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Abstract

Let X,,(A) be the number of nonoverlapping occurrences of a simple pattern A in a
sequence of independent and identically distributed (i.i.d.) multistate trials. For fixed &,
the exact tail probability P{X,, (A) < k}isdifficult to compute and tends to O exponentially
asn — o00. Inthis paper we use the finite Markov chain imbedding technique and standard
matrix theory results to obtain an approximation for this tail probability. The result is
extended to compound patterns, Markov-dependent multistate trials, and overlapping
occurrences of A. Numerical comparisons with Poisson and normal approximations are
provided. Results indicate that the proposed approximations perform very well and do
significantly better than the Poisson and normal approximations in many cases.
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1. Introduction

The distribution theory of runs and patterns has been successfully applied to various areas of
science, for example, statistics, reliability, quality control, genomic studies, bioinformatics, and
social science. It has along history which dates back to at least the sixteenth century. There was
a considerable amount of research at the end of the nineteenth century and the early twentieth
century; see, for example, Wishart and Hirschfeld (1936), Mood (1940), Wald and Wolfowitz
(1940), and Wolfowitz (1943). Traditionally, the exact distribution of runs and patterns were
studied via combinatorial analysis. The book by Riordan (1958) provides an excellent review
of early developments in this area. Recently, Fu and Koutras (1994) developed the finite
Markov chain imbedding (FMCI) technique which provided an alternative way to study the
exact distributions for runs and patterns. The method is rather simple, especially for finding
distributions of runs and patterns in sequences of non-i.i.d. or Markov-dependent multistate
trials or random permutations.

Let A = {o1, a2, ..., oy} be a set of m symbols, and let {X;} be a sequence of i.i.d. trials
taking values in 4 with corresponding probabilities p;, i = 1, ..., m. To avoid trivialities, we
assume that m > 2 and that p; > Ofori = 1,..., m. We say that A is a simple pattern (or
word) of length £ defined on A if A = «;, - - - «;,, where o € 4. The length £ of the pattern
is a fixed positive integer and the symbols «;; are allowed to repeat. Let X, (A) denote the
number of nonoverlapping occurrences of the simple pattern A in Xi, ..., X,. To fix these
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ideas, suppose that A = {S, F'} and A = SS. Then the realization
X1 X2 X14=S8SSFSSSFSSSSSFS (1.1)

has X14(A) = 4 nonoverlapping occurrences of A (which are underlined). We also define the
waiting time until the kth occurrence of A as

Wk, A) = min{n: X,,(A) = k}.

For brevity, we denote W (1, A) simply by W(A). A realization of {X;} starting as in (1.1)
yields, for example,

W) =W(1,A) =2, W(2,A) =35, W@B,A)=9, and WH#,A)=11.

Let A1 and A; be two distinct simple patterns (i.e. neither A nor Aj is a sub-pattern of
the other). We define the union of A and A>, A = A| U Aj, as the occurrence of either A
or Ap. A pattern A is called a compound pattern if it is a union of r distinct simple patterns
A, ..., A, 1e. A= U;=1 A;. It follows that if A is a compound pattern then the waiting
time W (A) is defined as

W(A) = llg_igr{W(Al), L WAL

Given n, the probability that the number of occurrences of A in n multistate trials is less
than %,
an(k, A) =P{X,(A) < ki,

is often very hard to compute numerically, especially when the exact formula is expressed in
terms of complex combinatorics and £ and n are large. For large n, there are mainly three ways
to approximate the tail probabilities «, (k, A). First, these probabilities can be approximated by
a Poisson distribution & (A,) or a compound Poisson distribution & (A, i,) in the sense that,
provided certain conditions are satisfied, the total variation distance between the distribution of
Xn(A) and P (Xy) (or Pe(Ayn, 1y)) tends to 0 as n — oo and, hence, the Poisson (or compound
Poisson) distribution provides a good approximation for the tail probabilities. See, for example,
Arratia et al. (1990), Godbole (1991), Godbole and Schaffner (1993), and Barbour et al. (1996).

The tail probability o, (k, A) can also be approximated by a normal distribution. If we
consider the occurrences of A in {X;} as a renewal process (which is always possible since the
X; are i.i.d. and we are considering nonoverlapping counting), then X, (A) is the number of
renewals by time n and the central limit theorem for renewal processes yields

Xu(A) —n/uw &

— N(@,1) asn — oo, (1.2)
Vo /wy

where ww and aé, are respectively the mean and variance of the interarrival times of A in {X;},
which can easily be obtained via FMCI (see Fu and Lou (2003, p. 73) for the details). For
Markov-dependent trials and/or overlapping counting, we have a delayed renewal process and
similar results hold.

