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AUTOMATIC CONTINUITY OF
PERTURBATIONS OF CAUSAL OPERATORS

K.J. HARRISON, L-J. EATON AND J.A. WARD

We obtain automatic continuity results for finite-rank perturbations of causal se-
quence space operators, and provide examples to illustrate cases where automatic
continuity does not hold.

1. INTRODUCTION

Let £ be a Banach space and let H ( = S(£)) denote the linear space of all doubly
infinite £-valued sequences. For each p, lp (— V{£)) is the Banach space consisting

of all £-valued sequences x G S for which ||a;||_ < oo, where ||z|| = (X) llxn||P) f°r

^ n '

1 ^ p < oo, H^ll^ = supra | |xn | | , and where ||:En|| is the norm of xn in the base space
S.

For each integer k, we introduce the projection Pj. on S, denned by {Pkx)n = a>ra
if n ^ k and {Pkx)n = 0 otherwise. We say that a sequence x E S has a finite past if
and only if P^x = 0 for some integer k, and in particular that x is causal if P-\x = 0
so that xn — 0 if n < 0. We let S/p denote the set of all sequences in S with finite
past, H+ the set of all causal sequences and also Soo the set of all sequences x with a
finite support; that is, for which xn — 0 off some finite subset of Z.

A sequence space operator is a linear operator between subspaces of H. We are
interested in the relationship between the notions of stability and continuity for sequence
space operators which arise naturally using the £? subspaces.

Let T be a sequence space operator and let W be a subspace of 2. We say that
T is {p,q)-stable o n W i f W n ^ C T>(T), the domain of T, and Tx £ I* for each
x £ W D t?. We say that T is (p, q)-stable if it is (p, g)-stable on lv. Operators which
are (oo,oo)-stable have been considered extensively in the signal processing literature,
where they are said to be bounded-in-bounded-out.

We say that T is (p,q) -continuous on W if it is (p, q) -stable on W and there is a
number «; > 0 such that ||Ta:||g ^ K \\x\\p for all x in W C\£p. The least such number
K is called the (p, q)-operator norm of T on W. We say that T is (p, q)-continuous
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if it is (p, g)-continuous on tp. Operators which are (oo,oo)-continuous have also been
considered extensively in the signal processing literature, where they are said to have
finite gain.

Clearly (p,q) -continuity on W implies (p, q) - stability on W, but the converse is
not true in general. In this paper, we shall be concerned with conditions on T that
guarantee that the reverse automatic continuity result holds when W is one of the
spaces H+, E / p or H.

2. OPERATORS ON CAUSAL SEQUENCES

2.1 CAUSAL OPERATORS. A sequence space operator C is causal on a subspace W
of H if W C X>(C) and if, for each x £ W and each integer k, Pkx £ V(C) and
PkCPkX = PkCx. Thus C is causal on W if, for any two sequences x and !/ in W,
the images Cx and Cy agree at the kth coordinate if x and y agree at the kth and
all preceding coordinates.

Our starting point is a version of a well-known automatic continuity result for
causal operators. See, for example, [4].

PROPOSITION 1. If C is caused and (p,q)-sta.ble on £p(£)+ = tp{£) D S+,
where £ is finite dimensional and 1 Sj p, q ^ oo, then C is (p, q)-continuous on lp(£)+ .

PROOF: The neatest proof uses the closed graph theorem. Suppose that x^n) —> x
in tp{£)+ and Cx(n) -> y in lq{£), and choose any k ^ 0. Then

PkCx^ = phCPhXW -» PkCPkX = PkCx,

because C is causal and PkC is continuous on the finite-dimensional space Pk£p(£)+-
But PkCx^ —» Pky, and so Pky = PkCx. Since k is arbitrary, it follows that y = Cx,
and so C is (p, g)-continuous on tp{£)+ by the closed graph theorem. U

Proposition 1 fails if £ is infinite dimensional. To see this, let <p be a discontinuous
linear functional on £, let it be a non-zero sequence in lq(£)+, let Qo = Po — P-i,
and define C on S by Cx = ip(Qox)u. Then C is (p, g)-stable, but clearly not (p, q)-
continuous on E+. To see that C is causal observe that, for any x £ £p(£)+ and any
integer k,

PkCPkX = <p(Q0Pkx)Pku, and PkCx = <p(Qox)Pku.

