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ROOT SYSTEMS AND CARTAN MATRICES
R. V. MOODY AND T. YOKONUMA

1. Introduction. This paper is concerned with two things. The first
is a (primarily) geometric axiomatic description for the systems of real
roots of Lie algebras arising from (generalized) Cartan matrices. The
description is base free and is a natural extension of the well-known
axiomatic description of finite root systems. The primary component of
our description is an open convex cone which, following Looijenga [3],
we call the Tits cone. In fact it was Looijenga’s paper that led to this
axiomatic formulation. Unlike his construction, the dimension of the
Tits cone is not tightly connected to the dimension of the Cartan matrix
which it eventually yields. This leads us to the second part of the paper
which concerns the construction of Cartan matrices of low row rank. We
can show that if we have an ! X [ Cartan matrix of row rank #», then we
can model an axiomatic description of it with a cone of dimension n + 1.
We show how to construct 7 X / Cartan matrices for all / = 3 (including
! = o0) with row rank 3, thus providing us with root systems of arbitrary
rank (rank: = /) modelled in 4-dimensional cones.

A generalized Cartan matrix of rank /(1 < / < 00 ) is by definition an
I X I matrix 4 = (4,;) of integers satisfying:

Ay = 2foralle
A;; 20if¢#j
Aij=O®Aji=0.

Il

Notice that the ‘‘rank” [ is not the same as the row rank in general.

Given a finite (! < o) Cartan matrix 4 we may define two /-dimen-
sional real vector spaces Vy and H, with bases a, ..., a;; 0", ..., ;)
respectively and a bilinear pairing

(', > Vo X Ho—)R
through
(a,-, O‘iv> = A

In general this is degenerate, but it is an easy exercise to see that an
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extension of (-, -) to extensions V and H of V,and H, with dimensions
2l—row rank (4) is possible so that (-,-): VX H— R is non-
degenerate.

Letr;: V— V (1 £+ £ [) be the linear mapping

re v v — (0,0 )

Then 7y, ..., r, are involutions and generate a group, W, called the
Weyl group of A. W is a Coxeter group with »y, ..., r, as Coxeter
generators and the relations (r;7;)™7 = 1 (¢ # j) where the m,; are given

by the values of the products 4 ;;4 ;; according to:
Ay4;;, 0 1 2 3 =4

The 7; act by transpose action on H where they are given by
v h— h — (ai, h)(x,v

In this way W acts on H. We have (wa, x) = (a, w™x) for all w € W,

a €V, x € H.
The set
1
A=U U wa; CV
i=1 wew
is called the set of real roots of 1 relative to the base «y, ..., a;. The

terminology arises from the theory of Lie algebras where these elements
index certain important one-dimensional subspaces. Obviously A depends
on the choice of the basisa;, . . ., a;, and one of our objects is to provide
an axiomatic description of A without reference to this particular basis.
We might note that there is obviously a set A of ‘“‘coroots’’ obtained
by W acting on a4", ..., a;".

Each o € A has an involution 7, associated with it; namely if @ = wa;,
7« = wr;w'. This is independent of the representation of « in the form
wa,. Soisa’: = wa,, and

Ta: @ ¢ — (P, 0" ), 7a: x > x — {a, x)a’

describes the action of 7, on 7 and H respectively.
Let

C={x€ H {a;,x)>0,2=1,...,1.
Then C is an open convex cone. Following [3] we let
A = int ( U w C) ,
wew

the interior of the union of the W — translates of the closure of C. A is
an open convex cone [3], stable by W, called the Tits cone.
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Among the properties of A and A we single out those listed under
I, II, III in Section 2. These are proved in [3]. The purpose of Sections
2 and 3 is to prove that they suffice to characterize a Cartan matrix 4
and A as the translates of a base under the action of a Coxeter group W,
precisely as we have described it above.

The relation of the dimension of V to the rank of 4 is rather flexible
and does not emerge from the axiomatization as in the construction
above. Indeed the dimension of V can be reduced to row rank (4) + 1.
A problem that arose in our work was that we were unable to prove that
rank 4 is finite even though we assume that the dimension of V is finite.
The question thus arose: Do there exist infinite (I = o) Cartan matrices
of finite rank? In attempting to answer this question we produced the
construction in Section 6 which produces non-symmetric Cartan
matrices of row rank 3 and arbitrarily large /. After the paper was sub-
mitted for publication George Maxwell showed us a beautiful con-
struction of infinite symmetric matrices of row rank 3. This is described
in Section 9. We are very grateful to Professor Maxwell for this con-
tribution.

2. The set-up. Let V, H be two finite dimensional real vector spaces
and suppose that (-, -): V' X H — R is a non-degenerate pairing.

