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V. Blomer, J. Briidern and R. Dietmann

ABSTRACT

Let R(n,0) denote the number of representations of the natural number n as
the sum of four squares, each composed only with primes not exceeding n%2. When
0 > e=1/3 a lower bound for R(n, 0) of the expected order of magnitude is established,
and when 0 > 365/592, it is shown that R(n, 6) > 0 holds for large n. A similar result is
obtained for sums of three squares. An asymptotic formula is obtained for the related
problem of representing an integer as the sum of two squares and two squares composed
of small primes, as above, for any fixed 6 > 0. This last result is the key to bound
R(n, 0) from below.

1. Introduction

All natural numbers are the sum of four integral squares. The first proof of this very classical
result in the theory of numbers is due to Lagrange, and Jacobi and Kloosterman have shown
that the number of representations of the natural number n in the proposed manner equals

82+ (1)) Y. d=n"&(n)n (1.1)
dzldl‘q?on

where
w-f £ o

is the singular series associated with sums of four squares.

Following a suggestion of Sarkdzy, we investigate here the question whether large n are the
sum of four smooth squares, that is, of squares composed only of small prime factors. Let 6 > 0,
and let R(n, ) denote the number of solutions of the Diophantine equation

e+ ai it ai=n (1.3)

in non-zero integers x1, T2, T3, x4 subject to the constraint that whenever p is a prime with
plrizorsxy then p<n??. Note that R(n, 1) is the number of representations of n as the
sum of four non-zero squares, and therefore differs from the number described in (1.1) by
at most O(n'/2t¢). A formal use of the Hardy Littlewood method yields an asymptotic
formula for R(n,#) with a main term that coincides with (1.1) save for a positive constant
factor. In particular, for any fixed 6 >0, it is expected that R(n,#)>> &(n)n, and hence
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R(n, 0) > 0 should hold for sufficiently large n. We are able to confirm these conclusions only for
rather large values of 6.

THEOREM 1. Let § > e /3. Then R(n, 0) >4 &(n)n.

Though we fail to establish an asymptotic formula for R(n, ), the lower bound is of the
expected order of magnitude. At the cost of a weaker lower bound, it is possible to treat somewhat
smaller values of 6.

THEOREM 2. Let 6 > 365/592. Then R(n, 6) > 0 for all sufficiently large n.
Note that e~1/3 =0.716 ... and 365/592 = 0.616 . . . .

Our results appear to be the first in the literature that yield a representation of all large n
as the sum of four smooth squares. Earlier, Harcos [Har99] has shown that almost all natural
numbers are the sum of four squares of integers, the greatest prime divisor of which does not
exceed exp(20(log n log log n)/2). Wooley [Woo002] gave a quantitative form of this and proved
that for any fixed # > 0, one has R(n, #) > 0 for all but O(N/2-0/1600) of the natural numbers n
not exceeding N.

Many other variants of the four squares theorem with multiplicative constraints on the
variables have been considered. Most prominent in this circle of ideas is the Waring—Goldbach
problem. All large n =4 mod 24 should be the sum of four squares of primes, but again this is
only known for n outside a slim set (Wooley [Woo02]). The best approximation known today
is due to Tolev [Tol03], improving work of Briidern and Fouvry [BF94] and Heath-Brown and
Tolev [HT03], to the effect that for large n, (1.3) admits solutions in integers with at most 21
prime factors. Perhaps also of interest is a comparison of these results with the current state of
the art in a linear analogue of our problem, such as the binary Goldbach problem. We owe to
Chen [CheT73] the famous proposition that all large even numbers are the sum of a prime and
a number with at most two prime factors, and Balog [Bal89] proved that all large numbers n
are the sum of two natural numbers whose prime factors do not exceed n*/ (V). As in the
quadratic case, the ‘smooth’ version appears weakish compared to the sieve results with almost-
primes. Additive problems with smooth numbers, although so powerful in Waring’s problem (see
Vaughan and Wooley [VWO02]), seem to be intrinsically difficult if one cannot use a suitable mean
value estimate of Hua’s lemma type.

The methods of proof for Theorems 1 and 2 are very different. The idea for Theorem 2 also
appears in Balog [Bal89], and is readily described. We make use of the distribution of smooth
numbers in short intervals. Roughly speaking, for any large m € N there exists an integer k
in a prescribed residue class modulo 8 with its largest prime factor not exceeding \/m, and
m — 100m/* < k <m, see §5 for details. Hence, for given n € N, we can choose x4 with largest
prime factor not exceeding n'/4, and 0 <n — 73 < n5/8, and by adjusting the congruence class
of £4 modulo 8 appropriately, n — 27 is a sum of three squares of integers that trivially cannot
exceed n%/16. This would lead to R(n,5/8) >0 for large n. Note that the weak point in this
argument is that the size of the prime factors of three variables remain uncontrolled. One can
do slightly better.

THEOREM 3. Lete >0, and let n £ 0, 4, 7 mod 8 be sufficiently large. Then n is the sum of three
squares of integers whose largest prime factors do not exceed n™/18+¢

Theorem 2 follows from Theorem 3 in the manner indicated above. Theorem 3 is a first
attempt towards a result on sums of three smooth squares. It follows with little effort from
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uniform estimates for Fourier coeflicients of cusp forms of half integral weight that were obtained
by the first author [Blo04]; see also [Blo08] for refinements. The details will be provided in § 5.

The approach to Theorem 1 takes the inclusion—exclusion principle as a starting point. This
provides a link between R(n, #) and related counting functions for sums of four squares in which
only two or one of the variables are smooth; see §4. It is this part of the argument that forces
us to take 6 > e~ /3. The new counting functions contain at least two squares that are free of
constraints, and we treat them as a binary additive problem by writing them in the form

Z r(m)f(n —m) (1.4)

m<n

where 7(m) is the number of representations of m as the sum of two integral squares, and f
is a suitable function. The main ideas go back to Hooley [Hoo57] who considered the case
where f is the indicator function on the set of primes. His ideas were used by Shields [Shi79],
Plaksin [Pla81, Pla84] and Kovalchik [Kov82] to obtain an asymptotic formula for the number of
representations of n as the sum of two squares and two squares of primes. These methods may be
modified so as to cover the case where f(k) is the number of solutions of y? + y3 = k with either
y1 or y1 and yo smooth, and this will ultimately yield Theorem 1. Our principal conclusions in
this context may be of some independent interest, and therefore we describe them as another
theorem.

ForO<f<land1l<j<4let Rj(n, ) denote the number of solutions of :U% + x% + a:% + 33421 =
n with the greatest prime factor of z1 - - - x; not exceeding n?/2. Note that Ry(n, ) = R(n, 6).
When j =1 or 2, we are able to evaluate R;(n, #) asymptotically. The result features Dickman’s
function, defined as the continuous function g : [0, c0) — (0, 1] defined by p(u) =1 for 0 < u <1
and the delay equation o(u — 1) + ug’(u) =0 for u > 1.

THEOREM 4. Let 0 <0< 1 and j =1 or 2. Then, for all n with 4{n one has

R;j(n,0) = 0(1/0Y 72&(n)n + O(n(log n) /%),

It is certainly possible to impose still stronger smoothness conditions in Theorem 4, with 6
tending slowly to zero as n tends to infinity.

It would be interesting to prove a similar result for R3(n, 8). Professor Wooley has informed
us that he has now shown that for any 6 > 0 there are no more than O((log N)?) integers n < N
for which the expected asymptotic formula for R3(n, ) may fail.

Notational conventions. In this paper we apply the common e-convention: whenever € occurs in
a statement it is asserted that the statement holds for any fixed real positive value of . Implicit
constants in the Vinogradov- or Landau-symbols may depend on . Note that this convention
allows us to conclude from S <« X¢, T < X¢ that ST < X¢, for example. We also apply the same
convention with the letter A in place of €. Usually our assertions are meaningful only when ¢ is
very small whereas we use A in situations where we have in mind large values of A. Summations
start at 1 unless indicated otherwise. Small latin letters usually denote natural numbers except
x,y, z that are integers, and p is reserved for primes. The greatest common factor of a and b is
(a; b) whereas (a, b) is a pair; [a; b] is the lowest common multiple, and [a, b] denotes a closed
interval of real numbers.
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2. Auxiliary tools

2.1 Smooth numbers

We summarize here some results on the distribution of smooth numbers. Let P(k) denote the
greatest prime factor of the natural number k >2, and put P(1) =1, P(0) =oo. Following
standard notational practice, let

U(X,Y;q,a)=#{k<X:k=amodgq, P(k)<Y}, (2.1)
Uy(X,Y) = #{k < X: (kiq) =1, P() <Y},
Fouvry and Tenenbaum have shown that for (a; ¢) =1 one has
U, (X;Y) X
< .
©(q) (log X)4
Note that there is no restriction on the ranges of ¢, X or Y here. This very weak form of a

Siegel-Walfisz theorem for smooth numbers follows from [FT91, Théoreme 6], for example. In
our application, however, ¢ and ¢ may have common factors. Therefore we put

\Il(Xv Y; q, a) - (23)

-1
E(X,Y:q,a) = @((qq)) Ty ) (X (q:.0), Y) — (X, Y g, a). (2.4)

LEMMA 2.1. Let 0 <8 < 1. Then, whenever X° <Y < X, one has
E(X,Y;q,a) < X(log X)~4.

Proof. When (a; ¢) =1 this is contained in (2.3). Now put d = (¢; a) and note that ¥(X,Y’; ¢, a) =
U(X/d,Y;q/d,a/d) unless P(d) >Y in which case ¥(X,Y’; q,a) =0. In the first case we apply
(2.3) to ¥(X/d,Y; q/d, a/d) and immediately confirm the conclusion in Lemma 2.1. In the latter
case, note that P(d) >Y implies d > Y whence

E(X,Y;q,a) = (p(g/d)) " Wya(X/d,Y) < X/d < X'
This completes the proof. O

LEMMA 2.2. Let 0 <6 < 1. Then, whenever X° <Y < X, one has

q
>, Y. B(X.Yiga) <QX+X?(log X)~".

q<Q a=1
(a;9)=1

This lemma is a weak form of a Barban—Davenport—Halberstam theorem for smooth numbers.
It is nowadays routine to deduce such estimates from the corresponding Siegel-Walfisz theorem
(our Lemma 2.1) via the large sieve. Nonetheless the only explicit reference for Lemma 2.2
that we are aware of is to the recent dissertation of Neumann [Neu0O6] where a stronger
version of Lemma 2.2 is the starting point for a detailed study of the distribution of smooth
numbers in arithmetic progressions. However, the methods of either Hooley [Hoo75, Hoo98] or
Vaughan [Vau98]| readily yield Lemma 2.2 in its present form, and we may leave it to the reader
to give a detailed proof along the indicated lines, or to consult [Neu06].

Before we leave the subject of estimating E we record here the uniform bound
H
E(X+H,Y;q,a)—E(X,Y;q,a)< —+1 (2.5)
q

that follows from the definition of E, (2.1), (2.2) and the elementary observation that at most
O(H/q + 1) integers in an interval of length H belong to an arithmetic progression of modulus g.
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Our next theme is a continuous approximation for W,(X,Y’). This features the Dickman
function p, Euler’s constant -, and the arithmetical function

M(g) =) ;szi- (2.6)
plg

Then, if {(s) denotes the Riemann zeta function, one readily checks that

plg

and hence, by Corollaire 2 of Fouvry and Tenenbaum [FT91] (with k£ = 1), for any fixed A > 0,
0<d<1,

) log X ,(log X\II(qg) +v—1 log log qY \ 2
Vo(X, Y) = q X<Q<logY te logY logY HoX logY 27)

holds uniformly in ¢ < X4, X% <Y < X. In particular, we may insert this into (2.4) and then
conclude as follows.