Since Q0Pk = Qo if k ^ 0 and P*u = 0 if k < 0, it follows that PkCPkx = PkCx for
all x and k. So C is causal on E+.

The following result generalises Proposition 1. It concerns the continuity of causal
operators which are 'almost' (p, g)-stable on tp(£)+ .
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THEOREM 1 . Suppose that C is causal on lp(£)+ and that C£p(£)+ C £«(£)+V,
where £ is finite dimensional and 1 Sj p, q ^ oo, and where V is a finite-dimensional

subspace of 3. Let X denote the stability set of C, that is,

(1) X = C~Hq{£) = {x : x G £p{£)+ and Cx £ £"{£)}.

Then X is a closed subspace of finite codimension in £p(£)+ , and C is (p, q)-continuous

on X.

PROOF: Let m be a bounded sequence of non-zero numbers with the property
that mx G £q(£) for each x £ V, and let M be the sequence space operator defined
by pointwise multiplication by m; that is (My)n = mnyn for each integer n and each
y in H. Then M is injective and causal, and My G lq{£) for each y in £q(£) + V.
Therefore MCx G M(£*(£) + V) C £q{£) for each x £ f{£)+, and so MC is (p,q)-
stable on £p(£)+. Furthermore, since M is causal on S and C is causal on £p(£)+,
MC is causal on £p(£)+. So by Proposition 1, MC is (p, g)-continuous on £p(£)+.

Let mi be a norm on £q(£) + V with the property that

(2) ||y||, < ||y|| for any y G lq{£),

and suppose that z<n) -» a; in lp{£)+ and Cx(n) ^ y in £9(5) + V. Since MC is

(?»9)-continuous on £ p (£) + , MCx^ —» MCx in £ ' (£) . But M is also continuous as

an operator from £q{£) + V into £*(£). So MCx^ -» My. Therefore My = M C i ,

and since M is injective, y = Cx. So by the closed graph theorem, C is continuous

as an operator from lp{£)+ into £q(£) + V. Therefore there exists K ^ 0 such that

||Cx|| ^ K. \\x\\p for all x G £p(5")+ , and it follows from (2) that ||Ca;||g ^ ||Cx|| < K \\x\\p

for each x G X. So C is (p, g)-continuous on A'.

Let {Cxi,Cx2,- • • ,Cxk} be a basis of ran(C) PI V, where each x, G
and choose any x G £p(£)+. Then there exist scalars a i , a 2 , . . . ,ajj and y 6

such that Cx = y + 5Z ajCxj. But this implies that x — £) o^s,; G <^. So A! has

finite-codimension in £p{£)+.

Finally, suppose that x ( n ) -» x in £p{£)+ and that x ( n ) G -^ for each n. Since C

is causal and PkC is (p, p)-continuous on Pk£p(£)+, for each k,

W = PkCPkx
{n) -» PkCPkX = PkCx.

So C J ' " ' —» Cx coordinatewise. But C is (p,g)-continuous on A' and {||x(n)|| } is

bounded, and so {||Cx(n)|| } is bounded. Therefore ||Cx||q < 00, that is, x G X. So

X is closed and the theorem is proved. u
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2.2 FINITE RANK PERTURBATIONS OF CAUSAL OPERATORS. In this section we use The-
orem 1 to establish continuity results for finite-rank perturbations of causal operators.

THEOREM 2 . Suppose that C is causal and T is (p, q)-stable on tv{£)+, where £

is finite dimensional and 1 Sj p, q $C oo, and suppose that rank(T — C) = d < oo. TJien
there exists an operator T' which is (p,q)-continuous on £p(£)+ and which satisfies

rank{V - T) ^ d and rank{T - C) < d.

PROOF: Since T is (p,g)-stable on tp(£)+ and F = T - C has finite rank, C

satisfies the conditions of Theorem 1. So C is (p, g)-continuous on its stability set X,
as defined in (1), and X is a closed subspace of finite codimension in lp{£)+ . Let y be
a subspace which is complementary to X in £p(£)+, and let T" Be defined on lp{£)+

by

(3) T\x +y) = Cx + Ty for each x G X and each y £ y.

