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Abstract We study the complexities of isometry and isomorphism classes of separable Banach spaces
in the Polish spaces of Banach spaces, recently introduced and investigated by the authors in [14]. We
obtain sharp results concerning the most classical separable Banach spaces.

‘We prove that the infinite-dimensional separable Hilbert space is characterized as the unique separable
infinite-dimensional Banach space whose isometry class is closed, and also as the unique separable infinite-
dimensional Banach space whose isomorphism class is F,. For p € [1,2) U(2,00), we show that the isometry
classes of Lp[0,1] and ¢, are Gs-complete sets and F,s-complete sets, respectively. Then we show that
the isometry class of ¢g is an F,s-complete set.

Additionally, we compute the complexities of many other natural classes of separable Banach spaces;
for instance, the class of separable L, »i-spaces, for p,A > 1, is shown to be a Gs-set, the class of
superreflexive spaces is shown to be an Fjs-set, and the class of spaces with local II-basis structure is
shown to be a Zg—set. The paper is concluded with many open problems and suggestions for a future
research.

Introduction

Descriptive set theoretic approach to Banach spaces has proved to be a powerful tool
in solving many problems in Banach space theory; for a wide selection of references
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ranging from the earliest ones of Bourgain to the most recent ones see e.g. [3, 4, 5, 8, 12].
Traditionally, and as defined explicitly for the first time in the seminal papers of Bossard
([6, 7]), one considers the standard Borel space of all separable Banach spaces, which
can be defined as an appropriate Borel subspace of the Effros-Borel space of all closed
subspaces of some isometrically universal separable Banach space. Since such defined
space of Banach spaces is not a topological space, it allows us to study Banach spaces
globally only in a Borel way and not topologically, which would be desirable in some cases.
This drawback was addressed in a recent paper [28] of Godefroy and Saint-Raymond,
where they propose to study certain natural topologies on the standard Borel spaces
of separable Banach spaces, and they compute Borel complexities, in these topologies,
of several important classes of Banach spaces. The authors of this paper initiated in
[14] the study of the Polish spaces of norms and pseudonorms on the countable infinite-
dimensional vector space over Q, which have additional further advantages:

e they are almost canonical Polish spaces of separable Banach spaces;

e they have very nice topological properties that are connected to local theory of
Banach spaces, especially to finite representability;

e the computation of Borel complexities of various classes of separable Banach spaces
is usually in these spaces as straightforward as possible, which, in particular, allows
us to improve several estimates by Godefroy and Saint-Raymond;

e this approach to topologizing the space of Banach spaces is somewhat similar to
how metric structures are topologized generally in continuous model theory, which
could connect descriptive set theory of Banach spaces with the model theory of
Banach spaces, which is one of the most developed areas of applications of logic
to metric structures.

This paper is a companion and second part to [14], however, it is completely self-
contained and can be read independently. Its aim is to demonstrate the strength of this
new approach by computing (in many cases, these computations are sharp) complexities
of several classes of Banach spaces, focusing on isomorphism classes, improving several
results of Godefroy and Saint-Raymond, and initiating the research of computing the
complexities of isometry classes.

First, we focus on the undoubtedly most important separable infinite-dimensional
Banach space — the Hilbert space ¢3(N). We uniquely characterize it by both the
complexity of its isometry class, as well as the complexity of its isomorphism class.

Theorem A.

(1) The separable infinite-dimensional Hilbert space is characterized as the unique
separable infinite-dimensional Banach space whose isometry class is closed (see
Theorem 2.4).

(2) The separable infinite-dimensional Hilbert space is characterized as the unique, up
to isomorphism, separable infinite-dimensional Banach space whose isomorphism
class is F, (see Theorem 2.10).

Let us briefly comment on the importance of this result. There are many known
isometric characterizations of inner product spaces, and several of those may be easily seen
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to form a closed condition (see, e.g. the monograph [2]). By our isometric characterization
from Theorem A, there is no other separable infinite-dimensional Banach space, which can
be characterized by a closed condition. Our isomorphic characterization of Hilbert spaces
from Theorem A seems to be even more interesting. Recall that Bossard [7, Problem 2.9]
originally asked whether /5 is the unique space with a Borel isomorphism class. Although
this is known to be false now (see, e.g. [26]), our Theorem A shows that it is arguably
the Banach space with the simplest possible isomorphism class. The only other candidate
possibly having a simple isomorphism class is the Gurarii space, which might potentially
have a Gy isomorphism class (see Proposition 2.11). We conjecture that it is not the
case (in fact, we do not know whether the isomorphism class of the Gurarii space is even
Borel), however, we cannot disprove it at the moment.

Moreover, since our coding of Banach spaces is connected to the local theory of Banach
spaces, it is of some interest to notice that there were some attempts to characterize ¢
up to isomorphism using its finite-dimensional structure (see, e.g. [33, Conjecture 7.3] for
the conjecture by Johnson et al.). Thus, our setting enables us to formulate and prove a
result similar in a spirit to what was conjectured by Johnson et al. We refer the reader
to Section 6 for more information in this direction.

Next, we continue by studying complexities of isometry classes of other Banach spaces,
that is how easy/difficult it is to define them uniquely up to isometry. There is an
active ongoing research whether for a particular Banach space its isomorphism class
is Borel or not (see, e.g. [26], [36], [22], [27]), while it is known that isometry classes of
separable Banach spaces are always Borel (note that the linear isometry relation is Borel
bireducible with an orbit equivalence relation [44], and orbit equivalence relations have
Borel equivalence classes [34, Theorem 15.14]). Having a topology at our disposal, we
compute complexities of isometry classes of several classical Banach spaces.

Theorem B.
(1) For p € [1,2)U(2,00), the isometry class of L,[0,1] is Gs-complete. Moreover, for
every A > 1, the class of separable L,, »-spaces is a Gs-set and the class of separable

L,-spaces is a Gs,-set, improving the estimate from [28] (see Theorems 3.4 and 3.6,
and Corollary 3.7).

(2) For p € [1,2) U (2,00), the isometry class of £, is an Fys-complete set (see
Theorem 4.1).

(3) The isometry class of c¢g is an Fy5-complete set (see Theorem /.1).
(4) The isometry class of the Gurarii space is a Gs-complete set (see Corollary 3.2).

Let us also present here a few sample results, which involve complexities of more general
classes of Banach spaces.

Theorem C.
(1) The class of all superreflexive spaces is an F,s-set (see Theorem 5.3).
(2) The class of all spaces with local T1-basis structure is a X3-set (see Theorem 5.13).

(3) For a fized ordinal « € [L,wy), the class of spaces whose Szlenk index is bounded by

w® is a TI0a 1 -set (see Theorem 5.7).
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1. Preliminaries

In this section, we set up some notation that will be used throughout the paper and recall
the notions and basic results from [14] that we shall need in this paper.

1.1. Notation

Throughout the paper, we usually denote the Borel classes of low complexity by the
traditional notation, such as F, and Gg, or even F,5 (countable intersection of F,
sets) and Gs, (countable union of Gs-sets). However, whenever it is more convenient
or necessary, we use the notation 2‘;, respectively, Hg, where o < wy (we refer to [34,
Section 11] for this notation). We emphasize that open sets, respectively, closed sets, are
2(1), respectively, H(l), by this notation.

In a few occassions, for a Borel class I', we will use the notion of I'-hard and I'-complete
sets. We refer the reader to [34, Definition 22.9] for these notions. For a reader not familiar
with them, let us emphasize that a set A being I'-hard, for a Borel class I, in particular,
implies that A is not of a lower complexity than I". Thus, results stating that some set is
Zg—complete means that the set is an and not simpler.

Let us also state here the following simple lemma. Although it should be well-known,
we could not find a proper reference, so we provide a sketch of the proof.

Lemma 1.1. Suppose that X is a Polish space and B C X is a Borel set, which is not a
Gs-set. Then B is F,-hard. The same with the roles of G5 and F, interchanged.

Proof. By the Hurewicz theorem (see, e.g. [34, Theorem 21.18]), there is a set C C X
homeomorphic to the Cantor space, such that CN B is countable dense in C. Then
C'NB is an F,-set but not a Gs-set in the zero-dimensional Polish space C, and so it is
F,-complete in C' by Wadge’s theorem (see, e.g. [34, Theorem 22.10]). So for any zero-
dimensional Polish space Y and any F,-subset A of Y, there is a Wadge reduction of
ACY to CNB CC. But any such reduction is also a reduction of ACY to BC X, and
so B is F,-hard.

The argument with the roles of F,, and Gy interchanged is similar. O

Moreover, given a class I'" of sets in metrizable spaces, we say that f: X — Y is
I-measurable if f~1(U) € T for every open set U C Y.

Given Banach spaces X and Y, we denote by X =Y (respectively, X ~Y") the fact
that those two spaces are linearly isometric (respectively, isomorphic). We denote by
X <Y the fact that Y contains a subspace isomorphic to X. For K > 1, a K-isomorphism
T:X —Y is a linear map with K~!||z|| < ||Tz|| < K|z|, z € X. If 24,...,2, are linearly

independent elements of X and y,...,y, € Y, we write (Y,yl,...,yn)fS (X,z1,...,2p)
if the linear operator T : span{zi,...,z,} — span{yi,...,y»} sending z; to y; satisfies
max{||T|,||T~||} < K. If X has a canonical basis (z1,...,7,), which is clear from the
context, we just write (Y,yl,...,yn)rI\(JX instead of (Y,yl,...,yn)r}5 (X,z1,...,2,). More-
over, if Y is clear from the context, we write (y1,... ,yn)5 X instead of (Y,y1,... ,yn)f}S X.

Throughout the text, ¢ denotes the n-dimensional £,-space, that is the upper index
denotes dimension.
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Finally, in order to avoid any confusion, we emphasize that if we write that a mapping
is an ‘isometry’ or an ‘isomorphism,” we do not mean it is surjective if this is not explicitly
mentioned.

1.2. Notions and results from [14]

The most important notion we want to recall is the Polish spaces of Banach spaces. We
refer to [14, Section 2] for a proper introduction.

By V, let us denote the vector space over Q of all finitely supported sequences of rational
numbers; that is, the unique infinite-dimensional vector space over Q with a countable
Hamel basis (e, )nen, which we may view as the vector space of all finitely supported
rational sequences.

Definition 1.2 [14, Definition 2.1]. Let us denote by P the space of all pseudonorms on
the vector space V. Since P is a closed subset of RV, this gives P the Polish topology
inherited from RY. The subbasis of this topology is given by sets of the form Ulv,I] :=
{peP: u(v) eI}, where v €V and I is an open interval.

We often identify u € P with its extension to the pseudonorm on the space cgg, that is,
on the vector space over R of all finitely supported sequences of real numbers.

For every pu € P, we denote by X, the Banach space given as the completion of the
quotient space X/N, where X = (¢oo,pt) and N = {z € ¢p : () =0}. In what follows, we
often consider V as a subspace of X, that is, we identify every v € V' with its equivalence
class [v]y € X,,.

By Poo, we denote the set of those 1 € P for which X, is infinite-dimensional Banach
space, and by B, we denote the set of those p € Py, for which the extension of i to ¢y is
an actual norm, that is, the vectors ei,es,... are linearly independent in X ,.

We endow P, and B with topologies inherited from P.

It is rather easy to verify that the topologies on Py, and B are Polish, we refer to [14,
Corollary 2.5] for a proof.

Remark 1.3. As we have mentioned in the Introduction, Godefroy and Saint-
Raymond [28] considered another way of topologizing the class of all separable
(infinite-dimensional) Banach spaces. Namely, they consider the set SB = {X C
C(2¥): X is a closed linear subspace} and introduce a class of natural Polish topologies
7 on SB, which they call ‘admissible’. In [14], we compared our spaces Po, and B with
(SB,7). In particular, we observed that whenever 7 is an admissible topology, then
there exists a continuous map @ : (SB,7) — P, such that for every F' € SB(X), we have
F = Xg(p) isometrically (see [14, Theorem 3.3]). Thus, from our results obtained in the
coding P, one may easily deduce also results formulated in the language of admissible
topologies.

The following definition precises the notation X defined earlier.

