property for groups with infinite AC-center but finite FC-center
follows from the constructions in [TD] (see §3.1). Thus, most of the proof of Theorem 1.1
is devoted to the case of groups with infinite FC-center.

The following corollary is an immediate consequence of Theorem 1.1 because every
inner amenable group with property (T) has infinite FC-center.

COROLLARY 1.2. Every countable, inner amenable group with property (T) has the
Schmidt property.

It is widely known that property (T) is useful for constructing interesting examples
regarding the non-existence of non-trivial central sequences in various contexts (e.g.,
[DV, Kil, KTD, PV, V]). By contrast, Corollary 1.2 says that there do not exist any
counterexamples to Schmidt’s question among groups with property (T).

As mentioned above, the proof of Theorem 1.1 is reduced to that for a countable group G
with infinite FC-center. We present two constructions of a free p.m.p. Schmidt action of G.
The first construction, given throughout §§2-5, stems from analyzing central sequences for
translation groupoids associated with (not necessarily free) p.m.p. actions. This analysis is
of independent interest and yields by-products (Theorems 1.3 and 1.5) which do not follow
from the second construction. The second construction, given in §6, is by way of ultraprod-
ucts of p.m.p. actions. While the first construction splits into cases depending on the struc-
ture of G, the second construction does not split into cases and is more direct than the first.
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A summary of the first construction. Let us describe some of the ingredients and
by-products of the first construction. The construction is divided into two cases, depending
on whether the FC-center has finite or infinite center. Let G be a countable group with
infinite FC-center R. If R has finite center C, then G admits a (not necessarily free)
profinite action G ~ (X, u) such that the quotient group R/C, which is infinite by
assumption, acts freely. This action of R/C leads us to find a central sequence in the full
group of the groupoid G x (X, u), similarly to the construction of Popa and Vaes [PV]
for residually finite groups with infinite FC-center. We need a further task to conclude that
G has the Schmidt property since the action G ~ (X, w) is not necessarily free. We will
return to this point after discussing the other case.

In the other case, the FC-center of G has infinite center. The following construction
is carried out after choosing some infinite abelian normal subgroup A of G contained in
the FC-center of G. The group A is not necessarily the center of the FC-center of G.
We set ' = G/A and fix a section of the quotient map from G onto I'. The 2-cocycle
o: I'xT" = A is then associated. The heart of the construction is to introduce the
groupoid extension

l->U—>G; > XxI —>1,

which is defined as follows. For some appropriate compact abelian metrizable group L,
let X be the group of homomorphisms from A into L and let x be the normalized Haar
measure on X. The conjugation I' ~ A induces the p.m.p. action I' ~ (X, ). We set
U = X x L and regard it as the bundle over X with fiber L. Let X x I be the translation
groupoid and let (X x I')® be the set of composable pairs of X x I'. The 2-cocycle
6: (X x )P = U is then defined by

&((t,8), (g7, b)) = (v, T(o (g, h)))

fort € X and g, h € T (see [J, Theorem 1.1] for a related construction). This 2-cocycle
¢ associates the groupoid G that fits into the above exact sequence. Let G act on X via
the quotient map from G onto I". We then have a natural homomorphismn: X x G — G5
such that n(t, a) = (r, 7(a)) € U foreach t € X and a € A. A crucial point is that if we
prepare a free p.m.p. action G5 ~ (Z, ¢), then we can let X x G and thus G acton (Z, ¢)
via 7, so that the action of A factors through the action of I/, which is easily handled since
L is compact. Moreover we can describe the stabilizer of a point of Z in G in terms of
ker 1, which is contained in X x A.

Compact groups and their p.m.p. actions are utilized in many constructions of Schmidt
actions such as in [DV, Ki2, Ki3, KTD, PV, TD]. They are useful on the basis of the
following simple fact. For each p.m.p. action K ~ (X, ) of a continuous (rather than
compact) group K, each sequence converging to the identity in K also converges to the
identity in the automorphism group of (X, x) in the weak topology. This weak convergence
is necessary for a sequence in the full group to be central and is also sufficient if the
sequence asymptotically commutes with each element of the acting group G.

Returning to the general set-up, let G be an arbitrary countable group with infinite
FC-center. Independent of whether the FC-center of G has finite or infinite center, the
above construction yields a p.m.p. action G ~ (W, w) and a central sequence (7},) in the
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full group of the translation groupoid G x (W, w). The sequence (7)) is non-trivial in
the sense that the automorphism of W induced by 7;, is nowhere the identity. We cannot
yet conclude that G has the Schmidt property because the action G ~ (W, w) is not
necessarily free.

Let us now simplify the set-up as follows. Let G be a countable group with a normal
subgroup M and a p.m.p. action G ~ (X, ) such that M acts on X trivially and the
quotient group G/M acts on X freely. Suppose that the groupoid G := G x (X, u) is
Schmidt, that is, admits a central sequence (7},) in its full group such that the automor-
phism of X induced by 7;, is nowhere the identity. Under several additional assumptions,
we then construct a free p.m.p. Schmidt action of G as follows. After replacing (7,) by
another central sequence appropriately, we obtain the product subgroupoid M x R < G
such that R is the groupoid generated by all 7, and is also principal and hyperfinite.
Pick a free p.m.p. action M ~ (Y, v), let M x R act on (Y, v) via the projection from
M x R onto M, and co-induce the action G ~ (Z, ¢) from the action M x R ~ (Y, v).
Then we have the lift of (7)) into the translation groupoid G x (Z, ¢). This lifted
sequence is shown to be central in the full group by using that 7, acts on Y trivially
(see Proposition 2.4 for treatment of this fact in a more general framework). Moreover,
we can naturally define the p.m.p. action G ~ (Z, ¢) such that the associated groupoid
G X (Z, ¢) is identified with G x (Z, ¢). The action G ~ (Z, ¢) is free since the action
M ~ (Y, v) is free. Thus we obtain a free p.m.p. Schmidt action of G. This construction
is flexible enough to apply to the more general set-up, and we are able to deduce the
Schmidt property for all groups with infinite FC-center. It also yields the following
by-products.

THEOREM 1.3. (Corollary 2.16) Let G be a countable group and let M be a finite central
subgroup of G. Let G/M ~ (X, ) be afree ergodic p.m.p. action and let G act on (X, )
through the quotient map from G onto G /M. Suppose that the translation groupoid G X
(X, ) is Schmidt. Then G has the Schmidt property.

Remark 1.4. Let G be a countable group and let M be a finite central subgroup of G. It
remains unsolved whether the Schmidt property of G/M implies the Schmidt property of
G [KTD, Question 5.16]. If G/M has infinite AC-center, then G also has the same property
and thus has the Schmidt property (see Proposition 3.3 (ii) and related Remark 2.18).

Theorem 1.3 might be used to answer this question affirmatively: if there exists a free
ergodic p.m.p. action G/M ~ (X, ) which is Schmidt, along with a non-trivial central
sequence in the full group of (G/M) x (X, n) which lifts to a central sequence in the full
group of G X (X, u), then we can apply Theorem 1.3 and conclude that G has the Schmidt
property. While this lifting problem of central sequences is unsolved in full generality, we
note that it is solved affirmatively for stability sequences in [Ki4].

A sequence (g,,) of elements of a countable group G is called central if, foreach h € G,
gn commutes with 4 for all sufficiently large n.

THEOREM 1.5. (Corollary 2.17) If a countable group G admits a central sequence
diverging to infinity, then G has the Schmidt property.
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Remark 1.6. Let G be a countable group that admits a central sequence diverging to
infinity. If G has trivial center, then the Schmidt property for G can be proved immediately
as follows [Ke2, Proposition 9.5]. Let G act on the set G \ {e} by conjugation, which
induces the p.m.p. action of G on the product space X = ]_[G\ e} [0, 1] equipped with the
product measure p of the Lebesgue measure. Then a central sequence in G gives rise to a
central sequence in the full group of G x (X, ), and the action G ~ (X, w) is essentially
free since G has trivial center.

Let G be a countable group with infinite FC-center. Then, given a sequence (g,) in its
FC-center diverging to infinity, each centralizer Cg(g,) is of finite index in G, although
the index of Cg(g,) in G possibly grows to infinity. In a sense, the g, may become less
and less central in G as n increases. In this case, the above Bernoulli-like action of G via
conjugation G ~ G \ {e} is not suitable for establishing the Schmidt property, and another
approach must be taken.

1.1. An organization of the paper. In §2, we fix notation and terminology for discrete
p-m.p. groupoids and describe co-induction of p.m.p. actions of discrete p.m.p. groupoids,
extending the co-induction construction for actions of countable groups. As an application,
we deduce the Schmidt property for a countable group G under the assumption that
G admits a (not necessarily free) p.m.p. action G ~ (X, u) such that the translation
groupoid G X (X, p) is Schmidt, together with some additional assumptions. In §3, we
collect elementary properties of groups with infinite AC-center and reduce the proof of
Theorem 1.1 to that for groups with infinite FC-center. Sections 4 and 5 are devoted to
the first proof that groups with infinite FC-center have the Schmidt property. The proof in
these two sections is divided into several cases depending on the existence and structure of
an infinite abelian normal subgroup of G contained in the FC-center of G. An outline of
the proof is given in §3.2. In §3.3, we exhibit examples of groups G corresponding to each
of the cases considered in §§4 and 5.

In §6, for a countable group with infinite FC-center, we give the second construction of
a free p.m.p. Schmidt action, by way of ultraproducts.

In Appendix A, given an arbitrary countable abelian group A, we present a countable
group with property (T) whose center is isomorphic to A. Our construction relies on the
construction of Cornulier [C] and property (T) of the group SL3(Z[t]) x Z[1)3, where Z[t]
is the polynomial ring over Z in one indeterminate ¢. This result is useful in constructing
interesting examples of groups with infinite FC-center, along with Examples 3.6 and 3.7,
although it is not necessary for proving Theorem 1.1.

Throughout the paper, unless otherwise mentioned, all relations among Borel sets and
maps are understood to hold up to null sets. Let N denote the set of positive integers.

2. Central sequences in translation groupoids

2.1. Groupoids. We fix notation and terminology. Let G be a groupoid. We denote by
GO the unit space of G and denote by r,s: G — G° the range and source maps of G,
respectively. For x € G°, we set G¥ = r~!(x) and G, = s~ !(x). For a subset A C G°, we
set G4 = r~1(A) Ns~1(A). The set G4 is then a groupoid with unit space A with respect
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to the product inherited from G. A groupoid G is called Borel if G is a standard Borel space,
GV is a Borel subset of G and the following maps are all Borel: the range and source maps,
the multiplication map (y, §) — y§ defined for y, § € G with s(y) = r(8), and the inverse
map y +— y . If the range and source maps are further countable-to-one, then G is called
discrete. We mean by a discrete p.m.p. groupoid a pair (G, i) of a discrete Borel groupoid
G and a Borel probability measure ;2 on G° such that fgo chdu(x) = fgo ¢ du(x), where
¢ and ¢} are the counting measures on G* and G,, respectively. The space G is then
equipped with this common measure fgo chdp(x) = fgo S du(x).

A discrete p.m.p. groupoid is called principal if the map y +— (r(y), s(y)) is injective.
Let R be a p.m.p. countable Borel equivalence relation on a standard probability space
(X, ). Then the pair (R, ) is naturally a principal discrete p.m.p. groupoid with unit
space RY = {(x, x) | x € X}, which is simply identified with X itself when there is no
cause for confusion. The range and source maps are given by r(x, y) = x and s(x, y) =
v, respectively, and the multiplication and inverse operations are given by (x, y)(y, z) =
(x,z) and (x, y)~ ' = (v, x), respectively. By a discrete p.m.p. equivalence relation on a
standard probability space (X, i), we mean a p.m.p. countable Borel equivalence relation
on (X, n) equipped with this structure of a discrete p.m.p. groupoid.

Let (G, 1) be a discrete p.m.p. groupoid. A Borel subset A C GV is called G-invariant
if r(G,) C A for u-almost every x € A. We say that (G, ) is ergodic if each G-invariant
Borel subset A of G° is p-null or u-conull. A local section of G is a Borel map
¢: dom(¢) — G, where dom(¢) is a Borel subset of G°, such that ¢(x) € G, for each
x € dom(¢) and the associated map ¢°: dom(¢) — G, given by ¢° = r o ¢, is injective.
Two local sections are identified if their domains and values agree up to a w-null set.
For two local sections ¢: A — G, ¥: B — G, the composition of them is the local
section Y o ¢: (¢>°)_1(¢°(A) N B) — G defined by (¢ o ¢)(x) = ¥ (¢°(x))¢(x). The
inverse of a local section ¢: A — G is the local section ¢~ ': ¢°(A) — G defined by
¢ () = ((¢) 7"

We denote by [G] the group of all local sections ¢ of G with dom(¢) = G0, and we call
[G] the full group of (G, ). If the measure u should be specified, then we denote it by
[(G, w)]. In fact, the full group is a group such that the product and inverse operations are
given by the composition and inverse, respectively. For ¢ € [G] and a positive integer 7,
let ¢" denote the n times composition of ¢ with itself, and let ¢~" denote the inverse
of ¢". Let ¢0 denote the trivial element of [G], that is, the identity map on GO, We
draw attention to distinction between the trivial element ¢O of [G] and the associated
map ¢° =r o ¢.

To each action G ~ X of a group G on a set X, the translation groupoid G = G x X
is associated as follows. The set of groupoid elements is defined as G = G x X with unit
space {e} x X, which is identified with X if there is no cause for confusion. The range and
source maps r, s: G — GO are given by r(g, x) = gx and s(g, x) = x, respectively. The
multiplication and inverse operations are given by (g, hx)(h, x) = (gh, x) and (g, x) =
(g~', gx), respectively. Suppose that G is a countable group and X is a standard Borel
space equipped with a Borel probability measure p. If the action G ~ X is further Borel
and preserves u, then the pair (G x X, ) is a discrete p.m.p. groupoid and is denoted by
G x (X, ). It is also denoted by G x X for brevity if p is understood from the context.
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If the action G ~ (X, u) is essentially free, that is, the stabilizer of almost every point of X
is trivial, then the groupoid G x (X, w) is isomorphic to the associated orbit equivalence
relation {(gx, x) | g € G, x € X} viathe map (g, x) — (gx, x).

For each action G ~ X, we similarly define the groupoid X x G such that the set of
groupoid elements is X x G and the range and source of (x, g) € X x G are x and g~ 'x,
respectively. Then X x G is isomorphic to G x X via the map (x, g) — (g, g~ 'x).

Let p: G x X — G be the projection. Then each local section ¢ of the groupoid G x X
is completely determined by the composed map p o ¢: dom(¢) — G. Thus we will abuse
notation and identify ¢ with p o ¢ if there is no cause for confusion. The group G embeds

into [G X X] via the map g — ¢, where ¢o: X — G is the constant map with value g.

2.2. Central sequences. Let (G, u) be a discrete p.m.p. groupoid. A sequence (A,) of
Borel subsets of the unit space G is called asymptotically invariant for (G, i) if

W(T°A, A Ay) — 0

for every T € [G]. A sequence (T,) in the full group [G] is called central in [G] if T,
asymptotically commutes with every S € [G], that is,

p({x € G% | (T, 0 S)x # (SoTyx}) — 0
for every S € [G].

Remark 2.1. Let G be a countable subgroup of [G] and suppose that G generates G, that is,
the minimal subgroupoid of G containing G in its full group is equal to G. Then a sequence
(A,) of Borel subsets of G° is asymptotically invariant for (G, u) if u(gA, A A,) = 0
for every g € G [JS, pp. 93]. Moreover, a sequence (7,,) in [G] is central if and only if 7},
asymptotically commutes with every g € G and (7, A A A) — 0 for every Borel subset
A C X ([JS, Remark 3.3] or [Ki4, Lemma 2.3]). While these assertions are verified only
for translation groupoids G x (X, u) in the cited papers, the same proof is available for
the above generalization.

We say that a discrete p.m.p. groupoid (G, u) is Schmidt if there exists a central
sequence (7) in [G] such that u({x € X | T,)x # x}) — 1. We say that a p.m.p. action
G ~ (X, u) of a countable group G is Schmidt if the groupoid G x (X, ) is Schmidt. If
a countable group G admits a free ergodic p.m.p. action which is Schmidt, then we say that
G has the Schmidt property. (N.B. A countable group, being a discrete p.m.p. groupoid on
a singleton, is never Schmidt.) The following lemma implies that the Schmidt property of
G follows once we find a free p.m.p. Schmidt action of G which may not be ergodic. We
refer to [H, §6] for the ergodic decomposition of discrete p.m.p. groupoids.