Since C is (p, g)-continuous on X and since y is finite-dimensional, T' is (p, g)-
continuous on £p(£)+ • Furthermore,

(T1 - T)(x +y) = -Fx and (I" - C)(x +y) = Fx,

and so rank{T' - T) < d and rank(T' - C) ^ d, as required. D

EXAMPLE 1. Suppose that T and C are defined on tp{£)+ by

Tx = ip(x)u and Cx — <j)(QQx)v,

where u and v are causal sequences with ||w||q < oo and \\v\\q = oo, where <f> is a
non-zero linear form on £ and where if) is a discontinuous linear form on ^p(£)+ . Then
T is (p, g)-stable and C is causal on £p(£)+, T — C has rank 2, and neither T nor C
is (p, q) -continuous on V{£)+ . However the zero operator is a finite-rank perturbation
of both T and C which is (p, q)-continuous on £p(£)+.

The following corollary gives a condition under which a (p, g)-stable finite-rank
perturbation of a causal operator on lp{£)+ is itself (p, g)-continuous.

COROLLARY 1 . Suppose that C is causal and T is (p,q)-stable on lp{£)+,

where £ is Unite dimensional and 1 ^ p,q ^ oo. Suppose also that T — C has

Unite rank, and that (T - C)tp{£)+ n£q(£) = {0}. Tien T is (p,q)-continuous on

PROOF: If x e X, then Cx £ tq{£). Now Tx € tq{£) because T is (p,g)-stable

on £p{£)+ , and therefore (T - C)x G (T - C)£p(£)+ l~l l*{£). So by the hypothesis,

Tx = Cx. Therefore T = T', where T' is defined as in (3), and the result now follows

from Theorem 2. D
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According to Proposition 1, a causal operator on £p(£)+ is (p, g)-continuous on
£p{£)+ if it is (p,q) -stable on £p(£)+ • The final corollary for this section shows how the
stability condition can be relaxed in the presence of a stable finite-rank perturbation.

COROLLARY 2 . Suppose that C is causal and T is (p,q)-stable on £p{£)+,
where £ is finite dimensional and 1 ^ p, q ^ oo. Suppose also that T — C has
Unite rank, and that C is (p,q) -stable on H+ D Hoo • Tien C is (p,q)-continuous on
£p{£)+.

PROOF: Let X be the stability set of C, as defined in (1). By Theorem 1 it
is enough to prove that X = tp{£)+. According to the hypotheses of the corollary,
iS-(- n î oo Q x.

Consider first the case p < oo. Then H+ (~\ Hoo is dense in £p(£), and since X
is closed, X = £p(£)+. For the case p = oo we use the causality of C. Suppose that
x £ £°°(£)+ • Then Pkx 6 £°°{£)+ D Hoo, and so

\\PkCx\\q = \\PkCPkx\\q < \\CPkx\\q < icHP**^ for each *,

where K is the (oo,9)-operator norm of C restricted to X. Since H-P̂ Hoo —» H35!!oo
and ||PfcCz|| —» ||Cx|| as k —» oo, taking limits as A; —» oo gives ||Cx||g ^ ^INIIoo-
Thus C is (oo, <7)-continuous on £°°(£)+ . U

3. OPERATORS ON FINITE PAST AND TWO-SIDED SEQUENCES

It is natural to look for results similar to Proposition 1 which apply to sequence
space operators which are causal on other subspaces of £p(£), such as the whole space
£p(£) or the subspace £p{£)fp = Efp n £p(£) of finite past sequences in £p{£). The
following examples show that an operator may be (p, g)-stable and causal on these
spaces without being (p, g)-continuous on the space. This extends a result obtained in
[2] for the scalar-valued (oo, oo)-case.

EXAMPLE 2. There is a causal operator defined on S which, for each 1 ^ p,q ^ oo, is
(p,q)-stable but not (p, g)-continuous.

PROOF: TO construct the desired operator T, first choose a Hamel basis B of S
which contains a Hamel basis of H/p and choose a sequence x in P{£) with infinite
past. Let T be the unique linear operator on S which satisfies

Tx = x and Tz - 0 for each z 6 B\{x}.

Since x G £*(£) and the range of T is spanned by x, T is (p, g)-stable.
Now Tz = 0 for each vector z in the Hamel basis of H/p, and so T = 0 on H/p.