It is well known (see Fu and Lou (2003, pp. 49-96)) that the random variables X, (A) and
W (A) can be imbedded in a finite Markov chain. The transition probability matrix for the
imbedding of W (A) has the form

N|c'
P-l)
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where N is the d x d essential transition probability matrix (the substochastic matrix corre-
sponding to the transient states only), 0 represents a matrix, row vector, or column vector of Os
depending on the context, and ‘7’ denotes the transpose. The essential transition probability
matrix for determining P{X,,(A) < k} depends on k and has the form

N C 0 --- 0
0 N C
Ne=|o o . . ,
oo . . C
L0 0 - 0 Nyu

where there are k copies of N on the diagonal and C = [¢ | 0] is the ‘continuation’ matrix.
Note that C may take a different form for Markov-dependent trials and/or overlapping counting.
Given the matrices N and Nj, we have

P{W(A) > n} = §N"1T (1.3)
and

P{X,(A) < k} = &N/, (1.4)
where & = (1,0, ...,0)and1 = (1, ..., 1) are row vectors of appropriate length. For fixed k,

these probabilities tend to O exponentially as n — oo and, for large ¢ and very large n, the
computation of P{X,,(A) < k} by (1.4) can be problematic, and, hence, approximations are of
general interest. In this paper, our main goal is to develop a large deviation type approximation
for the tail probabilities in (1.4) by making use of (1.3) and its approximation.

The remainder of this paper is organized as follows. In Section 2 we give the main results
under some specific assumptions about the structure of N. We then extend these results to more
general cases. Section 3 provides some numerical results and comparisons with the Poisson
and normal approximations. Numerically, the approximations developed work very well for
tail probabilities less than 0.05, a critical probability for hypothesis testing.

2. Main results
Here and throughout, we make use of the following notation.

(1) {Y,: n = 0} will denote the Markov chain induced by A with transition probability
matrix P and d x d essential transition probability matrix N.

(i1) Theeigenvaluesfor N willbe denotedby A1, ..., A4, repeated according to their algebraic
multiplicities and ordered such that 1 > Ay > |A2| > --- > |A4| = O (such an ordering is
possible by the Perron-Frobenius theorem for nonnegative matrices). For simple patterns
of length ¢, we have d = ¢.

(iii) The right eigenvectors of N associated with Ap, ..., A; will be denoted by 751, ..., n4.
If the geometric multiplicity of an eigenvalue is less than its algebraic multiplicity, we
use vectors of Os for the unspecified eigenvectors. We also take n; to be an eigenvector
associated with A; with nonnegative entries (Perron—-Frobenius again).

(iv) The linear space spanned by {71, ..., nqs} will be denoted by &y and its orthogonal
complement will be denoted by & 1#
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(v) For f(n)and g(n), n € N, we say that f(n) = o(g(n)) if | f(n)/g(n)| - 0asn — oo,
f(n) = O(g(n)) if there exists a constant C > 0 such that | f(n)| < C|g(n)| for all
n>0,and f(n) ~ gn)if f(n)/g(n) - 1asn — oo.

Before stating and proving the main result, we introduce some notation and prove a lemma.
Let n and k be positive integers with n > k, let G, x denote the nonnegative integer solutions
tony + - -+ ng = n, and recall (cf. Riordan (1958, p. 124)) that

n+k—1
Cuxl = ,
|n,k| ( k—1 )

where, for sets, | - | denotes cardinality. Furthermore, for £ = ({1, ..., £x), let Cy x(£) denote
the nonnegative integer solutions to n1 + - - - +ny = n such thatn; > ¢; foreachi =1, ...k,
and note that .
n—>): &i+k—1
[OIE ( Z’;‘_’l )

Lastly, we define the complement of C, x(£) by Cp, k() = Cp.k \ Cn.k (£).

Lemma 2.1. Let {f,} be a sequence of positive integers such that f,, — oo and f,/n — 0,
and let g: Cp x — (K1, K2) for some positive constants 0 < K| < Ky < oo. Then, for any
fixed k,

 net, g &M
lim =Gk 27
n=00 Y e, i (fin 1)

Proof. Clearly, we have

Ki|Cok (i)l _ 2nctra 8™ _ KolCok (fo)l
Kol Cok (fdl ™ Xonee, sy 8 ~ KilCoi(fi)l’

However,

|Cn k| < n+k—1 )< n4k—2 ) < n >
= — 1 asn — oo,
[Cri (Sl n—kfy+k—1)\n—kf, +k—2 n—kfy

and the result now follows from the definition of C, x (£).