LEMMA 2.2. Let (G, u) be a discrete p.m.p. groupoid with the ergodic decomposition
map 7w (G°, u) — (Z, ¢) and the disintegration p = fZ W, d(z). Suppose that (G, )
is Schmidt and let (T,) be a central sequence in [(G, u)] such that u({x € X |
T,)x #x}) — 1. Then there exists a subsequence (T,,) of (T,) such that, for
¢-almost every z € Z, (Ty,) is a central sequence in [(G, ;)] such that p;({x € X |
T, x # x}) = 1. Thus, for {-almost every z € Z, the ergodic component (G, u;) is
Schmidt.
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Proof. Let B be the sigma field of Borel subsets of G. Let {A;} be a countable
subfamily of 13 which generates 3. Then, for every z € Z, the family {A;} generates
a dense subfield in G° with respect to w. Since (7,) is central in [(G, n)], we have
fZ W (T A A Ap) di(z) = w(T,) A A Ay) — 0O for each k. Thus, after passing to a
subsequence of (7},), for -almost every z € Z, we have u (T, Ay A Ay) — 0 for each k.

Applying the Lusin—Novikov uniformization theorem [Kel, Theorem 18.10], we obtain
a countable collection {¢;} of local sections of G such that |_J; ¢;(dom(¢;)) = G. Similarly
to the above, after passing to a subsequence of (7}), for {-almost every z € Z, we have
n({x e X | (proTy)x = (T, 0 ¢)x}) — 1 foreach ! and u,({x € X | T2x # x}) — 1.
The first convergence together with the convergence obtained in the last paragraph implies
that (7,) is a central sequence in [(G, u;)] for -almost every z € Z. ]

2.3. Co-induced actions. Co-induction is a canonical method to obtain a p.m.p. action
of a countable group from a p.m.p. action of its subgroup. We generalize this for p.m.p.
actions of discrete p.m.p. groupoids.

Remark 2.3. Formally, by an action of a groupoid G we mean an action of G on a space
Z fibered over G such that each g € G gives rise to an isomorphism from the fiber at the
source of g onto the fiber at the range of g. Then we say that G acts on the fibered space Z.
We often obtain such an action of G from a groupoid homomorphism «: G — Aut(Y) for
some space Y, as follows. Let Z = G° x Y and regard it as being fibered over G° via the
projection. Then G acts on Z by g(s(g), y) = (r(g), «(g)y). For simplicity, we will often
abuse terminology of actions, and call this action on the fibered space Z an action of G on
the space Y (which is not fibered over GO, however) unless there is cause for confusion.

Let (G, u) be a discrete p.m.p. groupoid and set X = G°. Let S be a Borel subgroupoid
of G and suppose that S admits the measure-preserving action on a standard probability
space (Y, v) arising from a Borel homomorphism «: S — Aut(Y, v). From this action of
S, we co-induce a p.m.p. action G ~ (Z, ¢) as follows. For each x € X, we set

Zy={f:G" > Y| f(gh™") =a(h) f(g) foreach g € G* and each h € Ss(o))

and define Z as the disjoint union Z = | |,y Z. The set Z is fibered with respect to the
projection p: Z — X sending each element of Z, to x. The groupoid G acts on Z by

(g =rfig'e)

forg € Gy, g’ €G"® and f € Z, withx € X.

A measure-space structure on Z is defined as follows. We have the decomposition of the
unit space, X = I_lmeNU{oo} X, into the G-invariant Borel subsets X, such that the index
of Sy, in Gy, is the constant m. First, suppose that X = X,, for some m € N U {oo}.
Let {y; ;":1 be a family of choice functions for the inclusion S < G, that is, a family of
Borel maps ¥;: X — G such that, for each x € X, we have v;(x) € G* and the family
{W (x)}f”:l is a complete set of representatives of all the equivalence classes in G*,
where the equivalence relation on G* is associated to the inclusion § < G as follows:
two elements g, s € G* are equivalent if and only if g='4 € S. Then Z is identified
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with the product space X x []i", ¥ under the map sending each f € Z, with x € X
to (x, (f(¥i(x)));). The measure-space structure on Z is induced by this identification,
where the space X x [[/L, Y is equipped with the product measure p x [[i-, v. The
action of G on Z is Borel and preserves the probability measure on Z.

If X is not necessarily equal to X,, for some m € N, then, as already stated, we
have the decomposition X = | |,,cny(ooy Xm into G-invariant Borel subsets. The set Z is
decomposed into the G-invariant subsets p~!(X,,), on which the measure-space structure
is given in the way described in the previous paragraph. Then the measure-space structure
is also induced on Z, so that each p~!(X,,) is Borel and the projection p: Z — X is
measure-preserving.

Let ¢ be the induced probability measure on Z. We define a discrete p.m.p. groupoid
G, mw)yx (Z,¢) = @, 1) as follows. The set of groupoid elements is the fibered product
G =G xx Z with respect to the source map s: G — X and the projection p: Z — X.
The unit space is GO := Z with measure /i := ¢. The range and source maps are given by
r(g, z) = gz and 5(g, z) = z, respectively, with groupoid operations given by (gh, z) =
(g, hz)(h, z) and (g, 2)~' = (g7, gz). Each element T € [G] lifts to the element T € G
defined by Tz = (Tx,z) forz € Z, withx € X.

Let us recall the following fact from the proof of [TD, Theorem 15] or [KTD, Example
8.8]. Let G be a countable group, let C be a central subgroup of G andlet C ~ (Y, v) bea
p-m.p. action. We define G ~ (Z, ¢) as the action co-induced from the action C ~ (Y, v).
Then each sequence of elements of C that converges to the identity in Aut(Y, v) is central
in the full group of the groupoid G x (Z, ¢). We generalize this fact to give the following
proposition.

PROPOSITION 2.4. Let (G, i) be a discrete p.m.p. groupoid and set X = G°. Let S be
a Borel subgroupoid of G, let (Y, v) be a standard probability space and let a: S —
Aut(Y, v) be a Borel homomorphism. Let G ~ (Z, £) denote the action co-induced from
the action S ~ (X X Y, u X v) via a. Let (T,,) be a central sequence in [G] such that each
T, belongs to [S] and, for each Borel subset B C Y,

/ v(a(T,x)BAB)du(x) — 0
X

as n — oo. Then the sequence (Ty,) of the lifts of Ty, is central in the full group of the
groupoid (G, ) X (Z, ¢) defined above.

Proof. Since (T,) is central in [G], by the definition of lifts, Tn asymptotically commutes
with the lift of each S € [G], that is, {({z € Z | (S o Tp)z # (T, 0 8)z}) — 0 for each
S € [G]. Hence it suffices to show that, for each Borel subset C C Z, we have ;(T:C A
C) — 0 (Remark 2.1). We may suppose that the index of S in G is the constant m €
N U {oo}. Let {t};}7_ | be a family of choice functions for the inclusion S < G and identify
Z with the product space X x []/L, Y as before the proposition. Then it suffices to show
that ¢ ( fn"C A C) — 0 for each cylindrical subset

C={(x, D) eXx[[lL;Y |xeAandy; € B foreachi € {1,...,1}},

where A C X and By, ..., B; C Y are Borel subsets and / is a positive integer with < m.
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Lete > 0. Weset ¥/; = s o y; and set ¢; (x) = i (x)~! for x € X. Since ¢; is the union
of local sections of G, the assumption on the central sequence (7;,) implies that there exists
an N € N such that if n > N, then:

1) w(TZ,AANA) <eég

2) fX v(a(Tn(&,-(x)))Bi A Bj)du(x) < e/lforeachi € {1,...,1}; and

(3) w(A1) > u(A) —e,

where A is defined as the set of all elements x € A such that (¢; o T,)x = (T}, o ¢;)x for
eachi € {l,...,[}. Fix n € N with n > N. We show that Tn"f € C if f belongs to the
set C1, which is slightly smaller than C, of all elements (x, (y;)/",) € X x [T, Y such
that:

e xeA N 'A;and

e v ca(T,(¥i(x))~'B; N B; foreachi e {1,...,1}.

We pick f = (x, (yi)jL,) € Cy and sety = Tx. Foreachi € {1, ..., [}, regarding f as
a map from G* to Y belonging to the set Z,,

(T W) = f(T0) " () = FRO T i) ™)
= a(T, (Yi (x))) f (Yi (x)),
where the second equation follows from x € Ay and ¢;(x) = ¥; (x). The right-hand side

belongs to B; because f(¥;(x))=1y; € a(Tn(lﬁi (x)))~ ' B;. Moreover, fnof € Zy and
y € A because x € (Tn")_lA. Therefore fn" f € C. As aresult, we obtain the inequality

l

(Cn@)™'0)=¢(Ch) = / [ ] v@@@ie)) ™" BN B)) du(x).

AINT) A

The left-hand side of this inequality is equal to £ (C) — {(T,fC A C)/2, and the right-hand
side is equal to

l

1 -
/A I1 (v(Bn — V@) B o Bi)) dp(x)

lm(T,f)_lA i=1
> ¢(C) — n(A\ (AN (T A)) —¢/2
> ¢(C) — (WA N\ AD) + (AN (T 1 A) —e/2 > ¢(C) —2¢

by (1)-(3), where, to deduce the first inequality, we use the inequality | ]_[521 a; —
Mo, bil < 30—, lai — by| for a;, b; € [0, 1]. Therefore £(T°C A C) < 4e. O
2.4. Construction of a free action. Under the assumption that a countable group G
admits a p.m.p. Schmidt action, in Theorem 2.5, we present a sufficient condition for G to
admit a free p.m.p. Schmidt action. Another sufficient condition will be given in Theorem
2.14 in §2.6. We remark that the analogous problem for stability in place of the Schmidt
property is solved in [Ki3, Theorem 1.4] with a much simpler method.

For p € N and a Borel automorphism 7" of a standard Borel space X, we call a point
x € X a p-periodic point of T if TPx = x and T'x # x forall i € N less than p. If a point
x € X is a p-periodic point of T for some p € N, then x is called a periodic point of T
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and the number p is called the period of x. For possible constraints on periods of 7, for a
central sequence (7},) in the full group, we refer to [KTD, Proposition 8.7].

THEOREM 2.5. Let G be a countable group, let G ~ (X, u) be a p.m.p. action and
let m: (X, n) — (R, n) be a G-equivariant measure-preserving map into a standard
probability space (2, 7). Suppose that, for p-almost every x € X, the stabilizer of x in
G depends only on 7 (x) and we thus have a subgroup M, of G indexed by n-almost every
w € Q such that, for w-almost every x € X, the stabilizer of x in G is equal to My (xy. We
set (G, u) = G x (X, p).
Suppose that there exists a central sequence (Sy) in [G] such that:
e forall n, S, preserves each fiber of m, that is, we have 7 (S;x) = n(x) for p-almost
every x € X; and

o u({xeX|Sx#x, Sux € C6(Mzx))}) = lasn — oo,

where, for a subgroup M < G, we denote by Cg (M) the centralizer of M in G. For p € N,
let AL C X be the set of p-periodic points of S,.. Suppose further that, for each p € N, we
have 1(Af) — 0 asn — oo. Then G has the Schmidt property.

The proof of this theorem will be given after proving Lemmas 2.6 and 2.7 below. For a
discrete p.m.p. groupoid (G, ) and an element T € [G], we say that T is periodic if, for
p-almost every x € G°, there exists a p € N such that x is a p-periodic point of T° and
TPx = e. We should emphasize that T is not necessarily periodic even if every point of X
is a periodic point of the induced automorphism 7°°.

LEMMA 2.6. Let G be a countable group, let G ~ (X, 1) be a p.m.p. action and let
w: (X, n) — (2, n) be a G-equivariant measure-preserving map satisfying the assump-
tion in the first paragraph in Theorem 2.5. We set (G, u) = G X (X, ).
Pick ¢ > 0 and S € [G] such that S° preserves each fiber of w. Let D and E be Borel
subsets of X with D C E and suppose that the following three conditions hold.
(1) Ifx € D, then $°x # x and Sx € Cg(My(x)), and if x € D is, further, a p-periodic
point of S° for some p € N, then either p > 1/c or SPx = e.
(2) The inequality w(E \ D) < eu(E) holds.
(3) The inclusion S°D C E holds.
Then there exists an element T € [Gg] such that:
4) T is periodic;
(5) T¢ preserves each fiber of m and Tx € Cg(My(y)) for each x € E; and
©6) u({x e E| Tx # Sx}) < Sen(E).

Proof. For a positive integer k, we set
Zr ={x e D| 5%, (5%, ..., 'x e D, (§°)*x ¢ D).

The sets Z; are mutually disjoint and satisfy S°Z;4; C Z; and Z; = D \ (5°)~'D. Thus
1(Z1) = u(D\ (5°)7'D) = u(S°D\ D) < w(E \ D) < epu(E)

by conditions (2) and (3).
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We define a local section T of G on Z; for k > 2, on S°Z, and on Z; \ S°Z,
respectively, as follows; it is defined so that T is periodic and equal to S on a subset as
large as possible. If x € Z; and k > 2, then we set Tx = Sx. For almost every x € S°Z,
there is a maximal integer k > 2 such that x € (So)k’l Zi, and we let y € Z; be the point
withx = (S°)*~ !y and set Tx = (S¥~1y)=1.On Z; \ §°Z,, we set Tx = e for each point
x of that set. We defined the local section 7' on the union Z := [ J{= Z and have the
inequality

pnx € Z | Tx # Sx}) = n(Z1) < en(E). 2.1

We set D1 = D\ Z, which is S°-invariant. Let B be the set of points of D; that are
p-periodic points of S° for some p € N. Let C be the complement of B in Dy, that is,
the set of aperiodic points of §° in Dp. For an integer p > 2, let B, denote the set of
p-periodic points of $° in B. Then each B, is S°-invariant, and B is the disjoint union of
the sets B, with p > 2 since $°x # x for each x € D by condition (1).

We extend the domain of 7 to the set B as follows. If p < 1/e, then, for each
x € By, we have SPx = e by condition (1) and we thus set ' = S on B, so that T is
periodic on it. Otherwise, that is, if p > 1/¢, pick a Borel fundamental domain B;, C By
of the periodic automorphism S°|p,. We set Tx = Sx for x € Bp, \ (S°)’IB;, and set
Tx = (§P71(8°x))~! for x € (5°)"'B),. Then T”x = e for each x € B, and

u{x € B| Tx # Sx}) < en(E) 2.2)
because
px e BITx #Sxp) < Y u((S)7'BY) = Y p~'u(By) < eu(B) < ep(E).
p>1/e p>1/e

We next define T on C, the set of aperiodic points of S° in D;. Let N be a positive
integer with 1/N < e (E). By the Rokhlin lemma, we can find a Borel subset Co C C
such that Cp, $°Cy, . . ., (S9)VN~1Cy are mutually disjoint and ©(C \ U5;01(5°)”C0) <
e (E). We define T on C as follows. For x € Cy and n € {0, 1,..., N — 2}, we set
T((5°)"x) = S((8°)"x) and T (($°)N~"x) = (S¥~'x)~". 1f x € C \ UV (5°)" Co, then
we set Tx = e. Then T is periodic on C in the sense that each x € C is a p-periodic point
of T° for some p € N, and we then have T7x = e. We also have

u(lx € C | Tx # Sx}) < u((SHN™'Co) + (€ \ Uy (5°)"Co) < 2ep(E).  (2.3)

Finally, we define T on E \ D by Tx = e foreachx € E \ D. By construction, 7° is an
automorphism of each of Z, B, C and E \ D and hence of E. Thus we defined T € [GE],
which is periodic. This is desired. Indeed, for each x € E, the element Tx is either e or
the product of some values of S, which belong to Cg(Mzy(y)) by condition (1). Therefore
T fulfills condition (5). By inequalities (2.1)—(2.3) and condition (2),

u{x € E | Tx # Sx}) <4den(E)+ u(E\ D) < Seu(E). [

In order to state the next lemma, we prepare the following terminology. Let (G, n) be a
discrete p.m.p. groupoid. For T', S € [G], we say that T and S commute if T o S = SoT.
LetT = (T1, ..., T,) be afinite sequence of elements of [G] such that 7; and T; commute
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forall i and j. For k = (ki, ..., k,) € N*, we set
T = (T 0o (TDM.

Forl = (I, ...,1,) € N*, we say that a point x € G0 is (I, T)-periodic if the following
two conditions hold.
e Forevery k = (ki, ..., k,) € N', we have (T*)°x = x if and only if k; = 0 modulo

[ foralli € {1,...,n}.
e If this equivalent condition holds, then we further have Trx =e.
For a discrete p.m.p. equivalence relation Q on a standard probability space (X, u), by a
Borel transversal of Q we mean a Borel subset of X that meets each equivalence class of
Q at exactly one point.

LEMMA 2.7. With the notation and the assumption in Theorem 2.5, let 'R be the orbit
equivalence relation associated with the action G ~ (X, u). Then there exists a central
sequence (Ty)nen in [G] satisfying the following four conditions.

@) We have u({x € X | T;x # x}) — L

(ii)  For each n, T} preserves each fiber of w and Tyx € C(My(y)) forall x € X.

(iii)  For each m and n, T, and T,, commute.

