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Abstract

Let K be an arbitrary field of characteristic 2, F a free group of countably infinite rank. We construct
a finitely generated fully invariant subgroup U in F such that the relatively free group F/ U satisfies
the maximal condition on fully invariant subgroups but the group algebra K (F/ U) does not satisfy the
maximal condition on fully invariant ideals. This solves a problem posed by Plotkin and Vovsi. Using the
developed techniques we also construct the first example of a non-finitely based (nilpotent of class 2)-by-
(nilpotent of class 2) variety whose Abelian-by-(nilpotent of class at most 2) groups form a hereditarily
finitely based subvariety.
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Keywords and phrases: relatively free groups, fully invariant subgroups, group algebras, fully invariant
ideals, finitely based varieties of groups.

1. Introduction

1. Let F be a free group. A relatively free group is a group of the form F/ V, where
V is a fully invariant subgroup (that is a subgroup closed under all endomorphisms
of F). In particular, F itself is relatively free. A subgroup in a relatively free group
F/V is verbal if and only if it is fully invariant (if G is not relatively free then it
may contain fully invariant subgroups which are not verbal; see [6] for a definition of
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‘verbal’ in the general case). A relatively free group G is called verbally Noetherian
if it satisfies the maximal condition on verbal subgroups (equivalently, if every verbal
subgroup in G is finitely generated as a verbal subgroup).

Let K be an associative and commutative ring with an identity element, F/V a
relatively free group, K (F/ V) the group algebraof F/ V over K. Anidealin K(F/ V)
is verbal if and only if it is fully invariant, that is closed under all endomorphisms of
K (F/ V) induced by the endomorphisms of F/ V (if G is not relatively free then verbal
ideals are fully invariant in K (G) but the converse, in general, does not hold). For
terminology and basic facts related to identities and varieties of group representations
we refer to Plotkin and Vovsi [8] and Vovsi [12]. The group algebra K(G) of a
relatively free group G is called verbally Noetherian if K (G) satisfies the maximal
condition on verbal ideals (equivalently, if every verbal ideal in K(G) is finitely
generated as a verbal ideal).

Clearly, if a relatively free group F/V is not verbally Noetherian then so is the
group algebra K (F/ V) for every K (if N is a non-finitely generated verbal subgroup
in F/V then the ideal generated by the set (N — 1) is a non-finitely generated verbal
ideal in K (F/ V)). No other ways to get examples of non-(verbally Noetherian) group
algebras of relatively free groups of countably infinite rank over a Noetherian ring
were known. The following problem is equivalent to the one posed by Plotkin and
Vovsi (see [8, Problem 4.2.8)).

Does there exist a verbal subgroup U in a free group F of countably infinite rank
such that U is finitely generated (as a verbal subgroup) and satisfies the following
conditions:

(i) F/ U isverbally Noetherian;

(i) over some field K the group algebra K (F/ U) is not verbally Noetherian?

We resolve this by proving the following theorem. Let (x, y) = xy—yx, (x,y,2) =
((x,¥),2) = xyz — yxz — zxy + zyx and let a® = b~'ab. Define a*» = g~ q™>*
and a(x.y.z) = aaTYigm Y g | Let g*? = (au)v.

THEOREM 1. Let K be an arbitrary field of characteristic 2, F the free group of
countably infinite rank on free generators x\,x,, ..., U the verbal subgroup of F
generated (as a verbal subgroup) by the elements

(D [[xy, x2, x3], [x4, x5, X611,
(2) [xl X, x3](14'15>x6)(x7v"8).

Then the group F/ U is verbally Noetherian but the group algebra K(F/U) is not
verbally Noetherian.
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REMARK. In fact, some extra calculations show that Theorem 1 remains valid if
one replaces the element (2) with [xy, x5, x3]®+*s%)

2.  The techniques developed in order to prove Theorem 1 can be applied to

varieties of groups. Let x,, x5, ... be free generators of the free group F. For any
v =uv(xy,...,x,) € F, v =1 is said to be an identity (or a law or an identical
relation) of a group G if v(gy,...,g,) = L forall g,,...,g, € G. The class of

all groups satisfying a given set of identities is called a variety of groups. We refer
to Neumann [6] for terminology and basic facts related to identities and varieties of
groups. A variety of groups V is called finitely based if V can be defined by a finite
set of identities. A group variety V is called Specht (or hereditarily finitely based) if
all subvarieties of V including V itself are finitely based (equivalently: if each group
in V has a finite basis for its identities).

Many varieties of groups are known to be Specht; in particular, this applies to the
variety N A of all (nilpotent of class at most ¢)-by-Abelian groups for each ¢ (Cohen
[2] for ¢ = 1, Bryant and Newman [1] for ¢ = 2, Krasil’nikov [5] for arbitrary ¢) and
each variety var (G) generated by a finite group G (Oates and Powell [10]). On the
other hand, the variety N,N, of all (nilpotent of class at most 2)-by-(nilpotent of class
at most 2) groups is known to be non-Specht (Vaughan-Lee [11]) as well as the variety
ZAN, of all centre-by-Abelian-by-(nilpotent of class at most 2) groups (Gupta and
Krasil’nikov [3]).

A variety V is called just non-Specht or just non-finitely based if V is non-Specht
but all proper subvarieties of V are Specht (equivalently, if V is non-finitely based but
all proper subvarieties of V are finitely based). It follows easily from Zorn’s lemma
that each non-Specht variety contains a just non-Specht subvariety so just non-Specht
varieties of groups ‘form the border’ between Specht and non-Specht varieties. It is
known that there are infinitely many just non-Specht varieties of groups (Newman
[7]) but no examples of such varieties are as yet known. The following theorem
gives the first example of a non-finitely based subvariety V of the variety N,N, whose
intersection with AN, is Specht. The variety V comes closest to being just non-Specht.
We hope that it could give an approach to construct a just non-Specht variety of groups
(a problem which remains open).

Recall that a*” = a*a™* and a%?? = g”*a"*a " a?*. Let @“"“1% =
(a*v )" forall k > 1.

THEOREM 2. Let V be the variety of groups defined by the identities

(3) [[xth’ x3]’ [X4,XS,XG], [x77x8]] =1

and

(4) [-xl X2 x3](n.xs.xs)(x7.Xs-19)(xlo.xu)(112,):13) =1
bl b - .
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Then the variety V is not Specht but the intersection variety VN AN, (which is defined
by the identities [[x,, X3, 3], [x4, X5, x6]} = 1 and (4)) is Specht.

REMARK. Theorem 2, in fact, remains valid if one replaces the identity (4) with the
identity [x,, x;, x3]*+*s*071%%9) = [ The proof remains valid as well although some
additional calculations are needed.

