ON THE BEHAVIOUR OF A SERIES ASSOCIATED
WITH THE CONJUGATE SERIES OF A
FOURIER SERIES

R. MOHANTY AND B. K. RAY

1. Introduction.

1.1. Definition. Let A = A (w) be continuous, differentiable, and monotonic
increasing in (0, =) and let it tend to infinity as w — . Suppose that 3 a,
(we write 3 for 2.7 throughout the present paper) is a given infinite series
and let

Cr(@) =2 (Nw) = Am)}'a,  (r20).

ngEw

The series J_ a, is said to be summable |R, X, 7|, where r > 0, if!

Sl i) < -

where A is a fixed positive number (6, Definition B). Now, for » > 0,
m<o<m-t1,

T —
Hence, Y a, is summable |R, ], 7], where 7 > 0, if

b f)\’(w) 1
L (@)™ g{*(w)—k(n)} A(n)a,

1.2. Let f(¢) be Lebesgue integrable over (—m, =) and periodic with period
27 and let

(1.2.1)  f(t) ~ 3ao+ 2 (ancosnt + b, sinnt) = Jao + D A, (b).
Then the series conjugate to (1.2.1) at¢ = x is

(1.2.2) > (by cOs nx — @y sin nx) = 2, By, (x).

We write

dw < «,

v = %ff(x + 0 —f =0} r) = 102(?/;' where’ & > ,

() = f:‘”—;@du — () log B/,

v =1 [y wre =1 [Trw

Received February 10, 1967 and in revised form March 27, 1968.

1We write [3|dg(x)| = f2dG(x) = G(b) — G(a), where G(x) denotes the total variation of
g(x) in some closed interval [¢, %], ¢ being independent of x.

2k is introduced merely since log 71 = 0 when ¢ = 1.
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Stieltjes integrals. The Stieltjes integrals employed are to be regarded as
Lebesgue-Stieltjes integrals. Stieltjes integrals at the origin are to be inter-
preted in the sense lim o[

1.3. For the conjugate series, the following results are known.

THEOREM A (6, Theorem 5). If (i) ¢(¢) log k/t is of bounded variation in®
(0, 7) and (ii) |¢(2)|/t is integrable in (0, w), then the conjugate series of f(¢), at
t = x, is summable |R, e**, 1|, where 0 < o < 1.

TueoreM B (1, Theorem 4). If (i) ¢(¢) s of bounded variation in (0, )
and (ii) |¢(t)|/t is integrable in (0, T), then the conjugate series of f(¢), at t = x
is summable |C, 5|, > 0.

TueoreM C (1, Theorem 1). If |¢(£)|/t is integrable in (0, w), then the
conjugate series of f(¢), at t = x, is summable |C, 1 + 5], § > 0.

THEOREM D (6, Theorem 6). If (i) ¢1*(¢) log k/t is of bounded variation in
0, 7) and (ii) |Y:* )|/t is integrable in (0, ), then the conjugate series of f(t),
at t = x, is summable |R, 18 ©)*, 2.

TueoreMm E (12, Dini's test). If [(¢)|/t ¢s integrable in (0, 7), then the con-
jugate series of f(t), at t = x, is convergent.

1.4. In the present paper we show that the series Y B,(x)/log(n + 1)
behaves more or less like the conjugate series (1.2.2) as far as Theorems A, B,
C, D, and E are concerned, the function %(¢) in the present problem playing
the role of ¢ (¢) in the corresponding one for the conjugate series. To be more
precise, we prove the following theorems.

TueoreM 1. If (i) h(¢) log k/t is of bounded wvariation in (0, T) and
(ii) |k (2)|/t 1s integrablein (0, ), then the series 3 B, (x)/log(n + 1) is summable
IR, €%, 1|, where 0 < a < 1.

TreOREM I1. If (i) A(t) is of bounded variation in (0, w) and (ii) |h(t)|/¢ is
integrable in (0, ), then the series 3 B,(x)/log(n + 1) is summable |C, 8],6 > 0.

TueoreM III. If |k(t)|/t s iniegrable in (0, w), then the series
> B,(x)/log(n + 1) is summable |C,1 + 8|, § > 0.