Let 0 &£ o € V. A symmetry in a is an endomorphism 7 of V having a
point-wise fixed hyperplane L and satisfying ra« = —a. For such a
symmetry there is a unique ¥ € H such that (L,a") = 0, {a,a") = 2.
In terms of this, the action of » on 1 is

¢ — b — ($ a’ ).
Clearly »? = idy.
Let A be a non-empty subset of V' — {0}. We assume that:

(I) For each @ € A there is a symmetry 7, in « such that r,A C A.
(IT) For alla, 8 € A, {a,8Y) € Z.

Let W C GL(V) be the group generated by the symmetries 7,. For
each a € A let

H,: = {x € H| {a,x) = 0}.

W acts by transpose action on H and thereby 7, is seen to induce the
symmetry in «¥ with fixed hyperplane H,.

Use the hyperplanes H,, @ € A, to introduce the standard equivalence
relation ~ on H: x ~ vy if and only if for each a € A either x, y lie on H,
or on the same side of H, [1]. The equivalence classes are called facettes,
those facettes with non-empty interiors are chambers, and those facettes
which support a hyperplane H, are called faces. Since r.Hs = H,g for
all o, B € A, the facettes are permuted by W.

Next we assume:
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(IIT) There exists a W-invariant non-empty open convex cone A
which is a union of facettes such that

(a) if x, y € A then there is a cover by finitely many facettes of the
line segment [x, y] in H.

(b) for all @ € A the point-wise stabilizer of H, in W is finite.

Later we will see that, with the other assumptions, III (a), (b) are
equivalent to
(IIT)" W acts properly discontinuously on A.

A 1is called a Tits cone.

Leta € A. Then for x € A the line segment joining x and 7.x lies in A
and meets H,. Hence H, meets A.

For a € A, 7, is the only involution in W with H, as its 1-eigenspace.
Indeed if s is such an involution s7, fixes H, pointwise, has finite order
and hence is semi-simple (III(b)), and has determinant 1, whence
s7¢ = id. Thus for a, 8 € A, H, = Hs= 8 € Ra. As usual ReM A C
{*+ia, +a, +2a} (1, VI§1].

Let

Area: = {@ € Al a/2 € A}.
Avreq satisfies I, II, 111 with the same cone A.

THEOREM 1. Suppose that A satisfies I, I1, I11.
(1) W is simply transitive on the chambers of A .
(2) Let C be a chamber in A\ and let
Area™: = {a € Area| @ s positive on C}.
Let
II: = {& € Areat| He 35 a wall of C}

(see below for definition). 11 is countable. For o, 8 € T let Ans = (B, a").
Then A: = (Aag) ts a Cartan matrix. Let A’ be the root system defined by A
onabase II': = {o'| a € T} with Weyl group W' generated by the reflections
to. Then W is generated by the symmetries ro, @ € Il and W' = W through
Yo V> 7o Furthermore there is a unique (W', W) — equivariant bijective
mapping A" — Areq such that o’ — o for all o' € 1I'.

3. Proof of theorem 1. It is a straightforward consequence of I11(a)
that

(a) The decomposition of a closed interval I C A by facettes appears
as a finite set of points separated by open intervals.

(b) For each x € A there is a ball B about x in A such that for all
a € A,

H,N\B # @=x € H.,.
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To see this, let I, ..., I, (n = dim V) be closed line segments in A

in independent directions with x € by ; for each I. By (a) there is an open
interval J; about x in I; such that any H, meeting J,; meets it in x. Let
B be an open ball about % in the interior of the convex hull of the J,.

(c) For each x € A there are only finitely many H, through x. For
any x, ¥ € A there are only finitely many hyperplanes H, separating
x and y.

For the first statement let S be a solid simplex such that x € S C
S C A.

Any H, passing through «x is supported by its set of cuts with the
vertices and edges of S of which there are only finitely many.

(d) A is countable.

To see this cover A by open balls of the type in (b) and take a count-
able subcover.

There are at least two chambers in A. Let C be one. For each a € A,
a as a function on C takes values of constant sign. Partition A, A
according to sign to get AT(C), AT (C), —AH(C), and — A7 (C). A
face F is called a face of C if F M C supports F. A face of C supports a
unique H, which is called a wall of C. It should be noted that the facettes
lying in the closure of a chamber C of A are not in general in A.
However,

(e) The faces of a chamber in A are in A.

Let F C H, be a face of the chamber C C A. It suffices to see that
FMN A 5% 0. Let xo € C and let x; be a point of FM\ C. Then

[x0, x1) C C and [r.%0, %1) C 7,C

which is a chamber in A on the opposite side of H,. Points close to x;
on these two intervals have joins in A which meet H, in F. We note
that F is a face of 7,C.