Hence T is causal because for any integer k and any sequence y in H, (1 — Pk)y G H/p

and PkT(l-Pk)y =
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Finally, since x G &(£), \\Pkx\\p -» 0 as k ->• - o o . But TPkx = Tx -

T(l — Pk)x = x ^ 0, for each integer k, and so T is not (p,g)-continuous. D

EXAMPLE 3. There is a causal operator defined on E which, for each 1 $S p,q ^ oo, is
(p, g)-stable on H/p but not (p, q)-continuous on H/p.

PROOF: Let T be the operator defined on S as follows: for each x = (xn) in H,

Tx = y — (yn), where yn = 2~nxn for each n.

Since T commutes with each projection Pjt, PkTPk = PkT and so T is causal.

To see that T is (p,g)-stable on H/p for each 1 ^ p,q ^ oo, choose x — (xn) G
P{£)jv and an integer N such that xn = 0 for all n < N. Let y = (yn) = Tx. Then
yn = 0 for n < N and \yn\ < 2~ n |xn | ^ 2~™ HzH^ for n ^ N, and so

So Tx G ̂ ^^J C tq{£), and hence T is (p,9)-stable on Efp.

On the other hand, T is not (p, g)-continuous on Efp because ||Ta:|| = 2~n ||x|L

if x — (Pn — Pn-i)x, and 2~n —• oo as n —• —oo. U

4. SHIFT-COMMUTING OPERATORS

The (forward) shift operator 5 is defined on S by the formula:

for each x — (xn) in S, Sx = y = (yn), where yn = xn_i for each n.

The shift 5 is causal and an isometric isomorphism of each of the spaces lp(£) for
1 ^ p ^ oo. It intertwines the projections Pk in the sense that

SnPk = Pk+nS
n for all integers n and Jfc.

A set M. of sequences is said to be shift-invariant if x G M implies that Sx G M.

A linear form <j> defined on a set of sequences is shift-invariant if its domain T>(<j>) is

shift-invariant, and for each x in T>((j>), <f)(Sx) = <j>(x).

For the remainder of this paper, we shall be concerned with sequence space oper-

ators which commute with the shift. In the signal processing literature, operators of

this type are said to be shift- or time-invariant. We avoid this notation, preferring to

reserve the term 'shift-invariance' for subsets of S and linear forms.

https://doi.org/10.1017/S0004972700033943 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700033943


[7] Automatic continuity of causal operators 287

4.1 O N CAUSAL SEQUENCES. It follows immediately from Proposition 1 that a shift-
commuting linear operator T which is causal and (p, g)-stable on 2+ , where 1 ^ p, q $J
00 and £ is finite dimensional, is (p, g)-continuous on 2 + . In Theorem 3 we extend
this result to the case where £ is infinite dimensional.

THEOREM 3 . IfT is causal, shift-commuting and (p,q)-sta.ble on £p(£)+, where

1 ^ p,q ^ oo, then T is (p,q)-continuous on 2 + .

PROOF: The following is a 'gliding hump1 argument of the type that can be used

to establish basic automatic continuity results such as Proposition 1.

Suppose that T is not (p, g)-continuous on 2 + . Then there exist sequences x*-n'

in lv{£)+ such that for all positive integers n

<- 9 ~ n anH Trr(n) ~-> 9 n -4- \ r7V(J)
P II I I , J ^ II I I ,

Choose positive integers ki, Ai2,... such that for all positive integers n,

A;n+i > 2kn and PfcnTz(n) > 2n

II I I ,

and let z = J^ Sk'x^. Then z G £p(£)+ and so Tz G

Now let TO = 2fcn. Since T is causal,

PmTx = PmTPmx = PmTP,

and so

||
I I ,

*"P*nTz(n) II - V ||5*'Tz^ || >2n.

Hence \\Tx\\ — oo, which is a contradiction, and T must be (p,g)-continuous on

H + . •
A shift-commuting linear operator T which maps causal sequences to causal se-

quences must be causal, since for any integer fc,

PkT{\ - Pk) = 5*PO5-*T5*(1 - Po)5"* = 5fcP0T(l - Po)5~fc = 0.

Hence we have the following corollary.
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COROLLARY 3 . Suppose that T is shift-commuting and maps causal sequences

to causal sequences. If T is (p,q)-stable on £p(£)+, where 1 ^ p,q ^ oo, then it is

(p, q)-continuous on £p(£)+ .