LEMMA 2.3. Let 0 <4 < 1. Then, for X5 Y < X and any a, q with ¢ < X* one has
X log(X/( log(X I : _1
U(X,Y;q,a)=—|0p log(X/(g; a)) og(X/(g; a)) \1(g/(g; a)) +~
q logY logY log Y

log log X)3
(log X)?

~B(X,Y;q,a +0<

We conclude our discussion of sums over smooth numbers with a character sum estimate.

LEMMA 2.4. Let x denote the non-principal character modulo 4. Let X >10 and Y =
exp(log X/loglog X). Then, uniformly in 1 < Z; < Zy < X, one has

Z XS:) < Z7 1 + exp(—(log X)¥/?).

Z1<k< 22
P(k)<Y

Proof. A crude application of Theoréme 4 of Fouvry and Tenenbaum [FT91] shows that there is
a constant ¢ > 0 such that whenever Y < Z < X one has

Z X(k) < Z exp(—cy/logY).

k<Z
P(k)<Y

When 1 < Z <Y and k < Z, the condition P(k) <Y is void, and hence

> x(k) <1

k<Z
P(k)<Y

We split the sum over Z; < k < Z5 into two parts Z1 < k<Y, Y < k < Z3 if necessary, and then
apply partial summation to see that

> M 2 4 (log X) exp(—ev/log ),

Z1<k< 2>
P(k)<Y

which is stronger than asserted in the lemma. O
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2.2 Divisor sums

The later part of the proof of Theorem 4 features several divisor sums that are of a more
recondite nature. The basic principles derive from work of Hooley [Hoo57, Hoo79]. We begin
with a refinement of the classical estimate

7(d)* k
Z (Z) < (log log n)? (2.8)

dln

that is within the scope of elementary prime number theory.
LEMMA 2.5. Let 0 < a<1/4 and k be a non-negative integer. Then

(d)F
Z (3) < exp <;a(log n)a> . (2.9)

dln
d>exp((log n)*)

Proof. We work somewhat more generally than necessary for the immediate needs. Let N > 1
and « > 0. Then

7(d)F 7(d)* _ o
> (d) <y (d) <> <N HZ 1y pla=D)

din dn pln =0

For 0 < a < 1/4 one has po‘_1 < p~3/4 < 273/4 The previous inequality now simplifies to

k
Z <N~ H< 2 ]jj;) <C N+ 287 (2.10)

dn pln
d>N
where
Bp=)Y (1+3)f27 G =T+ Bp™?).
1=0 )

The inequality log(1 + t) < t suffices to bound the product in (2.10) by

log H(1_|_2k:pa—1)<2k Zpa—1<2k Z pa—1_|_2k Z pa—l‘ (2.11)

pln pln p<logn pln
p>logn

For the second summand, note that no more than log n/log log n primes p > log n may divide n.
It follows that

Z P>~ ' < (log n)*(log log n) ™"

pln
p>logn

We now take o =0 and N = 1. Then, by one of Mertens’ asymptotic formulae, one has
1
Z - <loglogY + C, (2.12)
p<Y

where C' is a certain positive constant. We use this with Y =logn, and then deduce (2.8)
from (2.10) and (2.11). To establish Lemma 2.5, fix 0 < aw < 1/4 and take N = exp((log n)®). By
Chebychev’s estimates and partial summation, one finds that there is C' >0 (depending on «
only) with

Z P <Y (logY)™!
p<Y
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Here we take Y =log n again and then find from (2.11) that

T+ 25" ) <exp <2k 1) 0B )

log log n
pln
whereas N~ = exp(—a(log n)®). Hence, for n sufficiently large in terms of k, we find from (2.10)
that the sum (2.9) does not exceed N~%/2, as required to confirm Lemma 2.5. O

We require another variant of (2.8) that underpins much of Hooley’s work [Hoo57, Hoo79].
To describe this in detail, fix a constant 0 < ¢ < 1, and let

1
Y —exp —2™ ).
log log n
Then, we shall prove the inequality

wla )~8(log log log m) /3. (2.13)

P(a)<Y
(l>7L
Note that the sum in (2.13) is of the type we currently consider. In fact, if ) denotes the product
of all primes p <Y, then
p(a
-y

P(a)<Y aQ
a>nd d>nd

and we may now argue as in the reasoning leading to (2.10). Then, for any a > 0 we find that

> “(Z)Q <n [T+ (2.14)

P(a)<Y p<Y
a>nd

It will be convenient to write temporarily £ = (1/2) log log log n. We take a = £(log Y)~!. Then,

for 2<p <Y, one has
log p logp
¢ = (—=] <1 le”,
P exp< logY> +logY c
for example by the mean value theorem. Consequently,

Z p* g Z ]17 +€ez(log Y)_1 Z lolg)p.

p<Y pY p<Y

We may now use (2.11) and the other Mertens formula
1
Z o8P LlogY +C
p<Y
(for suitable C' > 0) to see that

> p* ! <loglog Y + C + 24ef
pY

holds for all sufficiently large n. Taking exponentials, we infer that the right-hand side of (2.14)
is bounded by a value not exceeding

e (log Y)n™9% exp(20e’) < € (log n) exp(—d(log log n) + 2¢(log log n)*/?),
and (2.13) follows.
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A slightly weaker form of (2.13) occurs in Plaksin [Pla81, Lemma 13]. Our proof, however,
is very different. Unfortunately, (2.13) is not quite sufficient for our purposes, but the following
variant will do.

LEMMA 2.6. Let 0<d <1,k €N, and Y = exp(log n/loglogn). Then

T(a)k —A
Z < (logn)~".

Proof. By Cauchy’s inequality,

s ()

o(a) -

where all sums are over integers a with P(a) <Y and a > n°. Now
"(h +1 2k 1
S G I g < (5 o)
p<Y h=0 p<n

P(a)<Y
so that the second factor in the previous inequality does not exceed (logn)**. To estimate the
first factor, write a = uv? where u(u)? = 1; this decomposition is unique. Now

Z Z Z (2.15)

<Y u)<Y
a>n uv >n

First consider the contribution of terms with u > n%/2. We may then use (2.13) with §/2 in place
of & to see that these terms contribute to (2.15) at most O((logn)~*4). In the complementary
portion, u < n%/2, the sum over u in (2.15) is O(log n), and since now v > n%/*, the outer sum is
O(n=9/%). This shows that (2.15) is O((log n)~*4), and the lemma follows. O

Our final divisor sum estimate rests on the sparsity of integers that have a divisor in a
prescribed small interval. Hooley [Hoo79] made important contributions to this subject, and we
base our analysis on powerful and essentially best possible estimates of Tenenbaum [Ten84].

LEMMA 2.7. Let X(n) = exp((log n)'/?). Let S denote the set of all integers s <n that have
a divisor in the interval [\/nX !, \/nX]. Then

1
Z ;< (log n)37/40,

seS

Proof. Let S = \/n exp((log n)?3/?%). Note that any s € S must exceed v/nX !, and we have

1 SX
Z = < log “= < (log n) /. (2.16)
s Vn
VX —1<s<S
Hence, it remains to consider s € S with s > S. Now let Y(x, y) denote the number of integers

k € [z, 2z] that have a divisor in the interval [y, 2y]. Since [\/nX !, {/nX] can be covered by
O((log n)'/?0) intervals [y, 2y], a dyadic splitting-up argument shows

1 T
Z = < (log n)?°1/2%0 max M (2.17)
S S<z<n x
iy VX I<y<ynX
1408
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We now invoke the fundamental inequality
Y(z,y) <z(logy) """ (3<y<V2a); (2.18)

this is a crude version of Hall and Tenenbaum [HT88, (2.2)]. In particular, since S > /n, for pairs
x,y with y < v/2z in (2.17), we have Y(z, y) < z(log £)~%086, In the opposite case y > v/2z, we
cannot use (2.18) directly, but if z < k < 2z and k has a divisor d € [y, 2y, then k/d also divides k
and satisfies /2y < k/d < 2z /y. Hence, by (2.18) with y replaced by /2y and x/y, we see that
when y > V2x we have

—0.086
2y/nX ) ‘

One now checks that Y(z, y) < x(log )99 for y > /2 in (2.17), and the lemma follows from
(2.16) and (2.17). O

o\ —0.086
Y(z,y) <2z (log 2> <2z (log
Yy

2.3 Sums of two squares
The next three lemmata concern the arithmetical function A, (¢q) defined by

n(q) = #{1 <ay,a2 < q:a? +ak=nmod ¢}. (2.19)
As a function of g, this expression is multiplicative. Other properties are listed below.

LEMMA 2.8. For any q € N, n € N, the function \,(q) satisfies the inequalities
q
M(q) <€ 7(q), Mg << ——7((q;n)).
(q9) <7(q) (9) () ((g5m))
If q is odd and (q;n) =1, then \,(q) > 0.

Proof. We begin by examining A, (p') when p is a prime. The reader will readily confirm the
elementary inequalities 0 < \,(2') <4 for all n € N,l € N with the aid of the fact that an odd
number is a square modulo 2! (I > 3), if and only if it is congruent to 1 modulo 8. Therefore we
may concentrate on the case where p is odd. Define the Gaufl sum

r=1

and note that by (2.19) and orthogonality, one has

Anlg) =g ail G(g, a)26<—aqn>-

When p is odd and p1a, then the explicit evaluation of Gaufl sums (see Estermann [Est45], for

example) shows that
Gt a)\? _
<pk = X(P)kp k;

here x is the non-trivial character modulo 4, as before. Moreover, ¢ 'G(q,b) = ¢ 'G(q, b)
whenever b/q =b/q, as one confirms directly from the definition of G. Combining these facts
one finds that for any [ > 1 one has

l
An(0) =) x(p)fpFepn(n) (2.20)
k=0
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where

a=1
(a;9)=1

is Ramanujan’s sum. By Theorems 67 and 272 of Hardy and Wright [HW79], one has

— (g M/ (@)
alm) = 019) o Ty (2:21)
Write n = p”ng with p{ng. By (2.20) and (2.21), we now see that

M(0) = X(@h) (Iz2v+1), (2:22)
and that for p =1 mod 4 one has
1 1
An(Ph) :1+l<1 p) (1<Ii<v); METH=w+1) (1]9) (2.23)
whereas when p = 3 mod 4, the formulae
1 1
- (1<i<vy,lodd), 1+ - (v even),
AP ={P An(p” ) = p (2.24)
1 (1<l<wv,l even), 0 (v odd),

are valid. In particular, (2.22), (2.23) and (2.24) imply \,(p') <I+1=7(p!). This confirms
the first inequality in Lemma 2.8. When [<wv, this also gives the inequality \,(p!) <
(0 p*)) (P /o(p')) which is weaker in this case. When [ > v, we conclude from (2.22), (2.23)
and (2.24) that

[

A(p) = Aalp" ) < (1 n ;)r@”) < 25"),

and the second inequality in Lemma 2.8 also follows by multiplicativity. The final statement of
the lemma is an immediate consequence of (2.22) and (2.24). O

More subtle than the readier accessible A, (q), we also have to evaluate the quantity

Aa(gin) =#{1<z,y<q:(y;¢) =d,2* + y* =n mod ¢}. (2.25)
By (2.19) one has
aAn(g) = Aalgin), (2.26)
dlq

and much like the multiplicativity of A,(g), the Chinese remainder theorem implies a quasi-
multiplicativity for A. Whenever d|q, one finds that

Aa(g;n) = T Ay @5 ). (2.27)
plllq

We proceed to compute A,n (p"*';n) for all odd primes p and all non-negative integers h, I.
The case h = 0 will be considered first. Trivially, A;(1;7) = 1. When [ > 1, then A (p; n) is the
number of solutions of 22 + 32 =n mod p! with pty. Since a number is a quadratic residue
modulo p if and only if this is so modulo p, we see that

A1(p'; ) = p' Aa(ps ). (2.28)
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From (2.25) it is immediate that A,(p;n)=1+(}), and (2.26) then shows that Ai(p;n)=
pAn(p) — 1 — (2). By (2.20), it follows that

p—x(p) — (Z) -1 (ptn),
p+@—1x() -1 (pn).