3. Let k be a positive integer, U, the verbal subgroup of the free group F of
countably infinite rank generated (as a verbal subgroup of F) by the elements

[[x1, x2, x5, [x4, x5, x6}1, [x1, Xg, x3] X4 s @07 Fsmo) (i X3 x3)

U, the variety of groups corresponding to the verbal subgroup Uj so that U, is defined
by the identities

[[xl » X2, x3]’ [X4, Xs, x()]] = lq [xl » X2, x3](XMXS‘X‘S)(X%XB.XQ).'.(XM_Z.XM_l‘xu) =1.

To prove that the variety VN AN, is Specht and the relatively free group F/ U defined
in Theorem 1 is verbally Noetherian we need the following.

PROPOSITION 1. For every positive integer k the relatively free group F/ Uy is
verbally Noetherian.

Since VN AN, € Us and U, C U for all k£ > 2, Proposition 1 implies that the
variety V N AN; is Specht and the relatively free group F/ U is verbally Noetherian.

Let N be the set of all positive integers and let & be the set of all functions
¢ : N — N such that a¢p < b¢ when a < b. We also write & for the corresponding
sets of endomorphisms of F (such that x;¢ = x;, for all i) and of F/ U,. A subgroup
L in F (in F/U) is called a ®-subgroup if L is closed under all endomorphisms
¢ e d.

In fact, rather than Proposition 1 we shall prove the following stronger assertion.

PROPOSITION 2. For every positive integer k the relatively free group F / U, satisfies
the maximal condition on normal ®-subgroups.

2. Proof of Theorem 1

We write Z for the set of integers and N for the set of all positive integers. Since
F/ U is verbally Noetherian by Proposition 1, to prove Theorem 1 it suffices to check
that K(F/ U) is not verbally Noetherian. Let y,, y,,... be free generators of the
relatively free group F/ U. For every m € N, define v,, € K(F/ U) by

U = ([}’1. y2, y3] — 1)([)’4, ysl— 1) T ([)’2m+2, Yam+3] — 1)([)’1, Y, yil— 1)-

https://doi.org/10.1017/51446788700002056 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700002056

[5) Solution of a problem of Plotkin and Vovsi 333

Let / be the verbal ideal in K (F/ U) generated by the elements v,, (m € N). Let, for
each &, I; denote the verbal ideal generated by all v,, (m # k). Using a construction
from [3] we shall prove that, for each k, the element v is not contained in I; and so /
is not finitely generated as a verbal ideal.

In [3, Theorem 2] for each k € N there were constructed an algebra R, over a field
K of characteristic 2 and a subgroup H, of the group of units U(R;) which satisfy, in
particular, the following conditions:

) vuhy, by, ... homys) =0forall h; € Hy, m # k;

(U) w(hy, by, ... h2k+3) ?é 0 for some hi,hs, ..., h2k+3 € H;(.

To check that v, & [, it suffices to prove the following lemma.

LEMMA 1. For each k € N the group H, satisfies the identities

&) ([x1, x2, x3], [x4, X5, x6]] = 1,
(6) [xl, Xs, xs](n.xs.xe)(n.Xs) =1.
Indeed, let &y, ... , Ay .3 be elements of Hy such that vy (A4, . .. , Axys) 7 Oand let

x be the map of the set {y; | { € N} into Hy suchthaty,x = h;fori=1,...,2k+3,
yix = 1fori > 2k + 3. By Lemma 1, x can be extended to a homomorphism of
F/ U into H; which, in its turn, can be extended to a homomorphism (also denoted
by x) of the algebra K (F/ U) into R;. Then, by (i), I, x = 0 but, by (ii), v x # 0 so
v, € I, as required.

PROOF (of Lemma 1). Let K be an arbitrary field of characteristic 2, k an arbitrary
fixed positive integer. The algebra R, and the group H; were constructed in [3,
Theorem 2] in the following way.

Let G be a group given by the presentation

(7) G= (xl‘ X2y 0nn , x,'zv [xil’xi29xi3]v i’ il! i2’ i3 € N)

andlet G = G/G'. Foreach g € G put§ = gG’ € G. Note that for each c € G’ we
have ¢* = 1 (because [x;, x;1* = [x?, x;] = 1 forevery i, j € N).
Let T denote the ideal of the group algebra K (G) generated by all elements

®)
(Lg1, 821+ 1) (g3, 8] + 1) + ([g1, ga] + 1) (lg2, 831 + 1), 81, 82.83. 84 € G.

Denote S = K(G)/T. Foreach f € KGputf = (f + T) € S. Let M, be the left
K (G)-submodule of K (G) ®« S generated by all elements

I8¢ (@€G), 1®1 and 1Q([&, &1+ 1D ([&am-1) &ml + 1)
(m#k, g,..-8m€ G).
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The algebra R, is the algebra of matrices

Rk= 0 S S

K(G KG)®xS K(G) ®« S/Mk)
0 0 K

which is the quotient algebra of the algebra

K(G) K(G)®«xS K(G)®kS
0 S S
0 0 K

0 0 M
00 0].
00 O

The group H, is the subgroup of the group of units of R, generated by the matrix C
and all matrices g (g € G), where

0

0

1

so that H, = BG is the semidirect product of B = sgp{C®| g e G} with G =
sgp{g | g € G}, where

modulo the ideal

1 10
C=[01 1|, g=
0 01

S O o
O 0 O

1 g7'®g O
9 CtE=10 1 g '],
0 0 1
Now we are in position to prove that H, satisfies the identity (5). Leth,,... ,hs €

H,, C, = [hy,hy, b;], G = [hy, hs, hg]. Since Cy, G, € B, they are products of
elements of the form (9) so for some f;, g; € G

1 Zi?i—l ® fi * 1 Z:j gj_l ® ¢ *
G=10 1 S G=10 1 Zj éj_l
0 0 1 0 0 1

(entries denoted by * are not important for the argument). Therefore,

1 0 P
[Clv C2] = O | 0 s
0 0 1
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where
__1 ~ ~_ — ~ A—
p- (27 er) (Do) - (Taen) (277
i J i i
_ -1 Sall =l o A Ao
—Z(fi ®figj - & ®&f, )
ij

Note that if f,g;' & G’ for some i, j then g;f,”' ¢ G’ and

.._._1 AA_ __ R A—
fi ®figj11gjl®gjfi’€Mk.
On the other hand, if f;g;' = ¢ € G’ for some i,j then g;f,' = ¢! = c € G’ and
g =fiSo

1

e L U R NI B R
fi ®figjl_gj l®gjfi lzfi ®C—f,~ ®c=0.
ThUS, P=0 (mod Mk) and [[h], hz, h3], [h4, h5, h6]] =1 for all hl, ey h6 € Hk,
that is H, satisfies the identity (5).