Definition 1.4. If vq,...,v, € V are given, for u € P, instead of (Xu,vl,...,vn)5 X, we

shall write (p,v1,... ,vn)f}S X.

For further purposes, we record here the following lemma from [14].
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Lemma 1.5 [14, Lemma 2.4]. Let X be a Banach space with {x1,...,x,} C X linearly
independent, and let vy,...,v, € V. Then for any K > 1, the set

N((2:)0 K, (0:):) = {p € P (vrs- . vn) R (X1, a)}

s open in P.
In particular, the set of those € P for which the set {v1,...,v,} is linearly independent
in X, is open in P.

Since we are interested mainly in subsets of P closed under isometries, we introduce
the following notation.

Notation 1.6. Let Z be a separable Banach space, and let Z be a subset of P. We put
(Z2)E:={pel: X, =2} and (2)L:={puecl: X,~Z7}.

If Z is clear from the context, we write (Z)= and (Z)~ instead of (Z)L and (Z)Z,
respectively.

The connection of the topologies on P, P, and B with finite representability was
thoroughly explored in [14]. Here, we recall what will be useful in this paper.

Definition 1.7. We say that a Banach space X is finitely representable in a Banach
space Y if given any finite-dimensional subspace E of X and ¢ > 0, there exists a finite-
dimensional subspace F' of Y, which is (1 +¢)-isomorphic to E.

Moreover, if F is a family of Banach spaces, we say that a Banach space X is finitely
representable in F if given any finite-dimensional subspace F of X and any € > 0, there
exists a finite-dimensional subspace F of some Y € F, which is (1 + ¢)-isomorphic to E.

Proposition 1.8 [14, Proposition 2.9]. If X is a separable infinite-dimensional Banach
space, then

veB: X, is finitely representable in X} = (X)BENB
{ y rep g

and similarly also if we replace B with Py, or with P.
Moreover, let F C B be such that (X,)5 C F for every p€ F. Then

{veB: X, is finitely representable in F} = FNB.
The same again holds if we replace B with Poo or with P.

We finish this section by recalling one particular Banach space that will play a
fundamental role in certain further results in this paper. That is, we recall what the
Gurarii space is. One of the characterizations of the Gurarii space is the following, for
more details, we refer the interested reader, for example, to [10] (the characterization
below is provided by [10, Lemma 2.2]).

Definition 1.9. The Gurarii space is the unique (up to isometry) separable Banach
space, such that for every € > 0 and every isometric embedding g : A — B, where B is a
finite-dimensional Banach space and A is a subspace of G, there is a (1+ ¢)-isomorphism
f:B— G, such that ||fog—idal| <e.

In the sequel, we will need the following result.
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Theorem 1.10 [14, Theorem 4.1]. Let G be the Gurarii space. The set (G)L is a dense
Gs-set in I for any T € {P,Poo,B}.

2. Spaces with descriptively simple isometry and isomorphism classes

The topic of this section is to deal with spaces with descriptively simple isometry classes
(see Section 2.1) and with spaces with descriptively simple isomorphism classes (see
Section 2.3). The main outcome is Theorem A, which follows from Theorems 2.4 and
2.10.

2.1. Spaces with closed isometry classes

In this subsection, we start our investigation of descriptive complexity of isometry classes,
with the main goal to prove the first part of Theorem A. Let us first observe that no
isometry class can be open, as every isometry class actually has an empty interior. Indeed,
it follows from Proposition 1.8 that the isometry class of every isometrically universal
separable Banach space is dense. Since there are obviously many pairwise nonisometric
universal Banach spaces, we get that every open set (in all P, Ps, and B) contains norms,
respectively, pseudonorms, defining distinct Banach spaces. The same argument can also
be used to show that every isomorphism class has an empty interior.

Lemma 2.1. (¢3)= is closed in B and Ps.

Proof. Hilbert spaces are characterized among Banach spaces as those Banach spaces
whose norm satisfies the parallelogram law, that is ||z +y|*+ ||z — y||* = 2(||z||* + ||y||?) for
any pair of elements z,y. It is clear that a norm satisfies the parallelogram law if and only
if it satisfies it on a dense set of vectors, therefore, every norm, respectively, pseudonorm,
from B, respectively, P, satisfying the parallelogram law on V defines a Hilbert space.
Since norms, respectively, pseudonorms, from B, respectively, P, define only infinite-
dimensional spaces, they define spaces isometric to ¢2(N). Since the parallelogram law is
clearly a closed condition, we are done. O

Remark 2.2. We note that here we need to work with the spaces B or P, since in
P, the only space with closed isometry class is the trivial space. To show it, first notice
that the trivial space is indeed closed. Next, we show that any open neighbourhood of a
pseudonorm defining trivial space contains a pseudonorm defining arbitrary Banach space,
which will finish our claim. Let such an open neighbourhood be fixed. We may assume that
it is of the form {p € P: p(v;) <e,i <n}, where vy,...,v, € V and € > 0. Let m be such that
all v;, i <n, are in spang{e;: j <m}. Let X be an arbitrary separable Banach space, and
let (fi)ien € X be a sequence whose span is dense in X. We define 1 € P by u(e;) =0, for
J<m,and pu(3,c;aiemyi) = || > ;cr i fill x, where I C N is finite and (a;)ier € Q. This
defines p separately on spang{e;: i <m} and spang{e;: i > m}, however, the extension
to the whole V is unique. It is clear that u is in the fixed open neighbourhood and that
X, =X.

One may be interested whether there are other Banach spaces whose isometry class is
closed. The answer is negative. This follows from another corollary of Proposition 1.8,
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which we mentioned already in [14, Corollary 2.11]. Its proof is just an easy application
of the Dvoretzky theorem.

Lemma 2.3 [14, Corollary 2.11]. Let X be a separable infinite-dimensional Banach space.
Then, {€2)E C(X)ENB. The same holds if we replace B with Ps, or P.

The following theorem is now an immediate consequence of Lemmas 2.1 and 2.3.

Theorem 2.4. /5 is the only separable infinite-dimensional Banach space whose isometry
class is closed in B. The same holds if we replace B by Pso.

2.2. QSL,-spaces

Before embarking on studying spaces with descriptively simple isomorphism classes, let
us consider some natural closed subspaces of P, P, and B.

In [37], Kwapieni denotes by S,, respectively, SQ,, for 1 < p < oo, the class of all Banach
spaces isometric to a subspace of L,(u), respectively, to a subspace of some quotient
of L,(p), for some measure p. Note that a separable Banach space X belongs to S,
respectively, SQ, if and only if it is isometric to a subspace of L,[0,1], respectively, to a
subspace of a quotient of L,[0,1], which easily follows from the fact that any separable
L, () isometrically embeds into L,[0,1] as a complemented subspace (see, e.g. Theorem
3.8 below).

Let us address the class S, first. We have the following simple lemma.

Lemma 2.5. Let 1 <p < oo. Put
M:={peB: X, is isometric to a subspace of L,[0,1]}.

Then M is a closed set in B, and we have

M={()8nNB={peB: X, is a Ly14+ space}NB.
The same holds if we replace B with Puo-

Proof. We recall the fact that a separable infinite-dimensional Banach space is isometric
to a subspace of L,[0,1] if and only if it is finitely representable in ¢, (see, e.g. [1, Theorem
12.1.9]). The rest follows from Proposition 1.8. We refer the reader to Section 3 for a
definition of the class £, 1. O

In the rest, we focus on the class SQ,. Notice that for p =1, this class coincides with
the class of all Banach spaces, and for p = 2, this class consists of Hilbert spaces.

These Banach spaces are also called QSL,-spaces in literature, and since it seems this
is the more recent terminology, this is what we will use further. It seems to be well-
known, see, for example, [49], that this class of spaces is characterized by Proposition 2.6
below. This result was first essentially proved probably by Kwapien [37] (however, in his
paper, he considered the isomorphic variant only), for a more detailed explanation of the
proof (and even for a generalization), one may consult, for example, the proof in [40,
Theorem 3.2], which uses ideas from [48] and [31]. Let us note that, by Proposition 2.6
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and [32, Proposition 0], the class of QSL,-spaces coincides with the class of p-spaces
considered already in 1971 by Herz [32].

Proposition 2.6. A Banach space X is a QSLy-space, if and only if, for every real
valued (n,m)-matriz M satisfying

n m m
DD MGy P <> el
i=1|j=1 k=1

for all m-tuples r,...,rm € R, we have
P
n m m
DI MGz <Y el
i=1||j=1 k=1

for all m-tuples x+,...,x, € X.

Since it is clear that it suffices to verify the condition from Proposition 2.6 only on dense
tuples of vectors, and that this condition is closed, we immediately obtain the following.

Proposition 2.7. For every 1 < p < oo, the set
{pePx: X, is a QSLy,-space}

is closed in Puo.
The same is true if Poo is replaced by B.

Denote now the set {y € Poo: X, is a QSLy-space} by QSL,. By Lemma 2.5, for
1 <p < oo, the set M, :={pn € Ps: X, is isometric to a subspace of L,[0,1]} is closed.
Clearly, M, C QSL, (and for p =2, there is an equality).

If p # 2, then M, # QSL, because there exists a separable infinite-dimensional Banach
space, which is isomorphic to a quotient of L,[0,1] but not to its subspace. Indeed, if
p =1, this is easy since every separable Banach space is isomorphic to a quotient of ¢;
(see, e.g. [1, Theorem 2.3.1]). If 2 < ¢ < p < oo, then ¢, is isometric to a quotient of
L,[0,1] (because its dual ¢, embeds isometrically into L,/[0,1]) but is not isomorphic
to a subspace of L,[0,1] (see, e.g. [1, Theorem 6.4.18]). Finally, if 1 < p < 2, then by
[20, Corollary 2|, there exists a subspace X of ¢, C L,/[0,1], which is not isomorphic
to a quotient of L,[0,1]," and so X* is isometric to a quotient of L,[0,1], which is not

More precisely, by [20, Theorem 1] (see also, e.g. [19, Corollary 3.2]), for every n € N, there
exists a subspace Ey, of £27, such that gl(En) > K+/n, where K > 0 is a constant independent of
n and gl(FEy) is a quantity related to the notion of a ‘G L-space’ (or a space with the ‘Gordon-
Lewis property’). This implies that if we denote by E} the space E, endowed with the
{p-norm, we obtain gl(E% ) > K\/ﬁdBM(Egg,éff)_l = K2 M/ pl/2=1/pt oo; hence, X :=
(&) E'ﬁ/)p/7 the £,/-sum of the spaces E£/7 is isometric to a subspace of £, but it is not a GL-
space. If X was isomorphic to a quotient of L, [0,1], then X * would be isomorphic to a subspace
of Lp[0,1], which would imply that X* and X are GL-spaces (see, e.g. [16, Propositions 17.9
and 17.10]), a contradiction.
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isomorphic to a subspace of L,[0,1]. We would like to thank Bill Johnson for providing
us these examples. Moreover, we have the following.

Proposition 2.8. For p € [1,2)U(2,00), the set M,, has an empty interior in QSL,.

Proof. Fix p € [1,2) U(2,00). Pick € QSL,, such that X,, does not isometrically embed
as a subspace into L,[0,1] (such a space exists, see the examples above). Let U be now
a basic open neighbourhood of some v € QSL,. Since the class of QSL,-spaces is clearly
closed under taking ¢,-sums (see, e.g. [49]), X, @, X, is still a QSLy-space. It is easy to
define v/ € U, so that X, is isometric to X, @, X,,. Now, since X,, does not isometrically
embed as a subspace into L,[0,1], neither X, does. By [1, Theorem 12.1.9], X, is not
finitely representable in ¢, so also not in L,[0,1] (by [1, Proposition 12.1.8]). It follows
from Proposition 1.8 that there exists a basic open neighbourhood U’ of v/ avoiding M,,.
Now, UNU’ is a nonempty open subset of U avoiding M, and we are done. O

Corollary 2.9. For p € [1,2)U(2,00), L,[0,1] is not a generic QSL,-space.

2.3. Spaces with descriptively simple isomorphism classes

The main result of this subsection, and one of the main results of the whole paper, is the
second part of Theorem A. That is, we prove the following.