(f) Let C be a chamber of A and let F, C H, be a face of C,
a € Aregt(C). Then

Fa = {x € HI <Byx> > Olfﬁ € Ared+(c) - {a} and (a,x> = 0}
The only other chamber with F, as a face is 7,C.

(g) Let C be a chamber of A and letx € C,y € A — C. If Bis any
ball about y in A — C then the cone of rays U,es R(x, b), where R(x, b)
is the ray through x towards b, cuts at least one face of C in an open
subset of that face.

Choose one point ' € B on each ray above and let this set of b”’s be
denoted by By. For each b’ € B, the interval [x, b'] is covered by finitely
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many facettes of which x lies in C whereas b’ ¢ C. Let Fy be the first
facette cutting [x, b'] after C. This cut is a point ¢(b’) € A and there is
a hyperplane H,uy, a(b’) € A, through ¢(d’). Seeing as A is countable
whereas By is uncountable, «(d’) is some fixed @ € A for infinitely many
b’. Furthermore o may be taken so that H, is supported by the ¢(b’)
lying in it, for otherwise a countable number of affine spaces of dimension
less than n are required to cover our cone of rays which has non-empty
interior.

Thus affinely independent ¢ (1), . . ., ¢(b,) exist on some H,. The open
simplex S in H, of which they are the vertices is an open subset of
H, N\ A. Now S C C, for if not some hyperplane Hjy separates x from
some z € S. This hyperplane meets at least one segment (x, c(b;))
contrary to the choice of ¢(b;). This proves (g).

(h) Let C be a chamber in A and let x € C. Let
yeAN—UH..

aclA

Then there is a ball B about y in A such that for all z € B the number
N.(z) of hyperplanes separating x and z is dominated by N.(y).

Cover [x, y] with finitely many balls B; of the type described in (b).
For all z close to v, [x,2] C M B; and N,(z) £ N.(y).

Let C be a fixed chamber in A. Let
O = {a € Awat(C)| H, is a wall of C}.
By (g), I # 0. Let W be the subgroup of W generated by the 7,, o« € II.
(i) We is transitive on the chambers of A.
Let C’ be a chamber of A. Let x € C and let
N.(C"): = min {N,(y)] ¥ € C'} and
N = N(C, C"): = min {N,(C")| x € C}.

Use induction on N to show that thereisa w € W, with wC = C’. There
is nothing to do if N = 0. Assume N > 0. Fix xo € C,y € C’ for which
N.,(y) = N. Put a ball B about y in €’ such that N, (z) = N for all
z € B (see (h)). By (g) there is a z € B such that [x,, 2] is on a ray
meeting a face F, of C. Let x1, ..., x; be the (interior) points of [xy, 2]
at which hyperplane cuts occur. By assumption x; € F,. Let u € (x4, x2)
(or (x1, 2) if & = 1). Then u necessarily lies in 7,C. Now [«, z], hence
[7a1t, 742], cuts only N — 1 hyperplanes, so there is a w € W such that
wC = r,C".

(]) Areq = WH, W = Wc'
For the first statement take any 8 € A, and any x € Hg M A such
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that x lies on no other hyperplane. Then x lies in the face F; of some
chamber ¢’ = wC (w € W¢). Note w™'Fs C w™'Hg = H 15 is a face
of C, so w8 € 4 « for some a € II. For the second statement, note
that w—'7sw is a symmetry in H, hence is 7, (see Section 2). Thusrs € W,
for arbitrary B € Areq and W = Woe.

(k) If &, B € TI, @ # B then (a, 8Y) < 0.

Let xo € C. Then rgxo € 75C and r3C is defined by the inequalities
{(v,x) >0 for all v € Aqt(C) — {8} and {B,x) < 0. In particular
{a, rgx9) > 0 so

(@, %0 — (B, %0)8Y) = (@, o) — (B, xo){, ) > O.
Let x, approach face F, and conclude that

— (B, %0){a, B') 2 0.
With (8, x0) > 0 we have (o, 8¥) < 0.
(1) Fora, B € A, (8,2") = 0& (a,BY) = 0:

B,aY) = 0=7.8 = B=1.Hpg = Hy= rotsts = 135.

Computing 7,750 = 7gr.a in two ways gives (&, 8') = 0.

After (k), (1), 4: = ({8,&")) a, 8 € I is a Cartan matrix, though not
necessarily finitely dimensioned. The quantity card (II) is usually called
the rank of the root system A. This obviously leaves something to be
desired and in order to avoid confusion we will use the term row rank for
the maximum number of independent rows.

