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Predual of the Multiplier Algebra
of A,(G) and Amenability

Tianxuan Miao

Abstract. For a locally compact group G and 1 < p < oo, let A,(G) be the Herz-Figa-Talamanca
algebra and let PM, (G) be its dual Banach space. For a Banach A (G)-module X of PM,(G), we prove
that the multiplier space M(Ap(G), X™) is the dual Banach space of Qx, where Qx is the norm closure
of the linear span A,(G)X of uf foru € A,(G) and f € X in the dual of M(A,(G),X*). If p = 2
and PF,(G) C X, then A;(G)X is closed in X if and only if G is amenable. In particular, we prove
that the multiplier algebra MA,(G) of A,(G) is the dual of Q, where Q is the completion of LY(G)
in the || - ||,;-norm. Q is characterized by the following: f € Q if an only if there are u; € A,(G)
and fi € PFp(G) (i = 1,2,...) with 3°7°, ||uilla,(6) |l fill pr,(G) < oo such that f = 37 u;f; on
MA,(G). Tt is also proved that if A,(G) is dense in MA,(G) in the associated w*-topology, then the
multiplier normand || - || 4,(G)~horm are equivalent on A, (G) if and only if G is amenable.

1 Introduction and Notation

Let G be a locally compact group equipped with a fixed left Haar measure \. If G is
compact, we assume A(G) = 1. Let L?(G), 1 < p < o0, be the usual Lebesgue spaces
on G with norm || - |[ .

Suppose that 1 < p < oo and % + é = 1. The Herz-Figa-Talamanca algebra
A,(G) is the space of continuous functions u which can be represented as

oo o0
u= Zﬁ x ¢ with f; € L1(G), g € LP(G), and Z Il fillgllgill, < oo,

n=1 n=1

where § € LP(G) is defined by ¢(x) = g(x™ '), x € G. The norm of u is defined by

9]
a0 = inf > [ fillallgillp
n=1

where the infimum is taken over all the representations of u above. It is known that
A, (G) is a subspace of Cy(G) and, equipped with the norm || - ||AP(G) above and the
pointwise multiplication is a regular tauberian algebra whose Gelfand spectrum is G.
Furthermore, the algebra A,(G) has a bounded approximate identity if and only if
the group G is amenable (see Herz [8], Theorem 6). For p = 2, A,(G) = A(G), the
Fourier algebra of G (see Eymard [3]). The dual of A,(G) is PM,(G) and PF,(G)* =
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B,(G) is a Banach algebra such that A,(G) is dense in the associated w*-topology.
For the definitions and properties of PM,(G) and PF,(G), see Pier [11].

Let X be a Banach A,(G)-module of PM,(G). Then the dual Banach space X*
is also a Banach A,(G)-module defined by (uF, f) = (Fuf) forall u € A,(G),
f € Xand F € X*. Suppose M(A,(G), X*) is the multiplier space of A,(G) into X*,
i.e., all bounded linear operators ¢: A,(G) — X* such that ¢(uv) = ug(v) for all
u,v € Ay(G). Then M(A,(G), X*) is a Banach space equipped with the multiplier
norm || - ||,,. We show in this paper that M(A,(G), X*) is the dual Banach space of
Qx, where Qy is the norm closure of the linear span A,(G)X of uf forallu € A,(G)
and f € X in the dual of M(A,(G),X*). We will characterize Qx in terms of the
elements in A,(G) and X (see Theorem 2.3). In Lau and Losert [9], it is proved that
for p = 2, A,(G)PM,(G) is closed if and only if G is amenable. We prove that if
p = 2and PF,(G) C X or £}(G) C X, then A,(G)X is closed in X if and only if G is
amenable.