(iv)  Let Q, be the subrelation of R generated by T¢, . . ., Ty. Then there exists a Borel
transversal E,+1 C X of Q, and its Borel partition E, | = LllENn E,ZH_1 such that,
foreachl = (ly,...,1l,) e N*:

e every point of EiH is (I, T)-periodic, where T = (Ty, ..., T,);
o 1 l .
b Tn+1En+1 = En+l’ and
e ifn>2 then EfH] C E,(,l1 """ l"’l).
In particular, for each n, if £, denotes the subgroupoid of G generated by Ty, . . ., T,
(that is, the minimal subgroupoid of G containing T\, . . . , T, in its full group), then

&y and Q,, are isomorphic under the quotient map from G onto R.

Proof. Fix a decreasing sequence (&,),eN Of positive numbers converging to zero. We
inductively construct a sequence (75, E,+1),en of pairs satisfying conditions (ii)—(iv) and
the inequality u({x € X | T,x # Syx}) < 7e, for all n. This inequality implies condition
(i) and also implies that the sequence (7},),eN is central in [G].

In Theorem 2.5, we assume that, for each p € N, we have ,u(A,’,’) — 0 as n — oo,
where A} is the set of p-periodic points of S°. After replacing S, with S, for a large n,
we may assume that (X \ D1) < &1, where D is defined as the set of points x € X such
that S7x # x, S1x € Cg(My(x)), and if x is a p-periodic point of ST for some p € N, then
p > 1/e1. Letting D = Dq and E = X, we apply Lemma 2.6. We then obtain a periodic
Ty € [G] such that T} preserves each fiber of 7, we have Tix € Ci(My(y)) for almost
every x € X,and u({x € X | T1x # S1x}) < Se¢1 < 7e1. Since T is periodic, we can find
a Borel fundamental domain E; C X for the automorphism 7" of X and its Borel partition
E, = UleN Eé such that Q; Eé is equal to the set of [-periodic points of 7°, where Q is
the subrelation of R generated by 7}°. This completes the first step of the induction.

Assuming that we have constructed Ti,...,7T,—1 and Ej,..., E,, we construct
T, and E,;. By the induction hypothesis, the equivalence relation Q,_; generated
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by T7,...,T. | admits a Borel transversal E, C X and its Borel partition E, =
|_|16Nn_| E,l1 such that, for each [ € (I1,...,[,_1) € Ne—L every point of E,l1 is
(I, T)-periodic, where we set T = (T, . .., T,—1). We choose a finite subset L, C [\t
such that /L(Ef,) > (O foralll € L, and

n(X\ Qn_1Fy) < én, (2.4)

where we set F, = | |;c L, Efl After replacing S, with S, for a large m, we may assume
that

(Ey, \ D}) < eap(E}) 2.5)
foreach [ € L, if D!, is defined as the set of points x € E!, such that:
e xecELN(SHTIEL), S2x # x and Syx € Co(My(x));
e if x is a p-periodic point of S;; for some p € N, then p > 1/¢,; and
o (Sp0Thx=(TkoS,)x foreachk = (ki, ..., ko—1) € P1,

where we set
o, ={0,1,.... 1 -1} x{0,1,..., L —1} x---x{0,1,...,0,_1 — 1}

Letting D = Dfl and E = Efl, we apply Lemma 2.6 for each / € L,,. Then there exists
a periodic T, € [GF,] such that T,7 preserves each Ei with [ € L,,, we have T,x €
CG(My(y)) for almost every x € F), and, foreach/ € L,,

u({x € Eyy | Tyx # Sux})) < Sequ(Ey). (2.6)

We extend the local section 7, to the set Q,_1F, so that it commutes with
Ty,...,T,_1.Thatis,ifl € (I1,...,l,_1) € Lyand x € E,ﬁ then we set

T,(T*)°x) = (T* o T,)x)(T*x)™!

fork = (k1, ..., ky—1) € ®;. We note that by condition (iv) for 71, . . ., T,—1, which is an
induction hypothesis, each point of Q,_1 F}, is uniquely written as (T*)°x for some k € d;
and x € E,ll with/ € L,,. Finally, we define 7, on X \ 9,1 F,, by T,x = e for each point x
in that set. Then the element 7;, € [G] satisfies conditions (ii) and (iii). By construction, T,
preserves each E! with [ € L, and also preserves the other E, with [ € N"~1\ L, since
T, is the identity on it.

Let Q, be the subrelation of R generated by 77, ..., T,;. We find a Borel transversal
E,+1 C X of Q, satisfying condition (iv). Since 7,> preserves each Efl with! € N*~! and
is periodic, we can choose a Borel fundamental domain B!, for the automorphism 7;° of
E! and its Borel partition B, =] |, cx EL™ such that E5™ consists of m-periodic points
of ). Pick [ = (Iy,...,l,—1) € N"~1 and m € N and putk =y, ..., lIh—1,m) e N
If l € Ly, we set EﬁH = El™. Otherwise, we have Bl = EL'. We then set E’]jH = E!
or E,'fH = ), depending on m = 1 or m # 1, respectively, and set E, 1 = | | cpn EﬁH.
This partition fulfills condition (iv) except for the equation involving 7,1, which is still
not defined.

Finally, we estimate the measure u({x € X | T,x # S,x}). If x € Dfl with [/ € L, and

Tux = S,x, then, foreach k = (ky, ..., k,_1) € ¥y,
Su(T5°x) = (T* 0 $,)x) (T %)™ = (T* o T)x)(T*x) ™! = T,(T5)°x),
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where the first equation follows from x € D,l1, the second one follows from 7,,x = S, x and
the third one holds by the definition of 7,. Hence we have T,, = S, on the equivalence
class of x in Q. The set {x € X | T,x # S, x} is thus contained in the union

X\ Qu1F) U | Quoilx € B} | x & D} or Tyx # S,x}.
leL,
By inequalities (2.4), (2.5) and (2.6), the measure of this union is less than
ent Y (it LoD(EL\ DY) 4 u({x € E) | Tyx # Sux))
l:(llwwlnfl)eLn

<ent Y. (it o)+ Se)(EL) < Tep,
l:(llv--’ln—l)ELn

where the sum ) ,(I; + - - - —i—l,,,])u(Efl) over [ =(l1,...,l,—1) € L, is equal to
uw(Q,—1Fy,) by condition (iv) and hence is at most 1. We thus have u({x € X | T,x #
Spx}) < 7e,. This completes the induction. O]

Proof of Theorem 2.5. By Lemma 2.7, we obtain a central sequence (7},) in [G] satisfying
conditions (i)-(iv) in the lemma. Let £ and Q be the unions J, & and |J, Qn,
respectively, where we use the symbols &,, Q,, in the lemma. Then Q is a subrelation of R,
and by condition (iv), £ is a subgroupoid of G isomorphic to Q via the quotient map from
G onto R. Let M be the isotropy subgroupoid of G, which is the bundle | | .y Mxr(x)
over X. Let M xx & be the fibered product with respect to the range map of £. Then
(M xx &, ) is adiscrete p.m.p. groupoid with unit space X. Indeed the range and source
of (m, (g, x)) € M xx & are defined to be gx and x, respectively. The product operation
in M xx & is defined by (m, (g, hx))(l, (h, x)) = (ml, (gh, x)) for (g, hx), (h,x) € &
and m, | € My (y), where we note that 7 (ghx) = 7 (hx) = 7 (x) since all 7,7 preserve each
fiber of w. Let M v £ be the subgroupoid of G generated by M and £. By condition
(i), if (g, x) € &, then g commutes with each element of My (). Therefore the map
from M xx £ to M v & sending (m, (g, x)) to (mg, x) is a homomorphism and thus
an isomorphism.

Let M be the subgroupoid of G x (€2, ) that is the bundle [ e Mw. We obtain the
homomorphism from M v € onto M as the composition of the isomorphism from M v €
onto M x x &, with the projection from M x x € onto M. Pick a Borel homomorphism
ap: M — Aut(Y, v) with some standard probability space (Y, v) such that the associated
action of M on (Y,v) is essentially free, that is, we have og(m)y 7# y for almost
every y € Y and almost every m € M \ M°, where M is equipped with the measure
fQ Cw dn(w) with ¢, the counting measure on M,,. Such «y is obtained as follows. Pick a
free p.m.p. action G ~ (Y, v). Via the projection from G x (£2, n) onto G, we obtain the
homomorphism from G x (€2, n) into Aut(Y, v). Let o be its restriction to M. Then the
action « is essentially free. Let M Vv & act on (Y, v) via the homomorphism from M Vv &
onto M, and denote this action bya: MV E — Aut(Y, v).

We now apply Proposition 2.4 by letting S = M Vv £. Note that the central sequence
(T,) satisfies the assumption in the proposition, that is, for each Borel subset B C Y, we
have fX v(a(Tyx)B A B) du(x) — 0 as n — oo because £ acts on Y trivially and thus
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a(T,x) is the identity for every x € X. By the proposition, the sequence (7},) of the lift of
T,, is central in the full group of the groupoid (G, ft), where we let G ~ (Z, ¢) be the action
co-induced from the action : M Vv €& — Aut(Y, v) and let (G, W) = (G, ) X (Z,¢) be
the groupoid associated with this co-induced action, which was introduced just before the
proposition. Recall that G is the fibered product G x x Z with respect to the source map
s: G — X and is a groupoid with unit space Z.

If we define an action of G on Z by gz = (g, x)zforg € Gandz € Z, withx € X, then
this action preserves the measure ¢ and (G, 1) is identified with the translation groupoid
G X (Z,¢) viathe map ((g, x), z) — (g, z) forg € Gand z € Z, withx € X. The action
G ~ (Z,¢) is free because the action of M on (Y,v) is free. Therefore we obtained
the free p.m.p. action G ~ (Z, ¢) such that the groupoid G X (Z, ¢) is Schmidt. By
Lemma 2.2, G admits a free ergodic p.m.p. action which is Schmidt. O

2.5. Central sequences and periodic points. In Theorem 2.5, we assumed that the
central sequence (S,) satisfies the property that, for each p € N, the set of p-periodic
points of the automorphism S, has measure approaching zero. On the other hand, in
Theorem 2.14 in the next subsection, we focus on a central sequence (S,) without this
property. This subsection deals with such a central sequence.

In the rest of this subsection, we fix the following notation. Let G be a countable group
and let M be a normal subgroup of G. Let G/M ~ (X, ) be a free ergodic p.m.p. action
and let G act on (X, ) through the quotient map from G onto G/M. We set (G, i) =
G x (X, ).

LEMMA 2.8. Let (Sy)nen be a central sequence in [G]. Forn, p € Nand h € M, we set
Al ={xeX|xisa p-periodic point of S} and A,l;’h ={xe€ AP | (S)Px = h).

Then:
(i)  the sequence (AP, is asymptotically invariant for G; and
(i) ifh is central in G, then the sequence (AL ’h),, is asymptotically invariant for G.

Proof. Pick ¢ € [G]. If n is large, then the set
{x € X|(po(S))x=((Sy) op)xforeachi € {1,..., p}}

has measure close to 1. If x € A% belongs to this set, then (S,‘i)i(¢°x) = ¢°((S;)ix) for
eachi € {1, ..., p}. The right-hand side of this equation is not equal to ¢°x if i < p and
is equal to ¢°x if i = p. Hence ¢°x is a p-periodic point of S, and belongs to AL We
thus have u(¢°AZ A AP) — 0asn — oo. Assertion (i) follows.

To prove assertion (ii), we pick g € G. If n is large, then the set

{x € X | (g 0 (S)P)x = ((Sn)” 0 ¢pg)x}
has measure close to 1. If a point x € AP oh belongs to this set, then

((Sn)p(gx))g = ((Sn)p o ¢g)x = (¢>g o (S)P)x = gh
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and thus (S,)?(gx) = ghg~! = h if h is central in G. Combining this with assertion (i),
we have u(gA,[;’h A A;';’h) — 0 as n — oo. Assertion (ii) follows. O

LEMMA 2.9. Let (S;)neN be a central sequence in [G] and let N be a normal subgroup
of G. Then the sequence (A,) defined by A, ={x € X | S,x € N} is asymptotically
invariant for G.

Proof. Pick g € G.Ifnislarge, then, for every point x € X outside a set of small measure,
we have (¢g 0 §,)x = (S, 0 ¢g)x, that is, g(S,x) = (S,(gx))g. Therefore if, further, x €
Ay, then S, (gx) belongs to gNg~! = N and thus gx € A,. O

Remark 2.10. Lemma 2.9 will be used in the proof of Lemma 2.11 by letting N be the
centralizer Cg(M) of M in G.

Let (S;),eN be a central sequence in [G] and set A, = {x € X | S,x € Cg(M)}. While
(A,) is asymptotically invariant for G by Lemma 2.9, we further have ©(A,) — 1 if M
is finitely generated. Indeed, if F is a finite generating set of M and n is large enough,
then, for all x € X outside a set of small measure, we have (¢ o S,)x = (S, o ¢pg)x for all
g € F and hence g(S,x) = (S,x)g since M acts on X trivially. Thus S,,x commutes with
every element of M.

LEMMA 2.11. Let (Sp)nen be a central sequence in [G] and let p > 2 be an integer. Let
h € M and suppose that h is central in G. We define A,, C X as the set of p-periodic points
x of S, such that (S)ix € Cg(M) Joralli €{l,...,p— 1} and (S,)’x = h. Suppose
that u(Ay) is uniformly positive.

Then there exists a central sequence (R,) in [G] such that if we define B, C X as the
set of p-periodic points x of R, such that (R)'x € Ca(M) foralli e {1,...,p—1}and
(Ry)Px = h, then u(B,) — 1.

Proof. We follow the proof of [KTD, Lemma 5.3], patching the restrictions S, | 4, together
to obtain a desired R € [G] after passing to an appropriate subsequence of (S,).
Note that the equation S, A, = A, holds. Indeed, let x € A, and put y = S;x. Then y

is a p-periodic point of Sy;. The condition that (Sw)ix € Cg(M) foralli e{l,...,p—1)}
and (S,)?x = h € Cg(M) implies that the value of S,, at each point of the orbit of x under
iterations of Sy belongs to Cg (M). Thus (S,,)iy € Cg(M) foralli e {1,..., p—1}. We

also have ((S,)?y)(S,x) = (S,)?'x = (S,x)h = h(S,x) and thus (S,)?y = h. There-
fore y € A, and S;A, C A,. The converse inclusion follows from this because S, is
measure-preserving or we have (S,‘j)’] = (S,‘j)l”1 on A,.

Since A, is asymptotically invariant for G by Lemmas 2.8 and 2.9, the sequence (S),)
in [G], defined by S, = S, on A, and S,x = e forall x € X \ A,, is central in [G]. After
replacing S, with S;, we may assume that S,x = e for all x € X \ A,. Then (S;)? is the
identity on X. It suffices to show that, for every ¢ > 0 and every finite subset F C [G],
there exists an R € [G] such that u({go R # Ro g}) < ¢ and u(B) > 1 — &, where, for
u, v € [G], welet {u o v # v o u} be the set of points of X on which u# o v and v o u are not
equal, and we define B C X as the set of p-periodic points of R° such that Rix € Cg(M)
foralli e {1,..., p—1}and R’x = h.
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Passing to a subsequence of (S,), we may assume that the following conditions hold.
(1 >, n(g°A, AA,) <eforallg € F.
2 Y, u{gosS, ;ﬁ S,o0g)) <eforallg € F.
B3) X Yhen 220 (S AR A Ap) <ce.
Inequality (1) holds since the sequence (A,) is asymptotically invariant for G. The other
two inequalities hold since the sequence (S, ) is central in [G]. We set C,, = |, _,, Ak and
also set
p—1 00
= AL, Y, = A\ U(S;;;)fc,, forn>2, and Y = U Y.
i=0
Note that the last union is disjoint. For each n, we have S;Y, = Y because (S;)? is the
identity on X and S°A, = A,. Then ¥, C A, \ G, and Y, "7 (83 Cu A Cy) <&
by inequality (3). Thus D, u((A, \ Cp) \ Yn) < e and n(lJ,(An \ Cp) \ Y) < &. By the
definition of C,,, we have | J,,(A, \ Cn) = |J,, An, and this is equal to X by [KTD, Lemma
5.1], where we use the assumption that £(A,) is uniformly positive. Thus
@) wX\Y) <e.
We pick g€ F and estimate ), u(g°Y, AY,). Pick yeY,\g°Y,. Since
(g°)~ 'y & Y, either (g°)"ly & A, or (g°)"'y € D,,, where we set D, = U;’:‘O‘(S;)icn.
In the former case, y € A, \ g°A,. In the latter case,

p—1
y €@ Du\ D) N Y, C | [J @S A\ (S A) N Y.
i=0 k<n
Let N be a positive integer. We have
p—1 N n-1
ZM(Y \g°Yy) < Z,U«(A \g°AD + Y DY (S Ak \ (S A N Y.
n=1 n=1 i=0 n=1 k=1

By inequality (1), on the right-hand side, the first term is less than ¢. In general, for all
Borel subsets A, A’, B, B’ C X,

WA\ B) < 2u(A & A + (B A B') + (A’ \ B)
[KTD, Lemma 5.2]. This implies that the second term is less than or equal to
N

i=0 n=1 k=1

p—1 n—

1
(((g°Ax \ Ap) N Yy) + 31((S2) A A Ay))

n—1

N
<p YD n((@°A\ A NYy) +3e < (p +3)e,
n=1 k=1

where the first inequality follows from inequality (3) and the last inequality follows from
inequality (1). Then Zflv:l w¥,\ g°Y,) < (p + 4)e and therefore
5) X, u¥Y,\g°Yy) < (p+4eforallg e F.