Theorem 2.1. Let X1, X7, ... be asequence of i.i.d. trials taking values in A, let A be a simple
pattern of length € with d x d essential transition probability matrix N, and let X, (A) be the
number of nonoverlapping occurrences of A in X1, ..., X,. If

(1) A1 has algebraic multiplicity m and L1 > |\ ;| forall j > m, and
J
(ii) there exist constants ay, . .., aq such that 17 = Z?:l aj n;.r and al(&m]—) > 0,

then, for any fixed k > 0,
—k( -1
P{X,(A) = k} ~ a*T! (" Z ))(1 — ARk, 2.1

where a = Z'}Ll aj (Eon}—). If m = 1, as is usually the case, then a = al(EOnT).
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Proof. Let W; denote the waiting time (or interarrival time) between the (i — 1)th and the
ith occurrence of A in X1, X», ... so that

P{X,(A)=k—-1}=P{W;+---+ Wiy <n, Wi +---+ Wi > n}.

Summing over all possible values of Wy, ..., Wi (i.e.overalln = (ny, ..., ng) € G, (€) with
£=(L,...,¢,0)) and noting that, with nonoverlapping counting, these W; are i.i.d., yields

PXp(A)=k—1)= Y PWi=np ... Wie1 =ne_1, We > ni)

neC, 1 ()
k—1
= > (]]rwi= ni}> P{Wi > ngl. (2.2)
neC, () Ni=l1
Now, since | = - - - = A;, by assumption, we have, letting a = ZT:] aj (éon;.r),

d d < T N
P{W(A) >n}=§0N”1T=EONn Zajanza)»'f<l+ Z M(ﬁ) )

j=1 jemt1 @ M
and
P{W(A) =n} =P{W(A) >n — 1} —P{W(A) > n}
=N I - N1

d
=Y a;(1— 1)) En )
j=1

d (1= A; T NG
:a(l—xl)x?”(u > o /)@w’)('\’) )

o= al—an \

Substituting these into (2.2) yields

P{X,(A) =k —1}

k-1 B 4 ai(l =) Eon)) 2\
= > (Mea-am 1+ 2 252 (32) )

neC, ((£) Ni=1 j=m+1
d T
ajGomn;) 1\
(1 (A
*ah < * Z a Al
j=m+1
=d' A=) YT v o),
neCy i (8)
where
d g T k=1 d ) ‘ T 1
aj(EO"') A\ Cl](l—)»])(é'oﬂ-) A\
v 0 ( tL Ty (/\1) )H( t L i\
Jj=m+1 i=1 j=m+1
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Now, for any sequence of integers { f;,} such that f; > ¢, f, — oo, and f,,/n — 0asn — oo,

we have
lim inf Y, 0)=lim sup Y@n, ) =1.
"> 00 neCy i (fn) "0 el i (fa)
Furthermore,
Yo ovmo< Y ymo< Y Yo,
neen.k(.fn) neen,k(e) neen,k
and, since

G (F) A
Z v, = Z lﬂ(n,ﬂ)<1 + Zneen,k(fn) v (n ))’
neCy i neCnr(fn) Zneen,k(fn) 1/;(,1’ )

we have, by Lemma 2.1,

n—(Gk-0DE-1)
> v~ : 2.3)
k—1
neC, i (L)
Combining this with the above, we have
k—1DE—-1)

P{X,(A) =k — 1} ~ a* (n —( >(1 — Akl

k—1
Replacing k — 1 with k completes the proof.

The accuracy of the approximation in (2.1) depends primarily on the approximation in (2.3),
which performs well when n/¢(k + 1) is relatively large and A,,1/|A1] is not too close to 1. It
also depends indirectly on £ in a more complicated way. An alternate way of writing (2.1) is,
for fixed k > 0,

k
lim [P{Xn(m:k} / a"“(%) (”"‘f‘”) exp{nlogkl}} 1. e
n—0o0 1

This shows that (a) for fixed k, P{X,,(A) = k} — O exponentially with rate —logA; as
n — 00, and (b) for fixed but large n, our approximation resembles a Poisson probability with
an adjustment constant that is independent of n. This follows from the fact that, for large n,

1= \¥fn—k(e—1 —nlogi)*
Py <Tl> <n 5( )) exp{nlog A1} ch% exp{nlogAii},
) !

where

1—x \F
cx = akt! — ).
A log1/Ag
Note that, for binary trials with A = {S, F}, A = S, and p = pg, it is easy to see that
M =¢q =1 — pand a = 1 so that the approximation in (2.1) becomes an equality and