Let us check that H, satisfies the identity (6) as well. It was checked in [3, page 361]
that for every g, g2, 83 € G

(10) (81, 82,83 =0.

Let hl,...hg € Hk. Let D = [hl,hz,h3], h,' = gibi, where g € G, bi € B
(i=4,...,8). Then

1 a *
D=0 1 b
0 01
and
1 P12 *
Dhahsbe) _ NyBagsgo—sgago—BeBaBs BB — | () 1 Py,
0 0 1
where

P12 = g4g5g6_la§4§5§6 - g58486_la§5§4§6 — 868485 _‘a§6§4§5 + g685g4_la§6§5§4
=2, '8 '8¢ 'a(8s8s8e — 858186 — 868aks + 868584
=2, 85 '8¢ ' a(84, &5 &)
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and

Py = (848586) "D — (858486) 'b — (Z6848s) b + (868584) b
= (8,858 ~ 858,85 — 8518785 + 88585 )b
= (8", 8" & Hb.

So, by (10), P, = P53 = 0 and [hy, h;, h;]®bs:he) jg 3 matrix of the form
1 0 P
01 0],
0 0 1

where P € K(G) ®x S/M. It remains to note that
1 O P h7hg 1 0 §7§8P 1 0 P hgh,
01 0 =10 1 0 =10 1 0 ,
0 0 1 00 1 0 0 1

that is [hl, hz, h3](h"h5‘h")h7h3 = [hl’ h2, h3](h4,h5yho)hgh7, SO

(hohg—hghy)

(hy, hy, h}](luvhsvhs)(hmhs) — ([hh h,, h3](h"'h5'h°)) 1.

Thus, the identity (6) is satisfied in H,. This completes the proof of Lemma 1 and the
proof of Theorem 1 (provided that Proposition 1 is proved). ]

REMARK. It is possible to check that H, satisfies the stronger identity
[x1, Xz, 23] 505 = 1

as well.

3. Proof of Theorem 2

Since the intersection variety V N AN, is Specht by P'roposition 1, to prove The-
orem 2 it suffices to prove that V is not Specht. We shall show this by proving the
following.

THEOREM 3. Let
Wy = WXy, ..., Xoky3) = [[xlvx% xsJtemsh ool Ty, xs]] ,

(k € N), W the subvariety of V defined by the system of identities {w; = 1 | k € N}.
Then W is non-finitely based.
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In order to prove Theorem 3 we shall construct, for each k € N, a group £, € V
which satisfies the identity w; = 1 (so J%; satisfies all identities w; = 1 for ! < k) but
does not satisfy the identity w4, = 1.

LetF, = Z/2Z, k an arbitrary but fixed positive integer. Let G be a group given by
the presentation (7), 7 the ideal of the group algebra F, G generated by all elements
(8). Let T denote the ideal of F,G generated by all elements

(g1, 21+ D([g3, gal + 1) (g1, 82,83, 84 € G)

sothat T € T. Denote § = F,G/T, S = F,G/T. For each f ¢ F,G put
f=(F+Des,f=F+T) es. LetN,(betheleftSsubmoduleofS@F2
generated by all elements

1®2 (€G), 1®1 and 1@ (&1, &]1+1) - U8wm-1,8m]+ 1)
(m 5k7glv"' ,me € G)'
Define %, to be the algebra of matrices

S S®S (S®, S)/N;
0 S S
0 0 F,

which is the quotient algebra of the algebra
S $®S S®rS

%k=

Z=10 S S
0 0 F,
modulo the ideal
0 0 N,
00 0].
0 0 O

Let %, be the subgroup of the group U(%,) of all units of %, generated by the matrix
C and all matrices g (g € G), where

110 g 00
c=[01 1], g=10 g 0
0 01 0 01

Then 5% = BG is the semidirect product of B = sgp{C®|g € G} with G =
sgp (g | g € G}, where

1 g27'®g O
(11) Cct={0 1 g !
0 0 1

https://doi.org/10.1017/51446788700002056 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700002056

338 C. K. Gupta and A. N. Krasil’'nikov [10]

The following lemma can be proved similarly to corresponding assertions in the
proof of Theorem 1.

LEMMA 2. For every positive integer k we have ¢ € V.

To complete the proof of Theorem 3 we need the following result.

LEMMA 3. Let D € By,

1 Z,,g;‘epg,. * c % *
D=0 i .87, e=[0 ¢ x| (ceG).
0 0 1 0 0 1t
Then
1 0 P
[DC’ D]: O 1 0 ’
0 0 1
where P = (¢ + 1)(Zi g;l) ® ¢ + N,.
PROOF. Since
Df=1}{0 1 6(2,.59;‘) ,
0 1

0
we have

P =E(Zgr‘®g,->e-2§:‘+ (Zé,-“@bé,-) .e(zg:') + N,

i

=) (@ '®é+4'®9)

+2 (T @aE A @B B ®LEHE © 48T+ N
i<j
=@+ (Zaﬂ) ®E+E+ 1Y fy+Ne
i i<j
where f; = 7' ® 8:87'¢+ &' ® §;87'¢. M hihi'c ¢ G’ then hjh'c & G so
fi € Ne. hihi'le=c € G'thenhjh'c = ¢, h; = hicc so
CEH+Df; =@+ DR @+ @+ Dh7'EE @ ¢
=CE+DE+DE'®E=00¢ =0.

Thus, (E+1) Y, ; fii +Ni = Neandso P = (+1)(3, &) ® ¢+ Ny as required.
This completes the proof of Lemma 3. O
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Lemma 3 implies that % satisfies the identity w, = 1. Indeed, for every
hl’ h27 h3 € '}ﬁc’ [hla h27 h3] € Bk SO

1 Z;§I_I®§l *

lhy, k2 h3) = {0 1 > &
0 0 1
for some g; € G. If ¢ = [hy, hs]- - - [hoxsa, haeys], hi € & for all i, then c is of the
form
¢ % k
0 ¢ x|,
0 0 1

where ¢ € G, ¢ = [g4, g5] - - - [82+2, 3] fOr some g, € G (i = 4,...,2k +3).
Therefore, by Lemma 3,

1 0 P
[[hi ko, B3)S TRy o ksl = [0 1 O,
0 0 1

where P = (¢ + 1)(3_, g7 ® ¢ + N,. Note that

i=k i=k
c= U[g2i+2' g+l = H(([82i+2v gunl+ 1+ 1)

is a F,-linear combination (in the group algebra F,G) of elements of the form
fo.faA+D-{fur, f2l+D A < k), fie GGE=1,...,21),s0 P = N,
and [[hh h27 h3]cv [hh th h3]] = 1'