When h > 1 there is a similar formula. Write n = p”ny with p{mng. Then, if 1 <h <v/2, one

Ai(p;n) = (2.29)

has
A (" m) = {@}Sfi)_}i[(h—i—l)/?] » (0<I<h), (2.30)
P A (pnpm ™) (1> D)
whereas for h > v/2 the corresponding result is
p(ph)pl O/ (h+1<w),
A (p" s n) = o(ph)p/? (1 + <7;0>> (h+1>v,v even), (2.31)
0 (h+1>v, vodd).
For a proof, note that for h > 1,1 > 0, the definition (2.25) shows that
Apn(P"in) = #{1 <2 <p" 1<y <ph2® + 9y = nmod p"H pty}. (2.32)

h+l’ and

A (" n) = () #{1 <z <p" 2% = n mod p"*}.

In particular, when h > [, the congruence reduces to 22 =n mod p

By elementary number theory, the congruence x? = p“ng mod p' has plt/2) solutions when ¢ < v,
it has p*/2(1 + (%)) solutions when ¢ > v and v is even, and it has no solutions when ¢ > v and
v is odd. We use this with ¢ = h + [ to confirm (2.30) and (2.31) in all cases where h > [.

Now suppose that [ >h >1 and 2h <v. Then the congruence in (2.32) implies that 2=
0 mod p?", and we may substitute = = p"z to reduce that congruence to 22 + y? = np~2" mod
p~". On considering the ranges for z and y implied by (2.32), one finds that A (p"thin) =
p* Ay (p'=h; np=2h), and (2.30) follows from (2.28).

It remains to examine the case where [ >h>1 and 2h>wv. Here (2.32) implies x
p’no mod p?". Hence, if v is odd, there is no solution, in accordance with (2.31). If v is even, then

p*/?|z. We write z = p*/?z in (2.32). It follows that A (p"*; n) equals the number of solutions
of

2=

22 + p2h—1/y2 =

ng mod p" =Y (2.33)
with 1 < z <pM=/2 and y as in (2.32). Since 2h > v in the current context, there is no solution
of (2.33) unless (“) =1. In the latter case, no — p?"7¥9? is a quadratic residue modulo p, and
hence also modulo p"*=% for each of the ¢(p!) values of y in (2.32). For a particular value
of y, there are two solutions for z modulo p"*~" in (2.33), and hence 2p” /2 solutions with
1< 2 < p"t=¥/2. This confirms (2.31).

We require estimates for certain convolutions involving A,(¢) that do not follow from
Lemma 2.8 alone. The next lemma is a typical example.

LEMMA 2.9. Let q be odd and (n; q) = 1. Then
v(q)

1(d)
0<Aa(9) %q: Dn(afd) S g
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Proof. If (n; q) = 1, then A, (d) > 0 for any divisor d|q, by Lemma 2.8. Since \,, is multiplicative,

it suffices to prove Lemma, 2.9 in the special case where ¢ = p' is a power of an odd prime p, p{n.
When [ > 2, then A\, (p') = M\n(p) by (2.22), and hence, in this case,

p(d) 1

Ma(p) S0 G2

! d% dAn(p'/d) p

which already confirms the proposed inequality. When [ = 1, however,

A0 () () 3)

and the lemma follows. O

LEMMA 2.10. Let a be odd and (a;n) = 1. Then the function

An(ad)
hala) =>_ (4
! %“(d) A(a)

is multiplicative in q. When q is odd and (q; n) = 1, one has

1(q)?
|ha(q)] < .

Proof. By Lemma 2.8, \,(a) # 0, and hence, ¢ — A\, (aq)/\,(a) is defined and multiplicative, and
S0 is hg. It now suffices to establish the proposed inequality when ¢ = p’ is a power of an odd
prime p{n. Write a = p®ag with ptag. Then

ha(pl) = )\n(pa)_l()‘n(pl+a) - )‘n(pl+a_1))'

Since p{n, we may use (2.22) to see that he(p') = 0 unless [ + a = 1. In this last case, we must
have [ =1, a =0, and then,

The lemma follows. O

The function A,(q) arises in connection with the distribution of sums of two squares in
arithmetic progressions. In this direction, the following results suffice for our purposes.

LEMMA 2.11. For any natural numbers a and q, one has

S el ="l x o i g a) ),

k<X q
k=a mod ¢q

Let 0 < § < 1. Then, uniformly in X°<Y < X and q < X9 one has

S k)< TGy 1o x.

X-Y<k<X SO(Q)
k=a mod ¢q

Proof. For the first statement we may refer to Plaksin [Pla81, Lemma 20], or Smith [Smi68§]
(with a different proof), at least when ¢ < X2/3=¢ For q > X?/3~¢ this part of Lemma 2.11 is
trivially true if we recall that r(k) < 7(k) and invoke the bound A\,(¢) < 7(¢q) from Lemma 2.8.

The second of the proposed inequalities follows from a result of Shiu [Shi80], applied
to 7(k). O
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LEMMA 2.12. One has

Z /\nq(q) (log Q) (log log n)2. (2.34)
q<@Q

Moreover, for any L > 1, one also has

q
> q12 < L3 (log Q). (2.35)

q<Q ay,az2=1
a%—i—a% =n mod ¢
(a139)>L

Proof. For (2.34), we merely invoke Lemma 2.8 and routinely find that

An 7((g;n 1
Z (Q)<<Z ((q(q))):ZT(T) Z ﬁ

q<Q q q<Q ¥ rin 9<Q wvia
r<Q (gm)=r
1 7(r) 1
SDILOEDY <2 o)
= Lo Plrs) T aee(r) g els)
r<@Q (s;n/r)=1

and (2.34) follows from standard estimates. For (2.35), we have to work much harder, and the
following technical estimate is essential: for natural numbers r, ¢ and n, one has

1/2

(;n —r?a®)? < 7(q)q(q; % n) 2. (2.36)

NE

Il
—

a

(a;9)=1

s
I

We postpone the proof of (2.36) and proceed directly to the derivation of (2.35). From the

elementary theory of congruences we know that the number of solutions of a quadratic congruence

22 = m mod ¢ does not exceed 7(q)(q; m)'/2. It follows that

q q q/r
Yoo Y r@gn—a)=1() ) Z (q;n —r*a®)'/2.
ai,a2=1 a=1 rlq
a?+a2=n mod ¢ (;:9)>L r>L (a »Q/T)
(a1;9)>L

For simplicity, write ¢’ = ¢/r and note that
(g;n—7r%a®) < (r;n —r?a®)(¢'sn — r?a®) = (r;n)(¢'s n — r?a?).
By (2.36) (with ¢’ in place of q),

q

Z 1< 7(q)? Z(r, )24 (¢ r?; )2,

ai,az=1 r|q
a%+a25n mod ¢ r>L

(a139)>L
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and a routine calculation yields

Z Z 7<<Z Zrn /7“7" n)1/2

q<Q  apaz=1 9<Q Tlq
a%+a§£n mod ¢q r>L
(a1;9)>L
<Y Y ““)% W2 2 m)
r2s '
r>L 5<Q/7'
<y 3/2 Z
r>L s<Q

so far we have used only the trivial bounds 7(rs) < 7(r)7(s) and (s;r2)/2 < (s;r). Again by
standard methods, the inner sum here is

DRACEREED DI DIALLERS SHVED PRCEPSTTR

s<Q dlr s<Q/d d|r s<Q

and (2.35) follows. The reader will notice that even finer estimates are possible. For our purposes,
(2.35) is sufficient, and is independent of n.

It remains to prove (2.36). Note that the value of (¢;n — 72a?) depends only on the residue
class of a modulo ¢. Hence, when ¢ = q1¢q2 with (q1; ¢2) =1, we write a = a1g2 + a2¢1 and then

see that
q
Z (gin— 12 1/2 Z Z ql,n—r2q2a2)1/2(q2;n r2q2a2)1/2.
a=1 a1=1 az=1
(a;q)=1 (a1;q1)=1 (a2;q2)=1

The substitutions by = gea; and be = qas now show that the left-hand side of (2.36) is a
multiplicative function of ¢, for any fixed value of r and n.

We now proceed to prove that when ¢ = p' is a power of a prime, then

!

p .

Z(pl'n—r2a2)1/2 < 2Pl(pl;r2;n)1/2 if p>11, (2.37)
= | 2564t 12 )2 for all p.

pta

By multiplicativity, this implies (2.36). We write n = p”ng, r = prg with p{ngro. Then, we
substitute arg for a to confirm the identity

4 4

p p

> Blin—r2a®)? =" (0 png — p*2a)'?. (2.38)
a=1 a=1

Pla Pla

Suppose that v =0, o> 0, or that p=0, v > 0. Then, for any a with p{a, one also has
ptp“ng — p?2a?, and hence the sum in (2.38) equals (p'). This establishes (2.37) in these cases.

Next, consider the case where p = v = 0. Then n = ng, and the sum in (2.38) is

4

p l
> _hin—a®)2 <o) + ) p {1 <a<p' s @ =nmod pt).
a
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If p > 3, then a® = n mod p* has at most two solutions. Hence, the sum in (2.38) does not exceed

l

_ 2

() +2> p ’“/2<pl<1+ﬂ_1>, (2.39)
k=1

and (2.37) again follows. When p = 2, then a? = n mod 2¥ may have up to four solutions, and a
consequential adjustment in the previous computation also confirms the claim in (2.37).