TuaeoreMm IV. If (i) h*(¢) log k/t is of bounded variation in (0, T) and
(i1) |B*(8)|/t is integrable in (0, w), then the series > B,(x)/log(n + 1) 4is
summable |R, eME)?* 2|,

For the analogue of Theorem I for the series > 4,(x)/log(n + 1), see
(6, Theorem 2). In § 6, we obtain the following result which has no analogue
for the conjugate series. One may note that summability |R, log @, 1] of the
series »_ B,(x)/log(n + 1) is a local property of the generating function,
whereas the same for Y B,(x) is a non-local one.

3Here and elsewhere, the interval (0, =) is open at the origin.
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TueoreM V. If |h(t)|/t is integrable in (0, w), then the series
> B.(x)/log(n + 1) is summable |R, log v, 1].

In §7, we prove the following convergence criterion for the series
> B.(x)/log(n 4+ 1) which is an analogue of Dini’s test (Theorem E of the
present paper) for the conjugate series.

Tueorem VI. If |h(t)|/t is integrable in (0, w), then the series
> B.(x)/log(n + 1) s convergent.

The following general convergence criterion has been conjectured (see § 7 of
the present paper, for the final conjecture made by the referee) by the referee
for the series Y B,(x)/log(z + 1); we have not been able to establish it,
and thus it remains an open question. It may be noted that Theorem VI
would be a corollary of the conjecture given below as the hypothesis of
Theorem VI implies both conditions (i) (trivial) and (ii) (by Lemma 5 of the
present paper) of the conjecture.

Congjecture. 1f

. T oY)
@) J;o u log k/u du
exists as a Cauchy integral at the origin and is finite and
(i) f 'i%‘ﬂdu - o<log %) ast— 40,
t

then the series > B, (x)/log(n 4+ 1) is convergent.
Note. Let us consider the odd function f(¢) defined by
JO =y = -3t 0=t=m),
and elsewhere by periodicity. It is easy to see that

=) n—1
vt~ =07 sin nt.

n=1 n

Thus, the series > B, (x)/log(n + 1) at the originis 3 (—1)"1/nlog(n + 1).
By the above example, it is evident that Theorems I, II, and IV are best
possible in the sense that their hypotheses do not imply absolute convergence
of the series > B,(x)/log(n + 1). Furthermore, in the conclusion of
Theorem III, § cannot be replaced by zero, as |C, 1| summability of
> B,(x)/log(n + 1) is not a local property of the generating function.

2. Theorem 1.

2.1. LEmMA 1 (6, Lemma 10). If n > 0, then necessary and sufficient conditions
that (1) h(t) log k/t should be of bounded variation in (0,n) and (i) |h(2)|/¢
should be integrable in (0, n) are that

@2.1.1) fo"log’guh(t)m © and h(+0) = 0.
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By Lemma 1, Theorem I is equivalent to the following result.

TueOREM la. If (i) h(40) = 0, and (ii) [7log(k/t)|dh(t)| < =, then the
series 3, By(x)/log(n + 1) is summable |R, e**, 1|, where 0 < o < 1.

2.2. For 0 < a < 1, we set

2.2.1) o) = T & Eg%?‘%l_) ,
(2.2.2) 7o) = 3 e m
(2.2.3) g 1) = fo t 1og§g-(w, ) du,
(2.2.4) E(w,t) = f log £ £(w, ) du.

For our proof we shall need the following estimates:

(2.2.5) ) o{ewa‘*’l—a} ,

(2.2.6) 2 fn— = O{Z‘} '

(2.2.7) =, nlog(e:-l- 1)~ O{wael‘:g ‘*’}’

(2.2.8) n(w, t) = 0{‘_1 w leog w} ’
(2.2.9) glw,t) = O{t logéewa ]‘;;:v} ’
(2.2.10) glw, m) = O{g‘}

(2.2.11) E(w 1) = O{t_l log }?e @ lpog w} ’
(2.2.12) E(w, 1) = 0{‘°g %'w“e;;g w} :

The estimates (2.2.5), (2.2.6), and (2.2.7) can be proved by adopting tech-
niques similar to those used in (6, proof of (2.1.5)).

