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Macaulay style formulas for toric residues

Carlos D’Andrea and Amit Khetan

ABSTRACT

We present an explicit formula for computing toric residues of ample divisors as a quotient
of two determinants, ¢ la Macaulay, where the numerator is a minor of the denominator.
We present a combinatorial construction of a specific element of residue 1. We also give
an irreducible representation of toric residues by extending the theory of subresultants
to monomials of critical degree in the homogeneous coordinate ring of the corresponding
toric variety.

1. Introduction

The toric residue of n + 1 divisors on an n-dimensional toric variety was first introduced by Cox
[Cox96] in the case when all divisors are ample of the same class, and extended to the general case
by Cattani et al. [CCD97]. Toric residues have been found to be useful in a variety of contexts
such as mirror symmetry [BM03], the Hodge structure of hypersurfaces [BC94], and in the study of
sparse resultants [CDS98].

Another related, perhaps more familiar, notion is the global residue in the torus. Given a system
fi,..., fn of n Laurent polynomials in n variables with a finite set of common zeros in the torus
= (C*)", and another Laurent polynomial ¢, the global residue of ¢ with respect to fi,..., f, is
the sum of the Grothendieck residues of the differential form
q dtl dtn

by = Ao A2
i fl fn tl 129

at each zero of the f;. This turns out to be a rational function in the coefficients in the f; and
has a wide variety of applications in algebra and analysis. The residue in the torus has been
studied by Khovanskii [Kho78], Gelfond and Khovanskii [GK02], and Soprounov [Sop04]. Cattani
and Dickenstein [CD97, Theorem 4] showed that the global residue in the torus is equal to a
particular toric residue in the sense above of [Cox96, CCD97]. The precise relationship between the
toric residue and the global residue in the torus is discussed in § 6.

In this paper, we present an explicit formula for computing toric residues as quotients of two
determinants, where the numerator is a minor of the denominator. This is an improvement over
earlier algorithms in [CCD97, CD97, CDS96] by eliminating costly Grébner basis computations.

Both the numerator and denominator of our quotient formula turn out to be divisible by the
same extraneous factor. It would be useful to have a description of the residue in reduced form.
Indeed, the denominator of the toric residue has already been identified with the sparse resultant
[CDS98]. Our second main result is an identification of the numerator with a ‘toric subresultant’,
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analagous to the multivariate subresultant of Chardin [Cha95]. In the dense case, this numerator
and its properties have been deeply studied by Jouanolou in [J79, J95, J97]. Our results may be
regarded as a generalization of Jouanolou’s work.

We start with some notation on toric varieties. For more details we refer the reader to [Ful93,
Cox95, Cox96]. Let X be a projective toric variety of dimension n determined by a complete fan
3 C R™. The generators of the one-dimensional cones in ¥ will be denoted 1, ..., ns—1. The Chow
group A,_1(X) of Weil divisors modulo linear equivalence has rank s — n. We work in the poly-
nomial ring S := Alxg,...,zs_1] where each variable z; corresponds to the ray n; and hence to
a torus-invariant divisor D; of X. We grade S by declaring that the monomial [] ] has degree
D" a;D;] € Ap—1(X). The base ring A will be the coefficient space of our polynomial system and
is specified below. We abbreviate fy := [Y_, D;], the anticanonical class on X. The irrelevant ideal
B(Y) is generated by the elements &, = [] x; where o ranges over all n-dimensional cones
in 2.

We now recall the definition of the toric residue from [Cox96]. This depends on n + 1 generic
S-homogeneous polynomials which are homogenizations of Laurent polynomials in n variables.
Given a polynomial of a certain critical degree we construct a differential n-form which gives rise
to a top cohomology class of the canonical sheaf of differentials Q% = O(—[p). The toric residue is
defined to be the trace of this cohomology class.

ni¢o

Formally, pick ample degrees ay, ..., a, and consider generic polynomials:
Fi(u,x) := Z Uigxr®, 1=0,...,n. (1)
a€A;

where A; := {a € N° : deg(a) = a;}. Set A := Q[ujq;i = 0,...,n;a € A;], and write Q(A) for the
field of quotients of A. Let p = Y. oy — By, which is the critical degree of our system. For any subset
I={i1,...,in} of {0,..., s — 1} we write

det(nr) := det((el,mjhgl,jgn), deyr =dxiy N+ Ndxy,,, T = Ha;j.

JEl
The Euler form on X is the sum over all n-element subsets I of {0,...,s — 1}:
Q= Z det(m)ﬁ;; dry.
|[I|l=n

The polynomials F; determine an open cover U; = {x € X : Fj(z) # 0}. A polynomial g € S, gives
an element wy, = g2/ Fy - - - F;, which is a Cech cocycle of degree n with respect to the open cover Uj.
Therefore, there is an induced cohomology class [w,] € H"(X,€% ), and we define Residuer(g) =
Trx ([wy]) where F = (Fp,...,F,). The toric residue is the map Residuer : S, — Q(A) .

The remainder of this paper is organized as follows: § 2 gives a combinatorial construction of
explicit elements of S, with residue +1, playing the role of the toric Jacobian from [CDS98] and
generalizing the elements A, constructed in [CCD97] on simplicial toric varieties. This is used in
§ 3 to give the promised Macaulay style residue formula.