The special cases of X = PF,(G) and ¢!(G) will be considered. Let MA,(G)
be the space of pointwise multipliers of A,(G) equipped with the multiplier norm
llullse = sup{|luvla,c) : v € Ap(G), |[Vlla,c) < 1}, i, the space of all continu-
ous functions u on G such that the pointwise multiplication uv defines a bounded
operator from A,(G) to A,(G) for every v € A,(G). It is obvious that A,(G) C
MA,(G) and ||lully < lulla,) if u € Ap(G). Tt will be proved that MA,(G) =
M(A,(G), PF,(G)*), which is also equal to the space of multiplier algebra of the Ba-
nach algebra A,(G), i.e., all the bounded linear operators ¢: A,(G) — A,(G) with
¢(uv) = u¢(v) forall wand v in A, (G). We show that the predual Qpr,(G) of MA,(G)
is equal to the closure of L'(G) in MA,(G)* under the multiplier norm, where for
f € LYG), a continuous linear functional on MA,(G) is defined by (f,¢) =
fG fx)p(x) dx for all ¢ € MA,(G). Thus, MA,(G) is a dual Banach space. This
result is proved in De Canniére and Haagerup [2] for p = 2 and in Xu [14] for
discrete G (see the comments on page 466 of Granirer and Leinert [6]). Also, an ele-
ment f is in its predual Qpg, () if and only if there are u; € A,(G) and f; € PF,(G)
(i = 1,2,...) with 37 [[uilla, )|l fillp,6) < oo such that f = Y77 u;f; on
MA,(G). We will investigate that when A, (G) is w*-dense in MA,,(G). We prove that
the w*-closure pr (G) of A, (G) in MA,(G) is also a dual Banach space of the norm
closure of L'(G) in the dual ofA_pW (G). If Ay(G) is w*-dense in MA,(G), then the
multiplier norm and the || - || 4,()-orm are equivalent if and only if G is amenable.
We do not have an example of G for which A,(G) is not w*-dense in MA,(G) even

for p = 2. For the case of X = ¢1(G), we have a similar characterization for the
predual of M(4,(G), 7'(G)"). The relation between MA ,(G) and M(A,(G), /'(G) )
will be discussed.

For Banach spaces X and Y, let £L(X,Y) denote the space of all bounded linear
operators from X to Y and let X* be the conjugate Banach space of X. For x € X
and f € X*, the value of f at x, f(x), is sometimes denoted by (f,x) or (x, f) in
duality. The norm of x (respectively, f) is sometimes written as ||x||x (respectively,
Il fllx=) or ||x||x+ (respectively, || f|lx). The projective tensor product of X and Y is
the Banach space X ® Y such that each tensor t in X ® Y has a representation of the
formt = Y 7° x; ® y;, where > .7, [|x]| ||yi]| < oo and the norm of t in X®Y
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is the infimum of _;°, ||xi|| ||yi|| over all the representations. The most important
property of X ® Y used in this paper is that the Banach space dual of X ©® Y can be
isometrically identified with L(X,Y™*) by

<T, ixi ®yi> = i(T(xi%M
i=1

i=1

(see Wojtaszczyk [13] p. 125).

2 The Multiplier Space M(A,(G), X*)

Let X be a Banach A,(G)-module of PM,(G). We will show in this section that
M(A,(G), X*) is a dual Banach space and characterize its predual in terms of ele-
ments in A,(G) and X. We will also investigate when A ,(G)X is closed.

Proposition 2.1 Let G be a locally compact group and X be a Banach A ,(G)-module
of PM,(G). Then

(i) M(A,(G),X*) is a Banach A,(G)-module with respect to the action defined by
(up)(v) = ¢p(uv) for u,v € A,(G) and ¢ € M(A,(G), X™);

(ii) For every u € A,(G) and f € X, uf is a bounded linear functional on
M(Ap(G), X*) defined by (uf,¢) = (f,d(w)) for ¢ € M(A,(G),X*) with
lufllae < llulla,oll fllx-

Proof (i) For every u € A,(G) and ¢ € M(A,(G),X"), we have (ugp)(vw) =
p(uvw) = v((u¢))(w) for all v and w in A,(G). So u¢p € M(A,(G),X*) and

ugllm < llulla, ) |llm-
(ii) Let ¢ € M(A,(G), X*), then

[(uf, o) = [(f, o)) < [ flIxllo@lx < I fllxlAllnllulla,6)-
So ufisin M(A,(G), X*)* and |[uf||p < Hu||AP(G)||f||X. [ |

We denote the linear span of {uf : u € A,(G),f € X} by Ap(G)X. Then
A, (G)X C M(A,(G),X*)* by Proposition 2.1. Let Qx be the norm closure of
Ay (G)X in M(A,(G), X*)*.

Theorem 2.2 Let G be a locally compact group and let X be a Banach A ,(G)-module.
Then M(A,(G), X*) = (Qx)*.