P(X,(A) =k} = (Z)pkq"‘k,
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as expected. Furthermore, for k = 0, we have
P{W(A) > n} =P{X,(A) =0} ~a)\l,

which is a result in Fu et al. (2003, p. 354).
For cumulative tail probabilities, we have

k—1 n— -1 '
P{X,(A) < k} ~ Zaf“( Jj )(1 — )i (2.5)

j=0
If we note that P{X,,(A) < 1} = P{X,,(A) = 0} and, fork > 1,

PIXa(A)=k=2} _ (1
PX,(A)=k—1} <_)

n
we see that, in many cases, the approximation

n—(k—1E—1

ok
P{X,(A) < k) a( 1

)(1 _ )"l)k_l)\v’il_k-i_l

is sufficient provided that n is very large. The examples will show that, for k > 1, an
approximation based the last two terms in (2.5) is a good compromise provided thatn/€(k + 1)
is relatively large.

2.1. Generalizations and extensions

Before moving on to some numerical examples we discuss how these results can be extended
to Markov-dependent trials and compound patterns.

2.1.1. Markov-dependent trials. In the (first-order) Markov-dependent case, we will use the
notation Pajaj = P{X,y1 =«a; | X, = «a;} forall @;, aj € 4 and all n > 0. The state space
Q p for the Markov chain induced by the simple pattern A = o;, ;, - - - «;, of length £ will have
the same form as for the i.i.d. case except that, in order to incorporate the Markov dependency,
the state ¢ is replaced by {¢q, . . ., @q,, } so that

Qp = {ar -5 Pays Wigs iy Uiy o3 iy + o+ g5 Ly =+ g ).
Similarly, the state space for the essential transition probability matrix /N has the form
Qn =Qp \{A} = {das -5 Pas Uiy iy Uiy o5 iy =+ gy}

See Section 3.3 for a worked out example.

The arguments are entirely analogous to those in the previous section. The only difficulty
is the definition of the initial state vector & and the fact that this is no longer constant for
each W;(A). Indeed, for any initial distribution &), we have

P{Wi(A) =n} =&N"'(I = N)1T and P{Wi(A) > n} = &EN™'T,
as before. However, fori > 1, we now have

P{W;(A) =n} =EAN""'(I = N)1T and P{W;(A) > n} = EAN"1T,
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where &, is a row vector of appropriate length with a 1 in the position of state $a;, and Os
elsewhere.
When k = 1, we obtain
P{Xx(A) = 0} = §N"1",

and, for k > 1, we have

k—1
PX,(A)=k—1}= > &N"'d-N1" (]‘[ EAN"TN(I — N)1T)§AN"k1T.
neC, () i=2

Applying the arguments in the proof of Theorem 2.1 and simplifying yields the following
theorem.

Theorem 2.2. Let X1, X», ... be a sequence of (first-order) Markov-dependent trials taking
values in A, let A be a simple pattern of length € with d x d essential transition probability
matrix N, and let X,,(A) be the number of nonoverlapping occurrencesof Nin X1, ..., X,. If

(i) Ay has algebraic multiplicity m and Ay > |A | for all j > m, and
(il) there exist constants ai, . . ., ag such that 17 = Z?:l aj n]T and a; (§0an) > 0,

then, for any fixed k > 0,

P(Xn(A) = k} ~ ab" <" - kgf - 1)>(1 — )k, (2.6)
where . )
Jj=1 j=1

If m =1, as is usually the case, then a = a1(§0171r) and b = al(éAnIr).

By the same token, the tail probability can be approximated by
S (n—ie=1 e
P{Xa(A) <k}~ D" ab/ ( . )(1 — Ay
j=0 /
where a and b are defined in (2.7). Note that the constants a, b, and 1| are independent of n
and depend only on the structure of N. In other words, this approximation is available only
when W (A) is finite Markov chain imbeddable.

Equation (2.6) also holds for counting overlapping occurrences of A in both the i.i.d. and
(first-order) Markov-dependent cases. The only requirement is the identification of the ‘re-start’
vector &5 for each case. For example, with A = {A, C, G, T} and A = AC AC, the state space
for the essential transition probability matrix in the i.i.d. case is

Qy = {¢, A, AC, ACA)}.