Proof of (2.2.8). By Abel’s lemma, for m < v < m + 1,

— S __J:__ _ 6wa —1
n(w, t) —Z wiog(n + 1) cos nt = O[—t ]

1 w log w
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Proof of (2.2.9). Using (2.2.5), we have that

w" 1—a ] ke"’ l—a]
glw, t) =0 ‘: flog du | = [tlogt Tog

Proof of (2.2.10). Since

T T/n T
f log k sin nu du = f log k sin nu du + f log k sin nu du
0 u 0 u Tin u

T/n !
= O< f log k du) + log kn f sin nu du
0 u T Jrm

n

_ 0<log n) + log kn (cos T — cos nw') _ O<10i n) ’

we have that

3

T ) e )
g(w, m) = J; log nZSw g T 1) sin nu du

= Z Bg—(;-—{——_ls(f log Slnﬂﬂd%)
&
- z)

= O<e;;> , by using (2.2.6).
Proof of (2.2.11). By the application of the second mean value theorem, we

have, fort S u =,

na

E(w,t) = log =~ f < 2 log—(fez—-m sin nu) du

log [n(e, £) — n(e, )]

= Ol:t‘l log % - leog w] , by using (2.2.8).

Proof of (2.2.12). As in (2.2.11), we have that
k
E(w, 1) = log 7 [n(w, 1) — n(w, u)]

k e
= O[IOg?nzg;n_IOg(n + 1)]

= o[lo k_e ] by using (2.2.7).

t w”log w
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2.3. Proof of Theorem la. We have that

< ™ D) kid
B, (x) =—f; fo W) sinnidi = 2 fo 0 1og’§sin nt dt.

Integrating by parts, we have that

T k 9 T T
B,(x) = 2 l:—h(t) J log L sin nu du] + = f dr(t) J‘ log k sin nu dut
T P u 0 m Jyo ¢ u

= f dh(t) f log k sin nuw di;
™ 0 1 U

the integrated part vanishes since 2(4+0) = 0 and the integral
f’[ log (k/u)sin nu du
is finite. Thus, we have that
B, (s 2 (" ' sin nt
(2.3.1) Eg*(;ﬁfr)f) = o jo dh(t) J/ ]nggg%z—%l—) du.
By the definition, the series > B,(x)/log(n + 1) is summable |[R, ¢**, 1],
where 0 < o < 1, if

o

o B | _
2 g+ 1) <
Substituting for B,(x)/log(n + 1) from (2.3.1), we have, by (2.2.1) and

(2.2.4), that
(2.3.3) I= f [d]l(i)l fm aw‘”'le“w" deE(w, f)!.
0 e

Now by virtue of condition (ii) of Theorem Ia, it is sufficient to show that,
uniformly for 0 < ¢t = m,

(2.3.2) I= f aw* e dw
e

P@) = f " 0| Ew, 1) | dw = O(log k/4).

Let 71 = t71, 7o = 797" and write

P(t)=f ‘I‘f '|‘f = P, 4+ P, 4 Ps, say.

It is easy to see that P; vanishes if 1 = ¢ = ¢!, and P; and P, both vanish
if t> 1. For 0 <t < ¢!, we have that

P, = f awa_le‘wa]E(w, )| dw
= T a g, ) = g, 0] do

< f awa—le_wa]g(w, )| dow + f ozwa_lehwalg(w, )| dw

= Pl,l + Pl,2y say.
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Employing the inequalities (2.2.10) and (2.2.9) for P;,; and P, s, respectively,
it can be shown that

P, = O(log k/t).

Using the estimates (2.2.12) and (2.2.11) for P, and P;, respectively, we
obtain P, = O(log k/t) and P; = O(log k/t) and this completes the proof of
Theorem Ia.

3. Theorem II.

3.1.LEMMA 2. Ifn > 0 and p > 0, t°h(t) = H(t), then necessary and sufficient
conditions that (i) h(t) should be of bounded variation in (0, n) and (ii) |k(t)|/¢
should be integrable in (0, 1) are that

3.1.1) foﬂ FPAH@| < © and H(+0) = 0.

The proof is similar to that of Lemma 1. By Lemma 2, Theorem II is
equivalent to the following theorem.

TurorEM Ila. If (i) H(+0) =0 and (i) [Tte|dH(t)] < «, then the
series Y By(x)/log(n + 1) is summable |C, 8|, § > 0.