Theorem 2.10. The Hilbert space {5 is characterized as the unique, up to isomorphism,
separable infinite-dimensional Banach space X, such that (X)~ is an Fy-set in B. The
same holds if we replace B with Pxo.

Moreover, (€2)~ is Fy-complete.

While there are several Banach spaces whose isometry classes have low complexity,
as we shall see also in the next sections, there are reasons to suspect that isomorphism
classes are rather complicated in general. Theorem 2.10 is a strong evidence that /s is
quite unique with respect to its property of having a simple isomorphism class. Another
piece of evidence which we state and prove before proving Theorem 2.10 is the following
result.

Proposition 2.11. No isomorphism class can be closed in Py, B and P, and with the
possible exception of spaces isomorphic to G, for which we do not know the answer, no
isomorphism class can even be a Ggs-set.

Proof. Let X be a separable infinite-dimensional Banach space. We show that (X)~ is
dense (we show the argument only for P, the other cases are analogous). Let F be a
finite-dimensional Banach space. It is well-known that every finite-dimensional space is
complemented in any infinite-dimensional Banach space, so we have X ~ F'@®; Y for some
Banach space Y. Since F' was arbitrary, it follows that every separable Banach space is
finitely representable in (X)~, so by Proposition 1.8, (X)~ = P, hence, (X)~ is dense.

It follows that (X)~ cannot be closed for any X because it is dense and there are
obviously two nonisomorphic spaces. Moreover, if X is not isomorphic to the Gurarii
space, then (X)~ cannot be a Gj-set since by Theorem 1.10, the isometry class of
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the Guraril space is a dense Gg-set, so it would have nonempty intersection with (X)~
otherwise. O

Besides f5, whose isomorphism class is Fy, it is proved in [28, Theorem 4.12] that
separable Banach spaces determined by their pavings have 22 isomorphism classes in
any admissible topology (see Remark 1.3, where we recall some basics about admissible
topologies). We refer the interested reader to the text before Theorem 2.13 for a definition
of spaces determined by their pavings. Here, we just briefly note that this class of spaces
was introduced by Johnson et al. in [33] and that there are known examples of separable
Banach spaces determined by their pavings not isomorphic to 5 (e.g. certain fo-sums of
finite-dimensional spaces are such). The second main result of this section is the following
improvement of the estimate mentioned above.

Theorem 2.12. Let X be a separable infinite-dimensional Banach space that is deter-
mined by its pavings. Then (X)~ is a Gso-set in Peo. In particular, it is a Gs,-set in P
and in any admissible topology.

Let us start with the proof of Theorem 2.10.

Proof of Theorem 2.10. First, we show that isomorphism class is F,,. This was proved
for an admissible topology on SBs, in [28, Theorem 4.3]. The same proof, which we
briefly sketch, works also for P, and B. By Kwapiei’s theorem (see, e.g. [1, Theorem
7.4.1]), a separable infinite-dimensional Banach space is isomorphic to /5 if and only if it
is of type 2 and of cotype 2. It is clear from the definition of type and cotype (see, e.g.
[1, Definition 6.2.10]) that these properties are F,-conditions. So to show that (f)~ is
even F,-complete, by Lemma 1.1, it suffices to show that (¢3)~ is not a Gs-set, which
we have already proved. An alternative proof showing that the isomorphism class (/) ~
is an F,-set follows from [37, Theorem 2’] (see also Remark 4 therein), which provides a
formula defining spaces isomorphic to ¢3 and which obviously defines an F,-set (in P
and B).

Next, we show that if a separable infinite-dimensional Banach space X is not isomorphic
to la, then (X )~ is not F,, in B. In what follows, we denote by T the set of finite tuples
(including empty) of natural numbers without repetition. The length of v € T is denoted
by |v|, and its range by rng(y). Moreover, for every v € T and every u € BB, we put

el [v]
M) .= {V € B: for every (ai)gl € Q! we have u(Zaiei) = N(Zaiev(i)) }
i=1 i=1

In order to get a contradiction, assume that (F;,)22; are closed sets in B such that
(X =UpLi F

n=1 n-

Claim. For every p € B with (X,)= C s, F,, there exist v € T and m € N, such that
we have MZ' NE,, #0 for every v € T with v’ D ~.

Proof of the claim. Suppose the statement is not true. In particular, it does not hold

for v =0 and m = 1. That is, there is some ] € T so that M,’ﬁ NF =0.If 1 €rng(y}),
we set y; =71. Otherwise, we set v, =~ (1).
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In the next step, we use that the statement is not true for 7; and m =2 to obtain
¥4 €T, v5 271 so that MZ",’ NFy =0. If 2 € rng(~4), we set 72 = v4. Otherwise, we set
Y2 =75 (2).

We continue analogously. At the end of the recursion, we obtain a bijection 7: N — N,
such that m 2 v, for every n € N and M)» Nk}, = (0 for every n € N. Consider ug € B
given as

uo(zk:aiei) = ,u(zk:aiew(i)), keN, (a;), € Q.
i=1 i=1

Then the linear mapping given by e; — ex(;), ¢ € N, witnesses that X, = X, and pg €
I\Lﬁ[gg f;r every n € N. Thus, uo ¢ |J,—, F,,, which is in contradiction with po € (X,)= [%
n=11n-

Since X # £5, by the celebrated solution to the homogeneous subspace problem following
from the results of Komorowski and Tomczak-Jaegermann ([35]) and of Gowers ([29]), it
must contain an infinite-dimensional closed subspace Y C X that is not isomorphic to X.
Let I C N be an infinite subset and {z, },en a sequence of linearly independent vectors
in X so that

(1) span{zy tnen =X, Span{z,: n €I} =Y, and
(2) for every finite set F' C N, we have

Span{ Ty nerur = SPan{ Ty fnernr © Span{xn}neF\I S2) Span{xn}nGI\F~
Such a choice is possible, for example, by finding a Markushevich basis {z,, },cr on Y (see
[30, Theorem 1.22]), extending it to a Markushevich basis {z,, }neny on X (see [30, Theorem
1.45]) and then observing that for any J C N, we have that {x,}ncs is a fundamental

biorthogonal system of span{z, }nes and so (2) holds (see [30, Fact 1.5]).
We define € B as

k k
u(Zaiei) = HZCL#L’Z x
i=1 1=1

Then (X,)= = (X)= CU,~, F,, and so, by the claim above, there exist v € T and m € N
with M;ﬁ' NF,, # 0 for every v' € T with v’ 2 +. Consider now the space Z := (Span{e;: i €
TUrng(v)},p) € X, Fix some I C I such that |1\ I| = |rng(y)\ | and such that (I\1)N
rg(v) = 0. Define Z := (span{e;: i € I Urng(y)}, ). Then, using (2), we have

, keN, (), eQ”.

7~ spat{z,}, ;@ RIme\| ~ span{xn}nef@RU\ﬂ ~Y,

and so Z # X. Let ¢ : N = rng(7) Ul be a bijection with ¢ O . We define v € B by

V(zk:aiei) = u(zk:aiew(i)) keN, (ai)le e QF.
i=1 i=1

Clearly, X, = Z % X.
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We claim that v € F,,. This will be in contradiction with the fact that F,,, C (X)~.
Since F,, is closed, it suffices to check that each basic open neighbourhood of v intersects
Fp. Pick vy,...,u; € V and € > 0. We need to find p/ € F,,, so that |p/(v;) —v(v;)| < e for
every j <|I.

Let L € N, L > |v|, be such that vi,...,v; € span{e;: i < L}. Since ol .1y 27, we

u'(iaiez) = u(iai%(i)) = u(iaiei), (a;)E, € QL.
i=1 i=1 i=1

In particular, p'(v;) = v(v;), j <1, as desired. O

In the remainder of this section, we head towards the proof of Theorem 2.12.
Following [33], we say that an increasing sequence E; C Es C ... of finite-dimensional
subspaces of a separable Banach space X whose union is dense is a paving of X. A
separable Banach space X is determined by its pavings if whenever Y is a Banach space for
which there are pavings {E,, }72, of X and {F,,}72, of Y with sup,,cydam (En, Fp) < 00,
then Y is isomorphic to X. We refer the reader to [33] for details and examples.

We start with a theorem that is interesting on its own.

Theorem 2.13. Let X be a separable infinite-dimensional Banach space, {E,}5%, a
paving of X and A > 1. Then the set

Z:= {,u € P: for every € >0, there is a paving {Fj}32, of X, and an increasing

sequence (ny)pe, € N with supdp (Fi,Ep,) < A+e}
keN

is a Gg-set in P.

In the proof, we will need the following observation, which is well-known and easy to
prove. We use the formulation from [14, Lemma 4.3].

Lemma 2.14. Given a basis by = {e1,...,e,} of a finite-dimensional Banach space E,
there is C' >0 and a function $5° : [0,C) — [0,00) continuous at zero with 57 (0) =0,
such that whenever X is a Banach space with E C X and {z;: i <n} C X are such
that ||z; —e;|| < e, i <n, for some ¢ < C, then the linear operator T : E — X given by
T(e;) == is a (1+ @SE (€))-isomorphism and ||T — Idg| < ¢5% (¢).

Proof of Theorem 2.13. For each E,,, n € N, we fix its basis (which will be used only in
order to know what Z% E,, means for a finite-dimensional space Z and K > 1). For each
finite tuple ¥ of elements from V, we set Sz to be the set of all finite tuples , Q-linearly
independent in V, such that each element of ¢ (considered as an element of c¢qg) lies in
spanw. For m € N and a finite tuple ¥ of elements from V, we set
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P(0,m) := {u € P if p restricted to span{vy,...,v|5} C coo is a norm, then
there exist w € Sy and n € N, such that
p restricted to span{ws,...,wyg } € coo is a norm and

(spanfws,. .. wpop b)) Y S E)}.

Then, using the observation that {y € P: p restricted to span{vi,...,v5} C coo is a norm}
is open due to Lemma 1.5, P(¥,m) is the union of a closed and an open set, so it is a
Gs-set.

Denote by LI the set of all finite tuples ¢ = (v1,...,v)5) of elements from V, which are
linearly independent in cyg. We now set

G:==) () P@Em)

meNveL]

which is clearly a Gg-set. We shall prove that G = Z.

If p€ G, it is clear that for every m, we can recursively build an increasing sequence
{F}32, of finite-dimensional subspaces whose union is dense in X, such that we have
Ay (Fiy B, ) < A+ % for every k € N. It follows that p € Z.

On the other hand, pick p € Z. In what follows for € cog, we denote by [z] € X,
the equivalence class corresponding to x. Pick some m € N and an n-tuple ¥ € LI,
such that g restricted to span{vi,...,v,} C coo is a norm, so {vy,...,v,} is a basis
of span{vy,...,v,}. Pick M € (A\A+ L) and § > 1 with 6N <A+ L. Since p € Z,
there is an increasing sequence {Fy}%2, of finite-dimensional subspaces whose union
is dense in X, such that sup,cydpar(Fi,En,) < X. By [38, Section 17, Theorem 6],
we can find a finite dimensional subspace span{[vi],...,[v,]} CY C X, and k € N,
such that dppy (Y, F)) <6 so dpym (Y, En,) < IN. Select yni1,...,¥dimy € Y, such that
b={[vi],-,[vn],Yns1s---,Ydimy } is a basis of Y. Let ¢5 be the function from Lemma 2.14,
and let 7 > 0 be such that X' (1+ ¢5(n))? < A+ L. Further, for every n+1<i < dimY,

b
pick v; € V' with [|[v)] = yi|lx, <7. Then (,u,[vlL...,[vdimy])H%(n) Y so u restricted

to span{vi,...,vaimy } C coo is a norm and span{[vi],...,[vaimy]|} € X, is isometric to
(span{v1,...,vdimy }pt). Since dpp((span{vi,...,vaimy },1), En,) < 0N - (1+ ¢5(n))? <
A+ %, there exists a surjective isomorphism T : E,, — (span{vi,...,Udimy },i) with

max{[|T|,[| T~} < y/A+ . By Lemma 2.14, we may without loss of generality assume

that w; :=T(e;) € V for every i <dimY. Then pu restricted to span{ws,...,wdimy } C coo

A+ L
is a norm, @ € Sy and ((p, @) " ~ ™ Eyp,). O

Proof of Theorem 2.12. Pick a paving {F,,}22; of X. It is easy to see that for every
it € Poo, the Banach space X, is isomorphic to X if and only if p belongs to the set Z
from Theorem 2.13 for some A > 1. The ‘In particular’ part follows, since P, is a Gg-set
in P. For admissible topologies, the result follows by applying [14, Theorem 3.3]. O
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3. Spaces with G5 isometry classes

In this section, we investigate Banach spaces whose isometry classes are Gs-sets, or even
Gs-complete sets. The main results here are Theorems 3.3, 3.4 and 3.6, which imply the
first and the last part of Theorem B.