Sections 4 and 5 discuss the reduced numerator of the toric residue of a monomial h. This is
shown to be a toric subresultant associated to the system Fp,..., F, and the monomial h. In the
dense case, the subresultant was introduced by [Cha95], and different algorithms for computing
subresultants have been developed in [Cha94, Sza01].

In § 6, we show how our results can be used to compute global residues in the torus. We see how
our results generalize some explicit formulas given by Macaulay in [Mac02] for computing global
residues of dense homogeneous systems.
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2. Elements with nonzero residue

Let X be a projective, but not necessarily simplicial, toric variety with fan ¥ and Fp, ..., F}, generic
elements of ample degrees «; as above.

Pick a complete flag ¢ = {0} C 01 C --- C 0, where each o; is a cone of dimension i in X.
For i = 1,...,n, let z; be the product of all variables x; such that n; € o; but 7; ¢ 0;,_1. We set
Fntl = Hﬁﬁ“n Ly

We will see that each F; can be written in the form

n+1
=1

The (n+1) x (n+1)-determinant A; = det(A;;) is in S,. We have the following theorem generalizing
[CCDY97, Theorem 0.2].

THEOREM 2.1. Suppose X, F, and ¢ are as above. Then Residuer(Az) = £1.

Note that if X were simplicial then each of z, ..., z, would be a single variable corresponding
to the generators of the cone o, and z,;1 would be the product of all of the remaining variables.
The element Az, in this case, is the same as the element A, from [CCD97].

Proof. The n; are ample classes, therefore (Fp,...,F,) C B(X). We next show that B(X) C
(21,...2p+1). Consider a generator Z, where 7 is a maximal cone of ¥. Recall that &, = Hm ¢r Ti-
Now 7N o, is a face of ¢,,. Choose i such that 7N o, D o;_1 but 7No, 2 0;. Now, we see that the
one-dimensional cones in 7 N o; are all contained in ¢;_1, and so none of the one dimensional cones
in z; are in 7. Therefore, z; divides Z, as desired. Hence we can write (nonuniquely) for j =0,...n

n+1
F}': E Aijzi.
=1

Now, an application of the global transformation law [CCD97, Theorem 0.1], shows that Residuerp
(Az) = Residue,(1). And so we need only prove that Residue,(1) = £1.

Let X’ be a new toric variety arising from a simplicial refinement ¥’ of ¥ with the same one-
dimensional cones, hence the same coordinate ring, albeit with a smaller irrelevant ideal
B(Y') ¢ B(X). We have a natural map f : X’ — X. Let U be the open cover on X defined by
{U; = {x € X : z; # 0}}. We have an analagous collection of open sets U’ on X’ defined by the
same equations {U/ = {x € X' : z; # 0}}. As B(X') C B(X) C (21,...2n+1), U is also an open
cover of X'.

Now, on X, the element 1 € S gives the n-form

Q Q
21 2l T Ts—1

This form is defined on the open set

U={xeX:z1(x) #0,...,2p41(x) # 0},

which is the same as the open set defined by xg # 0, ...,2s_1 # 0. The map f defines an isomorphism
on this open set, and we can pull back w to get a new form w’' = f*(w) on f~1(U) C X', defined by
the same formula (2). Now, f~U is an open cover of X', and moreover it refines the open cover U/,
since z; # 0 on each f~1(U;). Since the natural map from Cech cohomology to sheaf cohomology

respects refinement [wy, | = [w)_,;,] as cohomology classes in H" (X', Q¢). Moreover, f is birational
so Trys o f* = Trx. Putting it together we have
Residue,(1)x = +1 <= Residue,(1)x = £1. (3)
715
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For the simplicial toric variety X’ and any given maximal cone o', every complete flag of cones
ending in ¢’ determines the same open cover (up to relabelling) which we denote V,/. In [CCD97]
it was shown that Tr([w{,al]) = +1 where w' is the same n-form as in (2). So, we need only show
that for some top-dimensional cone ¢’ the cohomology classes [wj, ] and [w), ] coincide. This will
be done by picking ¢’ such that we can find another open cover W refining both U’ and V.
for which «’ still determines a Cech cocycle. The choice of ¢’ is determined by the following
lemma.

LEMMA 2.2. There is a unique (simplicial) cone o’ € ¥ of dimension n generated by {n;,,...n;,}

such that the corresponding variables x;,, ..., x;, satisfy x;_ | z; and moreover z; = -+ = z, =0
on X" if and only if x;) = -+ =x;, =0.

Proof. We proceed by induction to show that zy =--- =2, =0if and only if z;;, =--- =25, =0
for a unique k-dimensional cone a}c € Y. The base case k =1 is trivial as 27 is a single variable x;,
corresponding to a unique one-dimensional cone. For the inductive step suppose x;; = --- = x;, =0
and zp4; = 0. Let o}, be the cone corresponding to z;,, ..., z;,. The torus orbits of X’ are in one-to-

one correspondence with the cones in ¥'. The orbit corresponding to a cone ¢’ is specified exactly
by the vanishing of the variables corresponding to the one-dimensional generators. In particular,
if z;; = --- = x; = 0 and some other variable z;,_, dividing 241 vanishes, then there is a cone
in ¥’ containing the rays corresponding to z;,,...,x;, . As ¥’ is simplicial, the above set of rays
must itself be a (k + 1)-dimensional cone in ¥'. So, it is enough to show that there is a unique such
cone.