Finally, we have to treat the remaining case where v >0, 0> 0. When v > 1, 2p >, then
(2.37) is trivial. Hence, we write ¢t = min(v, 20) and may assume that ¢ < [ so that (p'; 7%;n) = p
and (p'; p“ng — p?2a?) = p ('t p¥"tng — p?¢ta?). If v # 20, then p{ p”~'ng — p*¢~ta® whenever
pta, and so,

(p's p"no — p*%a®) = p'
which shows that the sum in (2.38) is ¢(p')p"/? in accordance with (2.37). If v = 2p, we find

P ol plt
Z(pl; n— T26L2)1/2 :pt/Q Z(pl—t; ng — CL2)1/2 :p(3/2)t Z(pl—t; ng — a2)‘
a=1 a=1 a=1
pfa pta pfa

This final sum corresponds to the case where v = g = 0, and, hence, is bounded by p'+(1/2)t(1 +
(2/(/p —1))) when p >3, and similarly when p = 2. This completes the proof of (2.37), and of
Lemma 2.12. O

3. A binary additive problem

3.1 Initial transformations

This section is devoted to the proof of Theorem 4. We present details only for the case j =2,
the case j =1 is similar but simpler. Let 0 < 6 < 1. As was pointed out in the introduction, we
begin by writing Ra(n, 0) in the form (1.4). Let ¢(m, n) denote the number of (z1, 7o) € Z? with
23 4+ 22 =m; P(z129) <n?. Then

nﬁzir n—m,n):t(n,n)—i—llz n—ngX
m =1

=0 dlm
where for m € N we have used the familiar convolution
=4 x(d)
dlm

Note that t(n,n) < r(n) < n®. We follow Hooley [Hoo57] and his successors and split the inner
sum into three parts, according to the size of d. Let

D = /n(logn) 1%, (3.1)

Then
Ry(n, 0) = 4(Mi(n) + Mz(n) + E(n)) + O(n) (3:2)

where

E(n)=> tln—-mmn) >  x(d), (3.3)

m=1 dim
D<d<m/D
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and where M;(n) and Msy(n) are defined likewise, but with the condition D < d < m/D replaced
by d < D for My and d > max(D, m/D) for Ms. Reversing the order of summation in M; yields

n—1
Mi(n)=>x(d) > t{ln). (3.4)
b =1 mod d

We transform the sum Mas(n) similarly by writing m = dk and [ =n — m. Then

=3 ¥ t(l,n)x<nk_l>+0<nge>. (3.5)

k<D 0<l<n—Dk
I=n mod k

It is convenient to extend the inner sum in (3.5) to [ <n — 1. Since #(I, n) <r(l), we can use
Lemma 2.11 to see that the extra terms introduce an error that does not exceed

Z Z t(l,n) < Z (n: ) Dklogn < D*(log n)%.

k<D n—Dk<I<n k<D
[=n mod k

By (3.1), we may now combine (3.4) and (3.5) as
M (n) + Ma(n) = M(n) + O(n/log n)

where

=) Z t(l,n)<x(d)+x<nd_l>). (3.6)

d<D =
l=n mod d

The scene has now been prepared to evaluate M (n) asymptotically by invoking the results on
smooth numbers and on sums of two squares in arithmetic progressions. This will be the subject
of the next subsection. The more arithmetic analysis of the main term is performed in § 3.3, and
in §3.4, we then show that E(n) is an error term. Theorem 4 will follow from the formula

Ra(n,0) =4M(n) + 4E(n) + O(n/logn) (3.7)
that itself now is inferred from (3.2).

3.2 The main term: smooth numbers

Our analysis of M ( ) is modelled on Hooley [Hoo57] but also borrows from Plaksin [Pla81]. Note
that when 23 + 22 = n mod d, the value of x((n — 22 — 23)/d) depends only on z1, 2 modulo 2d.

Recalling the definition of ¢(I,n) and (3.6), this allows us to write

5 () 3

d<D ay,az=1 z%—i—a:%én

a?+a2=n mod d =q. d
1Tas= zj=a; mod 2d
P(x112)<n9/2

Here the innermost sum extends over integers x1, xa, but for the argument to follow it is more
convenient to sum only over natural numbers that we shall denote by k1, ko. For negative values
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of x; we may change a; to —a; to see that

Mn)=43" i <X(d)+x<n_a§_a%>> Yoo (3.8)

d<D ay,a2=1 k2+k3<n
2 25 dd =
ai+a3=n mo kj=a; mod 2d
P(k1k2)<n?/?

In (3.8), large common factors between d and a; are a nuisance in the later analysis, and we
proceed by removing such terms. Let

L = (logn)'. (3.9)

Since the inner sum over kq, k2 in (3.8) is at most n/d?, we deduce from the second clause
in Lemma 2.12 that the contribution of terms in (3.8) with (a;;d) > L does not exceed
< nL™3(log D)*. By symmetry in aj, as, we conclude from (3.8) that M(n)=4M*(n) +
O(n/logn), where M*(n) is defined as the sum in (3.8), but with the additional constraints
(a1;d) < L, (ag;d) < L. This is still unsatisfactory for the use of a mean value estimate in the
evaluation of (3.8). The reason for this is that for large values of k1 the sum over ks may be rather
short. To prevent this happening, we restrict the summation over kj in (3.8) to k; < \/n —n/L.
This will introduce an error not exceeding

2d
d<D a1,02=1 v/ n—n/L<ki<\/n

a%—i—a%zn mod d k1=a; mod 2d

< Z dr(d) <\d/l?? + 1) @ < v/nDlog D + n(log D)?L™1,

d
d<D

%

and we may finally conclude that
M(n) =4My(n) + O(n/log n) (3.10)

where Mj(n) is defined as the sum in (3.8), but subject to the additional constraints

(a:d) <L, (azd)<L, ki<y/n——.

We are now ready to apply the variance estimate provided by Lemma 2.2 to extract a main
term from Mj(n). We use the notation introduced in Lemma 2.3, and for simplicity we also write

— log(u/(a;2d))\ u ,(log(u/(a; 2d))\ (II(2d/(a; 2d)) + v — Nu
Zdolu) =0 ————= | — . 3.11
al®) Q( log nf/2 2d te log n?/2 2d log nf/2 (3:.11)
Then, by Lemma 2.3, whenever n(+9)/2 <u <nl/2 d< D, and (a;2d) < L, one has
U(u,n’?%;2d, a) = 2y 4(u) — E(u, n%?;2d, a) + O M (3.12)
) ’ ) —d,a ) ) ) d(lOg n)2 . .
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In the definition of My(n) implicit in (3.8) and (3.10), insert (3.12) for the sum over kg. This
produces

Mo(n) = Y i (x(d)+x<”_‘§_a%>) 3 (Ed,m(M)

d<D ai,a2=1 k1<y/n—n/L
a%—i—a%zn mod d kfzm
(aj;d)<L P(ky)<n®/?
log 1 3
~ BV =K, 09224, a5) + O vn(loglog n)” ‘ (3.13)
d(log n)?

Using the first statement in Lemma 2.12 we may sum the error term inside the triple sum of
(3.13), and the resulting total error does not exceed

2d n(log log n)3 (log log n)°
Z Z d?(log n)? <n logn
d<D ay,a2=1
a%Jra%En mod d

Next, we consider the terms involving F in (3.13). Their sum does not exceed O(LX) where

2d
Y= Z Z 7(d) max Z |E(Vn — k2, 0% 2d, ap)|. (3.14)

1<a1<2d

d<D az=1 k<y/n—n/L

k=a1 mod 2d

The simple inequality (2.5) allows us to split the sum over k into ranges where F can be made
independent of k. To do so, let A = D(logn)®°, H = (logn)®°y/1 — 1/L, and sort k into ranges
(h—1)A <k <hA. By (2.5) and (3.14) one finds that

2d hA2
S Y S mex, Y (I GAR 2 ) s 1)

h<H d<D a=1 Isaisd (h—1)A<k<hA dy/n — (hA
k=a1 mod 2d
A A hA?
<3S DT Y IB(/n— (A2 % 2d, a) + 0 D T<d>(2 T 1).
h<H d<D d 5 he<Il d<D d \dy/n — (hA)

The second term in this last estimate is O(A/n + HA(log D)?) = O(n(log n)~?°). For the first
term, we apply Cauchy’s inequality and Lemma 2.2 to find that this contribution to (3.14) is
bounded by

AN <Z W)l/z(z i \E(y/n— (hA)2, n?/2: 2d, a)|2>1/2

h<H “d<D d<D a=1

< A(log D)? Z (D\/n — (RA)2 + n(log n) 300)1/2
h<H

< n®¥*DV2(log D)% + n(log n) = < n(log n) .

By (3.9) and (3.14), this shows that the contribution from terms involving E in (3.13) does not
exceed O(n/logn). The terms involving = contain the main term. In fact, by partial summation
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and a change of variable,

Vvn
S SV =Zan(/D) S 1+ / = S du
k<y/n—n/L k<+/n—n/L m k<vn—u?
k=a; mod 2d k=a1 mod 2d k=a1 mod 2d
P(k)<nf/? P(k)<n?/? P(k)<nf/2

The first summand on the right-hand side is O(nL~'/2d~2), whence by Lemma 2.12, the
contribution to (3.13), after summation over ay, ag, d, is O(n/logn), and is therefore negligible.
For the second summand, we split the integral into two parts, over [\/n/L, /n —n/L] and

[/n —n/L,/n]. The portion over [\/n —n/L, \/n] will make, after summing over ai, as, d, a

contribution not exceeding n/ log n. To see this, note that

- 1 log(u/(a; 2d))\ | 1(2d/(2d; a)) +~ ,(log(u/(a; 2d))
Zaalw) = 2d<g< log nf/2 > * log nf/? ¢ < log nf/2 >)

1+ 11(2d/(2d; a
+0< +d((log/?i)2 ))> (3.15)

whence =  (u) < d~!, and then proceed in much the same way as in the argument leading to
(3.10) to see that these terms contribute in total

2d d
\/ﬁ /\/ﬁ =/ n _1
Z Z “ad B0, (u)| du < Z Z —7 <n(logn)™.
a<D ai,az=1 d vn—n/L ’ d<D ai,az=1 d*L

a%—i—a%zn mod d a%—l—a%zn mod d

We may summarize the previous deliberations by inserting all estimates into (3.13). This shows
that My(n) equals

S 5 (@ ("TEEN [T s R e omtesn 610

d<D a1,a2 Vn/L k<vn—aZ
k=a; mod 2d
P(k)<nf/?

where the sum over aj, ag is subject to the same constraints as in (3.13). It is now possible
to repeat some aspects of the previous argument. The sum over k in the above integral
equals ¥(v/n — uZ, n%?; 2d, a;) and may be replaced by Z4.4,(v/n — u2) using (3.12). The bound
B4, (w) < 1/d is valid in the range \/n/L <u <\/n—n/L by (3.15), and as before, we may
use (3.12) to see that all errors introduced into (3.16) contribute a total amount not exceeding
O(n(log n)~1). Therefore, by (3.16), My(n) now equals

22 vn—n/L
S 5 (xex ("R ) [ S 0B (Vi @) duct Olutog )
d<D ai1,a2 \/”/7[’
(3.17)
where the sum over ay, as is still as in (3.13).

