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ALMOST FIXED POINT AND BEST APPROXIMATIONS
THEOREMS IN F-SPACES

O. HADZIC

Using the methods of KKM theory, almost fixed point and best approximations
theorems in ff-spaces are proved.

1. INTRODUCTION

The notion of an 27-space was introduced by Bardaro and Ceppitelli in [1] and
since 1988, many results from Nonlinear Functional Analysis in such spaces have been
obtained [1, 2, 3, 4, 5, 6, 7, 13, 14, 15, 16, 17, 18].

In this paper we shall introduce some generalisations of the Zima condition [8, 9,
10]) on a subset of an Jl-space. Some fixed point and almost fixed point theorems for
single-valued and multi-valued mappings / : K -» 2X, where X is a not necessarily
locally convex topological vector space and K satisfies the Zima condition, have been
proved in [8, 9, 10].

2. PRELIMINARIES

Let A be a subset of a topological space X. By 2A we denote the family of all
nonempty subsets of A and by T(A) the family of all nonempty finite subsets of A.

In [1] the following two definitions are given.

DEFINITION 1. A pair (X, {TA}) is said to be an H-spaceif X is a topological
space and {TA}A€?(X) J S a given family of contractible subsets TA of X, such that
A C B C X implies TA C TB •

DEFINITION 2 . A nonempty subset D of an H-space {X, {TA}) is called H-
convex if for each A e T{D) ,TACD.

We shall introduce a condition of generalised Zima type in the following way.

DEFINITION 3 . Let (X, {TA}) be an H-space with a uniformity V andiei K
be a nonempty subset of X. We say that K is of generalised Zima type if for every
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V G V there eydsts U G V such that for every D G F{K) and every H-convex subset
M of K the following implication holds:

(1) M n U(z) ^ 0, for every z <E D => M f\ V{u) ^ 0, for every u G TD.

REMARK. If K - X and U - V, for every V 6 V, then X is of generalised Zima type
if X is a 1. c. JJ-space in the sense of [4].

EXAMPLE. Let X be a topological vector space with a fundamental system of neigh-
bourhoods of zero V and let K C X be of Zima type, that is, for every V G V there
exists U £ V such that

(2) co(tf n (K - K)) C V,

where co is the convex hull operation.
We shall prove that (2) implies (1).
Let (2) hold and D G T{K) and M C K, where M is convex. Suppose that

(3) M n ( 2 + P ) / 8 , for every z G D.

If D — {«!, Z2, . . . , zn}, it follows from (3) that there exists {«i, V2, . . . , un} C M
such that

Hence, there exists {wi, w2, •.., wn} Q U such that v,- = 2,•+ u>i, * £ {1, 2, . . . , n} .
If M G TD = co 2? then

n n

iZi, X{ > 0, i 6 {1, 2, . . . , n}, JT A; = 1,
t=i t=i

and so:

n n n

X! Xiyi = S AiZi + £ A'Wi G u + CO^ n (^ - *)) C (u + F) D M.
t=l t=l i=l

From this it follows that M D (u + V) ^ 0, for every uGcoD.
Now, we shall give an example of a subset of Zima type in a non locally convex

topological vector space.
Let 5(0, 1) be the space of all the equivalence classes of real measurable functions

on [0, 1], and for every x G 5(0, 1) let

x =

https://doi.org/10.1017/S0004972700017202 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700017202


[3] 449

Then ||-|| is a paranorm (||-|| is not homogeneous) and 5(0, 1) is a non locally
convex topological vector space in which the fundamental system of neighbourhoods of
zero is given by the family V = {V"e}e>o where

Ve = {x; \\x\\ < e}.

Convergence in this topology coincides with convergence in measure.

Let a > 0 and Ka C 5(0, 1) be defined by

Ka = {x;xe 5 ( 0 , 1 ) ; \x(t)\ ^a,te [0 , 1 ] } .