Proof Define J: A,(G) ® X — Qx as follows. For Y_°, u; ® f; € A,(G) ® X, where
uj € Ap(G)and f; € X, (i = 1,2,...), wedefine JO_°, ui ® fi) = Y .o, uifi.

Then ] is well defined. In fact, it is obvious that M(A,(G), X*) is a closed subspace
of (Ap(G) @ X)* = L(A,(G),X*). If 3% u; ® f; = 0in A(G) ® X, then

<iu,» @ fisd) =0 forall§ € £(4,(G), X").
i=1
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Hence ijl uifi = 0in M(A,(G),X*)*. It follows from Proposition 2.1 that
2@ )l < 352 lallay@ll il So JOS3%, w4 ® ) € Qyand ] < 1.

We have the adjoint operator J*: (Qx)* — (A,(G) ® X)* with || J*|| < 1. For
every ¢ € (Qx)*, since (A,(G) QX)) = L(A,(G),X*), wehave J*(¢): Ap(G) — X*
is a bounded linear operator. We will show that J*(¢) € M(A,(G), X*). In fact, let u
and v be in A,(G). Then J*(¢)(u) € X* and

(T (D)), f) = (J (@), (uv) ® f) = (o, J(uv) ® f))
= (0, J(u® (vf))) = (J () (w), vf)
= (v () (w), f)

for every f € X. Hence J*(¢)(uv) = vJ*(¢)(u) for all u,v € A,(G). Therefore
J*(¢) € M(A,(G), X™).

For every ¢ € M(A,(G),X™), it is obvious that ¢ € (Qx)* by duality and it is
routine to check that J*(¢) = ¢. Therefore, J* is a surjective isometry. |

Theorem 2.3 Let f € M(A,(G),X*)*. Then f € Qx if and only if there are u; €
Ap(G)and fi € X (i =1,2,...) with )7 ||ui||a, )| fill x < oo such that

f=2 uifiand | fla=infy_ Juila,ll fillx,
i=1

i=1
where the infimum is taken over all the representations of f above.

Proof By definition, each element of the form ) .°, u; f; as in the theorem above is
in Qx.

Conversely, let 8 be the subspace of A,(G) ® X generated by (uv) ® f — u ® (vf)
foru,v € Ay(G) and f € X. Then an element ¢ € L(A,(G),X*)isin M(A,(G), X*)
ifand onlyif ¢ = 0on 8. Let I: A,(G) © X/8 — Qy be defined by

I(iui®ﬁ+8) :iuiﬁ,

i—1

where >°°, u; @ fi € Ap(G) ® X. Then it is clear that I is well defined and ||I|| < 1.
Also, that (A,(G) ®X/8)* = M(Ap(G),X™) and M(A,(G),X*) = QY implies that
I'": Qx — (A,(G) ® X/8)* is one-to-one and onto. So I is surjective (see Rudin [12],
Theorem 4.15). This proves the first part of the theorem.

For f € Qx with [[f|| = 1 and € > 0, there are u; € A,(G) and f; € X
(i = 1,2,...) such that > [luilla,ollfillx < ocand f = > uifi. Letn =
Yoo ui @ fi + 8 bein A,(G) ® X/8. Since ¢(n) = ¢(f) forall p € M(A,(G), X*),
we have ||n|| < 1. Thus, there exists v; € Ap(G) and h; € X (i = 1,2,...) such
that >, [[villa, o lhillx < 1+eandn = 32" v; ® h; + 8 by the definition of the
quotient norm. Thus, f = 221 vih; on M(A,(G), X*). This proves the second part
of the theorem. [ |
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Proposition 2.4 IfF € X*, then F defines an element of M(A,(G), X*) by F(u) = uF
foru € Ap(G) and ||F||p < [|F||x.

Proof Since X* is a Banach A,(G)-module, F € M(A,(G), X*) is well defined and

(). Pl = [(Euf)l < [Flxluflx < [Flxlulo Il forall u € 4,(G) and
f € X. Thus, ||F||m < ||F||x- "

Proposition 2.5 Let X be a Banach A,(G)-module and PF,(G) C X. Then B,(G) is
a subalgebra of M(A,(G), X*) with ||bl[y; < ||b]|s,(c) for b € B,(G).