We now evaluate the integral in (3.17). To reduce the notational complexity, let

o=@/ ) log(u/(2d; 1))

U
! log n?/2 log nf/2

) U2
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Then, by (3.11) and (3.15),

=y (0)Z 0, (V) = Y <Q(U1)Q(U2) - Q(UI)Q/(UQ)(IE;(Q?%M; S

o (Uh)o(U2)(11(2d/(2d; a1)) +v — 1) . O((loglogn>2>>

* log n?/2 log n

uniformly for d < D,\/n/L<u<+/n—n/L. It is now convenient to write u=+/nv with
V1/L<v<y/1—-1/L, and we note that U; = 1/6 + n; with

log V1 — v? — log(2d; a;) log v — log(2d; ag)
= 772 =

)

m

log nf/2 ]og nf/2

In the ranges for v as above, and (2d;a;) < L, we have 1; <0 and |n;| < log L/log n. When
0 # 1/2, then g is twice differentiable in a neighbourhood of 1/6, and hence, by Taylor’s theorem,

=) ne(3) ol (22)).

vy o1 log L
Q(Ug)—9<9>+0<logn :

But when 6 =1/2, then we may use the formula p(u) =1 —logu (1 <u < 2) and the fact that
7; <0 to confirm these expansions also in this exceptional case. We insert this above and find

that
3 2 / 2
= Wi (Vi) = S (o) 4 DL o (eEEn) )
where
B=2y—-1+ H<2d> + H<2d> +log(vy/ 1 —v2) —log((2d; a1)(2d; az)).
(2d; ay) (2d; as) ’ ’

We insert this formula into (3.17) and take v =u/y/n as the variable of integration. From the
error term O((log log n/log n)?) there arises a contribution to My(n) that can be bounded with
the aid of Lemma 2.12 as O(n(log n)°~!), which is acceptable. For the main terms, we write

Ii(n)= /\/1/7 V1—v2dv, I(n)= /\/1/7 V1—=2v2log(vy1—v2)dv,

=3 5 ¥ (x@ +x(”‘d‘))

d<D ai,a2
i) =3 5 3 (i + (=2 (1 o) - ostzdian)

where the sums over aj, ag are still subject to the conditions in (3.13). Observing symmetry in
a1, ag, we then find that

4Mo(n) = ns1(n)l1(n) (é’(;)Q + O(loglg n))

+o(5)¢(5) (oommeatn + e )
+ O(n(logn)™™).

1420

https://doi.org/10.1112/50010437X09004254 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X09004254

SUMS OF SMOOTH SQUARES

To see that I1(n) is essentially independent of n, it suffices to integrate over [0, 1] instead to
confirm the formula I (n) = /4 + O(L~1/?). Moreover, we obviously have Ir(n) < log L. The
previous formula for My(n) now simplifies to

2 / n
4My(n) = %nﬁl(n) (g(é) + O(%)) + 2@(11{)¢9g)ie(/12/9) s2(n)I1(n) + O(n(log n)™1).
(3.18)

3.3 Two singular series

It remains to evaluate the sums s; and so. The treatment of s;(n) is rather straightforward,
for s5(n) some extra complications will arise. The summation conditions for a1, az contain the
artificial conditions (aj; d) < L that we remove to recover the genuinely multiplicative nature
of these sums. If we add in terms with (a1;d) > L or (az;d) > L, then by Lemma 2.12, the
sum s;(n) will be altered by an amount not exceeding L~'/3(logn)* <« (logn)~!, and since
I1(2d/(2d; a1)) — log(2d; a1) < log d, the same argument shows that so(n) is altered by O(1). We
write

T(d) = idj (x(d) +X<n_aj1l_ag>>. (3.19)

ay,az=1
a%Jra%En mod d

Then we have shown

si(n) =Y d*T(d) + O((logn)™") (3.20)
d<D
and
s=X 5 ("I E)) (0 2 ) st o)

d<D ay,a2=1
a%JragEn mod d

(3.21)

We shall now complete the sums over d by Dirichlet series techniques. The function I'(d)
factors with respect to the decomposition into prime factors. To see this, let d =2%d, with
odd dy, and apply the Chinese remainder theorem in (3.19) to confirm the formula

I'(d) = x(do)don(do)T'(2°) (3.22)
where it is convenient to note that x(do)doA,(do) is multiplicative. Moreover, if 4 {n, one has
2 =0 (5=1). (3.23)

For a proof, consider (3.19) with d = 29 and & > 2. Suppose that ai, as is a pair that meets the
summation conditions. Then, in particular, a% + a% =n mod 2°, and since 41n, at least one of
a1, ap must be odd, say a;. Then a; + 25, as is another pair that meets the summation condition,

and one has
2 2 5\2 2
n—ad—a n— (a1 +2°)°—a
x(;(; 2) —-x( ( 95 ) 2), x(2°) =0.

This confirms (3.23) for ¢ > 2, and for § =1 it may be checked by hand.

We may combine (3.22) and (3.23) to the simpler formula I'(d) = I'(1)x(d)d\,(d) for all d.
Hence, (3.20) now reads

s1(n) =T(1)S(D) + O((logn)™1), (3.24)
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where
S(D)="7 _ d~'x(d)Aa(d), (3.25)
d<D
and we evaluate this sum through the Dirichlet series

= 55 ()
d=1

By Lemma 2.8 we see that F,(s) converges absolutely for Re s > 1, and may therefore be written
as an Euler product. Using (2.22) in conjunction with (2.20) and (2.21), one may calculate the
Euler factors explicitly. This yields

Fu(s)=(1=2""")""L(s)¢(s + 1) [ Bnpls) (3.26)
pln
pt2
where ((s) is the Riemann zeta function, L(s) is the Dirichlet L-function with character y, and
E, ,(s) is defined by p”||n and
1— p—(y+1)s

Bnp(s) =~ = (3.27)

Hence, (3.26) provides the analytic continuation of F,,(s) to Re s > 0.

We now compare the finite sum in (3.24) with its limit by standard analytic techniques,
but because we need to take care of the dependence on n, moderate details will be presented.
The Dirichlet series with coefficients x(d)\,(d)d~! is F},(s + 1). An effective version of Perron’s
formula, such as Theorem II1.2.2 in Tenenbaum [Ten95], shows that

1 1/4+in

D? > An(d)
S(D)=— Fo(s+1)=—ds+O( D'/* n :
D) =355 Vtin (s+1)=-ds+ < ;d5/4(1+n|logd/D])>

Here the error term is readily seen to be bounded by O(n_l/ 4). The integrand is analytic
in Res > —1 except for a simple pole of residue F, (1) at s=0. From (3.27) we find that
Eyp(s) < 1+ p~ Y2 uniformly in Re s > 1/2. Since | J G + p~1/2) < nf, we deduce from (3.26)
and (3.25) that in Re s > 1/2 one has

Fu(s) < nf|L(s)].

Hence, we may integrate F, (s + 1) D*s~! over the rectangle with corners 1/4 4 in and —1/2 + in,
and a standard estimate like L(s) < 1+ |Im s|'/® suffices to estimate the integrals along the
horizontal lines and the segment on Res= —1/2 by n'/6t¢D=1/2. The residue theorem now
yields

S(D) = F,(1) + O(n°~1/12), (3.28)

It is straightforward to recover the formulae (1.1) from F,(1). Indeed, the classical evaluations
¢(2) =72/6 and L(1) = 7/4 combined with (3.25), (3.26) and (3.27) yield

2 1—p ¥t
F(1) =~ 1] e
p¥[[n

p#2
and (3.19) gives I'(1) =4+ x(n) + 2x(n — 1) + x(n — 2). Thus I'(1) =4 when n is odd, and
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I'(1) = 6 when n =2 mod 4. Using multiplicativity we now find that whenever 4 {n one has

ml(D)F,(1) =82+ (-1)") > 4,
dzldr‘:on

which is the term in (1.1). In particular, it follows that S(D) < F,,(1) < log log n, and that
51(n) = T(1)Fy (1) + O((log n) ).
If we now anticipate the bound s3(n) < (log n)¢, we conclude from (3.18) and (3.28) that

2
16Mp(n) = g(é) S(n)n + O(n(logn)=™h). (3.29)

It remains to consider s3(n). We mimic the above treatment of s;(n) via a conventional
contour integral approach. The presence of terms log(2d; a;) and I1(2d/(2d; a1)) in (3.21) is a
cause for extra complication, but since we only need an upper bound we may economize in part
of the argument. We study the sums

La- 3 (x@+ x(”‘d‘))

a1,a2=1
a?+a3=n mod d
(a1;2d)=v
that allow us to rewrite (3.21) in the form

sa(n) = 3 % ST, (d)(T1(2d/v) — log v) + O(1). (3.30)

d<D v|2d

Suppose that d = 29dy with 21 dy. When v|2d one has v = 2"vy with vo|dg and 0 <7 < 6 + 1. Any
residue class a; mod 2d has exactly one representative 25+1bj +docj with 1< bj <dp,1<¢; <
29%1 and one readily confirms the identity

Xdo)To(d)= Y (X(25)+X<n—(docl)2_(d002)2>)

26

b1,b2,c1,c2

where the sum is over all 1 < b; < dp, 1 <¢; < 20+1 subject to the additional constraints (b1; dy) =
vg, (c1; 2071 =27 and

(2°7101)2 + (2071 hy)2 =nmod dy,  (doer)? + (docz)? =n mod 2°.
Substitute b; for 25+1bj and ¢; for doc; to see that
T'y(d) = x(do)T2n(2°) A, (do) (3.31)

where A,(d) denotes the number of solutions of the congruence af + a3 =n mod d with 1<
ay,as <d and (ay;d) =v. Note that A,(d) =A,(d;n) in the notation of §2.3; we suppress
dependence of n here as long as there is no risk of confusion.

The argument that proved (3.23) is still applicable in the new context, and now shows that
In(2)=0 (6>2,0<n<d+1), (3.32)

but in some cases now I'an(2) # 0. We sort the terms in (3.30) according to the values of 6 and 7
where 29||d, 2||v. Then, by (3.31) and (3.32), and recalling the definition of II, the sum on the
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right-hand side of (3.30) becomes

1 6+1

d d
>N 47Tg(2%) XC(P) > Ay(d) (H (25“”) —log 2%)
6=0 n=0 d<2-9D v|d Y
1 o0+1

=Y ) 47T (2)(T(27°D) — (6, n)S(27° D))

6=0 n=0
where S(D) is the sum defined by (3.24), where
x(d) d
T(D) = A, I -) -1 , .
CEDW 33 @(m(?) - oge (3.33)

and where ¢(0,n) = (n—1)log?2 if n <4, and ¢(d, 6 + 1) = (d + 1) log 2. The term involving T
is independent of 7, and since I'1(2) + I'2(2) + T'4(2) =T'(2) =0 by (3.23), we may combine our
results with (3.30) to the simpler formula

s9(n) =T(1)T(D) 4+ O(log log n). (3.34)

We estimate T'(D) by a rough version of Dirichlet’s hyperbola method and the analytic technique
that was used to evaluate s;(n). Let

V = (log n)?, (3.35)

and consider the contribution to T'(D) of the subsum defined by v >V in (3.33). Because one
has [[(d/v) —logv < log D for v|d,v < D, we may apply Lemma 2.12 to see that terms with
v >V amount to

< (log D) > % D Ay(d) < (logn)~?

d<D v|d
o>V
in (3.33), and hence,
T(D) = Ti(D) — To(D) + O((log n) ~?) (3.36)
where
(D)= Xig) 3 H(@XS)AU(W), (3.37)
vV u<D /v
(D)= qu;’) (logv) ><15;L)Av(uv). (3.38)
vV u<D /v

The sum (3.38) is ready for direct treatment by analytic methods. For odd v € N, we study
the Dirichlet series

G(s;v,n)=G(s) = Z X (u) Ay (uv)u™?. (3.39)
u=1
The inequalities
Ay (uv) < uv, (wv) < wot(u)7(v) (3.40)

follow from (2.19), (2.25) and Lemma 2.8, and imply that G(s) converges absolutely for
Re (s) > 2. The quasi-multiplicative property of A expressed by (2.27) shows that in the same
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range Re (s) > 2 we may write G(s) as a product of Eulerian type. This takes the shape

=11 Z A ("X ()™ = 1] Guls), say. (3.41)
p

ph||v =0

As was the case with F(s) in the discussion of s;(n), it is again possible to compute G, (s)
explicitly, and as we shall see, G(s) contains L(s — 1) as a factor. Indeed, for odd primes p{v,
we may use (2.28) to confirm the formula

0 1-s o
S) =1+ Zl plflAl (p)x(pl)pfls _ 1+ X(p)lp_ X(((])[;;Slzl/p) 1). (3.42)

When p"||v with h > 1, it is convenient to write n = p”n,, with p{n,. There are three cases. First
suppose that o > v. If v is odd, then G,(s) =0 by (2.31), and if v is even, then again by (2.31),

Gp(s) ”/2< <7;p>> (P )x(pHp™" = p¥/? (1 + (?))%. (3.43)

Next, suppose that 1 < h < v/2. Then, by (2.30),

M@

Gp(s) =

1
I [(h+l)/2]X( hl—1 —on X(P')
p')p + P A1(p; np .
(") E ( ) )

l p l=h+1

Il
o

We may rearrange this in the form

h !
s p _ _
(1= x(p)p*~*)Gp(s) = "/ + § Xlgls ) (PPl PH/2 _ pp(pl—1yplh+i=1)/2

x(P"th)

S P (Aapinp™) —p 1), (3.44)

+

Finally, suppose that v/2 < h < v. Here, when v is odd, (2.31) gives

v—h 1
X\p
Gols) =3 (sl /2 XD,
=0

this we rewrite as
(1-x( )pl_S)Gp(S)

o/ Z x(p ls JplD/2) _ i1y plhH=1/2y _ x(p

V—h+1)
s P

pu—h)p[u/Q] .