It can be shown that for every a G [0, 1] and every x, y G Ka:

(4) \\s(x - y) |K (1 + 2a), \\x - y|| = C(Ka)s \\x - y\\,

where C(Ka) = 1 + 2a > 1. From (4) it follows that

co(Ve/(c(Ka)) n {Ka - Ka)) C Ve, for every e > 0

which means that Ka is of Zima type, for every a > 0.

3. AN ALMOST FIXED POINT THEOREM

If (X; {TA}) is an .ff-space with uniformity V, K C X and F: K -> 2X then F

has a F-almost point (V G V) if there exists y G K such that

THEOREM 1 . Let (X; {TA}) be an E-spa.ce with uniformity V and let K be a
nonempty, convex and precompact subset of X. Let F: K —> 2X be a lower semicon-
tinuous mapping such that F(x) D K ^ 0 for every x G K, and F(x) is H-convex for
every x G K. If K U F(K) is of generalised Zima type then F has a V-almost fixed
point, for every V G V.

PROOF: Let V e V and U G V be such that (1) holds for every D G T{K U F(K))
and every J?-convex subset M c i f U F(K). We shall suppose that every V G V is
open. For every x G K let

G(x) = {y;y£ K, F(y) n U(x) = 0}.

Since F is lower semicontinuous and U(x) is open it follows that G(x) is closed for
every x G K. From the precompactness of K it follows that there exists D\ G
such that

(5) KC (J U(z).
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Since for every x £ K, F(x) D K ^ 0 , it follows from (5) tha t F(x) D I | J U(z) 1 ^ 0 .

Hence f\ G{z) = 0. From this we conclude that there exists £>2 C X>i such tha t

I'D, 2 U GW-

This means that there exists y £ F D , such that y $ G(z), for every z £ D2, this
means that

F(y) n tf(z) / 0, for every z £ D2.

Since F(y) C K U -F(-K") and A" U F(if) is of generalised Zima type, it follows that
F(y) (1 V(y) ^ 0, since y E VD2 • Hence y is a F-almost fixed point for F. D

4. A BEST APPROXIMATION THEOREM

In this part of the paper we suppose that (X; {F^}) is a metrisable 17-space with
metric d.

If 0 ^ K C -X; and F: K -> 2X we say that F satisfies the Zs-condition on K if
for every y £ K and every e > 0:

(6) co(L(F(y), S(e)) D K) C I(F(2/), e)

where 6: [0, oo) —> [0, oo) and for M C -X", r > 0

I(M, r) = {z; a; e X, d(a;, M) < r}.

EXAMPLE 2. Let (X, || ||) be a paranormed space, 0 ^ K C X, F: K -> 2?o and
suppose there exists C > 0 such that for every s £ [0, 1]

(7) ||*(ic - v)\\ ^ Cs \)u - v\\, for every u 6 K, v £ F{K).

We shall prove that (7) implies (6) for S(e) ~ e/C. Let z £ co{L{F{y), 6{e)) f) K). This
n

means that there exists {xi, x2, . • •, xn} g L(F(y), S(e)) C\ K such that z= Yl^ixi>
i=l

A, -^0 , i£{l, 2, . . . , n } , f )A i = l .

Hence Xi £ K and <i(xi, F(y)) < 5(e), for every i £ {1, 2, . . . , n } . Hence,

there exists Vf £ F(y), i £ {1,2, . . . , n} such that j|ie» — «,-|| < 6{e), for every

i£{l, 2, . . . , n } .

Then (7) implies

t = i t = i

Since F{y) is convex, 52 A^i £ F(y) and so rf(z, F(y)) < p - E A i v ' < e>

IIt = i

which means that z £ L(F(y), e).
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EXAMPLE 3. If (X, d, W) is a Takahashi convex metric space (as defined by Takahashi

in [15]) with continuous W and

(a) d(W(Xl, x2, A), W{zlt z2, A)) ^ \d(Xl, Zl) + (1 - X)d(x2, z2)

then for any {asi, x2, . . . , xn} C X, any y G co\y{xi, x2, ..., xn} and any W-convex

set A:

(8) d(y, A) < min d(xit «,•)
1 ^t^n

for arbitrary Vi £ A (i G {1, 2, . . . , n}), see [11].
In this case (6) holds for S(e) — e, for every e > 0. Indeed if M is an arbitrary

convex set in X then L(M, e) is a convex set as well. Suppose that a;,- £ £(M, e),
i € {1, 2, . . . , n} . Then (̂a;̂ , M) < e, for every i 6 {1, 2, . . . , n } and so there exists
Vi G M, i G {1, 2, . . . , n} such that d(a;i, v^ < e, i G {1, 2, . . . , n). From (8) it
follows that for every y G cow{xi, x2, ..., xn}:

d(y, M) < e

and so y G L(M, e), which means that L(M, e) is a W-convex. set.
In the proof of the next theorem we shall use the following result of Horvath [12]:
Let (M, d) be a. complete metric space and let {-Fijie/ be a family of closed subsets

in M. If the family {i^lie/ •'las *^e finite intersection property and inf a(2*i) = 0,
«'€/

wiere a is the Kuratowski measure of noncompactness, then f] Fi is compact and

nonempty.

THEOREM 2 . Let (X; {TA}) be a metrisable H-space with metric d, 0 ^ M an

H-convex and complete subset of X, and let F: M —* K.{X) (the family of all nonempty

B-convex and compact subsets of X) be a continuous mapping which satisfies the Zg-

condition on M, where 6 is continuous and

(9) ™LaK»; y6 M

Then there exists j / j f M such that

S(d(yo,F(yo)))^ inf d(x,F(yo)).
zgM

PROOF: Let G(x), x G M, be defined in the following way:

G(x) = {y;ye M, 6(d(y, F{y))) ^ d(x,
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We shall prove that G is an H-KKM mapping, that is, that for every D = {xi, X2, . . . , xn} C
M

(10) TD C |J G(z).

Suppose that To % \J G(z). Then there exists y G FD such that y £ G(xi) for every
zeD

i G {1, 2, . . . , n} . This means that

6(d{y, F(y))) > d(Xi, F(y)), for every i G {1, 2, . . . , n},

and so xt £ L(F(y), S(d(y, F(y)))) D M, for every i G {1, 2, . . . , n} . This implies that

which means that d(y, F(y)) < d(y, F(y)). This is a contradiction. Hence (10) holds
and G is an 27-KKM mapping.

In order to prove that G(x) is closed for every x G M we shall prove that the
mapping y i-» £(d(j/), -F(j/)) (j/ G M) is lower semicontinuous and for every x G M,
the mapping 3/ >—» d(z, ^(y)) is upper semicontinuous. Let 7 > 0 and

P7 = {y;ye M, S(d(y, F(y))) > 7}

Qi = {y,ye M, d(x, F{y)) < 7 } .

We prove that P-y and Q7 are open.
Since y >-> (y, F(y)) is upper semicontinuous and

P-t = {y,y€ M, (y, F(y)) C {(*, v); (z, v) G M x X; 6(d(z, «)) > 7}}

it follows that P 7 is open.
Analogously, since F is lower semicontinuous and

Qi = {r,y£ M,F{y)n{»;«ex,d{x,v) <7} ^0}

therefore Q7 is open.
Hence G(x) is closed, for every x G M, and since G is an H-KKM mapping it

follows that {G(x)}zgM has the finite intersection property. Prom (9) it follows that
f| G(z) ^ 0. If y0 G f| G(x) then

:M

«(d(y0, -F(yo))) ^ inf d(x, F(y0)).
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D
COROLLARY 1 . Let {X, d, W) be a Takahashi convex metric space with contin-

uous W such that (a) holds. Let 0 ^ M be a convex and complete subset of X and
let F: M —» )C(X) be a continuous mapping such that

inf ct[{y; y E M, d(y, F(y)) ^ d(x, F(y))}} = 0.
as6M

Then there exists y0 G M such that

d(y0,F(y0))= inf d(x, F(y0)).
zGAf
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