Thus, we(hy, ..., hyss) = 1forall ky, ..., hyss € F4, so the identity w, = 1 is

satisfied in J%.
To prove that % does not satisfy the identity w,y, = 1 it suffices to check that
W1 (C, X2, X3, ... , Xoxys) 7 1, where
1 10 x 0 0
cC=101 1}, xx=]0 x; O (i=23,...,2k+5).
0 01 0 0 1

It is easy to check that

I QOn *
[C.x2,x3]= |0 1 QOn],
0 0 1
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where Q1 = 1®14%; ' ®@%,+5; ' @%:+%; 1%, ®%,%3, Qo = 1451+ 27 +157155
Let ¢ = {x4, xs5] - - - [X244, X2445] and let

¢c 00
c=]0 ¢ O
0 0 1
Then, by Lemma 3,
1 0 P
[[C, X2, X3]c’ [C’ X2, x3]] =0 1 0 s
0 0 1

where P = (1 + %} + Xy +x3"£2‘ ¢+ 1) ® ¢ + N,. Note that

i=k+1
G+ 1) =Y ([Fas2 Fars] + 1)
i=2
and
i=k+1 i=k+1
c= H [£2i+27xA2i+3] = n (([f2i+2’f2i+3] + 1) + 1)
i=2 i=2
i=k+1
= 1—[ ([%2i420 X2i3] + 1) + f,
i=2
where f € N,. Therefore,
i=k+1 i=k+1 i=k+1 i=k+1
Zf(l)+ Zf(2)+ Zf(3)+ Zf(4)+Nkv
i=2 i=2

wheref,-“) ——‘fi’f,'(Z) _ ~-—1f“f(3) _x—lf”f( — x"i{lf,-,

i=k+1
fi= ([X21+2,x21+3 +1) ( H ( x21+27-x21+3] + 1))

The following lemmas can be deduced easily from the proof of Theorem 2 in [3].

LEmMA 4. § ®r, S/ Ny is a free left S-module freely generated by the set

{(1®([x;, X, ]+ 1) (X, , X ]+ D+ Ne | I >k iy < b < -+ < iy}
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LEMMA 5. Let

U=, % 11=20,i<---<i},

Uy ={x;, - x,([x;,, Xp,] + 1) [ 1 20,8 <--- <y, j1 < Ja}.
Let U= U, U U,. Then U is a basis of S over F,.
Lemmas 4 and 5 implies that the set
FO+NI2<i<k+1,1<j<4)
is linearly independent over F5, so P # 0 (mod N,) and
Wit (CoXa, ..., Xaays) = [[C, X2, X31%, [C, %o, X3]] # 1.

Thus, the group % does not satisfy the identity w;,, = 1.
This completes the proof of Theorem 3 as well as that of Theorem 2 (provided that
Proposition 1 is proved).

4. Auxiliary results

Let 2 be an arbitrary associative ring generated by d; (i € I) and let J be the
two-sided ideal in &2 generated by all elements of the form

(12) (w1, uz, u3) (i € 9).
LEMMA 6 ([9)). J is generated (as an ideal) by all elements of the forms

(13) (d,, dy,,dy,) (i, bk, el
(14) (d,,d,)(d,.d,)+ (d,d,)dy,, d,) (i1, 02,5, €D).

PROOF. Assume that 2 is the free associative ring on a free generating set {d; | i € I}
(it clearly suffices to prove Lemma under this assumption). Let ' be the two-sided
ideal in 2 generated by all elements (13)—(14).

Using the identity (uv, w) = u(v, w) + (1, w)v, one can check easily that

(uyus, Uz, us) = uy(us, U, ug) + (uy, Uz, ug)us + (uy, uz)(us, ug) + (U1, ug)(us, us)
so all elements of the form

(15) (uy, u2)(us, ug) + (up, ug)(us, uz)  (uy, w2, us, Uy € 9)
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are contained in 7. Therefore, ' C 7.

Since elements (12) and (15) are multilinear with respect to u;, one can assume
that all &; in (12) and (15) are monomials (on {d; | i € I}). We shall prove that J’
contains all elements of the forms (12) and (15) (and so & = Z”) by induction on the
degree of such an element.

Let f € 2 be of the form (12) or (15). Note that every element f of the form (12)
of degree 3 is contained in J” and so is every element f of the form (15) of degree 4
{(because such f is of the form (13) or (14)). Suppose that f is of degree k (k > 4)
and all elements of the forms (12) and (15) of degrees less than k are contained in 7",

Consider f = (w1, u2)(us, us) + (uy, us)(us, uy) of degree k. Suppose that

r oM

us = uyu,, where u}, u, are monomials of degree at least 1. Then

! n

[ = (uy, ux)(us, wyuy) + (uy, wyuy)(us, up)
= (uy, up)uy(uy, uy) + (uy, w2)(uy, W) uy + w(uy, uy)(us, uy)

+ (ulv u;)u:{(“3, u2)~

Since

(uy, uz)uy(us, uy) + wy(uy, uy)(us, up)

= wy[(uy, up)(us, uy) + (uy, wy)(us, wp)} + (g, ua, uy)(uy, uy)

is contained in 7’ and so is (by the same argument)

(1, uz)(us, wyyuy 4 (uy, wduy(us, uy),

we have [ € J.

Note that if u, is of degree 1 but for some i (1 < i < 3) u; = uju;, where u}, u’
are monomials of degree at least 1 then one can prove f € 7 in a quite similar way.
Thus, under the inductive assumption each element f of the form (15) of degree & is
contained in .

Consider f = (u,, u, uz) of degree k. If uy = wjuy, where u}, u7 are monomials
of degree at least 1 then

[ = (uy, up, wyuy) = uy(uy, uz, wy) + (uy, up, u)us € 7.
If u; = u,uj then
L

f = (u, wyuy, us) = (uy(uy, wy) + (uy, uy)u;, us)
= wy(uy, uy, u3) + (U, w3) (g, wy) + Uy, u) Wy, us) + (uy, uy, u3)uy € .

/M

(If uz, u; are of degree 1 but u; = uju where u|, u] are monomials of degree at least
1 then the proof is quite similar). Thus, under the inductive assumption each element
of the form (15) and of degree & is contained in .

This completes the proof of Lemma 6. O
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Let A = F/y;(F), Z(A) the group ring of A. Suppose that a; = x;5(F) (i € N)
so that {a; | i € N} is a free generating set of A. Let T be the two-sided ideal in Z(A)
generated by all elements of the form (uy, u,, us) (41, Uy, us € Z(A)).

LEMMA 7. T is generated (as an ideal in Z(A)) by all elements of the form

(16) ([ai., a,] — 1)([01'3, a,] — 1) + ([ai., a,] - 1)([01'3, a,] — 1),

where iy, Iy, I3, 4 € N.