For overlapping counting, we have £4 = (0, 0, 1, 0) (for nonoverlapping counting, £, = & =
(1,0,0,0) and a = b so that (2.6) reduces to (2.1)). If the trials are (first-order) Markov
dependent, we have

QN ={¢a, ¢c. ¢G. ¢1, A, AC, ACA}.
For nonoverlapping counting, £, = (0, 1,0, 0, 0, 0, 0), and, for overlapping counting, £y =
0,0,0,0,0,1,0).
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2.1.2. Compound patterns. Furthermore, we would like to point out that, if A = [J;_; A; is
a compound pattern and the trials are i.i.d., then the approximation given in (2.1) remains
applicable. The difficulty is in specifying ¢ in the approximation. A reasonable (but not
optimal) choice is to take £ as the minimum length of the A;. For large n, this makes little
difference since, for any fixed k, ¢, and u,

. (n—(k—l)(ﬁ—l))/(n—u)
lim = 1.
n—00 k—1 k—1

For compound patterns in Markov-dependent trials, the extensions such as those given in
Section 2.1.1 are also obvious. Of course, the transition probability matrix N and associated
constants depend on the dependence structure of the {X;} and the structure of the compound
pattern. No mathematical detail will be provided here.

When {X;} is a Markov-dependent sequence and A is a compound pattern, the exact
distribution for overlapping counting can be obtained, but the complexity of the approximation
method grows. We leave this case as an open problem.

2.1.3. When 17 ¢ &y. When 17 ¢ &y, we have two options. The first involves choosing and
decomposing & (and &, if required), and the second involves the Jordan canonical form for Ni.

Let &g, ..., &4 denote the left eigenvectors of N. If we are willing to choose a &y such that
there exist constants ¢, . . ., ¢z such that & = Z‘]lz | ¢j&; and, if required, we can find constants
ui,...,uqg such that &5 = Z;{:l u;;, then we may proceed as in the proof of Theorem 2.1

except that we write

T_y L) ()
P{W(A) > n} = &N"1 :Zngan1T:cx’ll(1+ Z #(#) )
j=1 jemtl € !
where ¢ = YL, ¢;(¢;17) and, similarly,
ey (2!
P{W(A) =n) =EN"'(I —N)1T =c(1 —apa]~ (1 2D (21 ),
(W(A) =n) = &N = N)1T = c(l — DA +j_,,z;+10<1—kl> .

and similarly for any terms involving &y. The development is entirely analogous to that in
Theorem 2.1 and the details are left to the reader.

If the required constants {c;} and (if required) {;} do not exist, then we may still appeal to
the Jordan canonical form J for Ny to obtain a similar result (i.e. there exists a nonsingular V
and Jordan matrix J such that V. JV~! = Nj). If we let ¢ denote the size of the largest Jordan
block of J associated with A1, then it is possible to show that there exists a constant ¢, > 0,
independent of n, such that

N1 =&VJ'VITT ~ cq< " l)x;.
g —

The reader will notice the connection between this argument and that presented in Section 2. We
comment that the only pattern we have encountered that requires this technique is A = {S, F}
with pg = % and A = SF, and, in this case, powers of the 2 x 2 essential transition probability
matrix are entirely trivial to calculate exactly. For large ¢ and moderate k, this method is
computationally more expensive since it requires us to find the generalized eigenvectors of N,
which is of dimension k¢ x k£ (for simple patterns).
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3. Numerical examples and comparisons

In this section we provide some numerical examples of the approximations in Section 2 and
give some comparisons to the Poisson approximation and to the normal approximation given
in (1.2). In order to fairly compare the approximations, we make use of the comparison function

pla,e) = (1 — min{g, 2}) sgn(a — e),

where a is an approximate probability and e is the exact probability. This measure is always
in [—1, 1]; it is symmetric in the sense that it treats over and under estimation equivalently; it
goes to 1 as e/a gets small, indicating severe over estimation; it goes to —1 as a/e gets small,
indicating severe under estimation; and it is O when a = e.

In addition to k, n, and the exact probabilities (calculated using (1.4) and the FMCI tech-
nique), the tables in this section contain one or more of the following columns, each reporting
the value of p(a, e).

e F: the FMCI approximation for P{X,,(A) = k} given in (2.1).

e F(k): the FMCI approximation for P{X, (A) < k} using all of the terms in (2.5).

e F(2): the FMCI approximation for P{X;,(A) < k} using the last two terms in (2.5).
e F(1): the FMCI approximation for P{X,,(A) < k} using only the last term in (2.5).

e POI: the Poisson approximation for both P{X,(A) = k} and P{X,, (A < k} calculated as
in Godbold and Schnaffner (1993).

e CLT: the normal approximation given in (1.2) with continuity correction applied for both
P{X,(A) =k} and P{X,(A < k}.