(3.45)

When v/2 < h <v and v is even, then by (2.31) we find likewise

Gol) = S el [“'*”2]" ey ”/zxpls)<”<np)>

=0 l=v—h+1 p
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and much as in (3.45), this takes the more convenient form

v—h I
(1= X' )Gy(s) =p™H + );Ei)(@(pl)p[(’”“”] = pp(p! D)
=1

N Mpvﬂ (w(pv—h+1)<1 + (2”)) —pw(p”‘h))

In the particular case h = v, this simplifies to
—S v X p v n
(1= X )Gyl) =+ Xtz (22 ) 1) - 1), (3.46)
and when h < v one gets

v—h ! v—h+1
x(p - - np\ x(p V2 o e
pW]JFZ;zs,)(w(pl)p[("+l)/2]—ps0(pl Hpl Dl <pp> p((uh+1)s)p Popr=h).
=1

(3.47)
By (3.41)—(3.47), we obtain

G(S) = L(S - 1)Jn,v(S)K(5§ v, n) (3.48)
where once again L is the Dirichlet L-function for y, and where
s Mi(psn
Jn,v(s) = H<1 + X(p)pl <1() - 1>>,
p
plv
K(s;0,n) == [[(1 = x(@)p"~*)Gyp(s).

plv
By (3.44)—(3.48) it follows that G(s) is regular in Re (s) > 1, in particular.

Further progress now depends on an upper bound for |G(s)| in Re (s) > 3/2 that we now
derive. By (2.29), we have [p~1A1(p,n) — 1| <3/p when ptn, and [p~tAi(p,p) — 1| <1+ 2/p. If

o = Re s it follows that
3
o) <1 (1 ' pg) T+, (3.49)
4 p|n

and in particular, in Re (s) > 3/2, this yields the convenient bound Jj, ,(s) < 7(n). Similarly, an
inspection of (3.43)—(3.47) shows

1K (s; 0, )| < 7(v)(v;n)Y? (Re (s) > 3/2). (3.50)
Let D/V3 < U < D. Then, by (3.41) and Perron’s formula [Ten95, Theorem I1.2.2],

X(U) 1 / U® 1/4 > AU ('U/l))
X g ) = — Gls+2v,n)—ds+0(U .
1;] u? (uv) 21 Jy (s +20,n) s T uz:l u9/4(1 + n|log u/U|)

1/4+in

/4—in

For v <V, one finds from (3.40) and crude estimates that the error term here is O(n~/4).
Now integrate G(s + 2; v, n)U®s~! along the rectangle with corners 1/4 & in and —1/2 + in. By
(3.48), (3.49) and (3.50), we have

(G(s+2)| < |L(s + D)l(on)" (v n) < VIR L(s + 1) < n¥|Ls + 1)), (3.51)

and hence we may argue exactly as in the corresponding treatment of F),(s) in the evaluation of
S(D) to show that the integral over the horizontal parts as well as over the vertical portion on
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Re (s) = —1/2 contribute O(n°~/12). Thus, by the residue theorem,

Z MA,U(U’U) =G(2;v,n) + O(na—l/lz)’

uniformly in v < V. By (3.49) and (3.50), G(2; v, n) < (log log n)7(v)v'/2, and so, by the previous
formula with U = D /v, and (3.38),

T»(D) < log log n. (3.52)
The treatment of the sum 7 (D) is similar, but some preparation is required before we can

bring in our earlier analysis of the Dirichlet series G(s). Recall the definition of II(u) in (2.6)
and then reverse the order of summation in (3.37) to see that

p) log p
=2 MPRER S Y MONA ), (3.53)
v<V u<D/pv
We estimate the contribution of primes p>V to (3.53) with the aid of (3.40) as
1
<<Z ngz Z <<V (log V log D)? « 1.

p>V <V uD

For the remaining primes p <V in (3.53), we write v = pvg, u = plug with p{ugvg. Then, by

(2.26),
o0 (DA (ph X (1)
Ty (D) = Z Z 2(h+l+1)p( Z 7/\@(1“)) +0(1).
hi=op<v P P v<Vp—h < Dp—l—ly=1
pv plu

(3.54)
Here we bound terms with p' >V by invoking (3.40) again. Since only terms with p' < D make
a non-zero contribution, these terms amount to

< > Y logl,;/ifl Ji+1) Z Z ) « V- (logn)* < 1.

hilklogn p<V vV u<D
V<pt<D

Thus, (3.54) remains valid with the additional contraint p' <V on the sum over p. In this
situation, the innermost sum over u in (3.54) is of the type

3 X:;)Av(uv) (3.55)
uU

ptu
where p{v, and where U = Dp~'~lv~1 € [DV =3, D]. By (3.41),

ZX = G(s)/Gp(s),
pfu

and the ‘missing’ Euler factor G)(s) is given by (3.42) (because ptwv). Hence, an inspection
of the analysis of G(s) shows that for G(s)/Gp(s) the bound (3.51) still holds, and that
we may therefore adapt the argument that followed (3.50) to conclude that the sum (3.55)
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equals G(2)/Gp(2) + O(n®~12) and is therefore bounded by O(v'/?*¢ log log n), uniformly in
<V,p<V,p' <V. Consequently, by (3.54),

lo
T1(D) < 1+ (loglogn) Z Z v %le A h(thH) < log log n;
hiz0 p<v P

p<vl/l

here (3.40) is again sufficient for the final inequality. When combined with (3.52), (3.36) and
(3.34), it follows that s2(n) < log log n, and hence, the proof of (3.29) is complete.

3.4 The error term

Recall that it remains to estimate E(n), defined by (3.3) above. We initiate our treatment by
using the inequality ¢(I, n) < r(l) in (3.3) to infer the bound

[B(n)| < ) r(n—m)|H(m) (3.56)

where

dlm
D<d<m/D

We explore the fact that numbers m with H(m) # 0 are rare through the estimate provided by
Lemma 2.7. Our path will follow the pattern laid down by Hooley [Hoo57], and with this in
mind, we introduce the sets

A,={aeN:pla=ptnand p<Y(n)}
B,={b<n:plb=p>Y(n)or pn}
where Y (n) = exp(log n/log log n), in accordance with the setup in Lemmata 2.4 and 2.6.

Note that A, N B, ={1} and that, by unique factorisation, any m <n has exactly one
representation m =ab with a € A,,b € B,,. We use this in (3.56), and separate terms with
a>n'/% from the resulting double sum over a and b. By the definition of A,, any a € A,
with a > n'/50 has a divisor a1 € A, with nl/50 < a1 < nt/25. Therefore, these terms contribute
o (3.56) at most

S r—a)HE@) <Y r-mlHm) YL

a€Ap,beBn, m<n a1€EA,
ab<n ailm
a>nl/50 nl/50 cqq <nl/25

Write n —m =1 and replace a; by a again. Then reverse the order of summation to find that

the right-hand side equals
> G-,

n1/50 cq<nl/25 _ l<n
aCA, [=n mod a

Now 7(1) < 47(l) and |H(m)| < 7(m) by trivial estimates. From Cauchy’s inequality we infer that
the previous expression does not exceed

(y y ) (Y% )

1/50 1/25 l<n 1/50 1/25 m<n
n asn n asn
acA,  1=nmeda acd, ~ m=0moda
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here we replaced n — ! by m again. In both factors, Shiu’s version of the Brun-Titchmarsh
theorem [Shi80] bounds the inner sum by 7(a)¢(a) " 'n(logn)3, and we may use Lemma 2.6 to
sum over a. It follows that

Z r(n — ab)|H(ab)| < n(logn) =2, (3.57)

a€ Ay, bEB,
ab<n

a>n1/50

1/50

say. For the complementary part with a <n'/°”, we note that whenever a € A,,, b € BB,,, one has

(a; b) =1, and hence

H(ab)= Y x(d= > x(a)x(b).

dlab a1EAR,b1EB,
D<d<ab/D aila,bi|b
D<aibi<ab/D

It follows that

> r(n—ab)|H(ab)| < Y r(n—m)

> x(a1)x(b1)

a€ Ay, beB, m<n a1€A,b1EB,
ab<17r0 a1b1|m,a; <n'/0
asn/? D<aibi<m/D

because a; < n/50 holds for any ai]a, and we have added non-negative terms on the right in
cases where m is not of the form m = ab with a < n'/°0. We sum over b first and use the triangle
inequality. Then, it follows that the above expression does not exceed

>, > - m)’ > x(m)

b1€By, m<n a1€Ap,a1<nt/50
b1<n/D m=0 mod by alT(m/bl)

D<aibi<m/D

In the interest of notational simplicity, we write a; = a, b; =b and m = bs. Then the previous
expression takes the form

Z Z r(n — bs) Z x(a)l.

bEBn Sgn/b a€.A,a|s
b<n/D D/b<a<min(n'/%0,s/D)

(3.58)

The interval for a is empty unless b > Dn~1/50. Moreover, for a given s, the innermost sum is
also empty unless s has a divisor s9 = s/a with a € A,, and D/b < a < min(n'/*° s/D). But then
so > D and so <n/ab<n/D. Hence, if we define

S ={s<n:s has a divisor sg € [D,n/D]|},

we may add the conditions b > Dn~1/% and s € S in (3.58) without altering the sum. By Cauchy’s
inequality, it follows that

> r(n—ab)|H(ab)| < (S152)" (3.59)

aGAn,bGBn
aénl/so,ab<n
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where

S1 = Z Z (n — bs),

Dn~1/59<b<n/D s<n/b

beB, s€S
Y Y Y e
b<n/D s<n/b a1,a2€A,
beBy, D/b<ai,az<min(n'/59 s/ D)
a1|87a2|8

By (3.56), (3.57) and (3.59), we then have
E(n) < (5152)Y? + n(logn) 2, (3.60)
and it remains to bound S; and Ss.
We begin the estimation of S7 by reversing the order of summation. Then

St < Z Z (n — bs).