PROOF. By Lemma 6, T is the two-sided ideal generated by all elements

(17) (a',a?,a?) (i1, i, i3 € N, &1, 82,83 € {—1, 1})
and
(18) (@' a2 )(af . aif) + (a}), ai') (a3}, a7?)

(i, i B3, €N, 1,8, 85,8 € {—1,1}).
Let T; be the two-sided ideal in Z(A) generated by all elements

(19) (' a2) (a2 a?) (Griis €N, ey, 60,65 € (=1, 1)),

i iy i ™%y
Since

(o, @) (i} a) = (ai)s a)(ag, af) + (afls af)(ag ) € T

[Tkt 7 i iy ™ 2]

for all i, Ip, I3 € N, €1,&,863 € {—l, l}, T[ cT.
Note that the ideal T; is generated by elements

(20) (lai, ay) — D({ay, a] — 1) (i1, ba, i3 € N).
Indeed,

@n (af'. a}") = aa (Ia]', 7] = 1) = a}’a] ({2, 4,1 — 1)
and

22) (lai, 17" = 1) = —[a;, g1 (@i, a1 — 1)

SO

(al'5|l ’ af:)(af:, af: = sg([ailv aiz] - 1)([(1,‘2, ai3] - 1)
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forall iy, i, i3 € N, 6, 62,63 € {—1, 1} and some g € A, ¢ € {—1, 1} which depend
on iy, iy, i3 and &,, &4, £5. Therefore, the elements (19) and (20) generate the same
ideal (which is the ideal T).

Further, if iy = j, = g forsome k, I, (1 < k, [ < 2) then

(la}!, a1 = 1) gy, 4] = D) = ([ap, a,)" — 1) ([ay, @} ~ 1)
= Eg([ap’ aq] = 1)([aqv ar] - l) € Tl
p € {ih i2}9 re {jl’jZ}’ 81,82,8 € {_1’ 1}9 8 € A

SO
(23) la}', a’1(la;,, a;,] = 1) = ([a),, @;,] = 1) (mod T))
if {ir, 2} N {j1, j2} # 8. By 21),
(i), a;)(aF, af) = aja}l @il ([ay, @, 17" — 1) ((@i, @] — 1)
so, by (23),
(@i, a?)(al, a) = a]'a?aia ([ai,, @, )" — 1)(lai,, a, 7% — 1)  (mod T).
Similarly,

(a.s' “)(a a; ) = as'aezas’ae‘([ai,, T M 1)([a,-3, a;,]”” — 1) (mod Tp),

iy 14 1 i T T

SO
(a2 ) + 6 ) 05) = s (o T
where
f = (lai, a; 17" - D(la;,, a,17* = 1) + (la;,, @, 17 — 1)([a,,, a;, 17 — 1).
By (22) and (23),
(1ai. a1 = 1)([ay, a1 = 1)
= sgn (e16:8384) (@, ai,] — D({ai,, a,]— 1) (mod Ti),
while

([ain ai‘]e.ea . 1)([(1:’3, ai2]€2£3 _ 1)
= sgn (1628360 (@, @] — D(la, a1 — 1) (mod Ty),
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soforall iy, ir, i3, iy € N, €1, €4, €3, 84 € {—1, 1}

(als af)(ay, aif) + (ai's @) (a7}, o)

= sgn (e1626364)a; a2 a)ai ([, a;,] — Dlay, @] — 1)

L] n 3 14

+ ([ay, @} = D({@;, a,] — 1))  (mod Ty).

Therefore, the two-sided ideal T; in Z(A) generated by 7 and the elements (18)
coincides with the ideal generated by 7; and the elements (16). Since 7, can be
generated by the elements (20) which are also of the form (16), it is clear that T; is
generated by the elements (16).

Finally, it is easy to check using (21), (22) and (23) that every element
(a2, a) = (af) a5)a - a(af', af)

i) 0 Qiy » Ay i Y

of the form (17) is contained in 7,. Thus, 7; is generated by all elements (17) and (18)
thatis 7, = 7. This completes the proof of Lemma 7. 0

Let .# be the set of all elements of Z(A)/ T of the form

(24) ai'ay - (ay,ap] = 1)+ (@i, ap] - D+ T

(I20, i<i<--<iy,y<iy),
where n; € Z forall j € N and n; = 0 for almost all j .

LEMMA 8. Z(A)/ T is spanned by A .

ny n2

PROOF. Since each element of A can be written in the form aj'a,’ - - - ¢, where
¢ € A’ it suffices to prove that (¢ — 1) 4+ T is a linear combination of elements

([ai,a,] =1 - (ay_ ap,] —D+T (Gi<ip < - <y <iy)

forevery ¢ € A’. Note that, for each ¢ € A’, (c— 1)+ T is clearly a linear combination
of elements of the form

(25) (lai, ap,J™ = 1) -+ (lay,.,, ap, ™ — 1) + T.
Further, foreachm € Z

(26) ([ai, a;]" — 1) +T=m(a,a]-1)+T.
Indeed, if m > O then

(lai, q;1" = 1) + T = (@i, 41 — D([ai, 1" + - + @i, g1+ 1) + T
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which is equal, by (23), tom([a;, a;] — 1) + T. If m < O then

(lai 41" = 1)+ T = —[a;, )" ([ai, 4, )™ — D+ T
= —|mlla;, g;]" (@i, q;] - D)+ T

which is equal, by (23), to —|m|([ai, a;] - 1) + T =m([la;, a;]1 - 1) + T.
By (26), each element of the form (25) is a linear combination of elements

27N (lai,a,] -1 ---(aia, ] =D+ T,
where, by (23), i, # i, forall p # q (1 < p, q < 21). Further,
(laj,ai1—1) =—(a;,a;] —1) (mod T)
by (22), (23) and
(aj,, a;,] = D(aj, ¢, ] = D) = —(a;,, 4] — D(a;,,a;,] - 1)  (mod T)

because every element (16) is contained in 7. These equations imply that for every
i, jr (1 <r <4)suchthat {i, &, i3, is} = {j1, j2, J3, Ja} We have

(28) (g, a,} - Dlay,, 45,1 — 1) = e(la;,, ;] — D(la,, a,} - 1) (mod T),

where ¢ € {—1,1}). Thus, for every ¢ € A’ the element (c — 1) + T is a linear
combination of elements of the form (27) with i; < i; < --- < iy. This completes
the proof of Lemma 8. O

LEMMA 9. (Z(A)/ T, +) is a free Abelian group with a basis M.