Unless stated otherwise, for these examples, we assume that the {X;} are i.i.d. taking values
in A = {A, C, G, T} with equal probability.

3.1. Approximating P{X, (A) = k}

Before presenting the results of these comparisons we can make the following few remarks.

1. While we expect the normal approximation to work reasonably well in the neighborhood
of E[X,,(A)], especially when this is large, we do not expect that the normal approxi-
mation will be able to capture the tail behavior of X, (A) very well. We expect that the
Poisson approximation will be better at capturing this tail behavior, especially when the
distribution of X, (A) is moderately skewed.

2. It is usually the case that E[ X, (A)] > var[X,,(A)] and, hence, even with an appropriate
choice of A, we expect the Poisson approximation to over estimate probabilities in the
tails and under estimate probabilities in the neighborhood of E[ X}, (A)]. The severity of
this phenomenon will depend, primarily, on E[W (A)]—large E[W (A)] indicates that A
is ‘rare’ and the Poisson approximation should work quite well, especially when 7 is not
too large.

This behavior is illustrated in Figure 1, in which we plot p(a, e) for three patterns, of
lengths 2, 4, and 6, and the three approximations F (solid line), POI (dashed line), and CLT
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(dotted line). The top axes show the (approximate) standard z-scores making use of (1.2):

k—n/uw
2,3
VoW My
-5 —4 -3 -2 -1 0 1 2 3 4 5
| | | | | | | | | | |
1.0 1.
0.5
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T T T T T T T T
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FIGURE 1: The measure p(a, e) for three patterns, fixed n and varying k (see text). The dotted line is for
the normal approximation, the dashed line is for the Poisson approximation, and the solid line is for the
FMCIT approximation proposed in Theorem 2.1.
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Figure 1(a) (A = AG, n = 1000) highlights the above comments the most dramatically.
While the proposed FMCI approximation (F) works well in the extreme left tail, its performance
degrades as k gets larger. The normal approximation works reasonably well in the neighborhood
of E[X,,(A)], but performs very poorly in both tails, as expected. The pattern AG cannot be
considered rare, occurring on average once in aboutevery E[W(A)] = 16 trials and, as expected,
the Poisson approximation performs poorly for this A.

Figure 1(b) (A = ACGT, n = 5000) and (c) (A = AACAAG, n = 70000) show that
(1) the FMCI approximation works extremely well in these cases (since n > k over most
of the k considered) and (ii) the Poisson approximation is still problematic in Figure 1(b)
(where E[W(A)] = 256), but performs better in Figure 1(c) (where E[W (A)] = 4096). As
expected, the performance of the normal approximation actually degrades in these cases since
E[X,(A)] < 20 in both examples.

We would also like to point out that these tail probabilities can be quite small. Nevertheless,
it is sometimes important to be able to estimate these accurately, especially in applications
involving likelihood ratios and relative risk assessments.

Table 1 shows the exact probabilities P{X,,(A) = k} and p(a, ¢) for the FMCI approximation
(F) in Theorem 2.1, the Poisson approximation (POI), and the normal approximation (CLT). In
this table we report results for the pattern A = AACAAG in Figure 1(c) and 0 < k < 40.

In application, the Poisson approximation is frequently used to estimate P{X,(A) = 0}
when A is rare and E[ X}, (A)] is small. In Table 2 we present a few comparisons of the FMCI
approximation in Theorem 2.1 and the Poisson approximation. The n where chosen such that

n=min{j: P{X;(A) =0} < 0.95},

which would be typical in a hypothesis testing situation.

Finally, Godbole and Schaffner (1993) gave an example with A = ABRACADABRA
defined on A = {A, B, C, D, R}, which has overlaps. With each letter equally likely, they
gave the mean of the approximating Poisson random variable as

- (n—=20)5"0-53_1
- 521 :

With n = 250 000, this yields & = 0.005 119 524, which is very close to

— L =0.005119934.
E[W(A)]
Fork =0, ..., 4, the exact and approximate probabilities are given in Table 3.

While both approximations perform well, the proposed approximation does slightly better
than the Poisson approximation.

3.2. Approximating P{X,,(A) < k}

Table 4 shows the performance of the approximation(s) given in (2.5) for P{X, (A) < k}
and that of the normal and Poisson approximations. While it is clear that using all of the terms
(F(k)) is preferred, we see that, for large n/£(k 4 1), using only the last two (F(2)) also performs
well provided that n/£(k + 1) is large enough so that k is in the far-left tail. Using a single term
requires much larger n for the approximation to become accurate. Of course, once A; and 1
have been determined, there is little additional effort required to make use of all the terms in
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the sum, and this is recommended. As expected, the CLT approximation does not perform that
well at all. Note also that Table 4 illustrates the convergence in (2.4) for each fixed k.