Recall that we have a complete flag of cones o9 C --- C o C ---0, C X. By construction,
al’f C o and zpy1 is made up of the rays in oy41 but not in 0. Now o was a facet of op41
and o}, is a cone in its triangulation in X’. Therefore, there is a unique cone oy, 41 in the triangu-
lation of oy containing o) (no two cones in a triangulation can meet in a facet of the original
cone). Let x;_, be the additional generator of oy, 41- This completes the induction and we take
o =oa. O

Now, let 2z, = x;, fork=1,...,n,and 2/, | =[]
We define the open cover V by

nido’ T the product of the remaining variables.
Vi={z e X'zl #0}.

By the above lemma we have U/ C V; for i = 1,...,n, V)., C U}, and U, V; = U;_, U;.

Therefore the open cover W = {U7,...,U), Vy41} refines both &’ and V, and both wj, and wj,

map to a well defined Cech cocycle wy,,. Hence wy,, and w), induce the same cohomology class, and
hence have the same trace, as desired. So Residue,(1)xs = £1 which completes the proof by virtue

of (3). O
Example 2.3. Let O C R3 be the octahedron with vertices (+1,0,0), (0,£1,0), (0,0,41).
This determines a toric variety Xo whose normal fan has generators g = (—1,—1,—1), n1 =
(=1,-1,1), g = (=1,1,-1),...,m7 = (1,1,1) and top-dimensional cones determined by the spans
of the sets of four rays with one coordinate fixed. Pick the ample degrees g = -+ = ag = ZZ:O D,
and consider the generic system:
Fy = aom%m%xgzg + am%m%xix% + agazgm%xix% + a3x0T1T2T3L4T5TTT
+ a;;a:%m%x%x? + ag,x%a:%x%x? + amix%x%m%

Fy = boxdaiadal 4+ biada?ada? + byxladaial + bsxorizoxszixsreny
+ byriaiaia? + bsxdarivie? + beriririe?
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2,.2,.2 2 2.2 2 2 2.2.2 2
Fy = COTHTITHT3 + ClTGTIT 4T + CoTpTHTy T + C3TOX1L2L3LAT5TETT

2,2,.2, 2 2,22 2 2,22 2

Fs = dom%x%x%zg + dw%x%mix% + dga:gmgxixg + d3x0T1T9T3T4T56TT
+ dyx?zieia? + dsasadala? + dexiaialal.
As our complete flag & we pick {0} C {no} C {mo,m} C {mo,m1,m2,n3}. This gives 2y = xp, 21 =
T1,29 = X2T3,23 = L4567 and we can write
= zo(aoxox%x%xg + alxox%xixg + agxoa:%xixg + a3r1X9T3T4T5T6TT)
+ zl(a4x1x§x§x$) + 22((15:1:23:338%:13?) + z3(agraTsT627),

and similarly for Fy, Fy, F5. Therefore:

aomox%x%mg + - CL4:L’1:L’§$§IL’% CL5IL’2(L’3$%IL’% AL AT 5T L7
As = det boxoxixgxg + .- b4x1x§x§a}§ b5$2$33}§3}§ beraxsrer?
CoTITITHT3 + - CAT1X3XETYT  CrX2X3TLgXLT  CeLAT5X6LT
doxox%x%ajg + - d4a:1x§x§a:% d5a:2x3x%a:% deT4T5x6T7

= [0456]zoziriadrrieie? 4+ [1456]xoavondaiadagad

+ [2456)zoz w323t adedad 4 [3456)ciadraaivirgas.
Here the ‘bracket’ [0456] denotes the 4 x 4 determinant:

ap a4 as ag

det b() b4 b5 b6
Co C4 C5 Cp
d() d4 d5 d6

Remark 2.4. The construction uses that the «; are ample degrees. It is still an open problem to find
an explicit element of nonzero residue in a more general setting, for example when the o; correspond
to nef and big divisors, i.e. have n-dimensional support. Indeed this is the only obstruction to
generalizing the Macaulay style formula of the next section to this more general case.

3. Macaulay style formulas for residues

We now show how to use the element A; to give an explicit Macaulay formula for the residue. We
will need the following result. Consider the map of free A-modules:
¢:Sp—ay® D Sp—a, PA—S,
- (4)
(Goy -+, Gn0) = > GiF; +cls.

i=0
THEOREM 3.1 (Codimension 1 theorem). Let X be a projective toric variety, and F' a generic ample
system as above, then the map ¢ described above is generically surjective. Equivalently, the degree p
component of the quotient Sp := S/(Fy, ..., F,) has Q(A) dimension 1.

The proof is postponed to the next section. When X is simplicial, this result is due to [CCD97].
In a forthcoming paper, Cox and Dickenstein [CoD05] prove a much more general codimension
theorem which implies the theorem above.

Let M be the matrix associated with the A-linear map ¢ in the monomial bases. As in [Mac02],
we shall index the rows of M in correspondence with the elements of the monomial basis of the
domain. Fix a monomial h € S,, and let M be any square maximal submatrix with nonvanishing
determinant. It turns out that M must contain the row corresponding to Az. This is due to the
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fact that Az does not belong to the ideal generated by Fy,..., F, if this family does not have any
common zero in X. Let My be the square submatrix of M made by deleting this last row and the
column indexed by h. Now we are ready for the main result of this section.

