
SOME NEW BOOKS ON LOGIC 

A wel l -known Hungar ian m a t h e m a t i c i a n has conjectured that, as soon as 
m a n d i s c o v e r s a proof that 1 = 0 , the world will van i sh . Fo r fear of p a r a d o x 
in tui t ionis ts have been doing m a t h e m a t i c s with one hand tied behind their back . 
F o r m a l i s t s s t i l l i n s i s t that m e t a m a t h e m a t i c s be done in this m a n n e r . 

Having been brought up on the books by Quine, Rosenbloom, and Kleene , one 
is left with the i m p r e s s i o n that logic is t he r e to talk about m a t h e m a t i c s , and that 
it m a y only u t i l ize the m o s t r u d i m e n t a r y of cons t ruc t ive m a t h e m a t i c s i tself . Hence 
the e m p h a s i s on syntax, the sc ience which dea l s with s t r ings of s y m b o l s . Looking 
at the new books, one r e a l i z e s that t he re has been a swing away f rom syntax to 
s e m a n t i c s , the sc ience of meaning , and that the m o s t powerful m a t h e m a t i c a l tools 
a r e now being used in logical inves t iga t ions . To quote F r a i s s é : "One m a y say 
that s e m a n t i c s is to syntax as the theory of fields is to the methods for solving 
a lgeb ra i c e q u a t i o n s . " 

Cours de logique m a t h é m a t i q u e , tome 1 ; re la t ion , fo rmule logique, 
compac i t é , complé tude (Collect ion de logique ma théma t ique , s é r i e A. No. 23) 
by R. F r a i s s é . G a u t h i e r - V i l l a r s , P a r i s , 1967. x i i + 1 8 6 . 

This compac t pape rback begins with an ins t ruc t ive h i s t o r i c a l in t roduct ion . 
The f i r s t chapter dea l s with words and f o r m u l a s , and contains a proof of the 
in t e re s t ing but l i t t le known t h e o r e m that a s t r ing of symbols (in b r a c k e t l e s s 
notation) is a fo rmula if and only if it has z e r o "weight" but every ini t ial segment 
has posi t ive weight . 

Impor tan t r o l e s in the t r e a t m e n t of the p r e d i c a t e ca lculus a r e played by a 
number of unusual concep t s . A " m u l t i r e l a t i o n " is a se t with a finite family of 
f in i ta ry r e l a t i o n s . "Loca l i s o m o r p h i s m s " a r e i s o m o r p h i s m s between r e s t r i c t i o n s 
of c o m p a r a b l e m u l t i r e l a t i o n s . A m u l t i r e l a t i o n N is " f ree ly i n t e r p r é t a b l e " in 
a m u l t i r e l a t i o n M if every local a u t o m o r p h i s m of M is a local a u t o m o r p h i s m of 
N . One drawback of the book is that, when one opens it at r andom, unfami l ia r 
t e r m s like the above s t a r e one in the f ace . However, these concepts a r e used in 
es tab l i sh ing t h e o r e m s with fami l ia r n a m e s : Skolem- Lowenheim, c o m p a c t n e s s , 
Henkin-Malcev , comple t enes s (Gbdel), in terpola t ion (Cra ig ) . T h e r e is a l so a 
chapte r deal ing with finite axiomat izabi l i ty , s a tu ra t ion and ca t ego r i c i t y . 

The re a r e many non- rou t ine e x e r c i s e s , a bibl iography and an index. 

E l émen t s de logique m a t h é m a t i q u e : théor ie des modè le s (Monographies 
de la socié té ma théma t ique de F r a n c e , 3) by G. K r e i s e l and J. L. K r i v i n e . 
Dunod, P a r i s , 1967. v i i i + 212 p a g e s . 

This is the F r e n c h v e r s i o n of the book reviewed below. 

E lemen t s of m a t h e m a t i c a l logic (model theory) by G. K r e i s e l and 
J . L . K r i v i n e . North-Holland Publ ish ing Company, A m s t e r d a m , 1967. xi +221 
p a g e s . U . S . $ 9 . 2 0 . 

