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On injective profinite algebras

B.J. Day

It is shown that if C is a finitely productive and hereditary
class of uniformly pointed finite discrete universal algebras

then any injective in C is an injective in ProC .

Introduction

All notation will be as in Banaschewski [1]. In [1] it is shown that
certain properties of C are inherited by ProC . The corresponding
question for injectives has been studied by Choe [Z], where results for

associative and distributive universal algebras are obtained.

The aim of this note is to give results on injectivity under different
hypotheses to those used by Choe. Our results hold for classes of pointed
universal algebras for which each regular epimorphism f is the
coequaliser of ker f and 0 ; for example, groups, algebras over a ring,
additive categories, and so on. Such a category will be said to be

uniformly pointed.

The results are useful in Day [3]; see [3], Definition 2.1, and [3],

Remark 2.2. For instance, if we have an object I which is injective in
FA ,then the algebraic theory C = {1, I, 12, ey, I', L.} CFA isa
"basic" set of injectives in Pr¢ A ; hence in C' = S(PC) . This then

leads to results on duality, as in [3].

The proof of the result is much simpler than Choe's (whenever the two
coincide) and is borrowed from Kaplan [4], Theorem 1. For basic category

theory we refer the reader to Mac Lane [5] and Schubert [6].
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Injectives in ProC

Let A be the category of algebras for a finitary algebraic theory,
and suppose further that A is uniformly pointed (as explained in the
Introduction). Let C be a finitely productive and hereditary class of
finite discrete algebras, and let ProC be the cogenerated category of
ProC algebras (as constructed by Banaschewski [1]).

THEOREM 1. An object I €C <is injective in C <if and only if it

is injective in ProC .

Proof. Suppose I 1is injective in C and let f: A > I bve a
continuous homomorphism from 4 € ProC . Also let 7 : 4 + G = ] C)\ be

a closed embedding into a product of C)\ € C . We show that there exists a

lifting f' : G > I of f along % . Consider the following diagram:

AnkK K
Jl——————-—»i G—TJ_]'C
B A

f J 1

__B > H

— e ——
" -
I :-"— - g

Here f_l(O) is open in A and so contains a neighbourhood A4 n V where

V=V, x...x¥V, x ] I c, , Vv being a neighbourhood of 0 in
A by A X,
1 n A#)\i 7
C)‘.. Set H=C>\ X...XC)\ and X = l C)\. Then f(A nX) =0,
7 1 n )\ﬂi

since f'l(o) DA nK; also K is the kernel of 7 . Let

B = coker(A n K) ., Then B~ H is a monomorphism and B € C . But f
factors through B, so it 1lifts to g by injectivity of I in C . Then
gn is f', as required. //

COROLLARY 2. If C has enough injectives,then so has ProC, and

every injective in ProC 1is a retract of a product of injectives from C

Proof. Each A € ProC admits an embedding 4 - I I C)\ . C)‘ €C
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Thus A 1is embedded in | | JX’ where each CA > IA is an injective

extension in C . The result then follows from injectivity. //
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