Besides /5, whose isometry class is actually closed, we have already mentioned in
Theorem 1.10 that the isometry class of the Gurarii space is a Gs-set in Py, and B.
We start the section with some basic corollaries of that result; in particular, that the
isometry class of G is even a Gs-complete set.

Since for any separable infinite-dimensional Banach space X we obviously have (X)8 =
(X)P= B, it is sufficient to formulate our positive results in the coding of P, and
negative results in the coding of B.

Lemma 3.1. Let X, Y be separable infinite-dimensional Banach spaces, such that X is
finitely representable in Y and Y is finitely representable in X. If (X)= is a Gs-set in B
and X ZY, then

(i) (Y)= is not a Gs-set in B.
(ii) (X)= is a Gs-complete set in B.

Proof. Recall that by Proposition 1.8, we have that both (X)= and (Y)= are dense in
N :={veB: X, is finitely representable in X}.

(i): If both (X )= and (V)= are Gs-sets, by the Baire theorem, we have that (X)=N(Y)=
is comeager in N. Thus, the intersection cannot be an empty set, and we obtain X =Y.
(ii): Since X #Y, we have that (X)= has empty interior in N. But it is also comeager in
N, and so it cannot be F,. Therefore, it is a Gs-complete set by Lemma 1.1. O

Corollary 3.2. G is the only isometrically universal separable Banach space whose
isometry class is a Gs-set in B. The same holds if we replace B by Py -
Moreover, (G)= is a Gs-complete set in both P and B.

Proof. By Theorem 1.10, the isometry class of G is a Gs-set. Let X be an isometrically
universal separable Banach space. By Lemma 3.1, if X # G, then (X)2 is not a Gs-set
in B (and so neither in Py).

For the ‘moreover’ part, we use Lemma 3.1 and any Banach space X not isometric to
G that is finitely representable in G and vice versa (e.g. any other universal separable

Banach space or ¢). O

The same proof gives us actually the following strengthening. Let us recall that by
Maurey—Pisier theorem, see [43] or [1, Theorem 12.3.14], a Banach space X has no
nontrivial cotype if and only if £+, is finitely-representable in X (and yet equivalently, co
is finitely-representable in X).

Theorem 3.3. G is the only separable Banach space with no nontrivial cotype whose
isometry class is a Gs-set in B. The same holds if we replace B by Py .-
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Proof. Any separable Banach space is finitely representable in ¢g, so by Lemma 3.1, there
is at most one Banach space X, such that c¢g is finitely representable in X and (X)= is a
Gs-set. By Theorem 1.10, (G)= is a Gs-set. O

3.1. L,-spaces

Let us recall that a Banach space X is said to be an £, y-space (with 1 <p < oo and
A > 1) if every finite-dimensional subspace of X is contained in another finite-dimensional
subspace of X whose Banach-Mazur distance dpys to the corresponding ¢} is at most A.
A space X is said to be an £,-space, respectively, £, x4-space, if it is an £, y/-space for
some \ > 1, respectively, for every A’ > A.

The main result of this subsection is the following.

Theorem 3.4. For every 1 <p < oo, p#2, the isometry class of L,[0,1] is a G5-complete
set in B and P .

Moreover, L,[0,1] is the only separable L, 14-space whose isometry class is a Gs-set
in B, and the same holds if we replace B by Pu.

Remark 3.5. It is easy to see (e.g. using [38, Section 17, Theorem 6]) that for every
p € [1,00] and XA > 1, we have that a separable infinite-dimensional Banach space Y is
an L, yy-space if and only if, for every € > 0, there is an increasing sequence {Fj}7°, of
finite-dimensional subspaces whose union is dense in Y, such that dg M(Egim e F) < Ate
for every k € N.

The next theorem is a crucial step in proving Theorem 3.4. However, it is also of
independent interest, and its corollary improves the related result from [28].

Theorem 3.6. Let 1 <p<oo and A > 1. The class of separable infinite-dimensional
Ly a+-spaces is a Gs-set in P. In particular, the class of separable infinite-dimensional
Ly r+-spaces is a Gs-set in Pos.

Proof. This is an immediate consequence of Theorem 2.13, Remark 3.5. O

Note that for 1 < p < oo, the class of £,-spaces is obtained as the union | Jy~; Lp r4-
It is shown in [28, Proposition 4.5] that the class of separable £,-spaces is a >%-set in
an admissible topology. It is immediate from Theorem 3.6 (and using [14, Theorem 3.3])
that we have a better estimate.

Corollary 3.7. For every 1 < p < oo, the class of separable Ly-spaces is a Gss-set in P
and any admissible topology.

Proof. Note that any finite-dimensional space is an £,-space, so the class of separable
L,-spaces may be written as the union of P\ Py, (which is an Fi-set by [14, Corollary 2.5])
and {y € Poo: X, is an L-space} (which is Gs,-set by Theorem 3.6 above). O

Let us recall the following classical result.

Theorem 3.8 (Lindenstrauss, Pelczyniski). For every 1 <p < oo and a separable infinite-
dimensional Banach space X, the following assertions are equivalent.
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o Xisan L, 14-space.
o X is isometric to a separable L,(p) space for some measure p.
o X is isometric to one of the following spaces

Ly[0,1], L,[0,1]@p by, £y Ly[0,1] @y €, (for some n € N).

Proof. By [41, Section 7, Corollaries 4 and 5], a separable Banach space is an £, 14-
space if and only if it is isometric to an L,(u) space for some measure p. Finally, note
that every separable infinite-dimensional L,(u) space is isometric to one of the spaces
mentioned above (see, e.g. [1, pages 137-138]). O

Recall that given a finite sequence (z,)nen in a Banach space Z, the symbol (zn)5 oy

means that K1 (3,2 v |ail?) Yr o [ ienaizill <K (XCien |ai|p)1/p for every a € clY,. If
(2n) is isometrically equivalent to the ) basis (that is, (zn)lrts oY for every £ > 0), we
write (2,) = ).

Theorem 3.9. Let 1 <p < oo, p#2, and let X be a separable infinite-dimensional Ly 14
space. Then the following assertions are equivalent.

(1) X is isometric to Ly[0,1].

(ii) For every x € Sx, the following condition is satisfied

N
VN eN3zy,..., ey e X (z)N, EEZ[,V and Nl/pwzzgci.
i=1

(iii) For every x € Sx, the following condition is satisfied
Ve>03z,20€ X : (xl,xg)lia 6129 and 2Y/7 . g = 21 + 2.
(iv) For every x € Sx, the following condition is satisfied
Ve >0V >03zy,x0 € X (xl,xg)lis Ei and ||2YP - x — xy — 25| < 6.

Proof. (i) = (ii): Pick f € Sp 0,1 and N € N. Then, using the continuity of the
mapping [0,1] 3 = — f0m|f|, we find 0 =29 < x; <... <ay =1, such that ff_l |f|P =
%fol |f|P for every i =1,...,N. We put f; := Nl/p-f-)([mi_hmi]7 i=1,...,N. Then, since
the supports of f; are disjoint and since f; are normalized, we have (f;), = ZZJ,V . Further,
we obviously have N/7. f = Zi\il fi.

Obviously, we have (i1) = (#i7) and (i4i) = (iv).

(#i1) = (i): In order to get a contradiction, let us assume that X is not isometric to
L,[0,1], which, by Theorem 3.8, implies that X is isometric to L,(u), where (€,5,u) is a
measure space for which there is w € Q with y({w}) = 1. Fix € > 0 small enough (to be

specified later). Suppose, to the contrary, that there are f,g € L,,(u1), such that (f,g)li_fE 612,

and 27 -0, = f+g, where 4, is the Dirac function supported by the point w. For p-a.e.
x € Q\{w}, we have f(r)+g(x) =0, so we assume this holds for all z € Q\ {w}. We
without loss of generality assume that f(w) > g(w).
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We claim that both f(w) and g(w) are positive and | f(w) — g(w)|P < % if € > 0 is chosen
sufficiently small. Indeed, we have
1
(I+e

(1+e)P -

7 2 11~ llglls| = L7 @) =gt

which implies || f(w)| — |g(w)|| < 27'/? for sufficiently small € > 0. The claim follows, since
if both f(w) and g(w) were not positive, we would have 21/7 > 2717 > || f(w)| — |g(w)|| =
|(f +9g)(w)| = 2'/7, a contradiction.

First, let us handle the case when 1 <p < 2. We have

27l = [ prdnr i@ = [ 17-glPdut i@
Q\{w} O\{w}
=[If = gllp+ 2f (@) = ((f —9)(w))”
2 f=glp+((f +9) ()" = If —glp+11f +all5,
where in the inequality we used superadditivity of the function [0,00) 3 ¢ — #P. Thus,
(ﬁg)lirf /% implies

I =glp i+l 4
2P —2°(1+¢)p’

(1+e)” > £ =

hence, if 1 <p < 2, we get a contradiction for sufficiently small € > 0.
Finally, let us handle the case when p > 2. Note that since f(w) > g(w) >0 and f(w)+
g(w) =27, we have g(w) < 2Y/P~1. Further, we have

12g]12 = / el 2o <1 ol +2

Thus, (f,g)lrtE /% implies

—qgllP+2 D
1 <ol < If—gllb+ L 20L+e) 2,
(1+e)p 2p 2p

hence, if p > 2, we get a contradiction for sufficiently small € > 0.
(tv) = (#i1): Fix x € Sx and € > 0. Pick 6 > 0 small enough (to be specified later).
€

: ys . : I I 3 2 1/p /
Applying Condition (iv), we obtain x,x5 € X, such that (x},25) ~ £ and [|2'/P -z — 2} —
x| < 8. Now, set o1 = o} + (2V/P -z — (2} +24)) /2 and xy =z + (2P -2 — (2} +-24)) /2. If

6 was chosen sufficiently small, we have (xl,mg)lfte K%, and clearly, 27 .z = 21 +x5. [

Let us note the following easy observation. The proof is easy and so omitted.

Fact 3.10. Let v,w € V, v # 0 and a,b € R. Then the set

—w) <b}

{u eP: u(v)#0 and p(a- ,uzjv)

is open in P.
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Proof of Theorem 3.4. Let F be the set of those v € Py, for which X, is an £, 14-
space. By Theorem 3.6, F C Py is a Ggs-set. By Theorem 3.9, using the obvious
observation that Condition (iv) may be verified on a dense subset, we have

(L0 1)E> =Fn () () Usnh
veV n,keN

where U, ,, i are open sets (using Fact 3.10 and Lemma 1.5) defined as

1+% v 1
Upn,i i= {u € Poo: Jug,ua €V i (v1,09) ~ 612, and ,u(21/p-m —v —02) < E}
Thus, (L,[0,1])2= is a Gs-set.

On the other hand, since any L, (p) is finitely representable in ¢, and vice versa (see,
e.g. [1, Proposition 12.1.8]), from Lemma 3.1 and Theorem 3.8, we obtain that there is
at most one (up to isometry) £, 14 space X, such that (X)= is a Gs-set in B and that
(Lp[0,1])= is a Gs-complete set. O

4. Spaces with F,s; isometry classes

In this section, we focus on another classical Banach space, namely, ¢, spaces, for
p € [1,2)U(2,00), and ¢g. The main result of this section is the following, which proves
the second and the third part of Theorem B.

Theorem 4.1. The sets (co)= and ({,)= (for p € [1,2)U(2,00)) are Fy5-complete sets in
both Py and B.