As Lemma 2 is of the necessary and sufficient type and holds for any p > 0,
without loss of generality we can assume® that p > 1 while proving
Theorem Ila. It is well known that |C, §] ~ |R, n, §, and by the first theorem
of consistency (see Lemma 3 of the present paper), |R, #, §| implies |R, r, &'|
for & > 6. Thus, without loss of generality we can assume that 0 < 6 < 1 in
the proof of Theorem Ila.

3.2. Notation. For 0 < 6 < 1, we write

. s_(n+oy_O6+DE+2)...0+n) _ n
(3.2.1) A, _< . >_ - ST

Y4
(3.2.2) S,(n,u) =Y, A,_," ' cosvu, p Zm,
y=0

. ' _a
3.23) S,/ (n,u) = an S,(n, 1),

. P _ 1 ¢ s-1_ COSVU
(3.2.4) H’(n,u) _An,,;)A,,_, oz + 2)
0 O = _ " —p _k___(_i_ )
3.2.5) G, —J; u’ log " duH (n, u) du.

4It is convenient to take p > 1, as will be apparent from the proof of (3.2.11).
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We shall need the following inequalities:

(3.2.6) Sp(n, u) = {0 u(n(,: & 5}1} O<us=m),
(3.2.7) Su(n, u) = {8?’—)6 O<usm),

(3.2.8) { 5 (1;(; i § Y O0<us),
(3.2.9) S (n, u) = {38;:—6 ")) O<u<m),

(3.2.10) %Hs(n, u) = O(n/log n),

(3.2.11) Gn,t) = {1 ”log“ " }
B * log k /t] [z—"—’ log k/t]
(3.2.12) Gn, t) = [ e 1t 7 loen -

Proof of (3.2.6). Since A,—,*! increases as » increases for 0 < § < 1 we

have, for 0 < L < L' < p, that
& _Jolp(n — p)*™Y
ZL cosvu| = {O{u—l(n - p)6—1}.

Proof of (3.2.8) runs parallel to the proof of (3.2.6). See Obrechkoff (11) for
the proof of (3.2.7) and (3.2.9).

Proof of (3.2.10).> We have that

S,(n, 1) = A, Max
L,L'

@ 4 u 5‘1_1/Sin vu
_ H(n u) = ;An_, ogG 1 )

= o[ Z::O 4,07 @(,,V“I“g”):l
S8y 5]

v=0 [n/2]4+1
[n/2]

_ 5—1 n = 5-1
O(’n ) Z log(v + 2) 0(10g n) [n%]:+1 An—v

= 0(™" )O<1 g2n> T 0(102 n>0(n8)'

Now the inequality (3.2.10) follows at once from the above relation.

SWe are indebted to the referee for supplying us with the present version of the proof for
(3.2.10).
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Proof of (3.2.11). By (3.2.10), we have that

N
G(n,t)—O[flu IOgulogndu 0 ]Ogtlogn

Proof of (3.2.12). Here we shall adopt the method employed in (4, p. 207).
Adopting our notation, we have, by Abel’s method of partial summation, that

d 1 1 S/ (n,u)
duH"(n, u) = 52 S, (n, ”)A<10g( ¥ 2)) + Al log(n + 2)

where Au, = u, — pa+1. Thus, we have that

T - k d 8
= Ploe £ &
3.213) G(n,t) = J‘t u loguduH (n, u) du

— ,_1._ - k = , (___1___)
T4, " logu du ?: Sy'(m, w)A log(v + 2)
f Slmw) o
A 8 log(n + 2)
= Gi(n,t) + Gz(n,t), say.
Using (3.2.8), we have that

i fr "]og k du 0{ fn v(n — u)"_1 y(l(;lgyv)z}
) "’*logiid I ]
o[

Gi(n, t) =

k
1
log = ” du

—p—

- )

Thus, we obtain

(3.2.14) amo={ﬂm£@gwﬂ.
By the mean value theorem, we have, for ¢t < ¢ < , that

£ log k/t
A4,% log(n + 2)
By using (3.2.7), we have that

tlog k/t
A, log(n + 2)

= ~p—3 k__ 1 ]

B O[t log 3 = lognl”

Now combining the results of (3.2.13), (3.2.14), and (3.2.15), the inequality
(3.2.12) follows immediately.