This book has comple te ly sacr i f iced syntax to s e m a n t i c s . In Chapter I, 
for example , the P r o p o s i t i o n a l Calculus is studied as dealing with functions of the 

fo rm 2 -** 2 . The ve ry f i r s t r e s u l t proved is C r a i g ' s Interpolat ion L e m m a , 
followed quickly by the Compactness T h e o r e m . The theory is continued in the 
e x e r c i s e s , with a n s w e r s given, which a lso provide in te res t ing appl ica t ions to 
group theory and g raph theo ry . 
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Other c h a p t e r s dea l in the s a m e sp i r i t with s u c c e s s i v e l y m o r e compl ica ted 
s y s t e m s : the p r e d i c a t e ca lcu lus , the p r e d i c a t e ca lculus with equal i ty (among the 
e x e r c i s e s t h e r e is a proof of the ex i s t ence of the a l g e b r a i c c l o s u r e of a field'.) , 
higher o r d e r log ic . A highl ight of the book is Chapter 4 on the e l imina t ion of 
quant i f ie rs and the fact that this imp l i e s c o m p l e t e n e s s . The e l imina t ion of quant i 
f i e r s is c a r r i e d out in de ta i l for a number of spec i a l s y s t e m s : va r i ous kinds of 
o r d e r e d s e t s , a lgeb ra i ca l l y c losed f ie lds , r e a l closed f ie lds , c e r t a i n boolean 
r i n g s . Among the appl ica t ions (developed in the e x e r c i s e s ) t h e r e a r e H i l b e r t ' s 
Nul l s t e l i ensa tz and A r t i n ' s t h e o r e m on the r e p r e s e n t a t i o n of pos i t ive f o r m s as 
s u m s of s q u a r e s . 

The re a r e appendices on the ax iomat ic method, on se t t heo re t i c ( seman t i c ) 
foundations, on c o m b i n a t o r i a l (syntact ic) foundat ions . They a l t e r n a t e be tween 
ph i losophica l a r g u m e n t s and detai led m a t h e m a t i c a l r e a s o n i n g . 

The absence of b ib l iography and index is m a d e up by an in fo rmat ive s u m m a r y 
at the beginning of each c h a p t e r . 

The r e v i e w e r found read ing th is book quite s t imula t ing and fee ls that a 
detai led study of it would be m o s t p ro f i t ab l e . 

M a t h e m a t i c a l logic by J . R . Shoenfield. Addison-Wes ley , Reading, M a s s . , 
1967. vi i + 344. U . S . $ 1 2 . 7 5 . 

This book is a r e m a r k a b l e p roduc t ion indeed. Not only does it conta in 
a l m o s t everything one migh t conceivably wish to include in a t r e a t i s e on logic, 
in spi te of a m o d e s t d i s c l a i m e r in the P r e f a c e , but it is e x t r e m e l y wel l wr i t t en , 
ne i the r too wordy nor too c o n c i s e . Open the book on any page, and you wil l be 
able to r ead , with no s t r a n g e s y m b o l i s m j a r r i n g the eye . To p r o v e th i s , I shal l 
r ev i ew the book b a c k w a r d s . 

The re is an index but, unfor tunate ly , no b ib l iography . 

The appendix conta ins a comple te proof of Novikoff's T h e o r e m : t h e r e is 
a f initely p r e s e n t e d group which has an unsolvable word p r o b l e m . This is the 
s h o r t e s t such proof I have seen; it does not depend on the c o r r e s p o n d i n g p r o b l e m 
for s e m i g r o u p s , nor on the halt ing p r o b l e m for Tur ing m a c h i n e s . Of c o u r s e , it 
m u s t depend on the ex i s t ence of a r e c u r s i v e l y e n u m e r a b l e se t which is not 
r e c u r s i v e . Indeed, let A be such a set , G = [a , b] the f ree group in two g e n e r 
a t o r s . F o r m the ama lgama ted p roduc t of G with itself by equating the e l e m e n t s 

n - n 
a ba of the two copies of G for each n e A . This group has an unsolvable 
word p r o b l e m and m a y be embedded into a finitely p r e s e n t e d group using a 
t h e o r e m of Higman. (Here the absence of a b ib l iography p r o v e s e m b a r r a s s i n g , 
as t h e r e a r e two Higmans in group t heo ry . ) 