Note that in order to obtain that result, we prove Proposition 4.6 and Theorem 4.13,
which are of independent interest, and where the ‘easiest possible’ isometric characteriza-
tions of the Banach spaces £, respectively, ¢y, among separable £, 1;-spaces, respectively,
separable L. 14-spaces are given. The proof of Theorem 4.1 follows immediately from
Propositions 4.3, 4.4 and 4.11.

Let us emphasize that in Section 4.2, we compute the Borel complexity of the operation,
assigning to a given Banach space the Szlenk derivative of its dual unit ball, which could
be of an independent interest as well. See, for example, Section 5.2 for some consequences.
The reason why we need to do it here is obviously that our isometric characterization of
the space ¢y involves Szlenk derivatives.

We start with the part which is common for both cases — that is, for (co)= and (¢,)=.

Lemma 4.2. Let p € [1,00), and let X = (D,,cjy Xn)p be the £y-sum of a family (X )nen
of separable infinite-dimensional Banach spaces. Then, X =¥, if and only if X,, =4, for
every n € N.

Similarly, let X = (D,,cn Xn)o be the co-sum of a family (X, )nen of separable infinite-
dimensional Banach spaces. Then, X = cg if and only if X,, = ¢y for every n € N.

Proof. It is easy and well-known that the £,-sum of countably many ¢, spaces is isometric
to £, and that the cp-sum of countably many cy spaces is isometric to cg. The opposite
implications follow from the facts that every 1-complemented infinite-dimensional
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subspace of ¢, is isometric to ¢,, and that every l-complemented infinite-dimensional
subspace of ¢ is isometric to ¢g (see [42, page 54]). O

Proposition 4.3. Let X be one of the spaces £y, p € [1,2)U(2,00) or cy. Then the set
(X)= is Fys-hard in B.

Proof. Our plan is to find a Wadge reduction of a known F,s-hard set to (X)Z. For this
purpose, we will use the set

Py = {x € 2N ¥m there are only finitely many n’s with x(m,n) =1}

(see, e.g. [34, Section 23.A] for the fact that P3 is F,s-hard in 28N). But before we start
to construct the reduction of Ps to (X)2, we need to do some preparation.

By Theorem 3.4 (in case X = ¢,) and Theorem 3.3 (in case X = ¢), we know that
(X)E is not a Gs-set in B. Therefore, it is F,-hard in B by Lemma 1.1. Now, as the set

= {x € 2V: there are only finitely many n’s with 2(n) = 1}
is an F,-set in 2V, it is Wadge reducible to (X)E, so there is a continuous function
0: 28 — B, such that
€ Ny & o(x) € (X)E.
We fix a bijection b: N2 — N. For every z € 2" and every m € N, we define 9,,(z) € Pso

as follows. Suppose that v =73} _ya,e, is an element of V (i.e. a, is a rational number
for every n, and o, # 0 only for finitely many n’s), then we put

om(z)(v) = o(x) (Z ab(m’n)en> .

neN

Note that the set {ey(m,n): n € N} is both linearly independent and linearly dense in
Xo,.(z), and that op(z)(ex) =0 if k ¢ {b(m,n): n € N}. Also, X, () is isometric to
Xo(x)> Where the isometry is induced by the operator

{en k= b(m,n),
e
0 k¢ {b(mmn): neN}.

Now, we are ready to construct the required reduction f: 28N — B. For every x € 28N
and every m € N, we write (™ for the sequence (z(m,n))nen. If X = £,, we define

Z m (™)) ( )p, vevV,

meN

and if X = ¢, we put

F(@)®) = sup{(om(@™))(v): meN},  veV.

This formula, together with the preceding considerations, easily implies that f(x) € B and
that Xy, is isometric to the £,-sum, or to the cp-sum (depending on whether X =/,
or X =), of the spaces Xo(zmy, mEN. Continuity of the functions g,, and z + 2™
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m € N, immediately implies continuity of f By Lemma 4.2, f(z) € (X)2 if and only if
o(z™) € (X)B for every m € N. Hence,

rePy;aVYmeN: 2™ e Ny & f(z) e (X)E. -

4.1. The spaces ¢,

The purpose of this subsection is to prove the following result.
Proposition 4.4. For every p € [1,2)U(2,00), we have that (€,)= is an Fy5-set in Px.

We start with the following classical result, which is sometimes named Clarkson’s
inequality. The proof may be found on various places, the original one is in the paper
by Clarkson (see [11]). In fact, we use only a very special case of Clarkson’s inequality,
where z,w are required to be elements of the real line instead of an L, space (and this
case is rather straightforward to prove).

Lemma 4.5 (Clarkson’s inequality). Let 1 <p < oo, p # 2. If p > 2, then for every
z,w € R, we have

|z 4+ wl? + |z —w? — 2|2|P — 2|w|? > 0.

If p < 2, then the reverse inequality holds. Moreover, the equality holds if and only if
zw = 0.

Proposition 4.6. Let 1 <p < oo, p#2, and let X be a separable infinite-dimensional
Ly 14-space. Let D be a dense subset of X. Then the following assertions are equivalent.
(i) X is isometric to C,.

(ii) For every x € Sx and every § € (0,1), the following condition is satisfied:
N
IN €N >0Vay,... .oy € X (NYPoa)N 50N o jlz = " af| > 0.
i=1
(iii) For every x € Sx, the following condition is satisfied:

N
dN eNVzy,...,ay € X : (Nl/pmi)ﬁlzéévﬁm;ézh.
i=1

(iv) For every x € D\ {0} and every § € (0,1), the following condition is satisfied:

N
IN €NTe>0Vay,....en €D (NYP.g)N ol o H”;‘E—H—Zx > 5.
=1

Proof. (i) = (ii): Fix v € Sy, and § € (0,1). Pick I € N with 22:1 |z(k)|P > 6 and
N € N, such that Zﬁc:l(|x(k)| - %)p > 6P. Fix a sequence (£,,)men € (0,1)N with

em — 0. In order to get a contradiction, for every m € N, pick z{™,...,25" € {,, such
that (N1/P. xf”)f\/:llts’" e and ||z — vazl x;™| <6 for every m € N.
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We claim that there is m € N, such that |27 (k)z5™ (k)| <n:= N~ (2+2/2) for every
i,j €4{1,...,N}, i # j, and k € {1,...,l}. Indeed, 0therw1se there are 7,7,k, such that
|z (k)25™ (k)| > n for infinitely many m’s. By passing to a subsequence, we may assume
that this holds for every m € N. Since the sequences (|z;™ (k)|)m and (|25 (k)|)n are
bounded, by passing to a subsequence, we may assume there are numbers a,b € R with

z;m (k) = a, a5 (k) = b and |ab] > n > 0. Since (NV/P .z N'/P. xjm)ltf'" 2, using

Lemma 4.5, for p > 2, we obtain

0<|a+b|"+]a—0bP —2|alP —2]bP

= lim (|25 (k) + 257 ()P + a5 (k) — a5 ()P — 205 ()P — 215 (R)P)

<lim ([l + 25 [P + a5 — a5 [P = 2l 1P = 2[5 |7) = 0;
hence, |a+0b|P + |a —b|? = 2|a|? +2|b|” = 0, which, by Lemma 4.5, is in contradiction with
|ab| > 0. The case when p < 2 is similar.
From now on, we write z; instead of z;™, where m € N is chosen to satisfy the
claim above. Fix k <. By the claim above, there is at most one iy € {1,...,N} with
|74, (k)| > /7, and for this i, we have |z, (k)| < ||z, || < 2N ~1/P. Consequently, we have

3
Z‘xl Nl/p Z |£I?z( )| - Nl/p +N- \/ﬁ: N1l/p”

i€{1,, N }e|wi (k)| </

Thus, we have

N l N l »
o=l 2 37 (le)| = S st} 2 3 (Je ) - ) > o7,
i=1 k=1 i=1

k=1

which is in contradiction with ||z — Zf\il x|l = ||z — Efv Lz <.

(11) = (4i%) is obvious.

(#4i) = (i): Suppose that X is not isometric to ¢,. By Theorem 3.8, X is isometric
to L,[0,1] @, Y for some (possibly trivial) Banach space Y. By abusing the notation, we
may assume that X = L,[0,1]¢,Y . Let 1 € L,[0,1] be the constant 1 function, and define
rze X =1Ly0,1]®,Y by z=(1,0). Now, fix N € N arbitrarily. Define z1,...,zxy € X by
i = (X(iz1, 51,0). Clearly, (NYP.z;)N | =7, and we have z = SN @

(i) = (iv) is obvious, so it only remains to show that (iv) = (ii). For every
r€ X\{0},0€(0,1), NeN,e>0and x1,...,z5 € X, we denote by V(x,§,N,e,(z;,)N ;)
the assertion that if (NY/7.z;)N <7 ), then e — SN ;]| > 6. The desired implica-
tion straightforwardly follows by the following two easy observations. First, if € D\ {0},
§, N and ¢ are given, such that V (2,5, N e, (x;)X ;) holds for every z1,...,xx € D, then
V(z,6,N,¢,(z;) ) holds for every zy,...,xx € X. Second, if for every z € D\ {0} and 6,
there are N and ¢, such that V(z ,1'2“5,N &,(z;).,) holds for every zy,...,xx € X, then
for every z € X \ {0} and J, there are N and ¢, such that V(z,8,N,e,(z;)¥;) holds for
every xi,...,ry € X. O
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Proof of Proposition 4.4. Let F be the set of those v € P, for which X, is an £, 14-
space. By Theorem 3.6, F C Py, is a Gs-set. By Proposition 4.6 (i) < (iv), we have

<€P>7EDOO =FnN ﬂ m U Vv,m,n,kv
veV\{0} meNn,keN
where the closed (see Fact 3.10 and Lemma 1.5) sets Vi, . n i are given by

Vo,mon ke = {,u € Pso : p(v) =0, or for every (v;)i; € V", we have

n

Thus, (£,)2= is an F,s-set. O

I~

4.2. Dual unit balls and the Szlenk derivative

The purpose here is to show that mappings, which assign the dual unit ball and its Szlenk
derivative to a separable Banach space, may be realized as Borel maps (see Lemmas 4.9
and 4.10). This will be later used in order to estimate the Borel complexity of the isometry
class of the space ¢y because the isometric characterization of the space ¢y we use involves
Szlenk derivatives (see Theorem 4.13). Note that the issue of handling Szlenk derivations
as Borel maps was previously considered also by Bossard in [7, page 141], but our approach
is slightly different, as we prefer to work with the coding P, and we also need to obtain
an estimate on the Borel class of the mapping.

Let us recall that given a real Banach space X, a w*-compact set F*C X* and € > 0,
the Szlenk derivative is given as

F! = {x* €F:U>z" is w'-open = diam(UNF) 25}.

We start by coding dual unit balls as closed subsets of By equipped with the weak*
topology, that is the topology generated by elements of the unique predual /.

Lemma 4.7. Let X be a separable Banach space, and let {z,: n € N} be a dense set
in Bx. Then the mapping Bx~ > x* — (2*(2,,))02y € By, is |- ||-|| - || isometry and
w*-w* homeomorphism onto the set
<[ X e}
neM

Proof. That the mapping is w*-w* homeomorphism onto its image follows from the fact
that Bx+ is w*-compact and the mapping is one-to-one (because (z,,) separate the points
of Bx~+) and w*-w* continuous (because on By_, the w*-topology coincides with the
topology of pointwise convergence). It is also straightforward to see that the mapping is
isometry. Thus, it suffices to prove that

{(@"(xn))pZ:: 2" € Bx+} = Q(X).

QX) = {(an)ff:l € By : M CN finite= ‘ Z an
neM
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The inclusion C is easy, let us prove 2. Given numbers aj,az,... satisfying |>° 1, an| <
1> near nll for any finite M C N, we need to find x* € Bx-, such that 2*(z,,) = a,, for
each n.

Let us realize first that

o |ay—am| < ||xn — x| for every n,m,
o |ap+am—ay| <||xn+xm — x| for every n,m,l.