PROOF. By Lemma 8, it suffices to prove that the set .# is linearly independent
over Z.
Let E be an associative algebra over Q with an identity element 1 defined by

E = (e (i e N)| ef =0,e¢; = —¢je; (i,j € N))

Then E is (isomorphic to) the Grassmann (or exterior) algebra on a countably infinite-
dimensional vector space over Q with a basis {e; | i € N}. It is well-known (and easy
to prove) that the set

{e,-cre 1 k>0, <ip <--- < i}

is a basis of E over Q. Since e,.2 =0, elements 1 + ¢; (i € N) are invertable in £ and
(14 €)' =1 — e, Note that

[1+e,1+¢]=(—-e)1~e)1+e)l+e)=1+2e6
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for all i,j € N. Since elements e;e; are central in E, the (multiplicative) group
9 generated by {1 + ¢; | i € N} is nilpotent of class 2. Therefore, the mapping
§ 1a; — 1+ ¢ (i € N)can be extended to a homomorphism of A onto ¢ which, in
its turn, can be extended to a homomorphism of the group ring Z(A) into E. Since

(([a.‘., aiz] - 1)([01‘,, ai,] -D+ ([ai,, ai4] - 1)([(11',, ai2] - 1))¢
= 4e,~| €;,6,,€;, + 48,'1 e,'AC,'Se,'z =0
for all iy, iy, i3, iy, we have T C ker & so there is a homomorphism £:Z(A))T - E
such that (¢; + T)E = 1 + ¢; (i € N). Since
([, 5] = D)+ (84 ] = 1) + TE = 2'eye;, - €4,
the set
{(lai,a,] =1 -(ay,_,, a,] =D+ T |120,iy <ip <+ < iy}

is linearly independent, so it forms a Z-basis for ZA' + T/ T.

Now to complete the proof of Lemma 9 it remains to note that if 7 is an ideal of
Z(A) generated by elements of Z(A’) such that (Z(A') + T/ T, +) is a free abelian
groupand {v; + T | j € J}is a Z-basis of Z(A') + T/T then the set of all elements

ai'ay---v;+T (el
with n; € Z for all I € N and n; = O for almost all  is a basis of Z(A)/ T over Z. [

Let g be a positive integer, N7 the set of ordered g-tuples of elements of N. Suppose
that M, is the free right Z(A)-module generated by all elements (i), i, . .. , i;) € N9,

Recall that & is the set of all functions ¢ : N — N such that a¢p < b¢p when
a < b. We also write & for the corresponding sets of endomorphisms of Z(A)
(such that a;¢ = a4 for all i) and of Z-linear mappings of M, into itself such that
(oo 5 i)f)P = (0@, ..., i;d)(f ¢), where f € Z(A). A Z(A)-submodule L in
M, is called a ®-submodule if L is closed under all mappings ¢ € ®.

The main result of the section is as follows.

PROPOSITION 3. For every positive integer q the module M,/M,T satisfies the
maximal condition on ®-submodules.

PROOF. Recall that .# is the set of all elements in Z(A)/ T which are of the form
(24). Define on .# a linear order denoted by < and a partial order denoted by <. Let
m,m' €. M#,m=mmy,m =mm, wherem;,m. € # (i =1,2),

(29) m =a'ay---+T, m =a;"'a;'2---+T,
(30) my = ([ai,a,] — -~ (ay_,a,] - D+T (1 <--- < iy),
G my=(agagl =D (ag, . ag,] - D+T G < < iy).
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Define
1, ifn > 0;
sgn(n) = {0, ifn=0;
-1, ifn<0.

We write m; < m if and only if one of the following conditions (i)—(ii) holds:

(1) |n«| < |n;| for some k but |n; | = ln}l forall j > k;
Gi) |nj|= |n} |forall j € N, sgn(n;) < sgn(n;) for some k but sgn(n;) = sgn(n})
forall j > k.

Define m, < mj if and only if i < iy _, for some k but ip_; = 1,_; for all j,
0<j <koriy ;=i ;forallj,0<j <2l,andl </!'. Putm < m’if and only if
one of the following conditions (i')-(ii’) holds:

(i) my <mj;

(i) my, =mj, my < m;.
It is easy to prove that (.#, <) is well-ordered.

We write m; < m) if and only if the following conditions (j)—(jj) hold:

G) Injl < Injlforallj € N;

(j) sgn(n;) = sgn(n;) for all j € Nsuch thatn; # 0.
Put m, < m) ifand only if {i}, ..., in} € {i},..., i},}. Definem < m’ if m; < m|
and m, <X mj.

LEMMA 10. Let m < m’ (m,m’ € .#). Then there exist f € Z(A) such that the
Sfollowing conditions hold:

i) mf =m’; ,

(ii) ifm<m(me H)thenmf =0ormf =) em; wheree; € {—1, 1} and
m; < m' foralli.

PROOE. Let m = mym,, m" = m|m,, where m;, m are as in (29)—(31). Suppose

ny—ny) (ny—ny) .

thatb:af a, -- € A. Then m b = m)c for some c € A’. Let

{i;/, ey igl”} = {l;, ey l.élf}\{l.l, ey i21}, li/ < e K i;/,,/

and let f, = ([ay,ayl - 1) - ([a,-;l"_l, a,-;l,,] — 1). By (28), there is ¢ € {—1, 1} such

that em,f, = m). Take f = ebc™'f, thenmf =m'.

n_m

Letm € .#, m = mm,, where m; = a; a; Y
my; = ([ajl’ajz] - 1)"'([aj2k—1’a}'zk] - 1) +T (il < e <j2k)

and let m < m. Consider mf and suppose first that 711, = m;. Then m, < m, and
it is easy to check that em,f, = £m,, where ¢ € {—1, 1}, m, is of the form (30) and
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my < emyf; = mhy (or myf, = 0if (i, ..., jul N{i], ..., iju} # 9). Therefore,
mf =em\bc™'myf, = em\m, =cm’, wherem' <m’ orm’ = 0.

Further, suppose that 7, < m;. Then mbc™' = m\c, where ¢ € A', m| =
a;"agz -+«. It is easy to check that 7, < m). Therefore, mf = em,bc™'m,f, =
em cfzmz, where £¢f,m, = 0 or £¢f,m, = 3. &y with my” of the form (30) and

€ {~1,1} for all i. Since m, < m}, m; = m\my’ < mlm2 = m' for all i as

required. This completes the proof of Lemma 10. O

Let < denote the lexicographic order on N7 (thatis (ji,...,j,) < (j{,... ,j;) if
and only if there exists k such that j, < j, butj, = j/foralll < k). Let# = Nix.#.
Since the free Z(A)/ T-module freely generated by all elements (i, ... , i) € N7is
naturally isomorphic to M,/M, T, we may assume that ¥ C M,/M,T and M,/M,T
is spanned by %#'. Define on # a linear order denoted by < and a partial order denoted
by 2¢. Letw, w' € #, w = (ji,...,jom, w' = (,...,j)m', where j,, j; €N
foralll,m,m e A.