THEOREM 3.2. For any generic ample system F = (Fy,...,F,) of divisors on X and M and M,
defined as above:

det(M

Residuer(h) = :EM.

det (M)
Proof. Let M" be the matrix M modified as follows: we multiply by & all of the elements in the
column indexed by h. Then, det(M ") = hdet(M). On the other hand, performing elementary
operations in the columns of M and expanding the determinant along the column indexed by h,
it turns out that there are homogeneous polynomials GG; such that:

hdet(M) = det(M") = GoFy + - - + GnF,, & det(M,)As.
By taking the residue of both sides, we get
Residue(h) det(M) = + det(M},) Residuer(Ay) = =+ det(My,). O

Remark 3.3. In the case of ‘generalized unmixed systems’, when each «; is an integer multiple of a
fixed ample degree a, one can also use the toric Jacobian J(F'), scaled by an appropriate constant,
in place of the element Az. The Jacobian has the computational disadvantage of having much
larger support than Az although it has the advantage of being intrinsic to the toric system and not
dependent on a choice of .

The following result is a straightforward consequence of Theorem 3.2, and says that for any
polynomial P of critical degree, Residuer(P) may be computed as a quotient of two determinants.

COROLLARY 3.4. Let P = Zdeg(xa):p pax®, where p, are constants. As before, let M be any square

maximal submatrix of Ml having nonzero determinant. Let Mp be the matrix M modified as follows:
for every monomial x* of critical degree, we replace the entry in the row corresponding to Az and
column indexed by x® with the coefficient p,. Then:

det (M
Residuep(P) = iLﬁ.
det (M)
Proof. Expand det(M p) by the row corresponding to Az, and use the linearity of the residue and
Theorem 3.2. ]
Example 3.5. Let X = P! x P! whose fan has the following one-dimensional generators:

m = (1,0),m2 = (0,—1),m3 = (—=1,0) and 74 = (0,1). We pick the ample degrees ag = Dy + Ds,
a1 = 2Ds+ D3, s = Do+ 2D3 and consider the following generic polynomials having those degrees:
Fy = apzoxs + a1x129 + asx1x4 + a3r3ay,
F = bomgmg + blxlmg + boxoxsxy + b3xiwomy + b4x3mi + b5x1mi,
Fy = C()ZL‘QQJ‘?.; + 112273 + 62:13%:132 + 63$§$4 + C4T1T374 + 05:1:%3:4.

The critical degree is —Dy + 3Dy 4+ 3D3 — D4 and may be identified with the set of nine integer
points lying in the interior of a 4 x 4 square having integer vertices and edges parallel to the axes
(see [CDS98]). To compute Az we can take z1 = x1, 29 = 9, 23 = T314.

aixrs + asxy aoprs as
Az = det bllL‘% + bgxoxy + b533?1 boroxs + boxsry byxy
C129%3 + C2T1X9 + C4T3T4 + C50124 coa;% Cc3T3
718
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In this case, M is the following 9 x 9 matrix:

az ag 0 ag aj 0 0 0 0
0 az az 0 apg aj 0 0 0
0 0 0 a3 a2 0 a9 a1 O
0O 0 O 0 a3 a 0 ag ap

M = by bs O bo b3 O by by O |,
0 by by 0 by b3 0 by b1
0 0 0 ¢33 ¢4 ¢c5 ¢ €1 ¢
C3 C4 Cs C C1 Co 0 0 0

d;y do ds dg4 ds dg dy dg dg

where the dy are the coefficients of As:

Q.
[uiry
i

—agbycy + bsascy + ascsbe + cqapby — cqpaszbs — bsapcs

dz = C5a0b4 — C5a3b2

d3 =0

dy := ajcsby — arbycg + asesby — bsages + bsascy + cragby — craszbe — cqazby

d5 = 62a0b4 — 02a3b2 — C5a3b0

dg =0
d7 := ajc3by — apbics + agbico — crazbo
dg =0
dg :=0.

It turns out that det(M) equals the sparse resultant of the Fj. Let

o 2.2 2 2 2 2
P := p1r37] + P2r1037] + P3T1T] + P4ToT3T4 + P5T1T2T3T4

2 2 2 2 2 2
+ P6T1T2x4 + P7T5T3 + PYT1THL3 + P Ty

be any polynomial of critical degree. Following the notation of Corollary 3.4, we have that M =M
and

az ag 0 ag aj 0 0 0 0
0 az as 0 ag aj 0 0 0
0 0 0 as a2 0 ag aj 0
0 0 0 0 a3 a2 0 a9 a1

Mp=|bs bs O by b3 O by by O

0 bs bs O by b3 0 by b

0 0 0 3 ¢4 ¢c5 ¢ €1 c¢o

cg ¢4 ¢ ¢ ¢ c 0 0 0
P1 P2 P3 P4 P5 Pe P7 P8 P9
So, we have that Residuer(P) = tdet(Mp)/det(M).