We check the first inequality only, the second inequality can be checked in the same
way. Given € > 0, let n’ different from n and m be such that ||x,, + 2,/ || < . We obtain
lan = am| = [(an +an) = (am +an)| < lan +an [+ |am +an | < ||2n + 2o || + (|20 + 20 || <
2||zp + 2 || + | T — 20 || < 26+ || — 21| Since € > 0 was chosen arbitrarily, we arrive at
|an, — am| < ||Zm — @ ||. Tt follows that there is a function f: Bx — R with the Lipschitz
constant 1, such that f(x,) = a, for each n. We claim that f(u+v)= f(u)+ f(v) and
flau) = af(u), whenever u,au,v,u+v € Bx. Given € > 0, we pick n,m,l, such that
[ — ull < &, — vl < & and [ — (u+0)] <. Then, |f(u) + f(v) — f(u+v)| <
|an, 4+ am —ar| +3e < ||z + Tm — 2] + 3¢ < |lu+v — (u+v)|| + 3 + 3¢ = 6. Since € >0
was chosen arbitrarily, we arrive at |f(u)+ f(v) — f(u+wv)| = 0. This also shows that
f(u/2) = f(u)/2, therefore, f(au)= af(u), provided that « is a dyadic rational number.
For a general «, we use density of dyadic rationals and continuity of f.

Now, it is easy to see that f uniquely extends to a linear functional on X. O

By the above, every dual unit ball of a separable Banach space may be realized as a
subset of the unit ball of /. Thus, in what follows, we use the following convention.

Convention. Whenever we talk about open (closed, F,, etc.) subsets of B;__, we always
mean open (closed, F,, etc.) subsets in the weak™ topology. On the other hand, whenever
we talk about the diameter of a subset of B;_, or about the distance of two subsets of
B;__, we always mean the diameter, or the distance, with respect to the metric given by
the norm of {o,. Also, we write only KC(B;__) instead of K(B;_,w™).

Let us note the following easy observation for further references.

Lemma 4.8. Let P be a Polish space, X a metrizable compact, o € [l,wy) and f: P —
K(X) a mapping, such that {p € P: f(p) CW} € Z°(P)UIIY(P) for every open W C X.
Then, fis Zg+1—measumble.

Proof. The sets of the form
{FeK(X): FCW} and {FeK(X): FNW #0},

where W ranges over all open subsets of X, form a subbasis of the topology of K(X).
So we only need to check that f=1(U) is a Eg+1—set for every open set U of one of
these forms. For the first case, this follows immediately from the assumptions, and for
the second case, if {W,,: n € N} is an open basis for the topology of X, we have

FTHAF e K(X): FOW #0}) = U P\{p€P: f(p) S X\Wy},
neN, such that W,, CW

which, by the assumptions, is the countable union of sets from X2 (P)UTI" (P). O
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Lemma 4.9. For every v € P, we can choose a countable dense subset {x¥: n € N} of
Bx, in such a way that the mapping Q: P — K(B;_,w*) given by

> an <u<7§4xz>}

neM
Proof. First of all, we describe the choice of the sets {z%: n € N}, v € P. Let g: [0,00) —
[1,00) be given by ¢(t) =1 for ¢ <1 and g¢(t) =¢ for t > 1. Let {v,: n € N} be an
enumeration of all elements of the vector space V (which is naturally embedded into
all Banach spaces X, v € P). Now, for every v € P and every n € N, we define z € By,
by x¥ = m. Then, for every v € P, we have that {z¥: n € N} is a dense subset of

BS(V. NO(e alSO ‘hal lhe Se(
>V<Z xu)}
neM

is open in P x (B;__,w*) for every M C N finite (the proof is easy and is omitted).
Pick an open subset U of B,__. We have

Qv) = {(an)f_l € B, _: MCN finite=

s continuous.

D an

neM

{(V,(an);o_l) EPxB_:

QO '{Fek(B): FCU)})

=<vep: v 3
(an)i’f’:lEBzoo MCN
finite

S

neM

>v (Z xﬁ) or ((an)yzy €U)

neM

The complement of the last set is the projection of a closed subset of P x (B;__,w*) onto
the first coordinate. As the space (B;_,w*) is compact, the complement is a closed subset
of P. It remains to show that the set {v € P: Q(v)NU # 0} is open. Pick v € P with
Q(v)NU # 0. By Lemma 4.7, there exists 2* € By, such that the sequence (a,)n2,
given by a, = z*(z%), n € N, satisfies (a,,)22; € Q(v)NU. Let £ >0 and N € N be such
that (b,)52; € o is an element of U whenever |b, —a,| < € for every 1 <n < N. Let us
consider subspaces of cqg, given as E = span{vy,...,on} and F = {z € E: v(x) =0}. Let
G be such that F®&G = F and GNV =G (it is enough to pick a basis of E consisting
of vectors from V, and using the Gauss elimination to determine which vectors from the
basis generate the algebraic complement to F). Let Pr: E — F and Pg : E — G be linear
projections onto F' and G, respectively. Pick § < min{1, %}, such that ¢-|z*(Pgv,)| <e/3
for every 1 <n < N. Finally, put

O:={V eP: v(z) >V (z) > (1-68)v(z) for every z € G\ {0}}N

1-6

N
m {V € P: vV (Pruvy) <6,V (vn) —v(vn)| <6}

n=1
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Then, O is an open neighbourhood of v, which easily follows from Lemma 1.5 and the
fact that GNV is dense in G.

We will show that O C {v' € P: Q(/')NU # 0}. Pick v € O. If we put y*(z) :=
(1=98)x*(z) for x € G, then |y*(z)| = (1-190)|z*(z)| < (1—0)v(x) <V'(x) for every z € G,
and so by the Hahn-Banach theorem, we may extend y* to a functional (denoted again
by y*) from the dual unit ball of X,,. By Lemma 4.7, the sequence (b,)52; given by
by :=y*(z2), n €N, is in Q(v'). Moreover, for every 1 <n < N, we have

*

|bn_an‘ |g(u’(v,, Yy Un) mx*(vn”

*

Prv,)+ ))x*(van+PGvn)|

(
1
( )+ 56 9wl
= |ty (Prvn) + W(l—é)x*(ngn)—mx*(pcvn”
( )

|g(u "(vn)) y

< s v
<5+ (lg(v(va)) —glv (”n))|+5)\$ (ngn)|
< 6+25|z" (Pgon)| <e,

and so (b,)52, € Q(v')NU. Hence, O C{' € P: Q(')NU #0},s0 {v e P: Qv)NU # 0}

is an open set and € is a continuous mapping. O

We close this subsection by realizing that the mapping which assigns to every compact
subset of By__ its Szlenk derivative is Borel. Let us note that the result is almost optimal,
as the mapping from Lemma 4.10 is not F,-measurable (see Corollary 4.14).

Lemma 4.10. For every € > 0, the function s.: K(B;,w*) = K(Bi_,w*) given by
5.(F) = F! is 3-measurable.

Proof. First, we claim that the set
{FeK(B,,): diam(UNF)<e}

is an F,y-set for every open subset U of B;_ . Indeed, the set above equals

G{FEK(BIOQ): diam(UNF) <e—1}

U N {FeK(B.): FNO1 =0 or FNOy =},
k=1 O1,02 open subsets of U
dist(01,02)>e— k

and our claim immediately follows.

Now, let W be an open subset of B;__. Let {U,: n € N} be an open basis for the weak*
topology of B;_. Then, we have (using a compactness argument in the last equality)
that
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5;1({F eK(B,): FCW})

={FeKk(B.): MagN((ngMdiam(UmF) <e) and (FQWUnyMUn))}

={F B ): i WNF FC 2)) )
{FeK(B.) nylﬁ;tw((ngMdlam(U NF)<e) and ( WUnLeJ]WU))}

and our previous claim implies that the last set is an F,-set.
Thus, by Lemma 4.8, the mapping s. is EQ—measurable. O

4.3. The space cg

The main goal of this subsection is to prove the following.
Proposition 4.11. (co)= is an Fys-set in Poo.

Our estimate on the Borel complexity of the isometry class of ¢y is based on an
isometric characterization of ¢y among L. 14-spaces. Let us recall that Lo, 1-spaces
are often called the Lindenstrauss spaces or Ly predual spaces. There are many different
characterizations of this class of spaces. Let us recall one which we will use further (see,
e.g. [38, page 232], the ‘in particular’ part follows from the easy part of Theorem 3.8
applied to X* and the fact that L;[0,1] is not isomorphic to a subspace of a separable
dual Banach space, see, e.g. [1, Theorem 6.3.7]).

Theorem 4.12. Let X be a Banach space. Then the following conditions are equivalent.
(i) X is an Loo,1+-space.
(ii) X* is isometric to L1(u) for some measure .

In particular, if X is an Lo 14-space with X* separable, then X* is isometric to ¢;.
The isometric characterization of ¢y, which we use for our upper estimate, follows.

Theorem 4.13. Let X be a separable Lo 14-space, and let 0 <e <1. Then X is isometric
to co if and only if
(Bx+)3e = (1—¢)Bx-.

Proof. First, we show that (Bes)s. = (1 —¢) By (this must be known, but we were unable
to find any reference). By a standard argument, (1 —&)Bx+ C (Bx+)}. for any infinite-
dimensional X. (Let 2* € (1 —¢)Bx~. Any w*-open set U containing 0 contains also both
y* and —y* for some y* € Sx-, and so diam(U N Bx~) = 2. For this reason, any w*-open
set V containing «* fulfils diam(V N (z* +eBx+)) = 2¢, in particular, diam(V N Bx«) > 2¢.
This proves that 2* € (Bx«)5..)

Let us show that the opposite inclusion takes place for X = ¢p. Assuming 1 —¢ <
[z*]| <1, we need to check that z* ¢ (Bex).. Let e1,ea,... be the canonical basis of cg. Let
n be large enough that Y i | [z*(e;)| > 1—¢, and let § > 0 satisfy 20n < [>_1 |z*(e;)|] —
(1—¢€). Let

U={y"eci:1<i<n=l|y*(e;) —x"(e;)| < I}
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For y*,2* € UN B, we have

Z ly*(ei)| = lly* H—Zly ez|<1—le (ei)| +on,

1=n-+1

and the same for z*, thus

y =2 < Z i) =2 (el + D (el + Y [ ()]

i=n-+1 1=n-+1

n
<20n+2 {1 - Z |x*(el)\] +24n.
i=1
We get diam(U N B;) < 40n+2[1 =37 [*(e;)]] < 2e.

Now, let us assume that X satisfies (Bx~). = (1 —&)Bx«. Clearly, X is infinite-
dimensional, as (Bx~)5. is nonempty. Moreover, X* is separable because the Szlenk
index of X is w (see, e.g. [39, Proposition 3 and Theorem 1]). Thus, by Theorem 4.12,
the dual X* is isometric to ¢;. Let ej,e5,... be a basis of X* that is 1l-equivalent to
the canonical basis of ¢;, and let ej*,e3*,... be the dual basic sequence in X**. We
claim that the functionals e}* are w*-continuous. Suppose that e}* is not w*-continuous
for some n. It means that {z* € X*: e *(2*) = 0} is not w*-closed. By the Banach-

Dieudonné theorem, the set {z* € Bx« :e}*(z*) = 0} is not w*-closed, too. The space

n

(Bx+,w*) is metrizable, so there is a sequence z} in Bx~ with e}*(z}) =0, which w*-
converges to some z* with e *(x*) # 0. Without loss of generality, let us assume that
e;*(x*) > 0 and that e]*(z}) converges to some a; for every i. Then, clearly, a,, = 0. Note
that Y .2, |a;| <1, which follows from the fact that Y .- |er*(z})| = |lzf]| <1 for every k.
Let us put a* =Y 2 ael, yi = x; —a* and y* = x* —a*. Then, eX*(y;) = 0,e:*(y*) > 0,
the sequence yj is w*-convergent to y* and, moreover, e;*(y;) converges to 0 for every i.
Choosing a subsequence and making a small perturbation, we can find a sequence z/
which is a block sequence with respect to the basis e and which still w*-converges to
y*. Without loss of generality, let us assume that ||z;|| converges to some A, clearly, with
A > |ly*|| > 0, and let us consider u; = mzl* and u* = $y*.