s<nB1/80 D=1 b<n/s
seES beBn

An integer k with k < n is in B, if and only if k£ is not divisible by any of the primes in A,.
Hence, by properties of the Mobius function,

Z r(n —bs) = Z wu(a) Z r(n —ks),

b<n/s ac€Ay, k<n/s
beBn, k=0 mod a

and therefore,

S1 < Z Z w(a) Z r(n — las). (3.61)

s<nS1/50 p—1 a€ Ay, I<n/as
seS

Here we split the sum over a € A,, into two parts. The portion where a > n'/59 will be estimated

first. Since any s € S satisfies s > D, the innermost sum in (3.61) is empty unless a < n/D. Hence,
the contribution of terms with a > nl/ %0 0 (3.61) does not exceed

> oo Y -ty Y. Y r(n-las),

a€A, D<s<nb1/50D-1 I<n/as a€Ay, ls<n/a
n1/50<a<n/D n1/50<a<n/D

where now the inner sum is a double sum over [ and s. Since this sum is symmetric in [ and s,

the above sum is
< Z Z Z r(n —las).

ac€An I<n/a l<s<n/al
n1/50<a<n/D

Note that the innermost sum is empty unless /2 <n/a. On summing over s, we see that the
previous expression is bounded by

SOY X m

acA <./ m<n
n1/50<a£n/D ISy/n/a m=n mod al
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But al < /an < nD~Y2, and hence, by Lemma 2.11, the above does not exceed

Z Z (n, al nlog n
a€An l<\/7

nl/%0<agn/D

By elementary estimates, @(al) > ¢(a)e(l) and 7((n;al)) <7(a)7(l), and hence, by routine
estimates and Lemma 2.6, the final bound for the portion of (3.61) with a > n'/50 is

7(a) (1) n
< n(logn) ;4 o(a) ; e(1) < (logn)?”

n1/50<a<n/D

For the portion of (3.61) where a < n'/5% we substitute the asymptotic formula from Lemma 2.11

for the innermost sum over [ and find from (3.61) and the preceding discussion that

An(as) 12+ as;n)\ Y4 n
S1<n Z Z pla)———=|+n"/""° Z Z < ) +W.

as
s<nB1/50p—1" a€A, s<nBL/50 D=1 q<nl/50
s€S agn!/50

By elementary estimates, the middle summand is O(n'/2t257(n)2(n?6/25D=1)3/4) and may
therefore be absorbed into the third term n/(logn)?. In the first term, we wish to remove the
condition a < n'/%, and instead sum over all a € A,,. This introduces an error term that we may
estimate via A, (a ) < 7(s)7(a) (from Lemma 2.8) and Lemma 2.6 as

<<nZTiS) > T(aa)<< n

(log n)?”

Thus far, we have shown that

wla n
Si<ny - § Tog 7 (3.62)
s<§ acA
ES

By multiplicativity, we may write the sum over a in (3.62) as a product of Eulerian type.
This takes the shape

S MM T8 7)) T al) = 5 2a7H)).

a€Ay, p7||s p7|ls
pEAR pEA,

But p € A, implies p{n, and in this case, \,(p') = A\n(p) for all 1>2 by (2.22). Hence, the
previous identity simplifies to

5o M o T (1) T =0t

acAn, pEAy p pEA,
pls pts

But \,(p) =1 — x(p)p~! whenever pfn (by (2.20) and (2.21)), and hence, all Euler factors are
positive. Moreover, we see that

A 1 1 1 2
At (o) (+3)
p p D p p
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whence, recalling the definition of .A,,, we may conclude that

o< 5 P (0 3)) 1 (-}

a€A, p pEAR
1\ ! 1
< )\n(s)H<1—> 11 <1—>
pn N Py m N P

< M (s)(log n) "L (log log n)?;

here we have used elementary prime number theory for the final estimate. Now insert this bound
into (3.62) to confirm the bound

log 1 2 Z An log 1 3 Z ;
S, < n( olg ogn) (s) n : n < n( olg ogn) 7((n; s)) N : n . (3.63)
ogn = s (logn) ogn = s (logn)
EIS s€

for the last line we have used Lemma 2.8 and the elementary bound s/p(s) < loglog s.

Put d = (n; s). Then
3 7'((7%8; s)) <> T(dd) 3 é (3.64)

s<n d|n s<n/d
sSES dseS

Let X (n)=exp((logn)'/?), as in Lemma 2.7. First consider the portion of (3.64) where
d > X (n)"/2. Using the trivial bound O(log n) for the sum over s, and Lemma 2.5 for the divisor
sum, we see that these terms contribute to (3.65), at most,
d
< (logn) dz T(d) < (logn)~2.
n

d>X(n)'/?

Now consider the terms with d < X (n)'/2. If ds € S, then ds has a divisor sg € [D, n/D]. We
may write sg = s152 with s1|d, s2|s. Although such a decomposition is not necessarily unique,
we may conclude that s has a divisor so with s <sp <n/D and sg > s¢/d > DX(n)*l/Q. In
particular, recalling the definitions of D and X (n), we have sy € [\/nX (n)~!, /nX(n)], that is,
s €S, in the notation of Lemma 2.7. Consequently,

1 1
S < 1 ] 37/40
) . ) - < (logn)™"/™,

s<n/d s<n
dseS seS

uniformly in d < X(n)"/2. A standard estimate for the outer sum over d in (3.64) suffices to

conclude from the above discussion that the sum in (3.64) does not exceed (log n)*7/40+¢ Hence,
(3.63) reduces to the final estimate

Sy < n(log n)=~3/40, (3.65)

It remains to estimate Sy. We reverse the order of summation in the definition implicit in
(3.59) and take the resulting formula

Sy = Z Z x(aia2) Z r(n — bs) (3.66)

b<n/D al,a2€An, s<n/b
beBn D/b<a;<min(n'/3 n/Db) s>Da;(j=1,2)
s=0 mod [a1;a2]
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as the starting point. For convenience, we write a* = max(aj, az) and ¢ = [a1; az]b. Then Dba* < n
by the conditions of summation for aj, ag, and hence, the inner sum in (3.66) equals

n—m _ﬂ_>\n(Q) n— a* n1/2 s(n;Q)1/4 .
> rm-m=n2 - Db )+o< +>,

q1/4
Dba*<m<n
m=0 mod ¢q

here we invoked Lemma 2.11. We insert this into (3.66) and sum the error term to
SOy e (n; [ay; ag)b)'/*
. 1/4
bén/D al,aQSTLl/SO ([G’l? az]b) /
. p\1/4 3/4

1/2+e 1/4 (n; b) 1/241/204¢ ( 49/50
<n > (aa)t ) T <n 5 <

a,aa<nt/50 b<n/D

The formula for Sy in (3.66) now takes the shape

Sy=m Z Z x(araz)(n — Dba*)M + O(n*7%0),

bgn/D a1,a2€An 1
beBn D/b<a;<min(n'/5 n/Db)

We partially reverse the previous procedures by writing
n—Dba*= Y  1+0(1).
Dba*<m<n

Within the last expression for Sy, the error O(1) will result in a total contribution to Sy that
does not exceed a value very much less than

An(q) 7(b) 3/50.
>y - o< > 5 > r(an)7(az) < ¥
b<n/D ay,a2<n!/50 b<n/D a1,aa<nt/50

here we only used A,(q) < 7(q) and crude bounds. We now insert this information in the last
formula for Sy and reverse the order of summation. Since a; € Ay, b € B, implies (b; [a1; az]) =1,

we find
A ai, ag
So=m 3 > > x<a1a2>”[(a[ o Ut o),
b<n/D D2<m<n a1,a2€A, 1, ©2
beBn D/b<a;<min(n'/50 m/Db)
We wish to remove the conditions a; < n'/%0 from the main term here. By symmetry in aj, as,

this will introduce an extra contribution not exceedmg

al CL2
<n Y Ty oy Tl
a a
bgn/D a1€A, a2€A, L 2
ag>nl1/50

< n(log n)? Z Z T(araz/(a1; az))(as; as)

ala
a1€A, azeAy, 152
ay>nl/50

7(da’ay)
< n(logn) .
SO DED DEED DI
d€A, adjeA, daheA,
da’1>nl/50
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But 7(dajab) < 7(da))7(ah), and da} = a1 has at most 7(a;) solutions in d, a}. Therefore, the
above expression does not exceed

2 7(a1) 7(aj)
< n(logn) Z Z st (3.67)

al a
a1€AR abEAn 2
ay>nl/50

We may now apply Lemma 2.6 to bound the sum over a;, and for the sum over a}, we use the
elementary bound

Z < I] Z L < (logmy?.
acAn, p<Y(n) =0

It follows that (3.67) does not exceed O(n(logn)~2), and consequently, the asymptotic formula
for S may be rewritten as

An(lat; a n
Sy=m Z Z Z x(aia2) [(a[l;l@f]) + O<log n> (3.68)

b<n/D D2<m<n a1,a2€A,
beB, D/b<ai,a2<m/Db

Here, we sort the inner double sum according to the value of a = (ai;az). Then, on writing

a; = aa], our preliminary finding is
An([a1; ag)) x(a ;1 An(dlaba)
1\ Anld10y
E x(ajag) ———= far; 03] § X(m@)T.
a1,a2€An a€An al,aleA, 12
D/b<ay,az<m/Db a<m/Db D/b<aa);<m/Db
(af3a5)=1

Note that y(a) =0 when a is even. Hence, the outer sum extends over odd values of a € A,, only
in which case x(a)? = 1. But whenever a € A, is odd, it follows from (2.22), (2.23) and (2.24)
that A\,(a) > 0. Hence, for these a, the function ¢ — A, (at)/\,(a) is defined and multiplicative,
and we may rewrite the right-hand side above as

> 2D ey O )

a aiao Ay (a
acA, ay,abEeAn 12 n( )
as<m/Db D/b<aa’;<m/Db

a=1 mod 2 J

(af;a5)=1

Now pick up the coprimality condition with the indicator dl(a:al) w(d) and pull the sum over d
outside. Then, on writing a;- = du;, the expression in the previous display equals

Anl(a A (urda) Ay (uada
S MY Y ) X @) e

a€Ay, deA, ui,u2€An,
a<m/Db d<m/Dba D /b<adu;<m/Db
a=1 mod 2
SRS M(d)< An(uda) ) ?
S MO (S el )
a€An ¢ deAn d uEA, uAn(a)
a<m/Db d<m/Dba D/b<adu<m/Db
a=1 mod 2 d=1 mod 2

The final expression may be rearranged by introducing v = ad into the outer sum. Note that v is
odd if and only if a = d = 1 mod 2, and that likewise one has v € A, if and only if a € A,,, d € A,.
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For such values of v, we also have A, (v) >0 by Lemma 2.5, and hence (3.69) can be written in

the form
An(v)? p(d) X(1) A (uv) \ 2
A : (3.70)
> Y Awl TR

vEA, ueA,
v<m/Db D /b<uv<m/Db
v=1 mod 2

For v € A,, we have (v;n) = 1. Hence, we may use Lemma 2.9 for the convolution in (3.70). On
the one hand, it shows that for any fixed v the summands in (3.70) are non-negative, and on the
other, it then implies the upper bound
3 An(v)p(v) ( 3 x(u) /\n(uv)>2

2
’UE-An v UGA’I’L v )\n(v)

v<m/Db D /b<uv<m/Db
v=1 mod 2

for the sum in (3.70). Recalling that (3.70) is an expression for the innermost sum in (3.68), we
thus deduce from the above discussion the preliminary inequality