In Section 2.2 we extended the automatic continuity result of Proposition 1 to
finite rank perturbations of causal operators on £p(£)+ . There is a similar extension of
Theorem 3, with q = oo being an exceptional case.

THEOREM 4 . Suppose that C is causal and T is (p, q)-stable on lv{£)+, where
1 *s P ^ °° and 1 ^ q < oo. Suppose also that T — C has finite rank, and that T is
shift-commuting. Then T is causal and (p, q)-continuous on £p(£)+.

PROOF: Suppose that T is not causal on tp(£)+. Since T is shift-commuting,
this means that £p(£)+ is not invariant under T, and there exists x 6 £p(£)+ such
that y = POT(1 - P0)x ^ 0. Then y € lq{£), and for any n ^ 0,

Sny = SnP0T(l -P0)x= PnT(l - Pn)S
nx = Pnf^\

where /<»> = (T - C)(l - Pn)S
nx.

Since Pnf
n) = Sny, \\f{n)\\q S* |M|, > 0 for each integer n ^ 0. Furthermore,

for each j ^ n ,

P,-/<"> = P , P n / ( n ) = PjSny = SnP,-_nj/,

and so | | -Pj / ( n ) | | = ||-Pj-n!/||, -> 0 as n -> oo, since q < oo.

Now let e(n) = / ( n ) / | | / ( n ) | | • Then (e(n)) is a sequence of unit vectors in the
finite dimensional range of T — C. So, by taking a subsequence if necessary, we may
assume that e^n) —* e as n —> oo, where ||e|| = 1. For each integer j ,

as n —• oo. So P;e = 0 for each integer j , and e = 0, which is a contradiction. So we
conclude that y = 0 and T is causal. Hence, by Theorem 3, T is (p, g)-continuous on

. D
To show that Theorem 4 does not extend to the case q = oo, we first need to show

that there are discontinuous, shift-invariant linear forms on each of the spaces £p(£)+.

This is done by applying a well-known result concerning shift-invariant forms on the
'two-sided' scalar sequence spaces, £P(C).

LEMMA 1 . For each p in [l,oo] and eaci Banach space £, there exists a dis-

continuous, shift-invariant linear form i/> on £p(£)+ with the property that V> = 0 on

£p(£)+ n Hoo •

PROOF: By a result of Saeki [3] there are discontinuous shift-invariant forms (j>\

and <f>z on £P{C), with the property that each non-zero linear combination of <f>i and fa
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is discontinuous. Let 6 be a scalar sequence with just one non-zero term. If <f)\(8) = 0
let <f> = <f>i\ otherwise, let <f> = <l>2(S)4>i — ^i(^)<^2 - Then <j>(5) = 0, and since <j> is linear
and shift-invariant, <j>{x) = 0 for each x in HOo(C).

Now let w be a continuous non-zero linear form on £. We can regard u> as a
linear mapping from H(£) into H(C) by defining w(z) = (w(a;n)) for each ^-valued
sequence x = (xn). Then w is shift-commuting, commutes with each projection P j ,
and is continuous as a map from £p(£) into ^ P (C) . Furthermore, the composite map
77 = <f>u is a discontinuous, shift-invariant form on V{£) with the property that 77 = 0
on EOo(£).

Let rj+ and r\- be the restrictions of 77 to lp(£)+ and to tp{£)_ = ^p(^) (_O O i 0 ]

respectively. Since lp(£)+ is shift-invariant, 77+ is shift-invariant, and since 77 = 0 on
Soo(£), V- i s shift-invariant. Now let ij}\ = 77+ and V*2 = V-W, where W is the
involution defined on H(£) by

Wx = y — (yn), where yn = x_ n for each n, for each x in E(£).

Both >̂i and ^2 a re hnear forms on £p(£) , , and ij>i is shift-invariant. To see that ^2
is also shift-invariant, note that for any x in lp(£)+,

Since 77 is discontinuous, at least one of 77+ and TJ_ is discontinuous, and so at least

one of fa and ^2 has the desired properties. D

This lemma can be used to show that Theorem 4 does not extend to the case
q = 00.

EXAMPLE 4. There is a shift-commuting rank one operator which is (p, oo)-stable, but
not (p, oo)-continuous on £p(£)+, for each 1 ^ p ^ 00.