We define a map R: X — G, patching the restrictions S, |y, together as follows. For
eachn, weset R = S5, onY, andset Rx = eif x € X \ Y. Since S, preserves Y,,, the map
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R° is an automorphism of X and hence R is an element of [G]. Let B C X be the set of
p-periodic points of R® such that Rix € Cg(M) foralli € {1,..., p—1}and RPx = h.
Since S, preserves Y, again and Y, is a subset of A,, each point of Y, belongs to B and
therefore Y = B and u(B) > 1 — ¢ by inequality (4).

We pick g € F toestimate u({g o R # R o g}). We have the following three inclusions.

{goR#RoglC | JUgoR#RogINY,)U(X\Y),

{goR#RogINY, C{goR#RogN (¥, N (g V) U ¥y \ (g2 '¥,), and

{goR# RogiN ¥y N (go)_lyn) C{goSu# Snogh
It follows from inequalities (2), (5) and (4) that

n({goR#Rog)) <> (u({g oSy # Suogh)+u¥a\(€) 'V) +u(X\Y)

<e+(p+4de+e=(p+6)e.

The desired estimate is obtained after scaling €. O

The following lemma is similar in appearance to the last lemma. The difference between
them is the assumption on ©(A,) and the second condition in the definition of the set B,,.
The following lemma deduces a stronger conclusion from the conclusion of the last lemma.

LEMMA 2.12. Let (S;)nen be a central sequence in [G] and let p > 2 be an integer. Let
h € M and suppose that h is central in G. We define A, C X as the set of p-periodic points
x of S, such that (S)ix € Co(M) foralli €{l,..., p—1}and (S,)Px = h. Suppose
that w(A,) — 1.

Then there exists a central sequence (R,) in [G] such that if we define B, C X as the
set of p-periodic points x of R, such that (R)ix € Cg(M) foralli e {1,...,p—1}and
(R,)Px = e, then u(B,) — 1.

Proof. We show that, for all large n € N, if we choose a sufficiently large integer m >
n and set R, = (Sm)_1 o S, then the obtained sequence (R,) works. Let ¢ > 0 and fix
a large n € N such that u(A,) > 1 — ¢. If m is large enough, then n(A,,) > 1 — ¢ and
u(C) > 1 — g, where C is the set of points x € X such that:

o (Si0(Sm)™Hx = ((Sw)"! o Sy)x; and

o ((S) o (S)Hx = ((Sp)"oSyixforalli e{l,...,p}).

By [KTD, Lemma 5.6], foralli € {1,..., p — 1},

n(fx € X | (Sp)'x = (Sp)'x #x}) = 0

as m — oo. Therefore, for alli € {1,..., p — 1}, since (S,‘j)ix # x for all x € A, after
replacing m with a larger integer, we may assume that there exists a Borel subset A}, C A,

such that u(A, \ A}) < e and (53)'x # (S9) x for all x € A],. We set

p—1
D=CnA, N[ An.
i=0
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Then w(D) > 1 — (3 + p)e. We set R = (S,,) "' 0 S, and define B C X as the set of

p-periodic points of R°® such that R'x € Cg(M) foralli € {1,..., p— 1} and RPx = e.
We claim that D C B. This completes the proof of the lemma. Pick x € D. We first show
that x is a p-periodic point of R° and RPx = e. Foreach i € {1,..., p — 1}, it follows

from x € AJ, that (Sf,;)ix 7+ (S,i)ix, and it follows from x € C that
((Sm) ™ 0 (S))°x = ((Sm) ™" 0 $))°x = (R)°x = (R°)'x.
Hence (R°)!x # x. We also have
RPx = ((Sp) ™" 0 S))Px = ((Sm) ™7 0 (S)P)x = ((Sw) Px)h =,

where the second equation follows from x € C, the third equation follows from
x € A,, and the last equation follows from x € A, = (S;,)”A,,. Finally, for each
ie{l,...,p—1},

Rix = ((Sm) ™ 0 8) x = ((Sw) ™ 0 (S))x = (S) T ((S) %) ((Sn) x),

which belongs to Cg (M) because x € A, N (S,‘l’)_iAm and the set A, is preserved by S,
as shown in the second paragraph of the proof of Lemma 2.11. O

Combining Lemmas 2.11 and 2.12, we obtain the following corollary, which also
reminds us of the notation fixed at the beginning of this subsection.

COROLLARY 2.13. Let G be a countable group and let M be a normal subgroup of G.
Let G/M ~ (X, n) be a free ergodic p.m.p. action and let G act on (X, ) through
the quotient map from G onto G/M. We set (G, u) = G x (X, ). Let (S,) be a central
sequence in [G] and let p > 2 be an integer. Let h € M and suppose that h is central in G.
We define A, C X as the set of p-periodic points x of S, such that (Sp)'x € Cg(M) for
alli e {1,..., p—1}and (S,)?x = h. Suppose that w(A,) is uniformly positive.

Then there exists a central sequence (R,) in [G] such that if we define B, C X as the
set of p-periodic points x of R, such that (R)ix € Cg(M) foralli € {1,...,p—1}and
(R,)Px = e, then u(B,) — 1.

2.6. A variant construction. Continuing from §2.4, we present another sufficient condi-
tion for a countable group G to admit a free p.m.p. Schmidt action, under the assumption
that G admits a p.m.p. Schmidt action. In the following theorem, we assume that the given
p-m.p. action G ~ (X, ) is ergodic, as opposed to Theorem 2.5. This is because the proof
uses certain asymptotically invariant sequences of subsets, which are better controlled if
the action is ergodic.

THEOREM 2.14. Let G be a countable group and let M be a normal subgroup of G.
Let G/M ~ (X, u) be a free ergodic p.m.p. action and let G act on (X, (1) through the
quotient map from G onto G/ M. We set (G, u) = G X (X, p).

Let (S,) be a central sequence in [G], let p > 2 be an integer and let L < M be a
finite subgroup which is central in G. We define A,y C X as the set of p-periodic points
of S,, such that (Sy)ix e Coc(M) foralli € {1,..., p—1}and (S,)Px € L. Suppose that
W(A,) is uniformly positive. Then G has the Schmidt property.

https://doi.org/10.1017/etds.2020.146 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.146

1682 Y. Kida and R. Tucker-Drob

The scheme of the proof of this theorem is the same as that for Theorem 2.5. Lemma 2.6
will be used in the following lemma, which is analogous to Lemma 2.7.

LEMMA 2.15. With the notation and the assumption in Theorem 2.14, let R be the orbit
equivalence relation associated with the action G/M ~ (X, ). Then there exist a central
sequence (Ty)nen in [G] and a sequence (E,y1)nen of Borel subsets of X satisfying
conditions (i), (iii) and (iv) of Lemma 2.7 together with the following condition.

(ii) For each n and each x € X, we have T,x € Cg(M).

Proof. The desired sequence (7, E,+1)neN 1s constructed by induction, similarly to the
proof of Lemma 2.7. Fix a decreasing sequence (&,),enN of positive numbers converging
to zero. We inductively construct a sequence (7T, En+1)neN satisfying conditions (ii)’, (iii)
and (iv) and satisfying the inequality u({x € X | T,x # S,x}) < 7¢, for all n. Let p be
the integer in Theorem 2.14. Since L is finite, by Corollary 2.13, we may assume, without
loss of generality, that i(B,,) — 1, where we define B,, C X as the set of p-periodic points
x of §; such that (Sp)ix € Cg(M) foralli € {1,..., p—1}and (S,)’x =e.

To construct 71, we set D1 = Bj. After replacing S1 with S, for a large n, we may
assume that u(X \ D1) < 1. We apply Lemma 2.6 by letting D = D and E = X and
letting 2 be a singleton. Then we obtain a periodic T} € [G] such that T1x € Cg(M) for
almost every x € X and u({x € X | T1x # S1x}) < S5¢1 < 7e1. Since T is periodic, we
can find a Borel fundamental domain E> C X for the automorphism 7} of X and its Borel
partition E> = | |,y Eé such that Q; Eé is equal to the set of /-periodic points of T},
where Q) is the subrelation of R generated by 7. This completes the first step of the

induction.
Assuming that we have constructed 71, ..., T,—1 and E», ..., E,, we construct 7,
and E, 1. Let Q1 be the subrelation of R generated by 7, ..., T,”_,. By the induction

hypothesis, we have a Borel transversal E, C X of Q,_; and its Borel partition E, =
Ll;cpn—1 EL. We choose a finite subset L,, € N"~! and set F,, = ez, E! as in the proof
of Lemma 2.7. After replacing S, with S,, for a sufficiently large m, for each [ € L,, we
define D!, as the set of points x € E! N ((S)~'EL) N B, such that (S, o TF)x = (T* o
S,)x for each k = (ky, . .., ky,—1) € ®;, where we set TX = (T,_1)»10---0 ()20
(T)*1 and define ®; as before. Letting D = Di and £ = E,ll and letting €2 be a singleton,
we apply Lemma 2.6 for each [ € L,, and obtain a periodic 7,, € [GF,]. The rest of the
construction of 7;, € [G], whose domain is extended to X, and a Borel transversal E,, ;| of
Q,, is a verbatim translation of that in the proof of Lemma 2.7. [

Proof of Theorem 2.14. The proof is a verbatim translation of that of Theorem 2.5, where
we apply Lemma 2.15 in place of Lemma 2.7 and let 2 be a singleton. We note that the
groupoid M X x £ in that proof then reduces to the direct product M x . O

We now prove Theorems 1.3 and 1.5 stated in §1.

COROLLARY 2.16. Let G be a countable group and let M be a finite central subgroup of
G. Let G/M ~ (X, u) be a free ergodic p.m.p. action and let G act on (X, ) through
the quotient map from G onto G/ M. If the action G ~ (X, ) is Schmidt, then G has the
Schmidt property.
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Proof. By assumption, we have a central sequence (S,) in [G x (X, n)] such that u({x €
X | S;x # x}) — 1. We will apply Theorem 2.5 or 2.14. The most remarkable difference
between the assumptions in those two theorems is the condition on the set A2 of p-periodic
points of S, and its measure. Passing to a subsequence of (S,), we may assume that
either (AL) — 0O for every integer p > 2 or there is some integer p > 2 for which the
values ((AL) are uniformly positive. If the former holds, then we apply Theorem 2.5 by
letting 2 be a singleton. We note that Cg(M) = G since M is central in G. If the latter
holds, then we apply Theorem 2.14 by letting L = M. Thus the corollary follows from the
theorems. O

Recall that a sequence (g,) in a countable group G is called central if, for each h € G,

gn commutes with A for all sufficiently large n. The following is an immediate application
of Corollary 2.16.

COROLLARY 2.17. If a countable group G admits a central sequence diverging to infinity,
then G has the Schmidt property.

Proof. Let G act on the set G \ {e} by conjugation, which induces the p.m.p. action of
G on the product space X = ]_[G\ {e[0, 11 equipped with the product measure y of the
Lebesgue measure. We may assume that G has finite center because otherwise the Schmidt
property of G is shown in [KTD, Example 8.8]. Let C be the center of G. Then C acts on
X trivially and the induced action G/C ~ (X, u) is essentially free. By assumption, we
have a central sequence (g,) in G diverging to infinity, and we may assume that none of g,
belong to C. Then by Remark 2.1, (g,) is a central sequence in the full group [G x (X, ©)]
such that u({x € X | gnx # x}) = 1 for all n. Thus Corollary 2.16 is applied to G and its
finite center C. O

Remark 2.18. Let G be a countable group. If M is a finite central subgroup of G and the
quotient group G/M admits a central sequence diverging to infinity, then G also admits
such a sequence and thus has the Schmidt property by Corollary 2.17.

To show this, choose a sections: G/M — G of the quotient map. Let (g,) be a central
sequence in G /M diverging to infinity. For each 1 € G, the commutator [s(g,), 7] belongs
to M if n is large enough. Since M is finite, after passing to a subsequence, we may
assume that, for each & € G, the element [s(g;,), 1] is independent of n. Then the sequence
(s(gn)s(gl)’l) is central in G and diverges to infinity.

3. Groups with infinite AC-center

3.1. Reduction to the proof for groups with infinite FC-center. We collect basic proper-
ties of groups with infinite AC-center. For a subset S of a group G, we denote by Cg (S)
the centralizer of S in G and denote by (S)s the normal closure of S in G, that is, the
minimal normal subgroup of G containing S. If S consists of elements g1, . . ., g,, then
Cg(S) and (S)¢ are also denoted by Cg (g1, - - -, gn) and (g1, . . . , gu) G, respectively.

LEMMA 3.1. Let G be a countable group and denote by R the AC-center of G, that is, the
set of elements g € G such that the quotient group G/Cg({g)c) is amenable. Then:

@) the set R is a normal subgroup of G,
(i)  for each finite subset S C R, the quotient group G/Cg({S)g) is amenable;
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(iii)  the group R is amenable; and
(iv)  the group R is generated by all normal subgroups M of G such that G/Cg(M) is
amenable. Therefore R is equal to the AC-center introduced in [TD, 0.G].

Proof. Although some assertions in the lemma are proved in [TD, Theorem 13], we give
a proof here for the reader’s convenience. To make the symbols easier, in this proof, let us
write C(g) and C(S) for Cg((g)g) and Cg((S)G), respectively, given g € G and S C G.
By its definition, the set R contains the trivial element and is closed under inverse. If
r,s € R, then C_'(r) N C_'(s) < C_'(rs). Thus G/(C_‘(r) N C_'(s)) surjects onto G/C_'(rs) and
injects into G/C(r) x G/C(s) diagonally. The last group is amenable and thus rs € R.
Hence R is a subgroup of G, and, by its definition R is normal in G. Assertion (i) follows.

If S consists of finitely many elements rq, . . ., r, € R, then G/C(S) diagonally injects
into the direct product G/C(r1) x - - - x G/C(ry), which is amenable. Thus G/C(S) is
amenable, and assertion (ii) follows. Moreover, the group (S) generated by S admits the
homomorphism into G/ C(S) induced by the inclusion into G, whose kernel is (S) N C(S)
and is thus abelian. Hence (S) is amenable, and assertion (iii) follows.

Let M be the set of normal subgroups M of G such that G/Cg (M) is amenable, and
let R; be the group generated by all members of M. If r € R, then (r)g € M and thus
r € R;. To show the converse, we note that if My, M, € M, then the group generated by
M and M, belongs to M since its centralizer in G is equal to Cg(M1) N Cg(M3), and the
group G/(Cg(M1) N Cg(M>)) diagonally injects into G/Cg (M) x G/Cg(M3), which
is amenable. Therefore R; is the union of members of M. If r € Ry, then r is contained
in some M € M, and since Cg(M) < C(r), we have r € R. Assertion (iv) follows. O]

Let G be a countable group. Suppose that the AC-center of G, denoted by R, is infinite.
We first assume that there exists a finite subset S C R such that the normal closure M =
(S) is infinite. Setting L := Cg (M), we then have two commuting, normal subgroups
L, M of G such that M is amenable and the quotient group G/(LM) is amenable. If
L N M is finite, then the infinite group M /(L N M) injects into the group (LM)/L and
hence the index of L in LM is infinite. By [TD, Theorem 18 (H1)], we conclude that G
is stable and thus has the Schmidt property. If L N M is infinite, then L M has the infinite
central subgroup L N M. Since G/(LM) is amenable, the construction in the proof of
[TD, Theorem 15] yields an ergodic free p.m.p. action of G which is Schmidt.

We next assume that, for each finite subset S C R, the normal closure (S)¢ is finite.
For each r € R, the normal closure (r)¢ is then finite. The group G acts on (r)g by
conjugation, and some finite index subgroup of G acts on it trivially. Hence the centralizer
Cg(r) is of finite index in G, that is, r belongs to the FC-center of G. The AC-center
R is thus contained in the FC-center of G, and they coincide after all. Let us record the
following structural alternative obtained at this point.

PROPOSITION 3.2. Let G be a countable group with infinite AC-center. Then either:

(1) there exist two commuting, normal subgroups L, M of G such that one of them is
infinite and amenable and the quotient group G /(LM) is amenable; or

(2) the AC-center and the FC-center of G coincide, and for each finite subset of the
FC-center of G, its normal closure in G is finite.

https://doi.org/10.1017/etds.2020.146 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.146

Groups with infinite FC-center have the Schmidt property 1685

As shown above, if there exists a finite subset S C R such that the normal closure (S)g
is infinite, then case (1) occurs, and if there exists no such S, then case (2) occurs. In
case (1), it has already been shown that G has the Schmidt property. Therefore, for the
proof of Theorem 1.1, it remains to show that G has the Schmidt property if G has infinite
FC-center and every finite subset of the FC-center has finite normal closure in G.

Finally, we point out the following permanence properties, which are concerned with
the question in Remark 1.4, but are not necessary for the proof of Theorem 1.1.