Ga(n, t) = {S.(n,t") — S,(n, t)}.

(3.2.15) Ga(n, t) = 0™, sincet < ¢,
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3.3. Proof of Theorem 1la. For n = 1, we have that

() k. T
B,(x) = = f H()™ log k sinntdf = — 2 J H()p' (n, t) dt,
m 0 ¢ ™ 0

where B(n, t) = f’,r u=* log(k/u)sin nu du. Recalling that 8(n, 7) = 0, h(+0)
is finite, and B(n, t) = O(t'*log k/t) (since p > 1), we have, by integrating
by parts, that

0 [t
B,(x) = ;— JO dH (t)B(n, t).

Thus, we have that

) B, (x) j J — sin mt,
3.3.1) Tog(n 4 1) — dH (t) lo gu log(n + 1) du.
It is sufficient to prove that
Jln | ) s 1 -1 vB,(x)
L ”z_: < where 1,° = 17 ;OA"_V log(v + 2) °
Using (3.3.1), we have that

v 2 e R
T Z A, ]og(v 19 . J dH (1) J‘t u ’ log L sin it du

ﬂ v=0

f dH(z‘)J‘ ~* log -—du[ a1, ; 4,0 log( + ))sm vu]

= J dH (¢) J " log ;; -[- H'(n, u) du

- -2 [Lanwc .
> < JO dH (1) j:;l J_GL’:;J)_I
_ Jo ldH(z)|<n§_l+ > >

n>1=1

Using (3.2.11) and (3.2.12) for X ,<,: and Y ,>,-1, respectively, it can be
shown that, uniformly in 0 < ¢ < ,

gl el _ o).

nZ: T;‘Lﬂ = 0{ JOT t“’ldH(t)l} <

by the hypothesis, and this completes the proof of the theorem.

Therefore,
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4. Theorem III.
4.1. Notation. For 0 < § < 1,

Y4
(4.1.1) R,(n, 1) = Z‘a A, cosut, p =,
(4.1.2) R, (n, t) = R (n, 1),
145 _ L s ___Ccos vt
(4.1.3) T, t) = Anl+av2=)0A,,_, oz 1 2) "

We shall use the following estimates

0 8,2
(4.1.4) Ry'(m,0) = {OE:”ZL) p<n

243
(4:15) -Rn'(n, t) = {gg:t—l-{ﬁ)

(4.1.6) d%]‘“(n, t) = 0<~’L>,

log »
@17) Lm0 = 0l log m) ] + O log )]
Proof of (4.1.4). We have, for 0 = N = N’ £ p, that

IRy (m, £)| =

]

Ny
=,O|:A,,'s Max | D »sin »
N,N’ N

since 4,-,% decreases as v increases for every positive 8. Thus,

RN [CY )
RZ’ (nl t) - {O(nap[—l)-
Proof of (4.1.5). We have that

R (n, 1) = Anl”g-l [A—lmz A’ cos vt]

P
5 .
— E A,_,” vsin vt
v=0

v=0
~ {AJ*‘O(n)
T 400, see Obrechkoff (11)
_ {O(’I’L2+5)
o).

Proof of (4.1.6). By definition,

i 1 R, (n, t)
< I 1) = o w[ER o, t)A<log(V+Z)>+ 10g<n+z>]

545

B —1_— n 5 2 o 1 n2+6 ]
- O[Anlﬂ .I; ny A<Iog(v + 2)> ] + Ol:A e log(n + 2)
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using (4.1.4) and (4.1.5). Thus, we have that

P e
i’ (n,8) = O (log »)* +Ologn —Ologn )

Proof of (4.1.7). Proceeding as in (4.1.6) and also using (4.1.4) and (4.1.5),

we obtain
T RO S
@l =0 g ) AN F o)
¥ AR
A4, log(n + 2)

o [ ] + o g

= 0l *(log n) "] 4 Ol "n~" (log m) 1.
4.2. Proof of Theorem 111. It is sufficient to prove that
Z L

where §£,1%% is the mth Cesiro mean of order 1 + 6 of the sequence
{nB,(x)/log(n + 2)}, that is,

H

14»6

wi__1 ¥ s_vB,(x)
En An1+5; An—v lOg(V + 2)

1 & v 2 (" .
= ———Z A,y log(v—l—Z) ;J; ¥ () sin vt dt

- s  cos vt
fh(m tdt[An‘”;’-:‘(,A”_ log(y+z)]

2 (ke
= J. k(t) Iogtdt‘] (n, t) dt.