Chapter 9 p r e s e n t s Z e r m e l o - F r a e n k e l se t theory quite thoroughly f rom 
s c r a t c h and, a s s u m i n g that this is cons i s ten t , the famous t h e o r e m s by God el and 
and Cohen: the cont inuum hypothes is can ne i the r be proved nor d i s p r o v e d . 
Godel ' s proof depends on the m o d e l of " c o n s t r u c t i b l e " s e t s , and Cohen 's proof, 
which has been much simplif ied h e r e , on the idea of " fo rc ing" . It is shown that 
the continuum hypothes i s cannot be set t led even if it is a s s u m e d that t h e r e ex is t 
m e a s u r a b l e c a r d i n a l s in the s e n s e of U l a m . 
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In Chapter 8 we find God e l ' s famous observa t ion that the formula of Peano 
a r i t h m e t i c P which says that P is cons is ten t is not a t h e o r e m of P , a s suming 
of c o u r s e that P is cons i s t en t . Nonethe less , t he re exis t f ini tary cons i s tency 
proofs of P , and one such proof, a l so due to Godel, is given h e r e . This 
chapter a lso contains a t h e o r e m by K r e i s e l which says roughly that a s t a t emen t 
in P is a t h e o r e m if and only if t he re a r e no " c o u n t e r e x a m p l e s " . T h e r e is a l so 
a d i scuss ion of s e c o n d - o r d e r a r i t h m e t i c . 

Chapter 7 dea ls with advanced r e c u r s i o n theory, quite beyond what one finds 
in the books by Kleene, P e t e r and G r z e g o r c z y k . While it begins with p a r t i a l 
r e c u r s i v e functions, it soon p r o c e e d s to r e c u r s i v e functionals , the a r i t h m e t i c 
h i e r a r c h y , P o s t ' s t heo rem, the F r i e d b e r g - M u c h n i k t heo rem, and many other 
things which a r e new to this r e v i e w e r . 

Chapter 6 gives an amazingly brief desc r ip t ion of the c l a s s i c a l theory of 
r e c u r s i v e functions, using it to obtain the G o d e l - R o s s e r t h e o r e m that if fo rmal ized 
a r i t h m e t i c is cons is ten t , then it is not comple te . 

Chapter 5 dea l s with mode l theory . The compac tnes s t h e o r e m exploits 
the fact that only a finite number of ax ioms can enter any one proof. T h e r e 
a r e a lso many other t h e o r e m s , only some of them bear ing f ami l i a r n a m e s such 
as Lowenheim- Skolem, Craig in terpola t ion t heo rem, e t c . , s e v e r a l about the 
concept of " c a t e g o r i c i t y " . (A theory is ca t ego r i ca l if any two mode l s a r e 
i s o m o r p h i c . ) 

In Chapter 4 we find Godel ' s comple t eness t h e o r e m which says that a 
theory is cons i s ten t if and only if it has a model , the proof following Henkin; 
a l so t h e o r e m s by H i l b e r t - A i k e r m a n n and H e r b r a n d . 

F ina l ly , the fir.st t h r ee chap te r s s e r v e to in t roduce f i r s t o r d e r languages , 
which h e r e m a y have function symbols as well as p r e d i c a t e s , and m u s t have a 
sign for equal i ty . The re is the usua l d i scuss ion of tautologies , quantif ication, 
the deduction t h e o r e m , and p r e n e x f o r m . 

The re a r e many p r o b l e m s , with generous hints , which a i m to extend the 
methods of the text and to p r e s e n t fur ther r e s u l t s . 

It is difficult to r e s t r a i n one ' s en thus i a sm for this book, which will 
su re ly s e r v e not only gradua te s tudents , but a lso m a t u r e m a t h e m a t i c i a n s for 
many y e a r s to c o m e . 

J . Lambek, McGil l Univers i ty 
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