We write w < w' if and only if one of the following conditions holds:

@ Grooordg) < GloeerdD

(i) ji=j/foralll,1 <l<gandm <m'.

Note that (#/, <) is well-ordered.

We write w < w’ if and only if there exists ¢ € ® such that the following

conditions hold:

Gy jig=j/foralll,1 <l<g;
() mo <m'.

LEMMA 11. Let w <¢ w' (w,w' € #). Then there exist p € ® and f € Z(A)
such that the following conditions hold:

G) (we)f =w';

G) fw < w (W e #) then wWp)f = 0or (wo)f =Y. e;w?, where ¢; €
{—1,1} and ¥ < w' for all i.

PROOF. Let w = (ji,...,jom, w' = (i, ... ,j‘;)m’, where j;,j, e N1 <l <
q), m,m € #. Since w <4 w', there exists ¢ € & such that j,¢ = j, for all
and m¢ < m'. Since m¢ < m’, by Lemma 10 there exists f € Z(A) which satisfies
the conditions (i)—(ii) of Lemma 10 (if one replace m with m¢ in (i)—(ii)). By (i),
(m¢)f = m’ so the condition (j) of Lemma 11 holds.

LCIEEW,E=(]TI,...,_] ym, where j, € N (1 <l=gq), m € /. Suppose
that w < w. Then(jl,...,])<Q,,...,]q)or(jl,...,J) Giseorndg)
m < m.

Suppose that (j ,, ... ,j_'q) < (1, --- ,Jq). Then
(32) G Jg®) < Gi®eeo s ja®) =Gloonn s J)
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s0, (wP)f = 0or (wp)f = Y ew?, where w?® = (j,¢,...,j,p)m® for some
m® € A and, by 32), w? < (i, ... Jgym' = w' foralli.

Suppose that (7 ,, ... ,J—'q) = (j1,...,Jq), m < m. Then it is easy to check that
m¢ < m¢ so by Lemma 10 (replacing m with m¢) (mp)f = Oor (me)f =D em®,
where m® e A, m® < m'. Thus, WP)f = 0 or (WP)f = Y gw®, where
w?® = (i, ..., jmD < (i,...,jym' =w' andg; € {—1,1} forall i,

Therefore, the condition (jj) of Lemma 11 holds. The proof of Lemma 11 is
completed. 0

Let J denote the set of non-negative integers. Let S, = {0,1}, S = {—1,0, 1}.
Let S =J x 8 x8,5,0=(0,0,0) € S§. We shall write V(S) = V(S, 0) for the set
of all sequences (s; | i € N) of elements of S in which the set {i | 5; # O} is finite.
For g € N, we shall write V,(S) = V,(S,0) = N7 x V(S) for the set of pairs (u, v)
(ue N7, v e V().

Define the partial order < on § by putting

(ns S, s2) ﬁ (n/a s;7 s;) (n9 nl € N;S[, S; € S37 82, S; € S2)
if and only if

n<n, si=s, sH=s,

Then we can define a partial order < on V,(S). We write

((ny ... vng), (si i €N)) %o (), ..., 1n). (5] | i € N))
if and only if there is an element ¢ of ® such thatn,¢ =n (1 <k <g)ands; < s,f¢
foralli e N,

Let R be an arbitrary non-empty set, < a partial order on R. Recall that (R, <)
is called partially well-ordered if and only if every infinite sequence ry, ry, ... of
elements of R contains an infinite subsequence r;,, r,, ... (i; < & < -«-)such that

riy 2r, .-

(see [4] for equivalent definitions).

Note that (S, <) is clearly partially well-ordered so the following lemma can
be deduced easily from [1, Lemma 3.2] which, in its turn, is deduced from [4,
Theorem 4.3].

LEMMA 12. (V,(S), <o) is partially well-ordered.

Define a mapping v : # — V,(S). Let w = (jy, ..., j,)m, m = mm;, where
m, = a;’lagz e + T9 mp; = ([aip aiz] - 1) tee ([aizl‘paiy] - 1) '+- T (ll << iZI)'
Put

WY = (Gro-eesdq)s (si]i €N,
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where s; = (|n;], sgn (n,), s3:),

1, ifi;=iforsomes,1 <s <2l
§3; = .
0 otherwise.

Clearly, v is injective.

LEMMA 13. Let w, w € # and wv <g w'v. Then w < w'.

PROOF. Let w = (jy, ... ,jom, w' = (jj,... ,j;)m’, m = mmy, m = mymj,,
where m;, m| are of the forms (29)—(31). Then wv = ((i,...,Jq), (s | i €
N, Wy = (Glree ) (s | 0 € N)), where s = (Inl,sgn (n.), 83, 5| =
(Inl, sgn (n}), s3;) for all i.

Since wv <4 w'v, there exists ¢ € ¢ such that j,¢ = j; (1 <1 < q) and s5; < s{d,
forall i € N thatis |n;| < |n,|, sgn(n;) = sgn(n,), 53 = 53, foralli € N. To
prove w <¢ w' it suffices to check that m¢ < m'.

Let m” = m¢. Then m"” = m\m;, where

mlzl = ([ailah ai2¢] - 1) e ([aill-l¢’ aizi¢] - 1) +T (ll << i21)’

"

nl n
m=a'ay---+T,

"

n;, ifj =i¢p,
n. =
/ 0, ifj €N¢
forall j € N. To prove m” < m’ (equivalently, m{ < m| and m; < m}) we have to
check that [n]| < |n}] for all j, sgn(n]) = sgn (n}) for all j such that n} # 0 and
(i, ... @) S {if, ..., iy}

Letj € Ng,j = i¢. Then |n]| = |ni| < |nj,| = |n;| and sgn (n]) = sgn(n,;) =
sgn (n;,) = sgn(n}). Let now j € N¢. Then nj = 0 so |n}| < |n;|. Therefore,
my < m).

Consider an arbitrary s, 1 <s < 2/. Thens;, =1 = sg(w) so i;¢p = i/ for some r,
thatis i;¢ € {i},..., iy }. Therefore, {i1¢, ..., in¢} C {i],..., i} and mj < mj.
Thus, m¢ = m” < m’. This completes the proof of Lemma 13. O

Let (w; | i € N) be an arbitrary sequence of elements of #. Consider the sequence
(w;v | i € N). By Lemma 12, there exists a subsequence (w;v | I € N) such that

WV <o WyV Zp - (h<ip<-).
Then, by Lemma 13,

W, o W, e (h<h<--).

1

Thus, we have the following.
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LEMMA 14. (¥, <o) is partially well-ordered.