Proof Let u € A,(G) and b € B,(G), then bu € A,(G) C PM,(G)*. So bu €
X*. Since PF,(G) C X, we have ||bquFp(G) = ||bullx < ||b||pFP(G)HU||AP(G). Hence
[16llm < (1615, (6)- u

We shall investigate the relationship between Qx and X. In Proposition 2.4, we
have X* C M(A,(G), X*) with || - ||, < || - [Ix- Let R: (Qx)** — X** be the restric-
tion map. Then |[R|| < 1. If u € A,(G) and f € X, then it is routine to check that
R(uf) = uf € X. So R(n) € X for everyn € Qx.

Theorem 2.6 Let G be a locally compact group. Then the following statements are
equivalent:

(i) the restriction map R: Qx — X is onto;
(ii) the norms || - ||y and || - ||,, are equivalent on X*.

Proof (i) = (ii) Let R be onto. Then X* is || - ||,,-closed in (Qx)* (see Rudin [12],
page 103). So the norms || - || and || - ||, are equivalent on X*.

(ii) = (i) Since the norms || - ||, and | - |[,, are equivalent on X*, R* is one-to-
one. That the norms || - ||, and || - [|,, are equivalent on X* implies that X* is closed
in M(A,(G),X"). Thus, R is onto (see Rudin [12] page 103). [ |

Corollary 2.7 Let X be a Banach A,(G)-module of PM,(G) such that || - || and
Il - ||AP(G) are equivalent on A,(G). If A,(G)X is closed in X, then the norms || - HAP(G)
and || - ||, are equivalent on A,(G). In particular, if p = 2, A(G)X is closed in X if and
only if G is amenable.

Proof If A,(G)X is closed in X, then /-], gy and |||, are equivalent on
(Ap(G)X)* by Theorem 2.6 if X is replaced by A,(G)X. Since || -[|, ()x and |- [Ix
are equivalent on A,(G), || - || 4,(c) and || - ||, are equivalent on A,(G) by the condi-
tion. If G is amenable, then A,(G)X is closed by the Cohen facterization theorem. If
p = 2and A(G)X is closed, then that the norms || - || ;) and || - ||, are equivalent on
A(G) implies that G is amenable (see Losert [10] and Remark 1 below). [ |

Remarks 1. It is proved in Losert [10] that || - || ;5 and || - [[y14, (¢, are equivalent

on A(G) if and only if G is amenable. Let X satisfy the condition in Corollary 2.7.
Since MA;(G) € M(A(G), X*) and the norms || - [| /4, and || - || are equivalent
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on A(G), we have that | - ||, and || - [|,, are equivalent on A(G) if and only if G is
amenable.

We do not know whether this result is true for p # 2. So if A(G)VN(G) is closed,
then G is amenable. This result due to Lau and Losert [9].

2. If p = 2, let C;(G) denote the C* algebra generated by the point measures
0y x € G, and C;(G) = PF,(G). Then both C;(G) and C;(G) are Banach A(G)-
modules and satisfy the condition in Corollary 2.7.

Corollary 2.8 Let G be a locally compact group. Then

(i) ifAp(G)PM(G) is norm closed, then || - ||, and || - ||, are equivalent on A,(G);
(ii) A(G)C;(G) is norm closed if and only if G is amenable;
(iii) A(G)C,(G) is norm closed if and only if G is amenable.

Proof (i) follows immediately from Corollary 2.7.
(ii) and (iii) are direct consequences of Corollary 2.7 and Losert’s theorem men-
tioned above (see [10] and Remark 1 above). [ |

Remark 1In Xu [14], there is a gap in the proof of the theorem that A,(G)PM,(G)
is norm closed if and only if G is amenable for discrete groups. In fact, the in-
clusion Q, € PF,(G) in the proof (see Xu [14], page 3427) is ambiguous since
Q, € MA,(G)* while PF,(G) C B,(G)*. It may happen that an element f € Q,
is nonzero on MA,(G), but its restriction f on B,(G) is zero. This is related to the
approximation property, i.e., whether A,(G) is w*-dense in MA,(G) (see Section 3
for MA,(G)). We will discuss this in Proposition 3.7

Theorem 2.9 Let G be a locally compact group. Then

(i) if the restriction map R: Qx — X is one-to-one, then X* is w*-dense in
M(A,(G), X*), and if R is onto then X* is w*-closed in M(A,(G), X*).
(i) if PF,(G) C X, then R is one-to-one and onto if and only if G is amenable.