TaBLE 1: Exact values of P{X,, (A) = k} for the simple pattern A = AACAAG and the values of p(a, e)
for the approximation proposed in Theorem 2.1 (F), the Poisson approximation (POI), and the normal

approximation (CLT).
k Exact F POI CLT
0 3.70271x107%  0.000 0.024  0.998
1 634447x10797  0.000 0.021  0.987
2 5.43466x107% 0.000 0.019  0.957
3 3.10306x107% 0000 0016 0.894
4 132862x107%  0.000 0.014  0.795
5 4.55022x107%  0.000 0.012  0.663
6 1.29842x107%  0.000 0.010 0.512
7 3.17528x107%  0.000 0.008 0357
8 6.79343x107%% 0000 0.007 0214
9 1.29174x10792  0.000 0.005  0.095
10 221022x10792  0.000 0.004  0.005
11 3.43744x10792  0.000 0.002 -0.050
12 4.89979x107%2  0.000 0.001 -0.077
13 6.44598x10792  0.000  0.001 -0.082
14 7.87314x10792  0.000 -0.000 -0.073
15 897377x10792  0.000 -0.001 -0.054
16 9.58749x10792  0.000 -0.001 -0.029
17 9.63912x10792  0.000 -0.001 -0.000
18  9.15120x10792  0.000 -0.001  0.027
19  822942x10792  0.000 -0.001  0.050
20 7.02936x10792  0.000 -0.001  0.066
21 571747x10792  0.000 -0.001  0.073
22 4.43834x10792  0.000 -0.000  0.069
23 3.29506x10792 0.000 0.001  0.052
24 234398x10792  0.000 0.001  0.020
25  1.60047x10792  0.000  0.002 -0.031
26 1.05061x10792  0.000 0.004 -0.096
27  6.64009x107%  0.000 0.005 -0.174
28 4.04617x1079  0.000  0.006 -0.262
29 238016x1079 0.000 0.008 -0.356
30 1.35324x1079  0.000 0.010 -0.451
31 7.44453x107%  0.000 0.012 -0.544
32 3.96681x107% 0.000 0014 -0.631
33 2.04934x107% 0.000 0.016 -0.710
34 1.02743x107%  0.000 0.018 -0.778
35 5.00302x1079  0.000 0.021 -0.835
36 236815x107%  0.000 0.024 -0.881
37 1.09048x10~% 0.000 0.027 -0917
38  4.88853x1079%  0.000  0.030 -0.944
39 2.13495x107% 0.000 0.033 -0.963
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TaBLE 2: Exact and approximate values of P{X, (A) < 0} for various A and n.

A n Exact F POI
AACAAG 215  0.94995790 0.94995790 0.95118298
AACAAGAAT 13454 0.94999925 0.94999925 0.950029 82
AACAAGAATT 53794 094999948 0.94999948 0.950008 08

TaBLE 3: Exact and approximate probabilities for the pattern A = ABRACADABRA withn = 250000

and0 <k <4.

Exact

F

POI

A LW = O =

9.948934x 10~
5.093587x 10703
1.303780x 1079
2.224628x 10708
2.846657x 10711

0.948934x 100!
5.093587x 10793
1.303780x 10703
2.224628x 10708
2.846656x 10711

9.948936x 100!
5.093382x 10703
1.303785x 10705
2.224919%x 10798
2.847632x 1011

TABLE 4: Left tail probabilities P{X,,(A) < k} and p(a, e¢) for A = ACGT and various k and n.

A k n Exact F(k) F(2) POI CLT
ACGT 1 500 1.39679x107°1  0.000 0.038  0.042
1 1000 1.92779x1079  0.000 0.064  0.521
1 2500 5.06809x107%  0.000 0.137  0.962
1 5000 2.53797x1079  0.000 0.247  1.000
3 100 9.94221x1079"  0.000 -0.685 -0.001  0.005
3 250 9.28610x107°"  0.000 -0405 -0.001  0.013
3 1000 2.49927x107%"  0.000 -0.077 0.023 -0.058
3 2500 3.10047x107%  0.000 -0.016 0.093  0.663
5 500  9.54890x107°!  0.000 -0.725 -0.001  0.013
5 2500 3.25513x10792  0.000 -0.095 0.057  0.256
5 5000 2.09823x107%  0.000 -0.027 0.168  0.926
5 10000 7.60286x10~13  0.000 -0.007 0.363  1.000
AACAAG 1 100 9.77044x10791  0.000 0.001  0.022
1 250 9.41864x10791  0.000 0.001  0.021
1 10000 8.68591x10792  0.000 0.004  0.186
1 30000 6.53708x107% 0.000 0.011  0.887
3 2500 9.76162x107%1  0.000 -0.557 -0.000  0.016
3 5000 8.75466x107°" 0.000 -0.337  0.000  0.002
330000 2.30697x10792  0.000 -0.028 0.006 0.379
3 50000 4.33512x107%  0.000 -0.011  0.013  0.839
5 5000 9.91837x1079"  0.000 -0.883 -0.000  0.007
5 30000 1.45158x107%" 0.000 -0.159  0.003  0.019
5 50000 6.52878x107%% 0.000 -0.066 0.009  0.520
5 100000 4.28365x107%7 0.000 -0.018 0.024  0.984