PROPOSITION 3.3. Let G be a countable group with a finite central subgroup Z. Then:

(1)  the group G has infinite FC-center if and only if G/Z has infinite FC-center; and
(ii) the group G has infinite AC-center if and only if G/Z has infinite AC-center.

Proof. For each g € G, let Ag(g) denote the conjugacy class of g in G. We note that
an element g € G belongs to the FC-center of G if and only if the set Ag(g) is finite.
We set I' = G/Z with m: G — I the quotient map. Let R? be the FC-center of G and
let R? be the FC-center of I'. For each g € G, the map 7 is a surjection from Ag(g)
onto Ar(m(g)), and is finite-to-one since Z is finite. This implies that 7(RY = R?, and
assertion (i) follows.

We now prove assertion (ii). Let R be the AC-center of G and let R; be the AC-center
of I'. It suffices to show that w(R) = Rj. For each g € G, we have m(Cg({g)g)) <
Cr({m(g))r). We thus have the surjection from G/Cg({(g)g) onto I'/Cr({w (g))r). Hence
w(R) < R;y.

Wefixy e N'andset M = (y)r and L = Cr(M). We choose a sections: I' — G of 7.
Let Hom(M, Z) be the group of homomorphisms from M into Z such that the product
of two elements 11, 720 € Hom(M, Z) is given by the homomorphism m +— 71 (m)t(m).
Since L and M commute, we obtain the homomorphism 7: L — Hom(M, Z) defined
by 7;(m) = [s(l),s(m)] forl € L and m € M. We set L1 = ker . Then L/L; is abelian
and hence amenable. If g € G with 7(g) = y, then L1 < 7(C¢({g)¢)) because, for each
I € Ly, wehaves(l) € Cg(s(M)) = Cg((g)g) and [ =7 (s())) € 7(C;({g)c))-

Suppose that y € R and pick g € G with 7(g) = y. We show that g € R, which
implies that the inclusion R; < m(R). We set N = Cg({(g)g). The group G/N is
isomorphic to I'/m (N) via 7. Since L1 < m(N), we have the surjection from I'/L onto
'/ (N), which surjects onto I'/L because w(N) < L. It follows from y € Ry that I'/L
is amenable. Since L/L; is also amenable, so are I'/L{, I'/m(N) and G/N, and thus
g €R. O

3.2. An outline of §§4 and 5. Let G be a countable group with infinite FC-center R.
Suppose that every finite subset of R has finite normal closure in G. The proof of the
Schmidt property of G will be given throughout §§4 and 5. In this subsection, we outline
the proof along with a preliminary lemma on the structure of R.

In §4, we show that G has the Schmidt property under the assumption that the center
of R is finite. If we set N = (),cx Cg(r), then N N R is the center of R. Since Cg(r)
is of finite index in G for all r € R, the group G/N is residually finite and thus admits a
free profinite action. Moreover, G/ N has infinite FC-center because the FC-center of G/N
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contains (RN)/N. Following Popa—Vaes [PV, Theorem 6.4] and Deprez—Vaes [DV, §3],
we construct a free profinite Schmidt action G/N ~ (X, ) (after passing to some finite
index subgroup of G). We then apply Theorems 2.5 and 2.14 to the translation groupoid
G X (X, n) and conclude that G has the Schmidt property. We remark that the proof in §4
does not use the condition that every finite subset of R has finite normal closure in G.

In §5, we assume that the center of R is infinite. We then have an infinite abelian
subgroup A < R normalized by G. This subgroup A will appropriately be chosen and
is not necessarily the center of R. Since each finite subset of R has finite normal closure
in G, there exists a strictly increasing sequence A; < Ay < - - - of finite subgroups of A
such that each A, is normalized by G. Let us draw attention to the following condition.
(x) Forevery N € N, we have lim, |F, n|/|Ax| = 1, where F;, y is the set of elements of

A, whose order is more than N.
For example, if A, = Z/2"7Z and we embed A, into A, arbitrarily, then the sequence
Al < Ay < - - - fulfills this condition. In §5.3, we assume condition (x) and show that G
has the Schmidt property. In §5.4, we deal with the case where condition (%) is not fulfilled.
In this case, by applying Lemma 3.4 below, after replacing (A,), we may assume, without
loss of generality, that, for some prime number p, each A, is isomorphic to the direct sum
of copies of Z/ pZ.

LEMMA 3.4. Let G be a countable group and let A be an infinite abelian normal subgroup
of G contained in the FC-center of G. Suppose that each finite subset of A has finite normal
closure in G and let Ay < Ay < - - - be a strictly increasing sequence of finite subgroups
of A such that each A, is normalized by G. Suppose further that, for this sequence,
condition (x) does not hold. Then there exist a prime number p and a strictly increasing
sequence By < By < - - - of finite subgroups of A such that each B,, is normalized by G
and is isomorphic to the direct sum of copies of 7] pZ.

Proof. Since condition (x) does not hold, after passing to a subsequence of (A,), we may
assume that there exists N € N such that the ratio |A, \ F,|/|A.| is uniformly positive,
where F;, denotes the set of elements of A,, whose order is more than N. Let P be the set
of prime numbers. Then A, is isomorphic to the direct sum € peP AL, where AL is the
subgroup of elements of A, whose order is a power of p. This direct sum decomposition
is canonical and is thus preserved under G-conjugation. We aim to show that, for some
p € P, the number of elements of A; whose order is p diverges to infinity after passing
to a subsequence of (A,).

Let C/ be the set of elements of A} whose order is less than or equal to N. Then C/
is a subgroup of AY. We claim that, for some p € P, after passing to a subsequence of
(A,), we have |CY| — oo asn — oo. Otherwise, for each p € P, the sequence (CF Dnen
would be bounded. Therefore |CY| is uniformly bounded among all n and all p € P with
p < N. This is absurd with the condition that |A, \ F,|/|A.| is uniformly positive and
|A,| = oo because each element of A,, whose order is less than or equal to N is a sum of
elements of C} with p < N.

Since C? is isomorphic to a direct sum of groups Z/ p¥Z for some positive integers k
with pk < N, it follows from |C? | — oo that the number of elements of C whose order
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is p diverges to infinity. This is the claim that we aim to show. Note that elements of A
of order p are preserved under G-conjugation. Note also that each finite set of elements
of A of order p generates a group whose elements other than the trivial one have order p,
which is isomorphic to the direct sum of finitely many copies of Z/ pZ. Hence we obtain a
desired sequence By < By < - - - of subgroups inductively as follows. Choose an element
of | J, A, of order p and let By be its normal closure in G. Having defined B,,, choose an
element a of | J, A, of order p which does not belong to B, and let B, be the normal
closure of B, U {a}in G. O]

3.3. Examples. We present examples of groups with infinite FC-center such that their
Schmidt property does not follow from known results in [PV, KTD] immediately. Let us
recall those results.

(1) If a countable group G has infinite FC-center and is residually finite, then G has the
Schmidt property ([PV, Theorem 6.4]; see also [KTD, Example 8.10]).

(2) Suppose that a countable group I' acts on a countably infinite amenable group A
by automorphisms and suppose further that each I'-orbit in A is finite. Then the
semi-direct product I' x A is stable [KTD, Example 8.11] and therefore has the
Schmidt property.

Here we recall that a free ergodic p.m.p. action of a countable group is called stable if the

associated orbit equivalence relation absorbs the ergodic p.m.p. hyperfinite equivalence

relation on an atomless standard probability space, under direct product. If a countable
group G admits a free ergodic p.m.p. action that is stable, then G is called stable.

Example 3.5. Let I" be the group of Ershov [Er]. This is a countable, residually finite
group with property (T) whose FC-center R is not virtually abelian. (Note that these
conditions imply that R # I'. Otherwise R = I'" would be amenable by Lemma 3.1 (iii)
and hence finite by property (T) of I', but this is absurd as R is not virtually abelian.)
Let H be a countable, non-residually-finite group and define G as the amalgamated free
product G =T xr (H x R), where R is identified with the subgroup {e} x R of H x R.
Then the FC-center of G is equal to R, which is proved in the next paragraph, and G is not
residually finite. Moreover, G is not stable, as shown in Corollary 3.10 below.

We prove that the FC-center of G is equal to R. Pick » € R. We naturally identify
H with the subgroup H x {e} of H x R. Let p: G — T be the surjection onto the first
factor. Then ker p = (H)g. Since R is a normal subgroup of G, it follows from H <
Cg(R) thatker p < Cg(R) < Cg(r). On the other hand, since p is the identity on I, G is
identified with the semi-direct product I X ker p. Then Cg(r) is identified with Cr(r) x
ker p, which is of finite index in I x ker p. Thus r belongs to the FC-center of G. We have
shown that R is contained in the FC-center of G. The converse inclusion holds because
the quotient group G /R is isomorphic to the free product (I'/R) * H whose FC-center is
trivial.

Example 3.6. We set I" = SL,,(Z) with m > 2. The group Z[1/2]/Z is identified with the
increasing union | J,, Z/2"7Z, where the element 1 € Z/2"7Z is identified with the element
1/2" +7Z € Z[1/2]/Z. We set A, = (Z/2"Z)™ and A = (Z[1/21/Z)" =, An. The
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group I' acts on each A, by automorphisms, and the increasing sequence A| < Ay < - - -
fulfills condition () in §3.2.

The semi-direct product I' X A is not residually finite. In fact, the group Z[1/2]/7Z has
no finite index subgroup other than itself, which is proved as follows. Let B be a finite
index subgroup of Z[1/2]/Z and pick r € Z[1/2]. Find m € N with 2"'r € Z. Since B is of
finite index, there exist k, / € N such that 27 %r —2~'r + Z € B and k — I > m. Then the
element 2" (2% — 27!r) + 7 = 2"+ =k 1 7 belongs to B and so does r + Z. Thus
we have B = Z[1/2]/7Z.

Let E be a countable group with property (T) containing A as a central subgroup. We
define G as the amalgamated free product G = (I" X A) x4 E. Then the FC-center of G
is equal to A, and G is not stable (Corollary 3.10).

We obtain such a group E as follows, relying on the construction of Cornulier [C]
(see Appendix A for the construction of analogous groups). Let H be the subgroup of
SLs(Z[1/2]) consisting of matrices of the form

1 * =
0 h x|, (3.1)
0 0 1

where % runs through elements of SL3(Z[1/2]). Then H has property (T) [C, Proposition
2.7]. The center C of H consists of matrices such that each diagonal entry is 1 and the
(1, 5)-entry is the only off-diagonal entry that is possibly non-zero. Let Z be the subgroup
of C consisting of matrices whose (1, 5)-entry belongs to Z. Then the group E := (H/Z)™
is a desired one. Indeed, (C/Z)™ is a central subgroup of E isomorphic to A, and E has
property (T) since H has property (T).

Example 3.7. Let p be a prime number and set A = @y Z/pZ. For n € N, we define A,
as the group of elements (a;);en € A such that a; = 0if i > n. Every non-trivial element
of A has order p. Thus the increasing sequence A; < A» < - - - does not fulfill condition
(%) in §3.2. Let V be the group of matrices (a;;);,jen With coefficient in Z/ pZ such that
ajj =1 for all i € N and g;; = 0 for all i > j. The group N acts on the vector space A
by linear automorphisms, preserving the subspace A,. We equip A/ with the topology of
pointwise convergence as automorphisms of A. Then A is a compact group.

Let T be a countable dense subgroup of . In the paragraph after next, we will prove
that the FC-center of the semi-direct product I' x A is equal to A. As in Example 3.6, let
E be a countable group with property (T) containing A as a central subgroup, and define
G as the amalgamated free product G = (I" X A) x4 E. Then the FC-center of G is equal
to A, and G is not stable (Corollary 3.10).

We find such a group E, relying on the construction of Cornulier [C] again. Let I, be
the field of order p and let I ,[¢] be the ring of polynomials over IF, in one indeterminate 7.
We define E as the subgroup of SL5(IF,[¢]) consisting of matrices of the form (3.1) with
h running through elements of SL3(IF,[]). Then E has property (T) by [C, Lemma 2.2].
The center of E is isomorphic to F,[¢] and to A.

Let R be the FC-center of I' X A. We prove that R is equal to A. For each n, the group
of elements of I" acting on A, trivially is of finite index in I"'. Thus A, < R and A < R.
For the converse inclusion, it suffices to show that if an element g € I" centralizes a finite
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index subgroup of I, then g is trivial. Suppose otherwise by way of a contradiction. Write
g = (gij)i,jeN as a matrix and pick positive integers k < [ such that gi; # 0 and gx; =0
if 1 < j <. Since T is dense in A and g commutes with some finite index subgroup of
I, there exists an open neighborhood V of the identity in A such that g commutes with
each element of V. Then there exists an m € N such that if a matrix h = (h;;); j € N'
satisfies h;; =0 forall 1 <i < j < m, then h belongs to V. We may assume that m > /.
Let h € V be the matrix such that the (I, m)-entry is 1 and the other off-diagonal entries
are 0. Then the (k, m)-entries of gh and hg are gx; + gim and gi,, respectively. We thus
have gh # hg, which is a contradiction.

We present a sufficient condition for a countable group not to be stable, and we apply it
to the groups in the above examples. We say that a mean on a countable group G is diffuse
if its value on each finite subset of G is zero.

PROPOSITION 3.8. Let G be a countable group and let A be a subgroup of G. Suppose
that each diffuse, G-conjugation-invariant mean on G is supported on A and that the pair
(G, A) has property (T). Then G is not stable.

Proof. Suppose that G admits a free ergodic p.m.p. action G ~ (X, p) which is stable.
Then we have a central sequence (7},) in the full group [G x (X, u)] and an asymptotically
invariant sequence (A,) for G x (X, u) such that T, A, N A, = ¥ (and hence u(A,) =
1/2) for all n (see Remark 3.9 below). Property (T) of the pair (G, A) implies that there
exists an A-invariant Borel subset B,, C X such that £(A, A B,) — 0. Since the functions
on G defined by g — nu({x € X | T,x = g}) are asymptotically G-conjugation invariant,
the assumption on G-conjugation-invariant means on G implies that there exists a Borel
subset D,, C X such that T,,x € A for all x € D,, and u(D,) — 1. Then

T Bu \ By C (T,)(Dn N By) \ By) UT (X \ Dy) =T,/ (X \ Dp),

where the last equation holds since B, is A-invariant and T,x € A for all x € D,,.
Thus w(T;, B, A B,) <2u(X\D,) -0 and w(T;,A, AA,)— 0, which is a
contradiction. O]

Remark 3.9. Let the group @y Z/2Z act on the compact group Xo = [ [y Z/27Z by
translation, equip X with the Haar measure and let Ro denote the associated orbit
equivalence relation. For each n € N, let T, € [Ro] be the element of @N Z./27 such
that its coordinate indexed by n is 1 and the other coordinates are 0, and let /i,, C X be
the subset consisting of points whose coordinate indexed by 7 is 0. Then (7},) is central in
[Rol, (A,) is asymptotically invariant for R, and T,,A,, N A,, = ¢ for all n.

If a discrete p.m.p. equivalence relation R is stable, then we obtain similar sequences as
follows. By stability, we have a decomposition R = Ry x R1, where R is some discrete
p-m.p. equivalence relation on a standard probability space (X1, 1). Define T,, € [R] by
T,(x,y) = (T,(x), y) forx € Xpand y € X1, andset A, = A, x Xi. Then (7},) is central
in [R], (A,) is asymptotically invariant for R, and 7,A, N A,, = @ for all n.

COROLLARY 3.10. None of the groups G in Examples 3.5-3.7 are stable.
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Proof. LetG =T xp (H x R) be the group in Example 3.5. Then G surjects onto the free
product (I'/R) x H with kernel R. Since each conjugation-invariant mean on (I'/R) x H
is supported on the trivial element [BH, Théoreme 5 (c)], each G-conjugation-invariant
mean on G is supported on R. Since I' has property (T), so does the pair (G, R). Thus
Proposition 3.8 applies.

Let G = (I' X A) x4 E be the group in Example 3.6 or 3.7. It similarly turns out that
each G-conjugation-invariant mean on G is supported on A. Since E has property (T), so
does the pair (G, A). Thus Proposition 3.8 applies. O

Remark 3.11. Let ' be a countable group acting on a countably infinite amenable
group A by automorphisms. The semi-direct product G :=T x A then acts on A by
affine transformations, that is, I acts on A by automorphisms and A acts on A by left
multiplication. If the action of G on A admits an invariant mean, then the pair (G, A) does
not have property (T). Indeed, the associated unitary representation of G on £>(A) weakly
contains the trivial representation, but has no A-invariant unit vector.

If each I'-orbit in A is finite, then the action of G on A admits an invariant mean (see
the proof of [TD, Theorem 13, ii]). Therefore, for the stable group G =T" x A reviewed
at the beginning of this subsection, the pair (G, A) does not have property (T). We refer to
[DV, Proposition 3.1], [Ki3, Theorem 1.1] and [TD, 0.H] for other relationships between
stability and relative property (T).