Proof (i) follows directly from the Corollary of Theorem 4.12 and Theorem 4.14 in
Rudin [12].

(ii) If R is a bijection, then X* = M(A,(G),X™). Since 1 € M(A,(G),X*), 1 is
also in X*. Since PF,(G) C X, we have 1 is in PF,(G)* as well. Thus, 1 € B,(G)
implies that G is amenable.

Conversely, let G be amenable. Then A,(G) has a bounded approximate identity
{ua}. For every ¢ € M(A,(G),X*) and u € A,(G), we have ¢p(uu,) = u,p(u)
converges to ¢(u) in the norm topology in X* since ||ut, — ul[4,) — 0. On the
other hand, since ¢(u,) is bounded in X*, let F be its w*-limit. So F € X*. By
Proposition 2.4, F € M(A,(G), X*) and F(u) = uF = lim u¢(u,) = lim ua¢(u) =
¢(u) in the w* topology in X*. Thus, ¢ = Fis in X*. Hence X* = M(A4,(G),X"),
which implies that R is one-to-one (see Rudin [12], page 99). Also, it is easy to see
that T* is one-to-one. Thus, R is onto by Theorem 4.15 in Rudin [12]. [ |
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3 The Case of X = PF,(G) and ¢!(G)

In this section, we will consider the multiplier spaces for the cases of X = PF,(G) and
21(G). Let M(A »(G)) be the multiplier algebra of A, (G) equipped with the multiplier
norm, i.e., the algebra of all bounded linear operators ¢ from A,(G) to A,(G) with
the property ¢(uv) = u¢(v) equipped with the operator norm. At first we show that
the multipliers defined in three different ways are the same.

Proposition 3.1 Let G be a locally compact group. Then
MA(G) = M(A,(G)) = M(Ap(G), PF,(G)").

Proof LetI: MA,(G) — M(A,(G)) be defined by I(u)(v) = uv forallu € MA,(G)
and v € A,(G). Then it follows from definition that I is an isometry. So MA,(G) C
M(A,(G)). Since A,(G) is a subalgebra of PF,(G)*, we have M(A,(G)) C
M(A,(G), PF,(G)*). Next we show that for every ¢ in M(A,(G), PF,(G)*), there
exists an u € MA,(G) such that ¢ = I(u), that is, M(A,(G), PF,(G)*) C MA,(G).
We will define a function ¢ on G as follows. For x € G, there is an element
u € A,(G) with compact support and u(x) = 1. Define &(x) = ¢(u)(x). Then ¢ (x)
is independent of u. In fact, let v € A,(G) be with compact support and v(x) =
1. Then there is an w € A,(G) such that w = 1 on the supports of u and v. So
d(u)(x) = g(uw)(x) = u(x)p(w)(x) = ¢(w)(x). Similarly, p(v)(x) = d(w)(x).
Thus, ¢(u)(x) = ¢(v)(x). Let x, € G. There exists a open neighborhood U of x
with compact closure. So there exists u € A,(G) with compact support such that
u = 1onU. Then ¢(x) = ¢(u)(x) for all x € U. Since ¢(u) € A,(G) is continuous
at xp, ¢ is continuous at xo. Let u € A,(G) and x € G. Thereisan v € A,(G) with
compact support such that v(x) = 1. Then o(u)(x) = v(x)p(u)(x) = qS(vu)(x)
u(x)p(v)(x) = u(x)d(x). Thus, (1) = du in A,(G). By definition, 6 € MA »(G).
Therefore, ¢ = I(). [ ]

Let f € L'(G). Define a linear functional on MA,(G) by

<f>¢>=/f(x)¢(x)dx for ¢ € MA,(G).

Then [(f,¢)| < [Ifllldllc < [Ifl1ll¢lla for every ¢ € MAL(G). So f is in
MA,(G)* and its norm, denoted by || f||u, is less than or equal to || f||;. Define

Q = the completion of L'(G)  with respect to the norm || - [|-

Theorem 3.2 Let G be a locally compact group. Then Qpr,G) = Q and so MA,(G) =
Q.