Ezample 3.6. Consider the generic system introduced in Example 2.3. In this case, M is a 101 x 63
size matrix. With the aid of Maple, we have found a square maximal minor M by choosing the rows
indexed by the element Az, as constructed in Example 2.3, and the following monomials:
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in S,_ag

4 4 4 4 4 A A4 4 A A4 A A A A A A4 A A4 4 A
TOT1ToT3, LT T 4T 5, LToT4Le, L1X3T 5L 7, Lol 3L ey, LolsLeXy,

4. 4.2 2 2.2 4.2 4.2 2 2 3333 4.2 4. 2 2
$0331332$3$4335,$0$1$2$3$4$6,330331.’172[173334335[1761’7,1’0331.’1723331’5[177,

2,2 4 2,2.2.2.2 2.2 2 4.2 4 2 2 3,.3,.3,..3
$0331332$3$6337,$0$1$2$3$4$53§'6$7,$0$1$43§'5$2$6,1’0331.’1743351’2373.’1761’7,

2, 4,2 4.2 2 2.2 4 4.2 2 3333 4.2 4.2 2
$0331334$5$3337,$0$1$4$5$6$7,330332.’174[1763313333751'7,1’0332:1743361'3:177,

2,2 4 2 3 3 3 3 3,..3 3,.3
$0332334$6$5337,$0$1$2$3$4$53§'6$7,$0$1$23§'3$4$53§'6$7,

3,3,3,.3 ,2, 4,2 4.2 2 2.2 4 4 2 2 2.2 4 4 2
$0$1$2$3$43§'5$6$7,3311'3[1751;73321'6,$1$3$53§'7$4$6,1’2333:1763371'4:1757
inS,_a

4.4 4 4 A 4 A4 A4 A A A4 A A A A A A A A A 4 4 4
TT1TX3, ToL 1L 4L 5, ToLoX4Lg, L1 L3L5T 7, LoX 3L Ly, Lyl LgLy,

4.4.2.2.2 2 4.2 4.2 2 2 3 .3.3.3 2,42 4.2 2
LTl LoX 3L L5, LHX1LoL 3L 4L g, LT Lol 3L AL 5XELT, Lol 1Lyl 3Ly L7,

2,2.4,4.2 2 4.2 4.2 2 2 3 3.3.3 2,42 4.2 2
Lol LoX 3L L7, LHX 1L 4L 5L 9T, LoL L 4L L2X3TELT, LoL 1L gLl 5L3L7,

3,.3,.3,..3 2,4,2. 4.2 2 3 3 3 3 3,.3 3,.3.
LoLloL g Lgl1T3TE5LT, LyLoX gLl gLy, LOL1L2XIZXAL 5L L7, LOL1XQX3LAT 5L L7,

4.4 4 4 A A A A A A A A4 A A A A A A4 4 A 4 4 4
LT ToX3, ToL 1T 4T 5, ToLoXgLgy L1 L3L 5Ty, LoX3LgLy, LyTyTgLy,

442222 4.2 4.2 2 2 3.3 3.3 2,4,2,.4 2 2
LOX 1 ToX 3Ly L5, LT 1L QL 3L LG, LT LoX3LALELELT, LoL{LoXL3L 5Ty,

4.2 4.2 2 2 3 3 3 3
$0$1x4x5$2x6, .’1}'0.’1}'12:4{135:1}'23:33:6:1}'7,
in S, a;
4.4 4 4 A A A4 A2 44 A A A A A4 A A 4 A A A 4 4 2 2 2 2
LT LT3, XXX 4L, LOLoL AL G, L1 L3L5L 7, LoL3LeL7y LAL5LeL T, Lol LaL3L 4L -

Again in this case, for any polynomial P of critical degree, we have that Residuep(P) = +det(Mp)/
det(M).

4. Toric subresultants in the critical degree

In this section we define the toric subresultant of a monomial h € S, and show that this is precisely
the numerator of the residue of h. To set things up we must construct two complexes of free
A-modules which we will call the resultant and subresultant complexes, respectively. Along the
way we will prove Theorem 3.1 from the previous section. The approach will be to use Weyman’s
complex [GKZ, § 3.4E] to pass from an exact sequence of sheaves to a generically exact complex of
free modules.

Proof of Theorem 3.1. Note that, as Residuer(Az) = +1, Az is not in the ideal (Fp,...,F,).
Recall that Sp is the quotient S/(Fp, ..., Fy). Now the surjectivity of ¢ and the fact that (Sr), has
codimension 1 are equivalent.

Let F' be our standard generic ample system. The polynomials F; are sections of sheaves L; :=
O(a;) on X (with coefficients in A). Given any subset I of {0,...,n}, let af = >, ;a;. We get a
corresponding (dual) Koszul complex of sheaves

O—>(’)<—Zn:ai>—>---—>@O(—ai)£0x—>0. (5)

i=0
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If we now tensor this complex with the sheaf M := O(p) = O(>_ a; — [p) we get a new complex
0 O(=0) = - = PO(p — a1) = O(p) — 0. (6)

Since all sheaf Tor groups vanish when one of the factors is locally free, it follows that the complex (6)
remains exact even if M is not locally free. We can therefore apply ‘Weyman’s complex’ [GKZ, ch. 3,
Theorem 4.11] which yields a double complex:

C—qu:Hq<X, P cLie--eL ®M>
0<i1 < <ip<n
= P HUX,0(ar - ),
[I|=n+1—p

The corresponding total complex is generically exact with differentials depending polynomially on
the coefficients of the Fj; therefore, we can view this as a generically exact complex of free A-modules.
By the toric version of Kodaira vanishing, see [Mus02], all cohomology terms in the complex vanish
except when ¢ = 0 or when p = n + 1 and ¢ = n. Note that H°(X,O(as — 3)) = Sa,—p, and
the differentials between these terms are just those from the Koszul complex on S determined by
Fy, ..., F,. Also the only nonvanishing higher cohomology term is H™ (X, O(—[y)) = C, which will
correspond to a rank 1 free A-module. The last differential ¢ : C~! — C? can therefore be chosen
to be the map (4) from § 3:

¢:Sp—04() @@Sp—an@A_)Sp
n
(Go,...,Gp,c) — ZGiFi + cAs.
i=0
This map is generically surjective and therefore we have proven Theorem 3.1. U

DEFINITION 4.1. The resultant complex is the complex of free A-modules constructed above. Namely

O—>S_go—>~'—>@5p_ai@AgSp—>O (7)
where the map ¢ is as above.