So, we have seen that there is a normalized block sequence u; in X* which w*-converges

to some u* with e*(u*) > 0. We put
vy =(1—¢e)el +euj, v*=(l—c¢)e) +eu”.

Then, v/ is a sequence in By~ that w*-converges to v*. Since ||v} —v}|| = 2¢ for [ # 1,
any w*-open set U containing v* fulfils diam(U N Bx~«) > 2¢. It follows that v* € (Bx~ ).,
and, by our assumption, v* € (1 —¢)Bx~. At the same time,

[07]| = e (v") = (1 —e) +ee;(u") > 1 ¢,

which is not possible.

Hence, the functionals e}* are w*-continuous indeed. Every e)* is therefore the
evaluation of some e, € X. Finally, it is easy to check that ej,es,... is a basis of X
that is 1-equivalent to the canonical basis of ¢g. O
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Proof of Proposition 4.11. Let F be the set of those y € Po for which X, is an Lo 14-
space. By Theorem 3.6, F is a Gs-set in Py. Let 2 be the mapping from Lemma 4.9, and
let us denote by A the closed set {(x,2): 2 € K({s)} in K(£so) X K({s). By Lemma 4.7
and Theorem 4.13, we have that

(co)==Fn{reP: (3Q(v),Q(v)) € A}.
By Lemmas 4.9 and 4.10, the mapping P 3 v — (1Q(1),Q (V) € K(lo) x K(ls) is

Eg—measurable, so we obtain that {co)= is an F,s-set in Poo. O

Corollary 4.14. Let € > 0. Then, the mapping s. from Lemma 4.10 is not 23-
measurable.

Proof. Otherwise, similarly as in the proof of Proposition 4.11, we would prove that
(co)= is a Gs-set in Py, which is not possible due to Theorem 3.3. O

5. Miscellaneous

5.1. Superreflexive spaces

Recall that a map f: M — N between metric spaces is called a C-bi-Lipschitz
embedding if

Vo #yeM: C  dy(x,y) <dn(f(2),f(y) < Cdar(z,y).

Lemma 5.1. Let M be a finite metric space and C > 0. The set E(M,C) consisting of
those € P, such that M admits a C-bi-Lipschitz embedding into X,, is open in P.

Proof. Let u € E(M,C). Thus, there is a C-bi-Lipschitz embedding f: M — X,,. By
perturbing the image of f if necessary, we may without loss of generality assume that
f(M)CV.

Consider € > 0 and the open neighbourhood Uy of i consisting of those y’ € P for which
lp(f(z) = fly) — ' (f(x) = f(y))] < e for every x,y € M. Then, U, C E(M,C) for € >0
small enough. Indeed, it suffices to choose ¢ smaller than

min{_min Cdas (@) — (@) = (), min u(f(x) = £ () = €~ das (@)}

The easy verification is left to the reader. O
Proposition 5.2. Let (M, )nen be a sequence of finite metric spaces, and let X be the
class of those Banach spaces X for which there exists a constant C, such that for every

n €N, M, admits a C-bi-Lipschitz embedding into X.
Then, F:={p € Poo: X, isin X} is a Gso-set in Po.

Proof. Follows immediately from Lemma 5.1, because we have

F=Pn J [ E(M,,C).

C>0neN N

Bourgain in his seminal paper [9] found a sequence of finite metric spaces (M, )nen,
such that a separable Banach space is not superreflexive if and only if there exists a
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constant C, such that for every n € N, M,, admits a C-bi-Lipschitz embedding into X.
We refer the interested reader to [47, Section 9] for some more related facts and results.
Thus, combining this result with Proposition 5.2, we obtain immediately the following.

Theorem 5.3. The class of all superreflexive spaces is an Fys-set in Puso.

A metric space M is called locally finite if it is uniformly discrete and all balls in M are
finite sets (in particular, every such M is at most countable). Let us mention a result by
Ostrovskii by which a locally finite metric space bi-Lipschitz embeds into a Banach space
X if and only if all of its finite subsets admit uniformly bi-Lipschitz embeddings into X
(see [46] or [47, Theorem 2.6]). Thus, from Proposition 5.2, we obtain also the following.

Corollary 5.4. Let M be a locally finite metric space. Then, the set of those p € Py for
which M admits a bi-Lipschitz embedding into X, is a Gso-set in Poo.

It is well-known that many important classes of separable Banach spaces are not Borel.
This concerns, for example, reflexive spaces, spaces with separable dual, spaces containing
1, spaces with the Radon-Nikodym property, spaces isomorphic to L,[0,1] for p € (1,2)U
(2,00), or spaces isomorphic to ¢y. We refer to [7, page 130 and Corollary 3.3] and [36,
Theorem 1.1] for papers which contain the corresponding results and to the monograph
[17] and the survey [26] for some more information. Thus, for example, in combination
with Corollary 5.4, we see that none of those classes might be characterized as a class
into which a given locally finite metric space bi-Lipchitz embeds. Let us give an example
of such a result, which is related to [45, Problem 12.5(b)]. This is an elementary but
interesting application of the whole theory.

Corollary 5.5. There does not exist a locally finite metric space M, such that any
separable Banach space X is not reflexive if and only if M admits a bi-Lipschitz embeddings
into X.

Remark 5.6. Let us draw the attention of the reader once more to the remarkable paper
[45], where the authors found a metric characterization of reflexivity, even though such a
condition is necessarily non-Borel (as mentioned above).

5.2. Szlenk indices

In this subsection, we give estimates on the Borel classes of spaces with Szlenk index
less than or equal to a given ordinal number. Note that it is a result by Bossard, see
[7, Section 4], that those sets are Borel and their Borel classes are unbounded. So our
contribution here is that we provide certain quantitative estimates from above. Similarly,
we give an estimate on the Borel class of spaces with summable Szlenk index, which is a
quantitative improvement of the result mentioned in [25, page 367]. Let us start with the
corresponding definitions. Let X be a real Banach space and K C X* a w*-compact set.
Following [39], for € > 0, we define s.(K') as the Szlenk derivative of the set K (see Section
4.2), and then we inductively define s&(K) for an ordinal @ by s¢*1(K) := s.(s%(K)) and
s&(K) == Np<a sP(K) if a is a limit ordinal. Given a real Banach space X, Sz(X,¢) is
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the least ordinal «, such that s¥(Bx~) =10, if such an ordinal exists (otherwise, we write
Sz(X,e) = 00). The Szlenk index is defined by Sz(X) = sup,Sz(X,e).

Recall that for a separable infinite-dimensional Banach space X, the Szlenk index is
either oo or w® for some « € [1,ws) (see [39, Section 3]).

Theorem 5.7. Let a € [1,wy) be an ordinal. Then
{pePs: Sz(X,) <w®}
s a Hga+1-set N Poo.

Proof. Using Lemma 4.10, it is easy to prove by induction on n that the mapping
K(Be.) 3> F s s2(F) € K(By,) is £9,, -measurable for every n € N. Further, the
mapping K(By) 3> F + s¢(F) € K(By_) is X, -measurable. Indeed, for every open
V C By, by compactness argument, we have

{F:s2(F)C VY= J{F:s2(F)CV}

n=1

which is a Eg—set, so by Lemma 4.8, the mapping s¥ is 22, L1-measurable. Similarly, we
prove by transfinite induction that s? is 2% 41-measurable whenever § € [w,w;) is a limit
ordinal.

Let 2 be the mapping from Lemma 4.9. Then, by Lemma 4.7, we have

{1 €Ps: S2(X,) <w®}= ﬂ{uepm: S2(X,, 1) <w®}

keN
= ({1 € Poct 55),(Qn)) = 03,
keN

which, by the above and Lemma 4.9, is the countable intersection of preimages of closed
sets under Egaﬂ—measurable mapping, so it is a Hgaﬂ—set in Puo. O

Let us recall that a Banach space X has a summable Szlenk indexr if there is
a constant M, such that for all positive €1,...,6, with sg,...s., Bx~ # 0, we have
Z?:l E; S M.

Proposition 5.8. The set {i1 € Pso: X,, has a summable Szlenk index} is a Eg+2-set
N Poo-

Proof. Let 2 be the mapping from Lemma 4.9. It is easy to see that the set {u €
Ps: X, has a summable Szlenk index} is equal to

U ﬂ {1 € Poct Sey - 56, 2p) =0},
MeN €1,.-,en€Q4
i ei>M

which by Lemmas 4.9 and 4.10 is a Egﬁ—set in P. O
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Finally, let us note that similarly, one can of course estimate Borel complexity of various
other classes of spaces related to Szlenk derivations, for example, spaces with Szlenk power
type at most p etc.

5.3. Spaces having Schauder basis-like structures

It is an open problem whether the class of spaces with Schauder basis is a Borel set in
B (see, e.g. [17, Problem 8]), and note that by the results from [14, Section 3], it does
not matter whether we use the coding SB(C([0,1])) or B. However, it was proved by
Ghawadrah that the class of spaces with m-property is Borel (actually, it is a Eg—set in
Poo, which follows immediately from [21, Lemma 2.1], see also [24]) and that the class of
spaces with the bounded approximation property (BAP) is Borel (actually, it is a X5-set
in Py, which follows immediately from [23, Lemma 2.1], and this estimate has recently
been improved to a Eg—set in any admissible topology, see [24]). One is therefore led to
the question of finding examples of Banach spaces having BAP but not Schauder basis.
Such an example was constructed by Szarek [50]. Actually, Szarek considered classes of
separable spaces with local basis structure (LBS) and local 11-basis structure (LIIBS) for
which we have

basis = (LIIBS) = ((LBS) and (BAP)) — (BAP),

and he proved that the converses to the second and the third implication do not hold in
general. The problem of whether the converse to the first implication holds seems to be
open (see [50, Problem 1.8]). In this subsection, we prove that both (LBS) and (LIIBS)
give rise to a Borel class of separable Banach spaces (we even compute an upper bound
on their Borel complexities, see Theorem 5.13). Note that this result somehow builds a
bridge between both open problems mentioned above, that is, between the problem of
whether (spaces with Schauder basis) is a Borel set in B and the problem of whether
every separable Banach space with (LIIBS) has a basis.
Let us start with the definitions as they are given in [50].

Definition 5.9. By the basis constant of a basis (x;)%_; of a Banach space X of dimension
d € [0,00], we mean the least number C' > 1, such that ||}, a;z;|| < C|| Y%, azz]|
whenever n,m € N, n <m <d and ay,...,a, € R. The basis constant of (xi)le is denoted
by be((z;)% ;). We further denote

be(X) =inf {be((2;)%_,) : (2;)f, is a basis of X }.

Definition 5.10. A Banach space X is said to have the local basis structure (LBS)
if X=U,_,E,, where E; C E; C ... are finite-dimensional subspaces satisfying
sup,en be(Ey) < 0o.

Further, X is said to have the local II-basis structure (LIIBS) if X =J,_, E,,, where
E, C Ey C... are finite-dimensional subspaces satisfying sup,,cybc(Ey) < oo for which
there are projections P, : X — E,,, such that P,(X) = E, and sup,,cy || P,|| < co.

Lemma 5.11. Whenever E is a finite-dimensional subspace of a Banach space X,
0€(0,1), K>0,T:E— X is a (1+0)-isomorphism (not necessarily surjective) with

https://doi.org/10.1017/51474748023000440 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748023000440

Polish spaces of Banach spaces 1951

IT—1I||<d and P: X — E is a projection with P(X) =FE and |P|| < K, then, for every
subspace F' of E, we have |TP|rry —Ipr|| < 40K.

Moreover, whenever ||TP|ppy —Ipp)| < q <1, then T(E) is (lf_‘S;K -complemented
n X.