Proof Let f € L'(G) be with compact support. Then there exists u € A,(G) such
that u = 1 on the supportof u. So f = uf isin Qpr,(G) and (uf, ¢) = fG f(x)p(x) dx
for every ¢ € MA,(G). Thus, there is an isometry between the dense subspace of
Qrpr,(c) and a dense subspace of (LY(G), ||  |Ipy)- Therefore Qpr, (G) is the completion
of L'(G) in the || - ||, norm. [
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Corollary 3.3 Let G be a locally compact group.

(i) Let f € MA,(G)*. Then f € Q if and only if there are u; € A,(G) and f; €
PF,(G) (i=1,2,...) withy =, luilla | fillpr,(6) < o0 such that

(oo} (oo}
f=> uifiand | fllu =inf > [luilla,clfill e,
i=1

i=1

where the infimum is taken over all the representations of f above.

(ii) G is amenable if and only if for any f € PF,(G) and € > 0, there are u; € A,(G)
and f; € PF)(G) (i = 1,2,....) with S0 [luslayco | fll ey < || Il + € such
that f = 3%, u; fi on Bp(G).

Proof (i) follows immediately from Theorem 2.3. The condition of (ii) is equivalent
to that PF,(G) = Q by (i), i.e., B,(G) = MA,(G), which is equivalent to that G is
amenable since 1 € B,(G).

Remarks (1) Qp,(G) may be considered as an analogue of the group C*-algebra
C*(G). But, in general, it is not an algebra under convolution even for p = 2 (see
Cowling and Haagerup [1] page 512).

(2) This result is proved in De Canniére and Haagerup [2] for p = 2 and in Xu
[14] for discrete groups.

As is well known, A, (G) is always w*-dense in B,(G) (i.e., in 0(B,(G), PF,(G))-
topology), and A(G) is dense in B(G), the Fourier-Stieltjes algebra, in the w*-
topology if and only if G is amenable. It is natural to consider whether A,(G) is
dense in MA,(G) with respect the w*-topology. To this end, let

A_pw* (G) = the w*-closure of A, (G) in MA,(G).

A locally compact group G is said to have the approximation property if there is
anet {u,} of functions in A,(G) such that u, — 1 in the associated w*-topology in
MA,(G). We will see that these two concepts are the same in the following.

Proposition 3.4 For every locally compact group G, then A,(G) is w*-dense in
MA,(G) if and only of G has the approximation property.

Proof If A,(G) is w*-dense in MA,(G), then 1 € A_pW (G)since 1 € MA,(G). So G
has the approximation property.

Conversely, suppose there is a net {u, } of functions in A, (G) such that u, — 1in
the w*-topology. For every ¢ € MA,(G), it is easy to see that ¢ f € Qforall f € Q
by the density of L'(G) in Q. So for every f € Q, we have (u,¢, f) = (un, df) —
(1,0f) = (&, f). Hence the net {¢u, } of functions in A,(G) converges to ¢ in the
w*-topology. Therefore, A,(G) is w*-dense in MA,(G). [ |
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Proposition 3.5 Let G be a locally compact group. Then A, " (G) is an ideal of
MAP(G) and is the dual of Q*, where Q' is the Banach space of the restrictions of ele-
ments in Q toA " (G). Furthermore, Q' can be identified with the completion of L'(G)
with the norm, for f el (G),

11 = supf | [ Fwots)ds] :6 € 2" () with 6] <1}

Proof Let » € MA,(G) and ¢ € A_pw* (G). Then there is a net {u, } of functions in
A,(G) such that u, — 1 in the w*-topology. The similar argument as in the proof
of Proposition 3.4 shows that u,¢ — ¢ in the w*-topology. Since each u,¢ is in

A,(G), we have that ¢ € A_pw (G) and A_pw (G) is an ideal of MA,(G).

It is obvious that the identity map I: A_pw (G) — (QL)** is an isometry. Let
¢ E (QH)* be with norm 1. Since QF is a subspace of A, " (G)*, we extend ¢ to

(G)* w1th the same norm. By the Goldstine’s theorem, there is anet {u, } in the
unit ball ofA (G) such that u, — ¢ in O'(AP (G)** AP (G) ) topology. Since

QcC A_pw*(G)*, we have (u,, f) — (¢, f) for every f € Q. Hence ¢ € A_pw*(G).
Therefore, I is a surjective isometry. The proof of the last statement is similar to the
proof of Theorem 3.2. ]

Definition A locally compact group G is said to be p-weakly amenable if there exists
anet {u,} in Ap(G) such that {||u,|[p} is bounded and

uoa —alla, — 0 foreverya € A,(G).