Let A; := {a € N° : deg(a) = a;}, and ¢ the index of the lattice spanned by UA; in Z™. We denote
by resa,...an (F0, - ., Fy) the (toric) mixed resultant [GKZ, § 3.4A].

PROPOSITION 4.2. The determinant of the resultant complex (7) with respect to the monomial
bases is

- T€Saq,....an(Fo, . .- ,Fn)e

for some constant ¢ € Q.

Proof. In the case when ¢ = 1, so the A; span Z", this is a consequence of Theorem 4.11 in [GKZ,
§ 3.4E]. For the general case we note that the determinant still vanishes if and only if the resultant
is 0, and the degree with respect to the coefficients of any F; is still the mixed volume of all of the
other supports with respect to the given lattice Z™. The degree of the resultant, on the other hand,
is 1/¢ of this mixed volume [PS93]. O

CONJECTURE 4.3. The constant ¢ = +1.
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The following corollary also appears, under weaker hypothesis on F, in [CoD05].

COROLLARY 4.4. The complex below of free A-modules is generically exact everywhere but at the
last step:

0= S g == DSpa =5, (8)

There are two ways to enforce exactness at the last stage of the complex. The resultant complex
does this by enlarging the second to last module. The second way to get an exact complex out
of (8) is to corestrict the last map to a smaller target. Pick a monomial h € S, and define S,/h :=
Az deg(a) = p,x® # h).

DEFINITION 4.5. The subresultant complex with respect to h is the complex

0_’S—ﬁo_’"'_’@Sp—aiﬁsp/h—’o- 9)

Here Fj, is the multiplication map of the F; corestricted to S,/h.

PROPOSITION 4.6. If h does not belong to the ideal (Fy,...,F,), with coefficients in Q(A), then
the complex (9) is generically exact.

Proof. This is an immediate consequence of Theorem 3.1. ]

Now, as the homology with coefficients in A vanishes for p > 0, the determinant of the complex
with respect to the monomial bases is an element of A (see [GKZ, Appendix A]) and may be
computed as the ged of the maximal minors of Fj. So we can define the following.

DEFINITION 4.7. If h is not in the ideal (Fp,..., F,), then let
S, = det(complex(9)) € A,

where the determinant is taken with respect to the monomial bases of K. If h is in the ideal generated
by Fy,..., Fy,, then we set S, := 0. The polynomial Sy, is well defined, up to a sign, and is called
the h-subresultant of the family (1).

PROPOSITION 4.8.

(i) For each i and each monomial h of degree p, S is homogeneous in the coefficients of Fj.
If it is not identically zero, it has total degree equal to >, MV(aw, ..., 0—1,Qiy1,...,0p) — 1.
Here MV is the mixed volume of the polytopes corresponding to the given ample degrees.

(ii) Let k be a field of characteristic zero. For every specialization of the coefficients of F; in k,
we have that Sy, # 0 if and only if

k<h> + <F0, L. Fn>p = k[ZL‘(), L. ,.’L‘S_l]p.

Proof. The second statement is a straightforward consequence of the definition of S;, as the deter-
minant of the complex (9). The first part follows by comparing the determinant of (9) and the
determinant of the resultant complex (7), whose degree in the coefficients of f; equals

MV(ao,...,Oéi_l,ai+1,...,Oén). Ol
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5. Residues, resultants and subresultants
We are now ready for our second main theorem.

THEOREM 5.1. We have

Sh
Resid h)==+ )
esiduer(h) ¢ T€Saq....om (Fo, - -, )t
Proof. Using the result of Theorem 3.2,
det(Mh) 618,

Residuerp(h) = + —~ =+ .
) det(M) d1cre8aq,.an (Fos -+ F)"

This is due to the fact that the extraneous factor §; for a maximal minor in the resultant complex
and for the corresponding maximal minor in any subresultant complex are the same. The result
now follows from the definition of the subresultant and Proposition 4.2. O

COROLLARY 5.2. We get the following factorization in A:
Sh = resag,....an (Fo, - - - ,Fn)g_lPh,
where Py, is a polynomial which is not a factor of the resultant.

Proof. In [CDS98, Theorem 1.4] it is shown that the residue is a rational function whose denominator
is resay,....an (F0, - - -, F). While their proof is in the generalized unmixed setting, it carries over to
our setting as well, since it relies only on the representation of the toric residue as a sum of local
residues [CCD97, Theorem 0.4]. Counting degrees, it turns out that P, has degree in the coefficients
of f; one less than the sparse resultant. So, it cannot be a factor of it. ]

Theorem 5.1 may be regarded as a generalization of Jouanolou’s results in the dense case.