4. Groups with non-commutative FC-center
Let G be a countable group with infinite FC-center R. Suppose that the center of R is
finite. In this section, we aim to prove that G has the Schmidt property.

We set N = ﬂre g Cc(r). Then R and N commute and N N R is exactly the center of
R. We may assume, without loss of generality, that N N R is central in G after passing
to some finite index subgroup of G. Indeed, the subgroup Go = (),cyng Ca(r) is of
finite index in G since N N R is finite, and Gy commutes with N N R. Since N N R is
central in R, we have R < G and hence the FC-center of Gy is equal to R. If we set
No = ﬂ,eR Cg,(r), then No = N N Go and hence Nop N R is finite and central in Gg. In
general, for a finite index inclusion A < I' of countable groups, if A admits a free ergodic
p.m.p. action that is Schmidt, then the action of I" induced (not co-induced) from it is also
Schmidt. Therefore, after replacing G with G, we may assume that N N R is central in G.

Let G = Hy > H| > H> > - - - be a decreasing sequence of finite index subgroups of
G such that (), H, = N. We can choose a sequence (r,),eN of elements of R \ N such
that:

(i) ifn # m, then r,, and r,, are distinct in the quotient group R/(N N R); and

(i) foreachn € N, r, belongs to Cg(ry, ..., rn—1) N H,_1.

Indeed, we first note that R/(N N R) is infinite since R is infinite and N N R is finite. Let
r1 be an arbitrary element of R\ N.Ifry, ..., r,—1 are chosen, then Cg(ry, ..., r,—1) N
H,_ is of finite index in G and hence its image in G/(N N R) is of finite index. The
intersection of that image with R/(N N R) is of finite index in R/(N N R) and hence
infinite. If we let r, be an element of R \ N whose image in R/(N N R) belongs to that
intersection and is distinct from the images of r, . . ., 7,—1, then conditions (i) and (ii) are
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fulfilled. For an integer n > 2, we set
G, =Cg(r1,...,rm—1) N Hy—1 N Cq(ry).

Let G ~ (X, u) be the ergodic p.m.p. action obtained as the inverse limit of the system
of the p.m.p. actions G ~ G/ G, given by left multiplication. Then N acts on X trivially,
and the induced action G/N ~ (X, p) is free because (), H, = N.

We show that the translation groupoid (G, 1) '= G x (X, u) admits a central sequence
(T) inits full group such that 7,’x # x and T,x € Rforallnandallx € X.Let p,: X —
G /G, be the projection obtained from the inverse limit construction. We define a map
T,: X - Gby T,x = gr,g~ ' forx € pn_l(gG,,) and g € G. This does not depend on the
choice of g because r, commutes with every element of G, by the definition of G,,. Since
r, belongs to G, by condition (ii), 7,7 preserves the subset p, 1(an) for each g € G.
Therefore T,, belongs to [G] and we have u(7,’A A A) — 0 for every Borel subset A C X.
For each h € G, T, commutes with the element ¢, € [G] defined as the constant map with
value h. Indeed, if x € p;‘(an) with g € G, then (T}, o ¢p)x = T}, (hx)h = hgr,g~ ",
which is equal to (¢, o T;,)x. Therefore (7,) is a central sequence in [G], and we have
T, x # x for every x € X because r,, does not belong to N.

We thus obtained the ergodic p.m.p. action G ~ (X, ) such that N acts on X trivially,
the induced action of G/N on X is free and there exists a central sequence (7;,) in the full
group [G X (X, )] such that 7,x # x and T,,x € R for all n and all x € X. Recall also
that R is contained in the centralizer C;(N) and that N N R is finite and central in G. In
order to apply Theorem 2.5 or 2.14, we check that at least one of the assumptions in those
two theorems is fulfilled. For p € N, let A} C X be the set of p-periodic points of T,°. If
every p € N satisfies u(AL) — 0asn — oo, then, letting 2 be a singleton and M, = N
in Theorem 2.5, we apply it and conclude the Schmidt property for G. Suppose otherwise,
that is, suppose that, for some integer p > 2, the measure w(APY does not converge to
zero as n — oo. After passing to a subsequence, we may assume that (A7) is uniformly
positive. If x € A%, then (T,))?x = x and hence (7,,)’x € N and (7,,)’x € N N R. Letting
M = N and L = N N R in Theorem 2.14, we apply it and conclude the Schmidt property
of G.

5. Groups with commutative FC-center

5.1. Groupoid extensions. Let G be a countable group and let A be an abelian normal
subgroup of G. We set I' = G/ A and choose a sections: I' — G of the quotient map, with
s(e) = e. We then have the 2-cocycle o: I' x I' — A defined by o (g, h)s(gh) = s(g)s(h)
for g, h € I'. The map o satisfies the 2-cocycle identity

o (g, ho(gh, k) = o (h, k)o (g, hk)

forall g, h, k € T', where we set 2a = s(g)as(g) ! for g € I'anda € A. Note that $a does
not depend on the choice of the section s.

Fix a compact abelian metrizable group L. We define X as the group of homomorphisms
from A into L, identified with the closed subgroup of the product group [, L. Let u
denote the normalized Haar measure on X. The group G acts on X by (g7)(a) = (g~ 'ag)
forg € G,a € Aand t € X, and this gives rise to the actionof ' on X. Wesetlf = X x L
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and regard it as the bundle over X with respect to the projection onto the first coordinate.
We also regard U/ as the groupoid with unit space X such that the range and source maps
are the projection onto X, and the product is given by (t,l)(r,m) = (t,Im) for t € X
and [, m € L. The translation groupoid X x I' acts on U by (z, g)(g" 'z, 1) = (z, 1) for
teX,gelandl € L.

Let (X x I')® be the set of composable pairs of the groupoid X x I, that is, the set
of all pairs of the form ((z, g), (g 'z, h)) for some 7 € X and g, h € I". The pair of that
form is also denoted by (7, g, /) for brevity. We define the 2-cocycle 6 : (X % F)(z) —U

by
o(z,g,h)=(z,(r,0(g, M), (5.1
where (7, a) stands for t(a) for t € X anda € A. Indeed, the map & satisfies the 2-cocycle
identity
&(t, g, W& (t, gh, k) = 95 (g7 "t, h, k)5 (x, g, hk), (5.2)

where we set (8 (g7, 1) = (1, 1) for (tr, g) € X x " and [ € L, which is the result of
the action of (z, g) on (g~ 'z, ) € U. Let us check equation (5.2). For the first coordinate
in X, both sides are t. For the second coordinate in L, the left-hand side is

(r,0(g. W) (T, 0(gh, k)) = (t,0(8, h)o(gh, k)) = (v, %0 (h, k)o (g, hk))
= (t,%0 (h, ))(z, 0 (g, hk)) = (g~ 7, 0 (h, L))(z, 0 (g, hk)),

which is equal to the second coordinate of the right-hand side.
We now construct the groupoid extension

1l>U—->Gs > XxT > 1 (5.3)

associated with the 2-cocycle & (see [Se] for the extension associated with a 2-cocycle of
an equivalence relation with coefficient in a bundle of abelian Polish groups). As a set, we
define G; as the fibered product U x x (X x I'') with respect to the range map of X x I.
The range and source of (1, g) € G5 withu € U and g € X x I' are defined as the range
and source of g, respectively. The product of G; is given by

(u, g)(v, h) = WtvG (g, h), gh) (5.4)

for (u, g), (v, h) € Gz with (g, h) composable. This product is associative. Indeed, for
three elements (u, g), (v, h), (w, k) € G5 with (g, h) and (&, k) composable,

w6 (g, h), gh)(w, k) = (utvé (g, )4 "wé (gh, k), ghk)
= v weG (h, k)G (g, hk), ghk) = (u, g) (V" w6 (h, k), hk).
The inverse of an element (1, g) € G5 is given by
Ew e o™ e = @NE GegH e (5

where the left-hand side is a left inverse of (u, g), the right-hand side is a right inverse of
(u, g), and these two coincide because it follows from s(¢) = e thato (g, e) = e = o (e, g)
forevery g € I',and o (g, g~!) = o (g™ !, g) by the 2-cocycle identity. All these groupoid
operations are Borel, and we thus obtain a Borel groupoid G;. We have the projection
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fromG; =U xx (X x ') onto X x I', whose kernel is identified with I/ via the inclusion
of U into G;, (t,1) — ((z,1), (t,e)) for T € X and [ € L. Consequently, the groupoid
extension (5.3) is obtained.

An element ((t,[), (t,y)) € G5 =U xx (X xT) is also denoted by (z,!l,y) for
brevity. We define a homomorphism 77: X X G — G; by

n(z, (a,y)) = (r,t(a), y)

fort € X,a € A and y € T', where G is identified with A x I" via the map (a, y) —
as(y). To check that n is indeed a homomorphism, let us recall the product of two elements
of A x I' inherited from G, that is,

(a,y)(b,8) = (a"bo(y,$),yé)

fora,b e Aandy,$§ e I'.If weput g = (a, y) and h = (b, §) and regard them as elements
of G, then, foreach T € X,

n(t, gh) = (r, 1@’ bo(y, 8)), y8) = (v, t(@)(y ')t (o (v, 8)), y8)
= ((r, 1 @)™y, y T TOB)E (1, v, 8), (z, ¥8))
= (t,7(@), )y 't, v OB, 8) = n(z, en(y ', h),

where, in the fourth term, the element of G is written as a pair of an element of ¢/ and an
element of X x I'. Therefore 1 is a homomorphism. The kernel of 5 is given by

kern={(r,a) € X X A |a € ker t}.
The image of X X A under 7 is given by
nX xA)={(r,t(@) el |ace A}

5.2. A free action from co-induction. ~We keep the notation in the previous subsection,
where we constructed the groupoid G;. In this subsection, we construct a free p.m.p.
action of Gz, which will be obtained as the action co-induced from the shift action of
U onto itself. This action was not treated in §2.3 since Gs is not necessarily discrete.
We do not aim to discuss co-induced actions for non-discrete Borel groupoids in full
generality.

Weset G = G5 and Q = X x I for brevity. We have the groupoid extension

l-U—->G—> 9 — 1.

Recall that i/ = X x L is the bundle of a compact abelian metrizable group L, and denote
by U, the fiber of U at x, that is, {x} x L. Each fiber U, is often identified with L naturally
if there is no cause for confusion. The bundle ¢/ is a groupoid on X and acts on itself by
left multiplication. We co-induce this action to the action of G in the same manner as in
§2.3 as follows. For x € X, we set

Ze=1{f:G" > L| f(gu")=uf(g) forallg € G* and all u € Us(g)}

and define Z as the disjoint union Z = | | .y Z,. For each f € Z,, it is natural to regard
the value f(g) € L at g € G* as an element of U(,). The set Z is fibered with respect to
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the projection p: Z — X sending each element of Z, to x. Then G acts on Z by

(gf)(h) = f(g"'h)

forg € Ge,h € G® and f € Z, withx € X.

We define a measure-space structure on Z. Recall that, as a set, G is the fibered product
U x x Q with respect to the range map of Q. For y € I', we define a map v, : X — G by
¥y (x) = ((x, e), (x, y)) for x € X. Then, for each x € X, we have ¥, (x) € G* and the
family {v, (x)},er is a complete set of representatives of all the equivalence classes in
G*, where the equivalence relation on G* is defined as follows: two elements g, h € G* are
equivalent if and only if g~'# € U. Then Z is identified with the product space X x [Ir L
under the map sending each f € Z, with x € X to (x, (f (¢, (x))),). The measure-space
structure on Z is induced by this identification, where the space X x [ [ L is equipped
with the product measure of x and the normalized Haar measure on L. The action of G on
Z is Borel and preserves the probability measure on Z in the following sense.

PROPOSITION 5.1. We use the above notation.
@) Forally e ', x € X andl € L, we have

Uy )N, DYy () = (T x D),

where we identify U with a subset of G under the injection of U into G.

(i)  We define an action of the group L on Z by lf = (x,1)f forl € L and f € Z, with
x € X. Then this action is Borel, p.m.p. and free.

(iii) Foreachy €T, the action of ¥, on Z is Borel and p.m.p., that is, the map from Z
into itself sending each f € Z, withx € X to ¥, (yx) f € Z,x is Borel and p.m.p.

(iv)  Suppose that either L is infinite and |I'| > 3 or L is non-trivial and T is infinite.
Then the action of G on Z is essentially free, that is, for almost every f € Z, letting
x € X be the point with f € Zy, we have gf # f for each g € Gy except for the
unit at x.

Proof. To prove assertion (i), we pick y € ', x € X and/ € L andsetg = (x,y) € Q. It
follows from formula (5.5) that 1, ) '=@G(g g1 g") and therefore

vy ) o, DY, () = G gL 9 g Thi D, g)
=6 D g (v e) = (v, D). (y s e)),

where the first and second equations are derived from formula (5.4). Assertion (i) follows.

We prove assertion (ii). Pick/ € L and f € Z, with x € X. The element f is identified
with the element of X x [ L given by the pair of x and the function y — f (1, (x)).
Let us describe the element of X x [~ L corresponding to /f, which is the pair of x and
the function y — (If)(, (x)). Foreachy € T,

AH Wy () = £, DTy (0)) = F@ry ()Y ()7 (x, DY, (x)
= f(y (', 7)) = 1(F (W, (1)),

where we apply assertion (i) in the third equation. Therefore the action of / on X x [[ L
is given by (x, (/,),) = (x, (Il),), and the action of L on Z is Borel, p.m.p. and free.
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We prove assertion (iii). Pick y € I' and f € Z, with x € X. The element f is
identified with the element of X x [[- L given by the pair of x and the function §
f(s5(x)). The element v, (yx) f corresponds to the pair of yx and the function

S (Yy () HWs(yx)) = £ Wy () Ps(yx)).
Wesetg = (yx, y)andh = (yx, §). By formula (5.5), ¥, (yx) "' = G(g~ 1, 9)~ 1 g™ D).
For each § € T, if we define k € L by
(. k)y=6("" 9 6", ), (5.6)

then we have

Uy () ) = G 97 g7y 0. h)
=G e e h. g7 h) = (x b)Y, -15(x)
=, -150%, 15007 @ )Y, 1500 = Ym0 (18 T x, k),
where the second equation follows from formula (5.4) and the fifth equation follows from
assertion (i). Therefore
S @y (v Ws(yx) = k1 (f (W, -1500)),
and the action of ¥, on X x [[ L is given by

(x, (Us)s) = (yx, (ky3x y=15)8)

where the element k = k, 5, € L is determined by equation (5.6). By the definition of &
in (5.1), the function x +— k, s . is Borel. Hence the action of v, is Borel and also p.m.p.
by the above description of the action. Assertion (iii) follows.

We prove assertion (iv). Recall that each g € G, with x € X is written as (yx, [, y)
for some y € I" and [ € L. By assertion (ii), it suffices to show that, for each non-trivial
y € T, there exists a conull subset Z C Z such that, for all f € Z and all [ € L, letting
x € X be the point with f € Z,, we have (yx, [, y)f # f. We fix a non-trivial y € T'.
The action of g = (yx, [, y) on X x [[ L is described as

(x, (5)s) = (yx, (lk,,ax y—15)8)-

Thus if g fixes the point (x, (I5)s), then lky saly-15 =1s forall§ e T'.

Suppose that L is infinite and |I"| > 3. Pick a non-trivial element y; e 'withy) £y~
We fix x € X. If a point (/s)s is such that, for some [ € L, we have Ik, [ —15 =I5 for all

1

Vs 5 XY
§ €T, thenlk,, lxly—l =l and [k}, g,l xly-1y, =1y, Deleting [, we thus obtain
l__]lyf " k,,,,,,xk;yl o (5.7
which says that /,, is determined 1f le,1,~1 and [,-1,, are determined. The element y; is

distinct from all of ¢, y~! and y ~1y. Hence by Fubini’s theorem, the set of points (/s)s

satisfying equation (5.7) is null, where we use the assumption that L is infinite and thus
each singleton subset of L is null. Since x is an arbitrary point of X, by Fubini’s theorem
again, the set of points (x, (Is)s) € X x [ L satisfying equation (5.7) is null. Thus it
suffices to let Z be the complement of that null set.
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Next suppose that L is non-trivial and I" is infinite. Then there exists an infinite subset
S C T" such that S and y’l S are disjoint. We fix x € X. Let (/5)s be a point such that, for
some [ € L, we have lk;’}s,xly—l s =ls for all § € I'. As in the previous paragraph, for all
distinct yp, y1 € S, we then have

-1 —
by =l Lty kyanaky g e (5.8)

The element y; is distinct from all of g, ¥ ~' 9 and y ~!y;. Hence, by Fubini’s theorem,
for all distinct yp, y1 € S, the set of points (/5)s satisfying equation (5.8) has measure less
than one, where we use the assumption that L is non-trivial and thus each singleton subset
of L has measure less than one. Since we have mutually disjoint, infinitely many pairs
of distinct elements of S, the set of points (/5)s satisfying equation (5.8) for all distinct
10, V1 € S is null. We thus obtain Z as well, as before, and assertion (iv) follows. O

5.3. The case where condition (x) holds. Let G be a countable group and let A be an
infinite abelian normal subgroup of G contained in the FC-center of G. Suppose that each
finite subset of A has finite normal closure in G and let A; < Ay < --- be a strictly
increasing sequence of finite subgroups of A such that each A, is normalized by G.
Suppose, further, that condition (%) introduced in §3.2 holds, that is, for all N € N, we
have lim, |F,, n|/|An| = 1, where F; y is the set of elements of A, whose order is more
than N. Under these assumptions, we aim to construct a free p.m.p. Schmidt action of G.
We may assume that G/ A is infinite because otherwise G is amenable. This assumption
will be used in applying Proposition 5.1 (iv) later, and not used for other purposes.