An(b An(v u) Ap(uv 2 n
se Yy Moy ”( 3 Xi)A,f@)))ﬂogn- (3.71)

b<n/D D2<m<n vEA, u€An
beBy, v<m/Db D /b<uv<m/Db
v=1 mod 2

We now consider the sum over w within the square in (3.71). Recall the function he(q)
introduced in Lemma 2.10. Then, for any v € A,,, v =1 mod 2, Mébius inversion yields

An(uv)
) Z by (w).

wlu
In particular, this shows that whenever Us > Uy > 1, one has

3 x(u) An(uv) 3 hv(w)ww

An (V) woou
Uy <u<Usz Uy <uw<Us
ueA, u€An weAy,

whence by Lemma 2.10 and the triangle inequality one finds that

> Rl w, 2 N

An(v)
U1 <u<sUs w Uz Uy /w<u<Usz/w

We insert this bound into (3.71) with U; = D /bv, Us = m/Dbv. Then we may write k = bv and
recall that the representation of k in this form with v € A,, b € B, is unique. It follows that

2
e ¥ Y MUY o) oy L (3.72)

logn’
D2<m<n k<m/D w<m/Dk D/kw<u<m/Dkw &
uEAn

The endgame begins with an estimate for the sum over w in (3.72). We take U; = D/kw
and Us = m/Dkw, and note that Us/U; = m/D~2 < (log n)?°°. Therefore, with this choice of

parameters,
1
Z M<< § u<<1+logg?<<log10gn~ (3.73)

u
Ui <u<Us Ui <u<Us
’LLEAn
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Now let 0 < aw < 1/100 denote a real number to be fixed later, and put

— /i exp(—(log n)*).

The trivial bound (3.73) suffices to estimate the contribution of terms with K <k <m/D in
(3.72). These in fact will contribute to So at most

< (log log n)” Z Z )\nk(;k) < (loglog n)®n Z T((ij)),

D2<m<n K<k<m/D K<k<n/D

and standard estimates give

T((n; k 7(d 1
y b g

K<k<n/D dln K/d<l<n/Dd

= Z < %ot o1 )) < (log n)*(log log n)?

so that the total contribution of terms with K < k <m/D in (3.72) is O(n(log n)®*¢).

It remains to consider terms with k£ < K in (3.72). The contribution of the subsum with the
extra condition w > log n is again estimated by (3.73), and is therefore bounded by

1)? log log n 2 T(k
< (log log n)? Z Z ( Z w2> < <logn> n Z (k)<< n(log log n)?,

D2<m<n k<K w>logn k<y/n

so that we are now reduced to the subsum of (3.72) where k< K and w<logn. We
take Uy = D/kw, Uy = m/Dkuw, as before. Then, U; > D/(K logn) > (log n) % exp((log n)%) >

exp((log n)*/?) when n is large. Moreover, Uy < n. Under these conditions, one has

Z x(u) < (logn)~°, (3.74)

Uy <u<Usy
UG.An

as we shall see in a moment. Equipped with (3.74), we now see that the portion of (3.72) with
k < K and w < log n contributes to S an amount not exceeding

< (logn) Z Z << n(log n)~%;

D2<m<n k<m/D

here it suffices to use Lemma 2.8 (\,(k) < 7(k)) and straightforward bounds. We have now
completed the estimation of the right-hand side of (3.72), and may infer the bound S; <
n(log n)**e from the above discussion. Since 0 < a < 1/100 was an arbitrary real number, it
follows that Sy < n(logn). Hence, by (3.60) and (3.65), we finally conclude that E(n) <
n(log n)*=3/%9. The proof of Theorem 4 is now complete.

It remains to establish (3.74). Actually, much better bounds are available from Lemma 2.4.
To see this, note that

() _ () _ x(d) X(h)
DR DD DRl R D

U <u<Usz u Ui <u<Usz d|n U1/d<k<U2/d
u€An, P(u)<Y(n) P(d)<Y (n) P(k)<Y(n)
(u;n)=1
1436

https://doi.org/10.1112/50010437X09004254 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X09004254

SUMS OF SMOOTH SQUARES

whence

X (u) 1 x(k)
oo lsxa X (375)
U1 <u<Us dln Ui /d<k<Uz/d
u€Ap d<Uz P(k)<Y(n)

Note that for Uy < d < Us, the innermost sum starts at £k = 1. In the ranges for Uy, U, for which
we claim (3.74), we import from Lemma 2.4 with X =n,Y =Y (n) the bounds

Z ng) < min((ji, 1) + exp(—(log n)?/%),

Uy /d<k<Us/d
P(k)<Y (n)

and by (3.75), we then find that

d
2 X << E — mln<U 1> —+ eXp< (log n)2/5>
Uy <u<Usz
UE.An d<U2

For the remaining divisor sum on the right-hand side here, we use the upper bound

1, 1
ST TieTie Tt T
din din din din

d>Uy d<Ui d>Uy VUL <d<U; d<\/U1

The sum on the far right is trivially bounded by O(U; 1 2), and the first two sums may be
recombined and bounded by Lemma 2.5 as

1
S < ep(~(logm)™),
dln
d>+/U;

provided one has U; > exp((log n)?/2), as we have assumed.

4. A combinatorial interlude

We begin by a detailed description of an application of the inclusion—exclusion principle that
will ultimately yield a lower bound for R(n, §). For a readier exposition, let X'(n) be the set of
all x = (z1,...,x4) € Z* satisfying (1.3). Recall the definition of R;(n) from the introduction,
and note that R(n, #) = R4(n, §). We wish to relate Ry with Ry and R; because the latter two
can be evaluated asymptotically. By the inclusion—exclusion principle,

Ry(n, 0) = Ry(n, 0) — #{x € X(n) : P(z125) < n%?, P(x3) > n??}
—#{xe X(n): P(x1z2) 9/2, P(xy4) > n9/2}
+ #{x € X(n): P(z120) <n?, P(x3) > n%?, P(z4) > n?}.

//\ //\

The two middle terms in the sum on the right are equal, by symmetry. It follows that
Ry(n, 0) > Ra(n, 0) — 2U (n) (4.1)

where

U(n) = #{x € X(n) : P(x125) < n’?, P(x3) > n’?}.

1437

https://doi.org/10.1112/50010437X09004254 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X09004254

V. BLOMER, J. BRUDERN AND R. DIETMANN

Yet another application of the same idea, this time with respect to x1, shows that
U(n) = #{x € X(n) : P(z3) < n%?, P(x3) >n’?}
— #{x e X(n): P(z1) >n? P(xy) <n’?, P(xs) >n’?}.
However, directly from the definition,
Ri(n, 0) — Ry(n, 0) = #{x € X(n) : P(z1) < n%/?, P(x3) > n’/?},
and hence, by symmetry in z1, ..., 24,
U(n) < Ri(n,0) — Ra(n, 6).
From (4.1) we now infer that
R(n,0) > 3Ry(n,0) —2R1(n, ). (4.2)

Our initial manipulations finished, we now turn to the evaluation of the right-hand side of (4.2)
with the aid of Theorem 4. When 1/2 <0 < 1, then o(1/0) =1+ log 6 by the definition of p.
Consequently,

R(n,0) > (3(log #)? + 4log 6 + 1)72&(n)n 4+ O(n(log n) ™)

holds for all 4t n. The first factor on the right-hand side is positive for 6 > e~1/3. Moreover, as
we saw in §3.3, the singular series (1.2) may be rewritten as an Euler product. If n = Hp PP,

then
1+ (=1)" 1 1
G(n)—;@) H(1+p> (1—pep+l). (4.3)
p7#2

In particular, it follows that &(n) > 1 for 4{n. This proves Theorem 1 for all large n with
41 n. If 4)n, write n = 4¥m with 4{m. From (4.3) or (1.1) it follows that either &(n)n = &(m)m
or &(n)n = 36&(m)m. Also, any solution of 27 + - - - + 23 = m with P(z; - - - 24) < m?? can be
multiplied by 4% to produce a solution of y? +--- +y? =n with P(y; ---y) < m?/2. Hence,
R(n, 0) > nS(n) for all n with 4{n implies R(n, §) > &(n)n for all n. This completes the proof
of Theorem 1.

5. Ternary quadratic forms

In this section we shall prove Theorem 3. As indicated in the introduction, Theorem 2 will be
a simple consequence. Let € >0, let n #Z 0, 4,7 mod 8 be sufficiently large (in terms of ) and
choose three different primes py, p2, p3 € Z N [n/14872 2p1/148=¢] such that pipeps {n and p; =1
mod 4. We show that the Diophantine equation

n=q(x):= (p121)* + (p2x2)” + (p33)>

has a solution x € Z3. Obviously this implies Theorem 3. The number of representations (g, n)
of n by the quadratic form ¢ can be approximated by the Siegel mean (see for example [Blo08§]
for the definitions)

2m
rigen q,n) = (g, n
( ) Dp1p2ps3 I;I p(a:n)

where

: 1 127/A% v
ro(a,n) = lim o H{x € (2/p"2)° | ¢(x) =n mod p'}
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are the local densities. We have r,(¢,n) =1+ (%1)])_1 if p{2pipapsn, and rp(g,n)>1—-1/p
if pt2p1peps [Sied5, Hilfssdtze 12, 16]. In order to calculate the local densities at the ramified
primes, we observe that for d =1 (modulo 4) and (h, d) =1 one has by quadratic reciprocity

G(h,d)= > e<hdbz> = <Z>\/8.

bmod d
For j =1, 2, 3 this gives
o 1 2k 2 k 2 k hn 1
@)=Y = > G PG (hpd o) G ph)e( — S ) =1 —.
=0 Pi K pj Pj
= h mod p}

(h; pj)=1

Finally one can check by direct computation that r2(q, n) =3/2if n =1, 2 mod 4 and r2(q,n) =1
if n =3 mod 8. Using Siegel’s lower bound for L(1, x_,), we find

n1/2—€

r(gen ¢, n) > )
P1p2p3

By [Ome73, (102:10)], the quadratic form ¢ has only one spinor genus per genus. Thus
r(gen ¢, n) = r(spn g, n) (cf. [Blo08] for the notation), and by [Blo08, (2.7)] we have

1/2—2¢
1/4 n
r(g,n) — r(spn g, n) < n°py/* (p1paps)2 (0710 + (prpops)/2n?/®) <
P1p2p3
for our choice of p1, p2, p3. In particular, (g, n) > 0 for sufficiently large n. This completes the
proof of Theorem 3. O

In order to deduce Theorem 2, we start with the following (essentially known) observation
concerning smooth numbers in short intervals, see e.g. [FL87]. Let m be any positive integer.
Choose a:= [y/m] and b€ Z N [Va2 —m, 9+ Va% — m], and write k := a? — b%. Then we have
m — (36 + o(1))m* <k <m and P(k) <a+b< (14 o(1))y/m. For the proof of Theorem 2 we
can assume that 4{n, cf. the remark after (4.3). We may choose x4 € Z N [n'/2 — 37n!/8 nl/?]
such that P(z4) < ont/4 and n — 12#0,4,7 mod 8. Note that n — 23 < n’/8. By Theorem 3,
we can find z1, z2, 23 such that n — 23 = 2% + 22 + ZL’% and P(z1xex3) < n((5/8)(T3/148))+= " and
Theorem 2 follows with 6 > 365/592.
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