Remark If G is an amenable locally compact group, then A,(G) has a bounded
approximate identity. So G is necessarily p-weakly amenable. Conversely, as shown in
Furuta [4], for the noncommutative free group F, with r generators, there exists a net
{ua} in Ap(F;) such that it is bounded in the multiplier norm and [[u,a — al|4, — 0
for every a € A,(F,). Hence, F, is p-weakly amenable, but not amenable.

Proposition 3.6 Let G be a locally compact group.

(i) If G is p-weakly amenable, then A,(G) is dense in MA,(G) in the weak™ topology;
(ii) If B is a positive number and {u € A,(G) : ||ul|m < B} is w*-dense in the unit
ball of MA,(G), then G is p-weakly amenable.

Proof (i) Let u, bea | -||,,-bounded net in A,(G) such that [|u,a — al[4, — 0 for
everya € A,(G). Forevery ¢ € MA,(G), thenu,¢pisall - ||,,~-bounded netin A,(G)
as well. We assume, without loss of generality, u,¢ converges in the weak* topology
by taking subnet if necessary. It is obvious that u, — 1 pointwisely. So u,¢ — ¢
pointwisely. Hence u,¢ — ¢ in the weak™-topology.

(ii) Since {u € A,(G) : |Jul|m < B} is w*-dense in the unit ball of MA,(G) and 1
is in the unit ball, there exists a net u, such that u, — 1 in the weak* topology and
|lallpr < B for all a. Choose a continuous function /4 on G such that h(x) > 0 for
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allx € G, [ h(x) dx = 1 and the support of h is compact. Define u/, = h * .. Then
llugllve < MRl llualle < B for all . We will show that [luuy, — ul[a, ) — 0 for all
u € Ap(G). By the boundedness of the net, we can assume, without loss of generality,
that u has a compact support. Let S = supp(h) ! supp(u). Then for x € supp(u) we
have

ul (x) :/h(t)ua(t_lx) dt:/h(t)(lsua)(t_lx)dt.
G G

So uu! = u(h % (1su,)). Similarly, u = u(h * 1g). Next, we show that 1su, — 1gin
L1(G). Leta € A,(G) such thata = 1 on S. For every f € PF,(G), we have

(aua, f) = (o, af) — (1,af) = (a, f)

sinceuf € Q. Thusau, — ainthe o(B,(G), PF,(G))-topology. So au, — ain mea-
sure with respect to the left Haar measure. Also, that au,, is bounded in A,(G)-norm
implies that au, is bounded in || - || ,_-norm. So lsu, — lsin L9(G). Therefore, uu,
converges to u in the A,(G)-norm. [ |

Remark There are examples of locally compact groups such that they are not p-
weakly amenable, but A,(G) is w*-dense in MA,(G) for p = 2 (see Haagerup and
Kraus [7], page 670).

Proposition 3.7 Let G be a locally compact group. Then

(i)  therestriction map R: Q — PF,(G) is one-to-one if and only if A, (G) is w*-dense
in MA,(G);

(ii) the restriction map R: Q — PF,(G) is onto if and only if the norms || - ||AP(G) and
|| - ||, are equivalent on A, (G);

(iii) if Ap(G) is w*-dense in MA,(G), then the norms || - ”AP(G) and || - ||, are equiva-
lent on A, (G) if and only if G is amenable.

Proof (i) If R is one-to-one, it follows from Theorem 2.9 that PF,(G)* is w*-dense
in MA,(G). Since A,(G) and PF,(G)* have the same w* closure in MA,(G) (see the
proof of Proposition 3.5), A, (G) is w*-dense in MA,(G). Conversely, if A,(G) is w*-
dense in MA,(G), let R(f) = 0 for some f € Q. Then (u, f) = Oforall u € A,(G).
So (¢, f) = 0 forall p € MA,(G) by the density of A,(G). Thus, f = 0. So R is
one-to-one.