We set I' = G/A and choose a section s: ' = G of the quotient map with s(e) = e.
We then obtain the 2-cocycle o : I' x I' — A. We define X as the dual group A of A, that
is, the group of homomorphisms from A into the torus T = {z € C | |z| = 1}. Let u be the
normalized Haar measure on X. We recall the construction in §5.1. Define the action of G
on X by (g7)(a) = r(g_lag) forg € G,a € A and t € X, which induces the action of "
on X. LetUd := X x T be the bundle over X, which is a groupoid with unit space X. Then
we obtain the 2-cocycle 6 : (X x I')® — 1/ by formula (5.1) and obtain the groupoid
extension

l->U—>G; > XxI' > 1

together with the homomorphism n: X X G — Gz such that
kern ={(r,a) e X X\ A|a € kert}

and n(t,a) = (r,t(a)) e U foralla € Aand T € X.

Let G5 ~ (Z, ¢) be the free p.m.p. action constructed in §5.2, that is, the action
co-induced from the shift action of U/ on itself. The space Z is fibered over X. The fiber
at T € X is denoted by Z.. For n € N, let I';, be the group of elements of I" acting on A,
trivially. Let ' ~ (Y, v) be the profinite p.m.p. action associated with the system of the
p-m.p. action ' ~ '/ T";, given by left multiplication. Through the quotient map from Gz
onto I' factoring through X x I", we obtain the p.m.p. action Gz ~ (Y, v). Then G5 acts
on Y x Z diagonally, where Y x Z is fibered over X with respect to the map sending each
elementof Y x Z, tot foreacht € X.
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Through the homomorphism 7: X x G — G5, we obtain the p.m.p. action of X x G
on the product space (W, w) := (Y x Z, v x {). We then obtain the p.m.p. action G ~
(W, w) given by g(y,z) = (g7, 8)(y,2) for g € G, y € Y and z € Z; with 7 € X. The
action of A on W is given by a(y, z) = (v, (7, t(a))z) for each a € A. Recall that
we defined the action of T on Z by tz = (r,t)z fort € T and z € Z; with t € X in
Proposition 5.1 (ii). Thus, with respect to this action, the element (y, (7, 7(a))z) is written
as (y, t(a)z).

‘We now construct a central sequence (7 ) in the full group of the translation groupoid
G x (W, w). Pick N € N. By condition (x), for some n = ny € N, we have |F,|/|A,| >
1 — 1/N, where F, is the set of elements of A,, whose order is more than N. Since the dual
Z of A, is isomorphic to A, [F, Corollary 4.8], if E, denotes the set of elements of X
whose order is more than N, then |E, |/ |A | > 1 —1/N.Theset E, is further I'-invariant.
The map p,: X = A — A, induced by the inclusion of A, into A is surjective [F,
Corollary 4.42]. For each t € E,, since its order is more than N, there exists a; € A,
such that

0<|t(ar) — 1| < |expmi/N) —1]. (5.9)

We define amap Ty : W — A as follows. Let Y, denote the inverse image of the coset eI,
under the projection from Y onto I'/T",,. For y € gY¥,, withg e ' and z € Z; with T € X,
if T belongs to pn’l (E,), then we set

TN()’, Z) = gag*lp,,(r)s

and, otherwise, we set Ty (y, z) = e. This is well defined because [, acts on A, and X,,
trivially. The map from W into itself, w — (Tyw)w, is an automorphism of W because A
acts on Y trivially and preserves each fiber Z; with v € X. Thus Ty is an element of the
full group [G X (W, w)].

LEMMA 5.2. We use the above notation.

(i) Foreach N € Nand g € G, we have ¢ o Ty = T o ¢g, where ¢pg: X — G is the
element of the full group [G % (W, w)] given by the constant map with value g.

(ii)  For each Borel subset B C W, we have o(Ty B A B) — O0as N — oo.

(iii) Wedefine By C W as the set of periodic points of Ty, whose period is more than N.
Then w(By) > 1—1/N forall N € N.

Proof. To prove assertion (i), we pick N € Nand g € G. Let n = ny € N be the integer
chosen before to obtain the subset E,, C A,. We alsopick y € hY,, withh e "and z € Z;
witht € X, andsetw = (y, z).If 7 € pn_l(En), then (¢y o Ty)w = g(hahflpn(r)) and

= gh h
(Tn o pg)w = TN(8Y, 82)8 = (" agny-1p,(e1))8 = 8Cap-1p, 1))

where g denotes the image of ginI". Thus ¢ 0 Ty = Ty o g at w. If T ¢ p;l (Ey), then
(¢pg o Tn)w = g, and (Ty o ¢pg)w = g because gt ¢ pn_l(En). Assertion (i) follows.

We prove assertion (ii). Let the group T act on W by #(y, z) = (y,tz) fort € T,y € Y
and z € Z. Since T is compact, the action T ~ W is isomorphic to the action T ~ D x T
given by t(w, s) = (w, ts) fort, s € T and w € D, where D is a Borel subset of W that is
the product of ¥ with a Borel fundamental domain for the action T ~ Z.
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Wepick N e Nandletn =ny.Fory e gY, withgelandz € Z; witht € X, if t
belongs to pn_1 (E,), then

TN (3. 2) = (3, T(ag-1,,))2) = (. (g7 T, ag1,, (1))2), (5.10)

and, otherwise, Ty (¥, z) = (¥, z). This shows that, for each y € Y and 7 € X, the map
Ty preserves the set {y} x Z., and on that set, the map Ty, is equal to the transformation
given by some single element of T. Moreover, {y} x Z; is T-invariant. Therefore if Ty, is
regarded as a automorphism of D x T under the isomorphism between W and D x T, then
Ty, preserves each orbit {w} x T with w € D, and on that orbit, the map Ty, is equal to the
transformation given by some single element of T. By inequality (5.9), those elements of
T, that is, the values (g’1 T,dg-1p, (r)) in equation (5.10), are uniformly close to 1 if N is
so large that exp(2mi/N) is close to 1. Thus assertion (ii) follows.

Wepick N e Nandletn =ny.If y € g¥, withg e "and z € Z, witht € pn_l(E,,),
then the value (g~ !, Ag-1p, (y) € T has order more than N by inequality (5.9). Moreover,
freeness of the action T ~ Z, shown in Proposition 5.1 (ii), and equation (5.10) imply that
(¥, z) is a periodic point of Ty whose period is more than N. Assertion (iii) follows from
this together with the inequality |En|/|;{\,,| >1—1/N. O]

We are going to apply Theorem 2.5. Let us check that the assumption in it is fulfilled for
the p.m.p. action G ~ (W, w), the G-equivariant measure-preserving map 7 : (W, ) —
(X, n) and the central sequence (7T) in the full group [G X (W, w)], where we define the
map w by m(y,z) =t fory € Y and z € Z, with T € X. We first note that (Ty) is indeed
central by Lemma 5.2 (i) and (ii). The stabilizer of a point of W in G depends only on its
image under . Indeed, the action Gz ~ (Z, ¢) is essentially free by Proposition 5.1 (iv)
and thus the stabilizer of almost every w € W is equal to the kernel of w(w) € X = A
As pointed out in the proof of Lemma 5.2 (ii), Ty, preserves the set of the form {y} x Z;
with y € Y and t € X and thus preserves each fiber of . For each w € W, since A is
abelian and the kernel of w(w) is a subgroup of A, the element Ty w € A belongs to the
centralizer of the stabilizer of w in G. The inequality w(By) > 1 — 1/N shown in Lemma
5.2 (iii) implies that o ({w € W | Tgw # w}) — 1as N — oo. By Lemma 5.2 (iii) again,
for each p € N, if BII\), C W denotes the set of p-periodic points of Ty, then a)(BII\’,) -0
as N — oo. Thus the assumption in Theorem 2.5 is fulfilled, and, by the theorem, G has
the Schmidt property.

5.4. The other case. Let G be a countable group and let A be an infinite abelian normal
subgroup of G contained in the FC-center of G. Suppose that each finite subset of A
has finite normal closure in G and let A1 < Ay < - - - be a strictly increasing sequence of
finite subgroups of A such that each A, is normalized by G. In this subsection, we suppose
that condition (%) in §3.2 does not hold for this sequence and then construct a free p.m.p.
Schmidt action of G. By Lemma 3.4, we may assume, without loss of generality, that there
exists a prime number p such that each A, is isomorphic to the direct sum of finitely many
copies of Z/pZ. We may also assume that A = J,, A, and that G/A is infinite as in the
previous subsection.
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WesetI' = G/A and choose a sections: I' — G of the quotient map with s(e) = e. We
then obtain the 2-cocycle o: I' x I' = A. We define X as the group of homomorphisms
from A into the direct product L := [ [y Z/pZ, while X denoted the dual group Aof A
in the previous subsection. Let u be the normalized Haar measure on X. Note that if we
fix an embedding of Z/pZ into the torus T, then the dual A is identified with the group
of homomorphisms from A into Z/pZ since all elements of A = (_J, A,, except for the
trivial one, have order p. Under this identification, we often identify X with the product
group [ [ A unless there is cause for confusion.

We recall the construction in §5.1. Define the action of G on X by (g7)(a) = t(g~'ag)
for g € G, a € A and 7 € X, which induces the action of I' on X. Let i/ = X x L be
the bundle over X, which is a groupoid with unit space X. Then we obtain the 2-cocycle
6: (X x IN® — U/ by formula (5.1) and obtain the groupoid extension

1

1l>U—->Gs > XxT > 1
together with the homomorphism n: X X G — G5 such that
kern ={(r,a) e X x A|a € kert}
and n(t,a) = (t,t(a)) e U foralla € Aand 7 € X.

LEMMA 5.3. We use the above notation.

(i) Foreach N € N, the set of points T = (1;)ieN € X such that ﬂlNzl ker t; = ker t is
w-null.

(i) For p-almost every t € X, we have ker t = {e}. Therefore the groupoid X x A
embeds into U via 1 if it is restricted to some -conull subset of X.

Proof. The set in assertion (i) is written as

o]

L] tmyx-oxfmd x ] {geij.V:] ker 7; < ker £}. (5.11)

T]seens TNEA i=N+1

We note that if a is a non-trivial element of A, then the subgroup {£ € A | a € ker &} is
of index p in A and thus has measure 1/p, where A is equipped with the normalized
Haar measure. Then, for each 7y, ..., Ty € K, the set {£ € Z| ﬂlNzl ker 7; < ker £} has
measure at most 1/p because this is contained in the set {§ € A | a € ker &} if a is chosen
to be a non-trivial element of ﬂfvz | ker 7;. By Fubini’s theorem, the setin (5.11) is p-null.

For each non-trivial a € A, the set {tr € X | a € ker 7} is identified with the product set
[Inf € A | a € ker £} and hence is p-null. Assertion (ii) follows. O

Let G5 ~ (Z, ¢) be the free p.m.p. action constructed in §5.2, that is, the action
co-induced from the shift action of ¢/ on itself. The space Z is fibered over X. The
fiber at T € X is denoted by Z;. For n € N, let I', be the group of elements of I'
acting on A, trivially. Let I’ ~ (Y, v) be the profinite p.m.p. action associated with
the system of the p.m.p. action I' ~ I'/ I, given by left multiplication. As with the
previous subsection, let G5 act on Y x Z diagonally, where Y x Z is fibered over X
with respect to the map sending each element of ¥ x Z; to t for each t € X. Through
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the homomorphism 7: X X G — G5, we obtain the p.m.p. action of G on the product
space (W, w) = (Y x Z, v x ¢). We note that the action G ~ (W, w) is essentially free
because the action Gz ~ (Z, ¢) is essentially free by Proposition 5.1 (iv) and ker 7 is
trivial in the sense of Lemma 5.3 (ii).

We now construct a central sequence (7) in the full group of the translation groupoid
G x (W, w).Pick N € N. Foreacha € A, we set

Xo={t=(miene X |11(@) =---=1tn(a) =0, 7(a) # O}

By Lemma 5.3 (i), X = (J,c4 X4 up to null sets. Let ¥,, denote the inverse image of the
coset eI, under the projection from Y onto I'/ I';,. Then

XxY:G U U Xaxegta

n=1acA,\A,—1 gl'nel’/ T,

where we set Ag = {e}.Ifa € A, \ A,—1and g, h € ', then h(X,; x gY,) = Xp.q X hgY,
with respect to the diagonal action I' ~ X x Y, where the dot stands for the action of '
on A. Thus the saturation I' (X, x gY},) is the disjoint union of the translates 2(X, x g¥,)
with & running through representatives of elements of I'/ I';,. Let us call such a subset a
(I'/ T'y)-base, that is, call a Borel subset B C X x Y a (I'/ [',)-base if B is [',-invariant
and the saturation I' B is the disjoint union of the translates 4B with & running through
representatives of elements of I'/ ['),.

LEMMA 5.4. With the above notation, there exist Borel subsets of X, By, Bo, . .., such
that X x Y = |_|;°n°=1 I'B,, and each By, is a (I'/T'y)-base contained in X, x gY, for
somen e N,ae A, \ Ap—1and g €T.

Proof. For each n € N, let D(n, 1), D(n,2),..., D(n, k,) be an enumeration of the
(I'/Ty)-bases X, x gY,, indexed by a € A, \ A,_1 and a representative g of an element
of I'/ Ty, with k, = |A, \ An—1] T/ Ty|. Let (E;n)men be the enumeration of the sets
D(n, k) with respect to the lexicographic order of the indices (n, k).

We inductively define a Borel subset B, C X x Y. We set B = E;. Suppose that
Bi,. .., By_i are defined. We set B,, = E,, \ | ;' T'B;. Then E,, = D(n, k) for some
n and k and thus B,, is a (I'/ I';;)-base. By construction, I' B, and I" B; are disjoint for all
distinct m, [. Since the sets E,, cover X x Y, the sets I'B,,, cover X x Y. O

We define a map Ty : W — A as follows. Let g: W — X x Y be the projection that
sends a point (y, z) € W withz € Z; and T € X to the point (7, y). By Lemma 5.4, the set
X x Y is covered by the mutually disjoint sets I B,, with m € N. For each m € N, we have
nm € N,ay € Ay, \ Ap,,—1 and g, € T such that the set B,, is a (I'/ I',,,, )-base contained
in X4, X gnYn, . Forw € q_l(th) with h € T", we set

Tyw =h-ay,.

This is well defined because By, is a (I'/ I, )-base and a,, is fixed by I';;,,. The map from
W into itself, w — (Tyw)w, is an automorphism of W because A preserves each fiber
of g. Thus Ty is an element of the full group [G x (W, w)].
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LEMMA 5.5. We use the above notation.

@) For every N e N and g € G, we have ¢y 0 Ty = Ty o ¢g, where ¢g: X — G is
the element of the full group [G X (W, w)] given by the constant map with value g.

(ii)  For every Borel subset B C W, we have o(Ty B A B) — 0 as N — oo.

(iii) Forevery N € Nand every w € W, we have Tyw # w.

Proof. We prove assertion (i). If w € ¢~ (hB,,) with h € T, then we have (Ty o Pw =
Ty(gw)g = ((gh) - ap)g with g being the image of g in I', and we also have (¢, o
Tn)w = g(h - ay,). These two coincide.

We prove assertion (ii). The proof is similar to that of Lemma 5.2 (ii). Using the action
of U on Z, which restricts the action of G5, we define an actionof L on Z by If = (z,]) f
for/ € L and f € Z, with T € X. This is the action defined in Proposition 5.1 (ii). Let L
acton Wby l(y,z) = (y,lz)forl e L,y e Yandz € Z.

Fix N € N. Recall that the group A acts on W via the homomorphism r: X X G —
Gs, which satisfies n(z, a) = (tr, t(a)) for all T € X and a € A. Hence, if w = (y, 2) €
g "(hBy) withz € Z;, T = (ti)jen € X and h € T, then

Tyw = (y, (r, Inw)2) = (3, T(h - am)2).

Since g(w) = (z,y) € hB,, we have t € X4, and thus t((h-ay)=--- =15
ay,) =0 and t(h - ay) # 0. This says that the element (k- a,) € L = HN Z]pZ is
non-trivial and is close to the identity if N is large. The definition of 7y w depends only
on g (w), and the action of L on W preserves each fiber of ¢g. Hence, on each L-orbitin W,
the map T is equal to the transformation given by some single element of L. Assertion
(ii) then follows from the existence of a Borel fundamental domain for the action L ~ Z
as well as in the proof of Lemma 5.2 (ii).