Proof. Let {f1,...,fn} be a basis of F. Then, for every x =>"""_, a;T(f;) € T(F), we have

TPz — x| =[ITP( Zaz F) = DI < A+ KT - DT~ || < (1+0)%6K [l

=1

Moreover, if |TP|rgy — I7g)l < 1, then the mapping T'P|pg) is an isomorphism
with [[(TPlrg) ' < Yod' = 1iq. It is now straightforward to prove that P’ :=

(TP|rg)) 'TP: X — T(E) is a projection onto T'(E) with ||P’| < (1+621K O

Lemma 5.12. For every p € B, K,l € N and vy,...,u,, € V, let us denote by
D(u, K,v1,...,0m) and ¥(u, Kl v1,...,0,) the formulae

k’ m
O(p, K,v1,...,om) =Vay,...,am €ER: 1I<I}€a<X 'u(z;a U) K.U(z;a U>

and

U(p, K, Lvy,...,00) = ug,...,u; € Q-span{vy,..., v, tVay,...,am,b1,....0 ER:

m l m l
u(Zaivi—FZbiui) S K[L(Zai’l]i—FZbi@i).
i=1 i=1 i=1 i=1
Then, for every v € B, the following holds.

(a) The space X,, has LBS if and only if
K e NVn € NIm € NJvy,..., v, € V, {e1,...,e,} Cspanf{vy,...,vm}

(v, K,v1,...,0m).
(b) The space X, has LIIBS if and only if
3K € NVn € Ndm € N3vy,...,v,, € V, {e1,...,en} Cspan{vy,..., v}

O(v,K,v1,...,0m) AV € NU(v, K L v1,...,0m).

Proof. We prove only the more difficult part (b). Since v € B, the space X, is just the
completion of (cgo,v) (it is not necessary to consider a quotient). So, the notions of linear
span and of linear independence have the same meaning in cyp and in X,,, if performed
on subsets of cqq.

Let us suppose that v € B satisfies the formula in () for some K € N. We put Ey = {0}
and choose recursively subspaces Fy C Es C... of X, each of which is generated by a
finite number of elements of V, in the following way. Assuming that E; has been already
chosen, we pick first n;,1 > j+1, such that E; Cspan{ey,...,en,,, }. Then, we can pick
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mj+1 € Nand o]t witl €V with {er,....en,,, } Cspan{v]",... 0311 1, such that

m j+1 m j+1
(v, K0l vﬂnﬂrl) and for every [ € N, U (v, K,L,v) ™ .. ,vﬁ,ﬂrl) hold.
We put EJH = Span{vJH, vin“;}rl} In this way, we obtain E; C Ej;q. Also, X, =

UZO=1 E, (we have e;11 € Ej11, as nj11 > j+1). If we take all nonzero vectors vf“,l <
i <mj41, we obtain a basis of F;; with the basis constant at most K.

To show that the sequence E; C Fo C ... witnesses that X, has LIIBS, it remains
to find a projection Pji; of X, onto Eji1, such that ||[Pj;1]| < K. Let us pick some
leN and put EG = span{v{""l, vﬁn‘:il, e1,...,e1}. By \II(Z/,K,Z,U{H7 Uﬁn"’}rl) there
exists a projection P of E® onto Ej 1, with |[P?| < K. Since the norms of P!, for
[ € N, are uniformly bounded and have a fixed finite-dimensional range, there exists their
accumulation point in strong operator topology (SOT) which is a projection Pj4q: X, —
Ej4+1 of norm bounded by K as desired.

Conversely, suppose that X, has LIIBS as witnessed by some C > 1 and a sequence
(Epn)nen of finite-dimensional subspaces satisfying X, =J,, E, and sup,cybe(E,) < C,
for which there are projections P, : X, = E,,, such that P,(X,) = E, and sup,,cy || P, || <
C. Pick D > 0, such that H, := (span{ey,...,e,},v) is D-complemented in X,,, and let
¢1:= @57 " be the function from Lemma 2.14. Fix € > 0, such that ¢ (¢) is small enough

(to be speciﬁed later) whenever t < . Find k € N, such that there are hq,...,h, € F) with

(1+<Z51( ))D
T—4¢; (EE)D <2D

‘Moreover’ part in Lemma 5.11). By Lemma 5.11, span{h;: ¢ < n} is 2D-complemented
in X, so let Q: X, — span{h;: i <n} be the corresponding projection. Pick a basis
hpi1,- - haim g, of the space ExNQ~1(0), which is (2D + 1)-complemented in Ej. Let
o = (;S;L”“ """ Paim B 16 the function from Lemma 2.14. Fix § > 0, such that ¢o(t) is small
enough (to be specified later) whenever ¢ < §. Finally, find fuy1,...,fdimE, € V with
v(fj—hj) <dfor j=n+1,...,dimE}.

We claim that the space F), := (span{eq,...,en, fnt1,-- -, fdim 5, },V) is 2C-complemented
in X, and dpp (Fn, Ex) < 2. If we denote by T : E, — F), the linear mapping given by
hi—e;, i <n, and h; — f;, n+1 < j <dim Ej, then for every y € span{h;: i <n} and
zespan{h;: j=n+1,...,dimEy}, we have

v(e; —h;) <e. If ¢1(e) is small enough, we have (this value refers to the

V(T (y+2) —y—2) Sv(Ty—y) +v(T2=2) < b1()(y) +62(0)(2)
< (61(2)2D+62(6)(2D+1) J(y +2);

hence, if 7= (61()2D + 92()(2D +1)) < 1, we obtain ||T|| <1+ |1~ T| <1+7 and
ITz|| > |||l = (I = T)z|| > (1 —n)||z|| for every = € E), so T is an isomorphism with
|T]|=* < (1—n)~!. Thus, by Lemma 5.11, if ¢;1(g) and ¢2(5) are small enough (and so n
is small enough), we obtain ||T||[|T~!|| < 2 and F}, is 2C-complemented in X, .

Thus, be(F,,) < be(Ey)dpa (Ex, Fp) < 2C, which is witnessed by some basis v1,...,0,, €
V of F,,. This shows that ®(v,2C,v,...,v,,) holds. Let P: X,, — F,, be a projection with
P[X,]=F, and |P|| <2C. Given l € N, let T C {1,...,l} be a set, such that (e;);er
together with (v;)7, form a basis of span({vy,...,v, }U{e1,...,e}). Pick A > 0, such that
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(), U (ei)ieTé ETHT‘. For i € T pick u; € spang{vy, ..., }, such that v(u; — P(e;)) <
%. Then, for every as,...,a, € R and every (b;);er € RT, we have

m

V(iaivﬁ—z:biui) < 2CV<Z:G¢U¢+ZI)¢€¢) +1/(Zbi(ui — P(e;)))

€T i€T €T
m
< 3CV(Z(L¢U¢ +Zb161)
i=1 €T

Thus, the linear mapping O : span({vy,..., v, }U{eq,...,e;}) = span{vy,...,v,,} given by
v; = v, 1 <m, and e; — u;, ¢ €T, is a linear projection, and if we put u; := O(e;) €V
for every i € {1,...,l}, we see that ¥(v,3C,lvy,...,v,) holds and the formula in () is
satisfied with K = 3C. O

Theorem 5.13.

(a) The class of spaces which have LBS is a X3-set in B.
(b) The class of spaces which have LIIBS is a $9-set in B.

Proof. This follows from Lemma 5.12 because the conditions given by formulas ® and
U are obviously closed and Fj,, respectively. O

6. Open questions and remarks

In Theorem 2.10, we proved that ¢5 is the unique separable infinite-dimensional Banach
space (up to isomorphism) whose isomorphism class is an F,-set. Following [33], we
say that a separable infinite-dimensional Banach space X is determined by its finite
dimensional subspaces if it is isomorphic to every separable Banach space Y, which is
finitely crudely representable in X and for which X is finitely crudely representable in Y.
Note that /5 is determined by its finite dimensional subspaces and that if a separable
infinite-dimensional Banach space is determined by its finite dimensional subspaces, then
it is obviously determined by its pavings and so, by Theorem 2.12, its isomorphism class
is Gs,. Johnson et al. conjectured (see [33, Conjecture 7.3]) that ¢2 is the unique, up
to isomorphism, separable infinite-dimensional Banach space which is determined by its
finite dimensional subspaces. We believe that Theorem 2.10 could be instrumental for
proving this conjecture, since it follows from this theorem that the conjecture is equivalent
to the positive answer to the following question. We thank Gilles Godefroy who suggested
to us that there might be a relation between having F, isomorphism class and being
determined by finite dimensional subspaces.

Question 1. Let X be a separable infinite-dimensional Banach space determined by its
finite dimensional subspaces. Is (X)~ an F,-set in B?

It would be interesting to know whether there is a separable infinite-dimensional Banach
space X, such that (X)~ is a Gs-set in B or in P,,. Note that the only possible candidate
is the Guraril space (see Section 2.1 for more details). One of the possible strategies to
answer Question 2 in negative for P, would be to find an admissible topology 7 on
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SB(X), such that (G)~ is a dense and meagre set in (SB(X),7). However, we do not
even know whether (G)~ is Borel.

Question 2. Is (G)~ a Gg-set in Py, or in B? Is it at least Borel?

Solving the homogeneous Banach space problem, Komorowski and Tomczak-
Jaegermann ([35]), and Gowers ([29]) proved that if a separable infinite-dimensional
Banach space is isomorphic to all of its closed infinite-dimensional subspaces, then it
is isomorphic to £5. It seems that the isometric variant of this result is open; that is,
whether ¢5 is the only (up to isometry) separable infinite-dimensional Banach space that
is isometric to all of its infinite-dimensional closed subspaces. We note that any Banach
space satisfying this criterion must be, by the Gowers’s result, isomorphic to ¢5. Our
initial interest in this problem was that we observed that a positive answer implies that
whenever (X)= is closed in P, then X = ¢5. Eventually, we found another argument
(see Section 2.1), but the question is clearly of independent interest.

Question 3. Let X be a separable infinite-dimensional Banach space which is isometric
to all of its closed infinite-dimensional subspaces. Is then X isometric to £57

We note here that Question 3 was already attacked by de Rancourt [15], who was able
to prove that if X is as above (that is, isometric to all of its closed infinite-dimensional
subspaces), then, for every € >0, X admits a (14 ¢)-unconditional basis.

In Theorem B, we proved that (G)=, respectively, (L,[0,1])=, for p € [1,00), are Gs-
sets; we even proved that they are dense Gs-sets in Po, respectively, in £, 14+ N Px.
Coincidentally, all these spaces are Fraissé limits (we refer to [18, Proposition 3.7] for
this statement about L,[0,1]). According to [18], no other examples of separable Banach
spaces which are Fraissé limits seem to be known. We remark that a characterization of
separable Banach spaces with G isometry classes has been obtained in [13], where some
new examples are presented.

It also follows that for 1 <p < oo, L,[0,1] is a generic £, 14-space. On the other hand,
by Corollary 2.9, for p € [1,2) U (2,00), L,[0,1] is not a generic QSL,-space. For p = 2,
{5 is obviously the generic QS Ls-space, and since (Q.SLi-spaces coincide with the class
of all Banach spaces, for p =1, G is the generic QS Li-space. This leaves open the next
question.

Question 4. For p € (1,2) U (2,00), does there exist a generic QSL,-space in B or Ps?

In Theorem 5.3, we have computed that the class of superreflexive spaces is an F,s-set.
It is easy to check that the class of superreflexive spaces is dense in P, and B, so it cannot
be a Gs-set, as then this class would have a nonempty intersection with the isometry class
of G which is not superreflexive. However, the following is not known to us.

Question 5. Is the class of all superreflexive spaces F,s-complete in P, or B?

Taking into account that spaces with a summable Szlenk index form a class of spaces
which is a Eg | o-set, see Proposition 5.8, the following seems to be an interesting problem.
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Question 6. Is the set {y € P : X, has a summable Szlenk index} of a finite Borel
class?

Even though we do not formulate it as a numbered question, a natural project to
consider is to determine at least upper bounds for isometry classes of other (classical or
less classical) separable infinite-dimensional Banach spaces, such as C|0,1], C(]0,«]) with
a countable ordinal, Orlicz sequence spaces, Orlicz function spaces, spaces of absolutely
continuous functions, Tsirelson’s space, etc.

Kechris in [34, page 189] mentions that there are not known any natural examples
of Borel sets from topology or analysis that are Hg or 22, for € > 5, and not of lower
complexity. We think that the area of research investigated in this paper is a good one
to find such examples.
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