Suppose that Fy,...,F, are generic homogeneous polynomials of respective degrees dy,...,d,.
In [J79, (2.9.6)], a linear function w : (S/(Fp,...,Fn)), — A is defined by setting w(Az) =
resqy,..dn (Fo, ..., Fy). Hence, w(h) may be regarded as the numerator of the residue of h.

Several properties of this morphism are studied in [J95, J97]. In [J97, Corollaire 3.9.7.7], it is
shown that w(h) may be computed as a quotient of two determinants. Comparing this quotient
with Chardin’s recipe for computing the subresultant as a quotient of two determinants [Cha94]
we get that if A is a monomial then w(h) is the classical subresultant of the set {h} with respect to

Fy, ..., Fy.

Example 5.3. We present here an example where ¢ > 1. Let P be the simplex in R3 which is
the convex hull of (0,0,0),(0,1,0),(0,0,1) and (3,1,1). In this case, / = 3 and S is a ring of
polynomials in four variables. The associated toric variety can be seen to be the quotient of P3 by
(Z/37)* and the corresponding grading on S is Z @ (Z/37Z)?. The four variables x1, 2,3, 74 are
each of degree 1 in the free component and of degrees (0,0), (1,0), (0,1) and (1, 1), respectively, in
the torsion components.

Let o = PN Z?, and consider the following four generic polynomials in S,:
F; = aiaji’ + biajg’ + cz-ajg + dixi, 1=0,1,2,3.

In this system A, equals x?x37222 times the determinant of

ap by co do
ap by ¢ di
ag by co do
a3 by c3 d3
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Also, it is easy to see that res, q.a.a(F0, F1, Fo, F3) = det(D). The matrix of the last morphism of
the complex (4) has size 33 x 21 in this case. A nonzero maximal minor of this matrix is

0 ag by ¢« d¢ 0 O O O O O O O O O O O O 0 0 O
0 ag by e do 0 0O 0 O O O O O O O O O O O 0 O
0 ag by e3 dg 0 0 0 O O O O O O O O O O O O O
0 ag by ¢4 d4 0O O O O O O O O O O O O O O 0 O
0 0 0 0 ag by ¢4 d¢ 0 0O O O O O O O O O O 0 O
0 0 0 0 ay bp cg do O O O O O O O O O O O 0 O
0 0 0 0 a3 b3 ¢c3 d3 0 0 O O O O O O O O O O O
0 0 0 ag 0 O d¢@ 0 b O O O O O O O O 0 0 0 e
0 0 0 a2 0 0 do O bo O O O O O O O O O O 0 e
0 o 0o 0 0 0 0 0 0 a b ¢ d4 0 0 0 0 0 0 0 O
0 0 0 0 0 0 0 0 0 ax by @ do O 0O O O O O O O
0 0o 0 0 0 00 0 0 a3 bg ¢c3 d3 0 0 O O O O O O
0 0 0 0 0 00 O O a4 by ¢4 d4 0 0 O O O O O O
0 o 0o 0 0 0 0 0 0 0 0 0 a b d 0 0 ¢ 0 0 O
0 0o 0 0 0 00 0 0 0 0 0 ax by do2 0 0 ¢c2 0 0 O
0 0o 0o 0 06 00 0 0 0 0 0 a3 bg dg 0 0 ¢c3 0 0 O
0 o 0 0 0 0 0 0 0 0 0 a O O O b ¢ do 0 0 O
0 o 0 0 0 00 0 0 0 0 a 0 0 0 by cg do 0 0 O
0 0O agz 0 0 d¢ 0 0 ¢¢ 0O O O O O O O O O b O O
0 o 0o 0 06 00 0 0 0 a 0 0 d 0 ¢ 0 0 0 b O
det(tb) 0 0 0 0 0 0 O OO O O O O O OO OO0 0 O

Its determinant equals
det(D)3(02b1 — b261)2(d302b1 — b261d3 — d1b362 — 63d2b1 + 03d1b2 + d2b301)2
so we have that

51 = (Cgbl — bQCl)z(d?,Cle — b201d3 — d1b302 — 03d2b1 + 63d1b2 + d2b361)2.
The first column of this matrix is indexed by z?z3x323. It is easy to see that, for every monomial
h of critical degree, S;, = 0 unless h = z3z3x322. In this case, Sz%x%xgxﬁ = det(D)2 and hence
Pracdedey = 1.
This can be explained as follows: every monomial of critical degree is a multiple of a:f’ for at least
one i = 0,...,3 except x?x3z323. An easy consequence of Cramer’s rule is that every monomial
which is multiple of a:f’ is in the ideal generated by the generic F;. This is why all except one of the

subresultants are identically zero.
CONJECTURE 5.4. If Py is not identically zero, then it is an irreducible element of A. In particular,
when ¢ = 1, every subresultant Sy, is irreducible.