Assertion (iii) follows from the condition that 7 (% - a,,) # 0, shown above, and freeness
of the action of L on Z, which was shown in Proposition 5.1 (ii). O

Therefore the groupoid G x (W, w) is Schmidt, and so is its almost every ergodic
component by Lemma 2.2. We have already shown that the action G ~ (W, w) is
essentially free, in the paragraph after Lemma 5.3. Thus G has the Schmidt property.

6. Another construction using ultraproducts

Let G be a countable group with infinite FC-center. We construct a free p.m.p. Schmidt
action of G by way of ultraproducts. This construction is self-contained and independent
of the construction given so far.

Step 1. Setting up the sequence of actions. Let A denote the FC-center of G. Then A has
an infinite abelian subgroup B, which is found as follows. First, pick a non-trivial a; € A.
If (a;) is infinite, let B = (a;). Otherwise, pick an element a, of the set C4(ay) \ (a1),
which is non-empty because C4 (ay) is of finite index in A and hence infinite. If (a1, as) is
infinite, let B = (ay, az). Otherwise, pick an element a3 of the set C4(ay, a2) \ (a1, a2),
which is non-empty by the same reason. Repeat this procedure. Then either it stops in finite
steps and the group B = (ay, . . ., a,) for some # is infinite and abelian, or it does not stop
and the group B = (aj, ay, . . .) is infinite and abelian.
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We may write B as an increasing union of finitely generated subgroups B = | J,,cy Bn-
Let G, := Cg(By), so that G, is a finite index subgroup of G which contains B. Since
B is abelian, we may find a free ergodic compact action B AP (Y, uy) of B, where Y is
a compact abelian metrizable group and §: B — Y is an injective homomorphism with
dense image, and B is acting on Y by left translation via 8. Let G, ~A* (Y, uy)C/B be
the p.m.p. action co-induced from the action 8 of B. Explicitly, this is defined as follows.
We pick a section t,,: G,,/B — G,, of the projection map G, — G, /B with t,(eB) = e,
and we let w,: G, x G,/B — B be the associated cocycle for the action G, ~ G,/B
givenby w,(g, hB) =1, (ghB)’lgtn (hB) for g, h € G,,. Then the action G, ~Pn yGn/B
is given by

(B2(&)X)(hB) = B(wa(g, g~ 'hB)x(g~'hB)
for g, h € G,,. For each n, pick a section s,: G/G, — G of the projection map G —
G/G, with s,(eG,) = e, and let v,: G x G/G, — G, be the associated cocycle for
the p.m.p. action G ~ (G/ Gy, uG/G,) (Where g/, is the normalized counting mea-
sure), given by v, (g, hG,) = sy (ghG,,)_lgs,, (hGp) for g, h € G. Then we equip Z, =
G/G, x Y°/B with the product measure 17, = HG/G, X ug"/B and we let G %
(Z,, n,) be the skew product action, which is the p.m.p. action defined by

an(8)(kGy, x) = (gkGy, Bu(vn(g, kGy))x)
forg € G and (kG,, x) € Z,.

Step 2. The ultraproduct and its quotients. Fix a non-principal ultrafilter VV on N and let
G % (Zy, ny) be the ultraproduct of the sequence of actions (G ~*" (Z,,, n,))neN With
respect to V. Thus Zy = ([, Z,)/~y, where ~y, is the equivalence relation on [ [, Z,
such that (y,) ~y (z,) if and only if {n e N | y, = z,} € V; we write [(z,)]y for the
equivalence class of the sequence (z,). For a sequence (D)) of Borel sets D, C Z,, let
[(Dy)]y be the associated basic measurable subset of Zy,, that is,

[(D)]y = {[z)]v | nli_)H]l; Ip,(zn) =1},

where 1p, is the indicator function of D,. The assignment [(D,)]y — lim,_y 1,(Dy)
defines a premeasure on the algebra of all such basic measurable sets, and hence this
assignment extends uniquely to a countably additive measure 7y, on the completion 5By,
of the sigma algebra generated by the basic measurable sets. This is how the measure 7y
is defined. The action «, of G on Zy, is given by a(g)[(z,)1y = [(gzn)]v-

Likewise, let G ~ (Xy, ny) denote the ultraproduct with respect to V, of the
sequence of actions (G ~ (G/ Gy, 1G/G,))nen. Then the projection map p: (Zy, ny) —
Xy, uy), [kn Gy, x0)]y = [(kyGr)]y, is measure-preserving and G-equivariant.

Let G ~ (P, up) denote the profinite action that is the inverse limit of the finite actions
G ~ G/G,. Elements of P consist of sequences (g, G,) with g,G;; D gm+1Gm+1 for
all m. For each [(k,G,)]y € Xy andeachm € N, let ®,,[(k,, G,,)]y be the unique left coset
gG,, of G, for which the set {n € N | k,,G,, C gG,,} belongsto V. Theneach ®,,: Xy —
G/G,, is G-equivariant and measure-preserving, and ®,,[(k,G,)]ly D Pu+1[(k,Gr)]y,
so we obtain the measure-preserving G-equivariant map ®: (Xy, uy) — (P, up) given
by (D[(knGn)]V = (q>m[(knGn)]V)m-
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For each n, let m,: Z, — Y be the map m,(kG,, x) = x(eB) projecting to the
identity-coset coordinate of x € Y9/B. Let w: Z)) — Y be defined by

7[(knGn, xp)ly = lim 7,(k, Gy, x,) = lim_x,(eB)
n—Y n—V

(note that this limit exists since Y is compact). By [BTD, Proposition 8.4], this map
is measurable and measure-preserving, with n(@Y(E) A [(m, L(E))]y) =0 for every
Borel subset E of Y. Let ) denote the subalgebra of By, consisting of all sets of the form
n~Y(E) with E C Y Borel, and let P denote the subalgebra of By, consisting of all sets of
the form (® o p)~!(C) with C C P Borel.

Step 3. The central sequence. For each b € B, the conjugacy class b® of b in G is finite,
and the map T, : Zy — bY given by

Tpl(kn Gy, x0)ly = li)nb knbk;l
n

is well defined, since, if m(b) € N is the least such that G, ) < Cg(b), then,
for all n > m(b), the conjugate k,bk, ! depends only on the coset k,G, of G,.
Letting (8xGm)men = ®l(k,Gy)]y, we have {n e N | k,G, C gnp)Gmup)} € V and
hence Tp[(k,Gn, xn)]ly = gm(b)bg;(lh) = limy, s o gmbgrzl. In particular, the map T}
is P-measurable. We have Tj(gz) = gTy(z)g~"! for all g € G and z € Zy. The map
Ty : Zy — Zy given by T (z) = a(Tp(z))z is an automorphism of (Zy, ny) which
commutes with «(g) for all g € G. Then the map p is T, -invariant, and, in particular,
every set in P is T, -invariant.

For each b € B and [(k, Gy, x,)]y € Zy, since the set {n € N | Tp[(k,,G,, x,)]y =
knbk,; 1Y belongs to V, the transformation Ty is given by

Tbo[(knGn’ x)ly = [k, Gy, Bn (Un(knbkn_la knGp))xn)ly.

For all large enough n, we have G, < C¢(b), and for such n, since B < G, we have
Un (knbk 71, Ky G ) = vy (kny €G ) (b, €Gp)vy (ky, eGy)~' = b. Since this holds for all
large n, we obtain

Ty [kn G, xp) 1y = [(kn Gy B (D)xn) 1y
Also, for all n with G, < Cg(b), for each hB € G,/B we have b~'hB = hB and
w, (b, b 'hB) = b, so that (8,(b)x,)(hB) = B(b)x,(hB), and therefore
(T [(kn Gy xn)1y) = nli_)n}/(ﬁn (b)xn)(eB) = nli_>H\1; B(b)xn(eB)
= BB ([(kn G ns xp)]V). (6.1)

Let (b;);en be a sequence of distinct elements in B with 8(b;) converging weakly to the
identity element of Y. Then, for each Borel subset E of Y, we have uy (8(b;)E A E) — 0
asi — 00, so it follows from (6.1) that m;(le @ YE) A Y(E)) = 0asi — oo.

Thus both P and ) belong to the sigma subalgebra D of 3y, consisting of all D € By,
such that lim; _ oo m;(Tb‘j D A D) = 0. Since each Tj, commutes with «(G), the sigma
algebra D is o(G)-invariant.
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Step 4. Ensuring essential freeness for the action of A on the upcoming separable
quotient. We pick a € A\ {e} and let F,, C X)) be the fixed point set of a in Xy.
Then we have Xy \ F, = [(Cyn)nly, where Cy, = {kG, € G/G, | akG, # kG,}. We
can write the set C,, as a union of three pairwise disjoint sets Cy.0. Can1> Can2
such that aCyp; N Cypi =9 (indeed, let C, o be a maximal subset of C,, such
that aCgu 0N Cyno =9 and set Cy 1 = aCupo N Capn and Cyp2 = Cyn \ (CanoVU
Can.1)). Each of the sets D,; := (P o p)_l([(Ca,n,i)n]y) is T -invariant for all b € B
and hence belongs to D. For ¢ € a%, we define F, . as the set of all [(k,G,)]y € F,
for which lim,, .y s, (k, G,) tas,(k,G,) = ¢, so that F, ¢ 1s a basic measurable subset of
Xy corresponding to the sequence of sets {kG, € G/G,, | s,(kGp)asy, (an)_1 = ¢} with
n € N. The sets F, . with ¢ € a® partition F,. Each of the sets p’l (Fa,c) is Ty -invariant
for all b € B and hence belongs to D.

Step 5. Defining the separable quotient of the ultraproduct. Since D is G-invariant and both
the algebras P and ) are countably generated and G is countable, we can find a countably
generated G-invariant sigma subalgebra Dy of D which contains both P and ) as well
as all of the sets D,; and p~'(F,.) fora € A\ {e}, c € a’ and i € {0, 1, 2}. Then we
may find a point realization G ~ (W), o) for the action of G on the measure algebra Dy,
along with a G-equivariant measure-preserving map ¢: (Zy, ny) — (Wo, o) whichis a
point realization of the measure algebra inclusion Dy < y,. For each b € B, since the
map Tp is P-measurable and P C Dy, T descends via ¢ to a map Sp: Wy — b%, which
satisfies Sp(gw) = gSp(w)g~! forall g € G and w € Wy. The map Sp: Wo — Wy given
by Sp(w) = Sp(w)w is an automorphism of (Wo, o) with ¢ o T) = S o ¢. Since Y C
Dy is invariant under the group {7} | b € B}, the map 7 descends to a measure-preserving
map 7o: (Wo, no) = (¥, uy) with mo(Syw) = B(b)mo(w) for all b € B. It follows that
the group {Sp | b € B} acts essentially freely on Wy since B(B) acts freely on Y.

Since Dy C D, it follows that (S, );en 1S a central sequence in the full group of the
action G ~ (W, o) with Sl‘;iw # w for almost every w € Wy. However, it is not clear
whether this action of G is essentially free, so we take an essentially free action G/A ~
(W1, n1) and let G ~ (Wy x Wy, o X 1) be the product action, where G acts on Wy
via the projection onto G/A. Then each S;,: Wy — bY lifts to the map S’b: Wo x Wi —
b via the projection from Wy x Wy onto Wy, and it satisfies S’b(gw) = gS’b(w)g’1 for
all g € G and w € Wy x Wy. The map Sg is given by S’Z(wo, wi) = Sp(wp)(wo, wy) =
(S, (wo), wi) and hence an automorphism of Wy x Wi, and the group {Sy | b € B} acts
essentially freely on Wy x Wi. Since A acts trivially on W1y, it follows that (Sb,-)ieN isa
central sequence in the full group of the action G ~ (Wy x W1, o X w1), and it satisfies
S‘,jiw # w for almost every w € Wy x Wj.

Thus the proof will be complete once we show that the action G ~ (W x Wy, ug X
1) is essentially free. For this, it is enough to show that the action A ~ (Wy, o) is
essentially free.

Step 6. Verifying that the action A ~ (Wy, 1) is essentially free. Fixa € A \ {e}. Suppose
that there is some ¢ € a® for which the set F,, has positive measure. We first show
that, for almost every z € p~'(F,.), m(a(a)z) and m(z) are distinct. Since F,. is a
subset of Fy, if [(k,G,)]y € Fu, then, for V-almost every n € N, we have v, (a, k,G,) =
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Sp(ky G,,)’lasn (k,G,) = ¢ and hence ¢ € G,. Since the sequence (G,) is decreasing,
this implies that ¢ € G, for all n € N, and hence the element S(w,(c, c By ey
is well defined for all n. Let y. denote the limit along V' of this sequence, y. :=
lim,, .y B(w,(c, c™'B)) € Y.Foreach z = [(k,Gp, x,)]y € p~ (Fu.), we have a(a)z =
[k, Gy, Bn(c)xn)]y, and hence

7 (@(@3z) = lim fwn(e, ¢ 'B)xu(c7'B) = y. lim, x,(c”'B) and

(6.2)
w(z) = lin%) x,(eB).

To see that these are almost surely distinct, we consider the two possibilities of whether
ceBorcé¢B.If ceB, then xn(¢"'B) = x,(eB) and e = lim,_yp B(wy(c, B)) =
B(c) # e, and hence m(x(a)z) = B(c)m(z) # 7 (z), as was to be shown. Now suppose
that ¢ € B. By [BTD, Proposition 8.4], the map n.: (Zy, ny) — (Y, uy) defined by
Tk Gry xp)]ly = ye lim, .y xp, (c’1 B) is measurable and measure-preserving, and, for
each Borel subset E of Y, we have m;(n;l(E) A [(JTCTnl (E))nly) = 0, where the map
Ten: (Zn, Mn) = (Y, py) is defined by m.,(kGp, x) == ycx(c_lB). Since ¢ ¢ B, the
random variables 7,, 7., are independent for every n. Therefore the random variables
7, 7. are also independent. Since uy is atomless, it follows that 7 (z) # m.(z) for almost
every z € Zy. By (6.2), for almost every z € p_1 (Fu.c), we thus have w(a(a)z) = m.(2) #
7 (z), as was to be shown.

It now follows that 7 (cx(a)z) # m(z) for almost every z € p~!(F,). Since 7 = 7 o
¢ and since each of the sets p~!(F,) belongs to Dy, it follows that mo(aw) # mo(w)
and hence aw # w for almost every w € ¢( p_l(Fa)). In addition, since each of the sets
D, ; fori € {0, 1, 2} belongs to Dy, it follows that aw # w for almost every w € Wy \
go(p_l (F,)). This shows that the action of A on Wy is essentially free.
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A. Appendix. A Kazhdan group with prescribed center

Given a countable abelian group A, we construct a countable group G with property (T)
such that the center of G is isomorphic to A. We rely on the construction of Cornulier
[C] as well as Examples 3.6 and 3.7. Let R := Z[t] be the ring of polynomials over Z
in one indeterminate ¢. In the course of the construction, we will use property (T) of the
group SL3(R) (e.g., [EJZ, Theorem 1.1] and [M, Theorem 1.8]) and property (T) of the
pair (SL3(R) x R3, R?) [Ka, Theorem 1.9, a)]. Note that the statements in those papers
are given in terms of the group generated by elementary matrices in SL3(R), which is, in
fact, equal to SL3(R) by [Su, Corollary 6.6].

Let H be the subgroup of SL5(R) consisting of matrices of the form

c
v, (A1)
1

S S |

1
§=10
0
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where h € SL3(R), ¢ € R, and u and v are row and column vectors of R3, respectively.
Let C be the center of H, which consists of matrices g suchthath = I, u = 0and v = 0.
Then H/C is isomorphic to the semi-direct product I' := SL3(R) X (R3 X R3), where
SL3(R) acts on R3 x R3 by h(u, v) = (uh~Y, hv) for h € SL3(R), a row vector u € R3
and a column vector v € R>. In fact, the map sending a matrix g € H of the form (A.1) to
the element (A, (u, h~'v)) of I' induces an isomorphism.

The group I" has property (T). To see this, recall the following fact. If G is a countable
group and N is a normal subgroup of G such that the group G/N and the pair (G, N) have
property (T), then G has property (T) [BHV, Remark 1.7.7]. Property (T) of the group
SL3(R) and the pair (SL3(R) x R>, R?) thus implies that SL3(R) x R has property (T).
The group I is written as the semi-direct product (SL3(R) X R3) x R3, and the above fact
again implies that I has property (T).

Hence the group H/C has property (T). The commutator subgroup [H, H] contains
C, and thus the abelianization H/[H, H] is finite. It follows from [BHV, Theorem 1.7.11]
that H has property (T).

We obtained the group H with property (T) whose center C is isomorphic to R and
to the direct sum Py Z. Let A be an arbitrary countable abelian group. There exists a
surjection from C onto A. Let C; be the kernel of this surjection and set H; = H/Cj. The
group Hp has property (T) and has the central subgroup C/C; isomorphic to A. In fact,
the center of H; is exactly C/C| because H/C =~ T has trivial center.
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