Now we can complete the proof of Proposition 3 in a standard way (see [1,2]).
Suppose, in order to get a contradiction, that

MY c M ¢

is a strictly ascending chain of ®-submodules in M,/M,T (that is M % MU+D
for all i). For each i € N let #; be the set of all elements w € # such that there
exists h € MUYN\M®O, h = nw+ Y njw;, n # 0, w; < w for all j. Since
MEFN\MD £ @, s0is #. Let w™® be the smallest (in the well-order <) element of #;
and let A = n®w® + " nPw, KD € MEAH\MD, where n®, nf’ € Z, n® #£ 0,
w}” < w forall j. By Lemma 14, (#/, <) is partially well-ordered. Therefore, by
passing to an infinite subsequence we may assume that

w® <p w® <q - .

Let = ideal {(n |ie N}, J C Z. Then there is m € N such that J =

ideal {n” |i=1,... ,m}son™ =3"T" nnforsomen, €eZ(i=1,...,m).
Consider h® = n®w® + 3 nPw € M“*”\M“), i = l Cam+ 1, Smce
w? <o wmtD fori =1,...,m, thereexist ¢; € ® and f, € Z(A) (i=1...,m

such that (w¥¢)f; = w™*V but (w"$)f; = 3, ;n ﬁ'k’w,";, where w0 < w™* for
alli, j, k. Therefore, K™*) — 37 0 (hO)fi = 3, nf™ w™" =3, ninfjut},

J
where w(”'“) < iy, wl(’k) < w™ "V foralli,1 <i < m,andall j, k. This contra-

dicts the choice of A"+ because (h™*) — 37 ni(h¢)f) € M )\M™_ The
proof of Proposition 3 is completed. 0

COROLLARY 4. For every positive integers q, | the module M,/M,T' satisfies the
maximal condition on ®-submodules.

PROOF. By an inductive argument it suffices to prove that M, T'~!/M, T satisfies
the maximal condition on ®-submodules. It is easily deduced from Lemma 7 that
T'~! is generated (as Z(A)-module) by the elements of the form

fi.i2i3i4fi5i(,i7is T .fi41—7"4l—6i4l—5‘.4l—4’

where
Fiiisie = (a5 6,1 — Dlajy, a;,1 = 1) + ([a),, a;,] — Da;,, a1 = 1)

for all ji, j2, j3, ja. Put g = g + 4(l — 1). Define a Z(A)-linear map x of M, onto
M, T"'/M,T' by

. . T . !
Us-- -Jq/)X =01 ’Jq)qu+1jq+2jq+3jq+4 o 'qu'—qu’—zjq’Aqu' + MGT :
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Since M, T C ker x, one can define a Z(A)-linear map x from M, /M, T onto
M, T-'/M,T' by

(1o d)f Mg DX = (oo JIXf + M T (i €N, f € Z(4)).

It is clear that x¥¢ = ¢x forall ¢ € ©.
Suppose that

MO CMP ..
is an infinite strictly ascending chain of ®-submodules in M, T'~'/M,T'. Then
MO%'cMPx ' c-..

is an infinite strictly ascending chain of ®-submodules in M, /M, T. This contradicts
Proposition 3 and completes the proof of Corollary 4. O

5. Proof of Proposition 2

It is well known that F/y3(F) satisfies the maximal condition on normal
®-subgroups. Therefore, to prove Proposition 2 it suffices to show that the group
v (F)/ U, satisfies the maximal condition on normal $-subgroups of F/ U, contained

in y3(F)/ Uk.

Recall that A = F/y3(F). Let V = [y(F), y5(F)]). Clearly, y5(F)/V is an
abelian subgroup in F/V generated by the elements
(33) [xj”szvxhlg N V (ilvjz,j:i € N’g € F)

Then one can consider y;(F)/ V as a right multiplicative Z(A)-module generated by
elements

(X, %, %] - V U1, j2.J3 € N)
with elements of A acting by conjugation:
[x),, Xjpo X508 - V = g7 ' [x;,, x5, x;,18 - V.
Note that U,/ V is generated (as a subgroup in F/ V) by all elements of the form

[vl’ vy, v3](u1.uz.us)--.(u}t—s,uzk-c.usk—s)u .V (vh i, u € F)
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Since [vy, v2, v3] - V is a product of elements of the form (33) and their inverses, the
group U/ V is generated by the elements of the form

(34) [le,Xj2,Xj3]f . V (f GI),

where [ is the two-sided ideal in Z(A) generated by the elements

(uy, wy, u3) - - - (Usi—s, Uzk—a, Un—3) (u; € A).

Note that I = T*! (recall that T is the ideal in Z(A) generated by all elements
(uy, ua, u3), where u; € Z(A)). Indeed, obviously I € T*~!. On the other hand, since

v(uy, Uy, usz) = (Uilty, uz, v) — (uauy, u3, v) + (uy, Uy, u3)v
for all u;, v € A, each element

v Uy, Uy, Uz)vs - - Vo (Usies, Uspea, Us—3) Uk (U, v € A)

can be rewritten in the form
7 ! ! 7 ! ! ! 7 ’
Uy, Uy u3) - (Uys, Wy gy Uy 3)V (U, V' € A)

soT¥' CI.
Define a Z(A)-linear mapping « of M; onto y;3(F)/ V by

(il,ijj3)a = [levszvxjj] * V

Clearly, pa = a¢p for every ¢ € ®. Let B be the natural homomorphism of y3(F)/ V
onto y3(F)/ U;. Since U,/ V is a Z(A)-submodule in y;(F)/V closed under all
mappings ¢ € ®, y3(F)/ Uy is a right Z(A)-module with mappings ¢ € & acting on
it in such a way that B¢ = ¢8.

Define u = a8, u : M5 — y3(F)/ U,. Then u¢ = ¢u for all ¢ € ®. Since
(G1,j2 j)f ) (f € I) is of the form (34), M;T*! C ker (i) so one can define a
Z(A)-linear homomorphism 1 of M3/M;T*"! onto y3(F)/ Uy by (m + M; T =
mu for all m € M;. Clearly, i¢p = ¢ for all ¢ € ®. Note that if N is a normal
subgroup of F/ U, contained in y5(F)/ U, then N is a Z(A)-submodule in y;(F)/ U,
so Nit~'is a Z(A)-submodule in M3/M;T~" and if N is closed under all ¢ € & then
sois N,

Now Proposition 2 follows immediately from Corollary 4. Indeed, if

NCNC---
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is an infinite strictly ascending chain of normal ®-subgroups of F/ U, contained in
Y3(F)/ Uy then

NE'cNET C

is an infinite strictly ascending chain of ®-submodules in M3;/M;T*~!. This contra-
dicts Corollary 4 and completes the proof of Proposition 2.
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