(ii) If R is onto, then PF,(G)* is norm-closed in MA,(G) by Theorem 4.15 in
Rudin [12]. So the multiplier norm and the A,(G)-norm are equivalent. Conversely,
let the multiplier norm and the A,(G)-norm be equivalent on A,(G). We will show
that the B,(G)-norm and the multiplier norm are equivalent on B,(G). In fact,
the inclusion map i: A,(G) — MA,(G) is bounded and A,(G) is || - ||,,-closed in
MA,(G). By Theorem 4.14 in Rudin [12], i*(MA,(G)*) is w*-closed in A,(G)*. By
Theorem 4.14 in Rudin [12] again, i**(A,(G)**) is norm-closed in MA,(G)**. Since
B,(G) is a norm-closed subspace of A,(G)**, the norm on B, (G) and the multiplier
norm are equivalent. Thus, B,(G) is norm-closed in MA,(G). It is clear that R* is
one-to-one. Therefore, R is onto by Theorem 4.15 in Rudin [12].
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(iii) If G is amenable, then MA,(G) = B,(G) and the multiplier norm and the
A,(G)-norm are equal. Conversely, let the norms || - || 4,(c) and || - ||, are equivalent
on A,(G). If Ay(G) is w*-dense in MA,(G), then by (ii) and (iii), the restriction
map is one-to-one and onto. So Q is isometrically isomorphic to PF,(G). Thus,
1 € MA,(G) = B,(G). Hence G is amenable. [ |

Remark We do not have an example of locally compact group for which A,(G) is
not w*- dense in MA,(G).

If x € G, then the point measure d, € PM,(G). So 1(G) C PM,,(G). We denote
the norm closure of £'(G) in PM,(G) by ¢'(G). Then ¢'(G) is a Banach A,(G)-
module of PM,(G). Also, every bounded linear functional on 1(G) is in £>°(G).

Theorem 3.8 M(A,(G), ¢! (G)* ) consists of functions ¢ in £°°(G) such that the point-

wise multiplication ga defines a bounded operator from A,(G) to ¢! (G)'. The predual
Qgrigy as in Theorem 2.2 is equal to the completion of LY(G) with respect the norm

11l = sup{ > F06(x) : 6 € M(AL(G), (@) with [}9] < 1}

Furthermore, MA,(G) C M(A,(G), EI(G)*)7 and the inclusion map from MA,(G) to
M(A,(G), (G)*) is norm decreasing.

Proof If ¢ is in ¢°°(G) such that the pointwise multiplication ¢a defines a
bounded linear operator from A,(G) to m*, then ¢ is also a multiplier. So it
is in M(AP(G),El(G)*). Conversely, if ¢ € M(AP(G),El(G)*), we define ¢ as fol-
lows. For x € G, take an u € A,(G) such that u(x) = 1 and supp(u) is compact.
Define ¢(x) = ¢(u)(x). Then it is well defined since if there is an v € A,(G) with
compact support such that v(x) = 1. Let ax € A,(G) satisfy that ax = 1 on the
support of u and of v. The ¢p(u—v)(x) = ¢((u—v)ax)(x) = (u—v)(x)p(ax)(x) = 0.
Ifu € Ap(G) and x € G, let v € A,(G) be with compact support and v(x) = 1. Then

P(u)(x) = v(x)p(u)(x) = p(vu)(x) = u(x)p(¥)(x) = u(x)P(x).
Thus, ¢ = ¢ as an element of M(A,(G), El(G)*).
It follows from Theorem 2.2 that M(AP(G),ZI(G)*) is the dual of Qm. If

f € ((G) with finite support, then (¢, f) = (¢,af) = (ad, f) = > o(x)f(x),
where a € A,(G) with a = 1 on the support of f. By the density of the set of finite

support elements in £1(G), Qpgy is equal to the completion of £!(G) with respect to
the multiplier norm.
Since A,(G) is a subspace of PM,,(G)* and £!(G) is a subspace of PM,,(G), we have

pa € T(G) and ||allngy < ldallayo) < 18lullalla ) for all 6 € MA,(G) and
a € A,(G). Hence the last statement of the theorem is true. [ |

Remark When p = 2, then the norms of an element of A,(G) on PF,(G) and
on ('(G) are equal (see Eymard [3]). Hence the inclusion map from A,(G) to
M(A,(G), ﬁl(G)*) is an isometry.
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