Il

We have that

=) 146 L =) 146

Writing

© ; 140
Eli(d/dt)f (n,8)| _ >+,

n n=t-1 n>1=1

and using the estimates (4.1.6) and (4.1.7) for >_,<,~1and X_,> -1, respectively,
it can be shown that

E I(d/dt)f‘“(n 0l _

O{t *(log k/t)™"}, uniformly in0 < ¢ < .
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Therefore,

nf; Jf—;’ < fo Ih(t)| log f dt o{ t-‘<1og §>~1}
-

by the hypothesis, and this completes the proof.

5. Theorem IV.

5.1. LEmmaA 3(10). If a series X a, is summable |R, \, r|, where r > 0, it is
summable |R, \, 1’|, for ' > r.

LeMMA 4(2). If (i) the series 3 a, is summable |R, \, 7|, where r > 0, (ii) u ts
a logarithmico-exponential function of N such that u = O(\*), where A is a
constant, then the series 3 a, is summable |R, u, 7.

In view of Lemma 1, Theorem IV can be put in the following equivalent
form.

TrEOREM [Va. If (i) h*(+0) = 0 and (ii) [7log k/t |dh*(£)| < «, then
the series Y. B,(x)/log(n + 1) is summable |R, e )", 2|,

5.2. To simplify the expressions, we write e(n) and e(w) for expf{(log )2}
and exp{ (log w)?}, respectively. We also write

Application of the same technique as that used in (6, proof of (5.1.4) and
(5.1.7)) will yield the following estimates:

(5.2.2) F(w, t) = Ole*(w)w™1t72],
(5.2.3) F(w, t) = Ole*(w)w(log w)~2].
5.3. Proof of Theorem 1Va. We have, for n = 1, that

30 3o 3w

B, (x) J; k() log % sin nt dt

f [(% {tkl*(t)}] log };e sin nt dt
0

f hi*(t) log k sin nt dt + 2 f dhy* (t)t log k sin nt.
0 t ™ 0 t

Thus,
B,(x)

Togn + 1) ~ Up 4+ Va,
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where
‘ _2 (7« k__sinnt
(56.3.1) U, = - J, hi*(¢) log i Tog (1 + l)dt
and
_2 |7 g k__sinmt
(5.3.2) V, = - fo dhy* (t)t log tlogtn + 1)

By Theorem I, the series >, U, is summable |R, ¢*% 1|, where 0 < a < 1.
Hence, by Lemmas 3 and 4, X U, is summable |R, ¢(w), 2|. Therefore, it
suffices to consider the |R, e¢(w), 2| summability of > V,. By familiar argu-
ments, it is evident that we need only establish that, uniformly in 0 < ¢ < m,

Q@) = ml%gQ_cg 6_2(w)|F(w, t)l dw = O(t_l).

As in the proof of (6, Theorem 6A) writing Q(f) = f’e + f,m, for
7 = (k/t)log k/t and using the inequalities (5.2.3) and (5.2.2) over the
intervals (e, ) and (r, »), respectively, it can be proved that Q(¢) = O(71).
This will complete the proof of our theorem.

6. Theorem V.

6.1. LEMMA 5. Define

@ [l .,

tlog &/t
@) Y1(t) s of bounded variation in (0, T);
@l L,
(b) J; flog /e ¥ < =

(c) J‘r Ji;”_)l du = o(log %) ast— 0.

(1)% (A) s equivalent to (a) and (b),
(i) (A) implies (c).

Proof of (i). As in (9, Lemma 2), we can prove that (A) implies (a). We
now proceed to show that (A) implies (b). We shall use the following identity:

v _ @) 13
tlogk/t  tlogk/t di @}

(a) is true whenever (A) holds. Hence, by the above identity, (b) holds
whenever (A) holds. Also from the identity, it follows that (a) and (b)
together imply (A). Thus, we have proved (i).