https://doi.org/10.1239/aap/1240319586 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1240319586

306 J. C. FU AND B. C. JOHNSON

3.3. Markov-dependent trials

In this section we consider an example where the X; are (first-order) Markov dependent.
Suppose that A = {A,C, G, T} and that {X;: i > 0} is a Markov chain with transition
probability matrix given by

A C G T
02 03 02 03
02 02 02 04
0.1 03 03 03
02 04 02 02

Px =

NQaxe

Note that the stationary distribution for this chain is

7 = (53+ 3+ 50° )

The state space Q2p is similar to that for the i.i.d. case except that we replace ¢ with
o4, Oc, PG, ¢T. For A = CAA, we have

Qp ={¢a, ¢c, ¢, ¢7,C,CA, CAA}

and
QN = {pa, ¢c, 96, o1, C, CA}.

The essential transition probability matrix is given by

o4 Pc Pc  Pr C CcA
4 paa 0 pac par pac O
oc pca 0 pce pcr pcc O
N= % | péa O pee per pec 0
or pra O pr¢ prr prc O
C 0 0 pac par pcc Pca
CA 0 0 pcG pcr pac O

Table 5 shows the exact tail probabilities and the approximation ratios for the simple pattern
A = CAA and various k and n. The exact probabilities (and the approximations) were
calculated by taking

§ =81 =(1,0,0,0,0,0)

so that the interarrival times W; are i.i.d. and the CLT is easier to apply. Normally, we would
assume that the {X;} chain was stationary and take

& = (5 5+ 50+ 30+ 0+ 0)-
As in the i.i.d. case, we see that the approximation F(k) works very well and the two-term
approximation F(2) performs well for large n /¢ (k+1). Results for P{X,,(A) = k} are analogous
to those in the i.i.d. case and are not tabulated. The Poisson approximations for this case were
not tabulated since CA A is not a ‘rare’ pattern. In general, we expect the results for the Poisson
approximation in Markov-dependent trials to mirror those for the i.i.d. case.
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TABLE 5: Left tail probabilities P{X, (A) < k} and p(a, e) for A = CAA and various k and n when the
{X;} are first-order Markov dependent (see text).

k n Exact F(k) F(2) CLT
1 250  4.64659x10792  —0.000 -0.000  0.319
1 500 2.10531x1079  —0.000 -0.000  0.795
1 1000 432191x107% —0.000 -0.000 0.986
1 2500 3.73902x10~' -0.000 -0.000  1.000
5 500 2.80053x10791  0.001 -0.205 -0.058
5 1000 6.48629%x107% 0001 -0.062  0.492
5 2500 1.81578x107%°  0.000 -0.011  0.998

5 5000 9.99137x10722  0.000 -0.003  1.000

10 1000 236413x107°" 0003 -0353 -0.034
10 2500 4.52255x107%  0.001 -0.066  0.920
10 5000 7.40714x107'7  0.001 -0.017  1.000
10 10000 4.75992x10~4'  0.000 -0.004  1.000

20 2500 1.91717x10792  0.005 -0313  0.201
20 5000 2.64492x10710 0,003 -0.081  0.992
20 10000 1.66914x1073!  0.001 -0.020  1.000
20 20000 1.48825x10~7°  0.001 -0.005  1.000

4. Concluding comments

In this paper we have developed an approximation for P{X, (A) = k} and P{X,,(A) < k}
based on the FMCI of A that work very well for fixed k£ and large n. The approximations
are appropriate for both i.i.d. and Markov-dependent multistate trials; both overlapping and
nonoverlapping counting; and both simple and compound patterns. The proposed approxi-
mations perform very well and, in many cases, outperform the typical normal and Poisson
approximations.
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