PROOF: Let Tx = tj){x)e for each x in lp(£)+, where 1 ^ p ^ 00, where ip
is a discontinuous shift-invariant linear form on £p(£)+, and where e is a non-zero
constant £-valued sequence. Clearly T has rank one and is (p,oo)-stable, but not
(p, oo)-continuous on £p{£)+ . Finally, T is shift-commuting since

STx = V>(x)Se = i>(x)e = ij>{Sx)e = TSx for each x in lp{£)+. fj

The zero operator is a causal finite-rank perturbation of T which shows that The-
orem 4 does not extend to the case q = 00.

4.2 O N FINITE PAST SEQUENCES.

The isometric nature of the shift operator can be used to extend the automatic
continuity results for operators on causal sequences to shift-commuting operators on
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finite past sequences. Thus, for example, if T is shift commuting and x €
then Skx £ £p(£)+ for some integer k, and so

\\Tx\\q = \\SkTx\\q = \\TS"x\\q.

So T is (p,g)-stable on £p(£)fp if and only if T is (p,g)-stable on £p{£)fp.

LEMMA 2 . Suppose that T is shift-commuting on £p(£), and is (p,q)-continuous
on £p(£)+, where 1 ̂  p, q ^ oo. Then T is (p, q)-continuous on £p(£)fp •

PROOF: If x e £p{£)fp then Skx G £*(£)+ for some integer k, and

||r*||, = \\SkTx\\q = \\TSkx\\q < n \\Skx\\v = K Mp ,

where n is the (p, g)-norm of T restricted to £p{£)tp- D

The first corollary, which is an analogue of Proposition 1 for shift-commuting,
causal operators on £p(£)jp, is an immediate consequence of Lemma 2 and Theorem
3. The second corollary, which is an analogue of Theorem 2, follows immediately from
Lemma 2 and Theorem 4.

COROLLARY 4 . If T is shift-commuting, causal and (p,q)-stable on ip(£)fp,
where 1 ^ p,q ̂  oo, then it is (p,q)-continuous on £p{£)tp-

COROLLARY 5 . Suppose that T is a finite rank perturbation of a causal operator
which is shift-commuting and (p,q)-stable on £p{£)fp, where 1 ̂  p $J oo and 1 ̂  q <
oo. TJien T is (p, q)-continuous on £p{£)jp •

4.3 ON TWO-SIDED SEQUENCES.

There is a well-established automatic continuity theory for shift-commuting se-
quence space operators. It follows from a result of Johnson [1] that there are shift-
commuting operators which are (p, <jr)-stable, but not (p, g)-continuous if and only if
there is a discontinuous rank-one operator F on £p(£) of the form

Fa; = i>(x)y for each x in £p(£),

where ifi is a discontinuous shift-invariant form on £p(£), and where y is a non-zero
vector in £9(£) for which y = Sy.

However, only £°°(£) contains vectors y of this type, and so each shift-commuting
(p,g)-stable operator is (p,g)-continuous if q < oo. On the other hand, it follows from
a result of Saeki [3] that there are non-zero discontinuous shift-invariant forms on £p(£)
for each p in [l,oo]. So for each such p there are shift-commuting operators which
are (p, oo)-stable but not (p, oo) -continuous. Our final example shows that there is a
discontinuous (p, oo)-stable operator which is both shift-commuting and causal.
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EXAMPLE 5. There is a rank-one, shift-commuting causal operator on £p(£), where
1 ^ p ^ oo, which is (p, oo)-stable but not (p, oo) -continuous.

PROOF: Let ^ be a discontinuous, shift-invariant linear form on £p(£)+, with
the property that if> = 0 on tp{£)+ D Hoo, and let * = if>{l -Po). Then * is a
discontinuous linear form on lp(£) and i&Pj = 0 for each integer j . Furthermore, \P
is shift-invariant since

Now let $ = iffW, where W is the involution introduced in the proof of Lemma
1, and let Fx = $(x)j/, where y is a non-zero constant ^-valued sequence. Clearly
J1 is a rank-one operator which is (p, oo)-stable but not (p, oo)-continuous. It is shift-
commuting because ij) is shift-invariant and so

$5 = VWS = VSWS = VWS^S = VW = $.

Finally, F is causal. To see this, we observe that for each integer j ,

and so for each x in tp{£),

PjF(l - Pi)x = #((1 - Pj)x)Pjy = Q. •
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