We are grateful to the referee for kindly obtaining this equivalence relation.
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Proof of (ii). Denoting [% (| (v)|/v log k/v)dv by 6(x), we have by integra-
tion by parts, that

f J——Lu—ldu f 1yl log k/u du

. ulog k/u
= [0(u) log k/ul; + f: Q%l du

6(w)log k/m — 6(t) log k/t + f:g—(ul)-du

<log >+o<f %>=o<log%> ast— 4+ 0,

since 8(w) is finite and 6(¢) = o(1) as ¢ — 0. This completes the proof of (ii).

Il

By Lemma 5(i), it is easy to see that Theorem V is equivalent to the
following.

TuEOREM Va. If (i) ¢1(t) 4s of bounded wvariation in (0, 7) and
(i1) |¢1(8)|/tlog k/t is integrable in (0, w), then 3 B,(x)/log(n + 1) is sum-
mable |R, log w, 1].

In (7, Theorem B), the analogous result for the series >_ 4,(x)/log(n + 1)

was proved.
6.2. Proof of Theorem V. We have, for n = 1, that
Bi(x) 2 f __sinnt
(621) eEm R O ey

We have to show that 3 B,(x)/log(n + 1) is summable |R, log w, 1|, or
what is the same thing,

(6.2.2) K = J‘e w(log o)
Using (6.2.1), we have that

k=2 f b log 2 |50 a1,

By (x)
nzswlog(n +1)— Tog(n + 1)

< o,

where

Z sin nt

nsw

S@) = J; w(log w)®
We have that

S(t) _ ‘I‘;k/t + ©

k/t

k/t d
=.£ w(logw)20(°’)+f ,w(log wlog oy 0
= Of{t '(log k/t)™"} for0 <t = m.
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K = fo " h(®)] log ki o{rl(log 13)—1}
- 0<J:&E—t)—ldt> < w,

by the hypotheses, and thus the proof of Theorem V is complete.

Therefore,

7. Theorem VI.

7.1. It is known (3, Theorem 37) that summability by logarithmic means
is equivalent to the summability (R, log #, 1). An infinite series D_, o %, with
U, =uo~+ 41+ 42+ ...+ u, (or the sequence {U,}) is said to be sum-
mable by logarithmic means to the sum U, if

LimU0+U1/2+U2/3+-..+Un/<n+]-):

nosco log(n + 1)

LeMmaA 6. If
J.v J-”b—gt)—l du = o(log %) ast—0,
t

then S, = o(log n), where S, is the nth partial sum of the series (1.2.2).
This result is due to Misra (5, Theorem C(b)).

U.

LEMMA 7. If a series X u, ts summable by logarithmic means, then a necessary
and sufficient condition that it should be convergent is that the sequence {n log n - u,}
is summable by logarithmic means to the value zero (8, Lemma 5).

7.2. Proof of Theorem V1. Using Theorem V, we find that with our hypothesis,
the series > 5 B,(x)/log n is summable |R, log #, 1|, and « foriiori, summable
(R,logn,1). By Lemma 5 (ii), our hypothesis satisfies the condition of
Lemma 6, and hence the summability by logarithmic means of the sequence
{nB,(x)}, i.e., the sequence {nlogn-[B,(x)/logn]}, to the value zero, or
in other words, as the conclusion of Lemma 6 is ensured by the hypothesis.
Thus, it follows that our hypothesis ensures at the same time the summability
by logarithmic means of the series >_5 B,(x)/log n as also the summability
by logarithmic means to the value zero of the sequence {nB,(x)}, i.e. the
sequence {n log n-B,(x)/log n}, and hence by Lemma 7 the series
35 B,(x)/log n converges.

7.3. Concluding remarks. From the proof of Theorem VI, it is apparent that
if 3 Ba(x)/log(n + 1) is summable (R, log %, 1) and

“ i M;(?M du = 0<10g %) as t — 0,

t

then the series ) B,(x)/log(n + 1) converges.
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As an improvement of the statement made above, the referee finally suggests
to prove the following conjecture regarding the convergence of the series
Y B,(x)/log(n 4+ 1). As we have not been able to confirm the same by a
proof, it still remains as an open problem.

Final conjecture. If 3_ B,(x)/log(n + 1) is summable (R) (thatis, summable
(R, log w, r) for any unspecified 7) and (%) holds, then the series
> B,(x)/log(n + 1) is convergent.
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