6. Computing global residues ‘a la Macaulay’

In this section, we will review the toric algorithm of [CD97] for computing global residues by
means of toric residues (see also [CDS98]). As a straightforward consequence of their algorithm
and our results, we get a quotient formula for computing global residues. In the dense case,
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we recover the quotient type formula given by Macaulay in [Mac02] for computing the global residue
of a;ill_lmgrl ...x% =1 with respect to a generic family of polynomials of degrees dy, ..., d,.
Let Aq,..., A, be subsets of Z", and consider n Laurent polynomials in n variables t1,...,%,

having support in Aq,..., A, respectively:

mEAj
Let V be the set of common zeros of f1,..., f, in the torus 7' = (C*)". If V is finite and all its roots
are simple, then for any Laurent polynomial ¢ € (C[tfl, ..., 1, the global residue of the differential
form
q dtl dtn
I fl T fn 1 tn
is defined as dev(q(f)/JT(f)(ﬁ)), where JT(f) denotes the affine toric Jacobian
of.
JE(f) == det ( ki> .
Mk /1< hsn

Global residues are basic invariants of multivariate polynomial systems (see [CD97, CDS98| and the
references therein).

The link between toric and global residues is given in [CD97, Theorem 4].

THEOREM 6.1. Let f1,...,fn € (C[tzfl, ...,tFY be Laurent polynomials having a finite number
of zeros in T, and g another Laurent monomial. Then there is a projective toric variety X with
homogeneous coordinate ring Sx and a homogeneous element Fy € Sx such that:

(i) there is a ‘homogenization rule’ which assigns to every f; a homogeneous polynomial F; €
Sx,i=1,...,m;

(ii) the family Fy,..., F, has no zeros in X;

(iii) there is another homogeneous monomial G € Sx such that

Global Residues(g) = Residuer(G).

As an immediate consequence, we get also a quotient formula for computing global residues, as
the following example shows.

Ezample 6.2. This example has already appeared in the introduction of [CDS98]. We want to
compute the global residue of g(t) := #3t3 with respect to the generic system

f1 = aot? + aitito + agts + asty + agto + as,
fo = bot? + bityty 4 bot3 + bsty + byty + bs.

Applying the algorithm of [CD97] we get that, in this case, the corresponding toric variety X is
P? with the standard homogeneous coordinates Sy = Clxo, x1, z2]. The ‘homogeneous’ polynomials
are

Fo(zo, 1, x9) = a:(z),

Fi(xg,x1,x9) = aox% + aijz1T9 + agacg + azx1x0 + a4 + a5azg,

Fy(xg, 1, m9) := boa:% + by + ng% + bsz120 + baxoxo + b5:13(2J,
and G = z2x5.

The global residue may be computed then as the toric residue of G with respect to Fy, Fy, F5.
Using our methods, it turns out that the matrix M of Theorem 3.2 is square. Computing it explicitly,
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we get

l‘ol‘% ToXL1TQ 1‘01‘% 1‘(2)1‘1 1‘(2)1‘2 1‘8

8
=W
no
[\eJoN)

agp aq as as ag as 0O 0 0 0
b() by b2 b3 b4 b5 0 0 0 0
0 0 0 0 0 1 0 0 0 0
as ay 0 as 0 0 a a as 0
b3 by 0 bs 0 0 by by b 0
M= 0 0 0 1 0 0 0 o0 o o |
0 as aq 0 as 0 O ag ai as
0 b3 by 0 bs 0 0 bg by by
0 0 0 0 1 0 0 0 0 0
j1 J2 Js Ja b Je Jr s Jo Jio

where the ji are the coefficients of Az. The matrix M, is made by deleting in M the eighth row
and the last column. Hence, we have in virtue of Theorem 3.2

. det(My,) det(My,)
Residuep(h) = + -
esiduer(h) det(M) 1'6827272(F07F17F2)7

and one can check that det(M},) is the polynomial Py of the introduction of [CDS98.

We close this section by showing that the method for computing global residues as a quotient
of two determinants presented here, may be regarded as a generalization of a formula given by
Macaulay in the classical case. In order to follow his notation, let Fy(zq,...,2n), ..., Fn(xo,...,2Tn)
be generic homogeneous polynomials of respective degrees dy, ..., d,, and set f; := F;(1,21,...,xy).
Let J be the affine Jacobian of the f;, i.e. J = det(df;/0x;); ;, and

v(fl7 .. 7fn) = {517 o 7£d1...dn} C Q(A)
be the variety defined by the common zeros of the f; in the algebraic closure of Q(A). We denote
with m the monomial x‘fl_l ol
From display (13) in [Mac02] and following his notation, we have
dy...dn

; R(n,t, — 1
Yy, 2 Hehol) (10)
j=1 J(&]) R(natn)
where:
e R(n,t,) is the resultant of F}(0,21,...,2p),..., Fn(0,21,...,2,);
e R(n,t, — 1) is the subresultant of the monomial m with respect to Fi(0,z1,...,2,),...,

Fn(ovxh s >33n)‘
Comparing the left-hand side of (10) with the definition of the global residue, we have that (10) is
actually the global residue of affl ...z with respect to fi,..., f,. Applying the toric algorithm of
[CDI7] we get the following:

e X =P" Sx =Clxo,...,z,] with homogenization given by total degree;

e Fy=uxg, andifg:a:‘lil...xﬁ",thenG:m.

Denote with res the homogeneous resultant for a family of n + 1 homogeneous polynomials in
n + 1 variables of degrees 1,dy,...d,. Then, it turns out that (10) equals Residuep(m). Applying
Theorem 5.1, we can write Residuer(m) as +S8y, /res(zo, F1, ..., F,). Now, specializing a generic
Fpy to xp and applying [Cha94, Lemma 1], we get that Sy — R(n,t, — 1) and res — R(n, ).
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