The rest of the argument follows a well-worn trail. The proof of
Bourbaki’s Theorem 1, Chapter V, § 3 [1] can be taken without change
to give:

(m) W is a Coxeter group with Coxeter generators 7., « € II, and W
is simply transitive on the chambers of A.

For H, a wall of C, define
P, = {w € W|wC and C are on the same side of H,},

and define 4, to be the open half space in H defined by H, and containing
C. Then

P, = {wec W|i(rw) > l(w)}
(1, Chapter IV, § 1, Proposition 6] and hence for a € T,
raw) <l(w) e rw € PoeorwC C A, © wC C 144

With this equivalence, one may apply Proposition 5 of Chapter V,§4 [1].
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Thus for each X C I define
Cx= NH.N N4, CC.

a€X acll-X
Once that we know that C4 = C (which we show below (p)), Cx can be

seen to lie in C by considering the line segment joining any point of Cy
to any point of C.

M) For X, X CHwCyNCx #0=X=X',Cx = Cx,w € Wyk:
= (rJ]a € X).

(o) For all x € A, the stabilizer staby(x) of x in W is finite.

Considering a small ball about x we see that there are only finitely
many chambers whose closures contain x. These are necessarily permuted
by stabw(x) which is then finite by (m).

In particular notice that (n) and (o) show that the stabilizer of any
facette lying in A is finite. This is false for facettes of A’ — A.

To finish off the theorem we need to look at the abstract root system
A’ based on I’ = {a'| @ € T} in the real space V' whose basis is I’ (see
Section 1). Let 7: ¥/ — V be the linear mapping defined by 7(a’) = «,
a € II. The Weyl group W’ of A’ is generated by {r.| @’ € I’} where

re B =B — (B,a" ).

Now W' = W through 7, +— 7,. Then = is a (W', W)-equivariant
mapping and in particular

7(A) = 7 (W) = WII = Ares.
Finally 7|a- is injective since

Wiy = Wey = Wre, W ! = 7,, (Where w = wy"lw,)

=W e W =ty D w o) = 2wy ay
(where w/ & w,, w' = w,’"'w,’).
If wy/ay = —wyay’, then weas = w1y = —weae, which is absurd. Thus
wl'al' = 'ZU2/a2I.
(p) G = C.

Let 8 € Areq and let 8’ be its preimage in A’. Since A’ is an abstract root
system based on IT’, 8’ is a finite sum _ #n, o’ where the &’ € II’ and the
ne € Z and have a constant sign [6]. Thus 8 = > #a a,a = w(a’). If
B € Area® then all the n,, = 0 as is seen by computing (3, x) for some
x € C. Now if x € C, then {(a, x) > O foralle € II, so (8, x) > 0 too.
Thus C; C C. The reverse inclusion is obvious.

This concludes the proof of the theorem.

(IIT)’. W acts properly discontinuously on A.
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Let U, V be compact subsets of A. We have to show that {w € W]|
wU M V 5 @} is finite. Only finitely many facettes in A meet U and V
and the relation wU M V @ indicates the existence of a pair of facettes
in A: Fwith FN U # @, F' with F/ N\ V # @ such that wF = F’. The
same pair can only occur for finitely many w € W because of the remark
after (o).

It is rather easy to see that I1I’ implies I1I (a), (b).

4. The dimension of V. We have already pointed out that card(II)
need not be equal to dim V. In this section we show:

THEOREM 2. Let A be an | X | Cartan matrix of row rank n < I. Then
there exist V, H, (-,-): VX H— R, and A satisfying the axioms of
Section 2 and determining A with dim V = dim H = n + 1.

In particular since we can construct Cartan matrices of row rank 3
and arbitrarily large I (see Sections 6, 8, 9) we can find models of these
rank / root systems with 4-dimensional cones.

Proof. Let A be an | X [ Cartan matrix of row rank n, n < /. Let
(-,): VX H— R be constructed from 4 as in Section 1. Thus

dim V = dimH =14+ (Il — »n) and
C=f{x¢€ H| {a,x)>0,a € I}
determines a Tits cone A = int (Ugew w(C)). Let V, be the span of II
in V and
Vol = {h € H| (Vo, h) = 0}.
Then we have a non-degenerate pairing
(-, ): Vo X H/Vet — R,

We claim that A, Vo, H/ V! and the image Ao of A in H/ V't satisfy
the axioms. Indeed this is all trivial with the possible exception of 111 (b).
For that, let us note that W induces a group Won H/ V. Letw € W
pointwise fix the reflecting hyperplane H, in H/V! for some a € A.
Let x € H,° N\ Ay and let & be a preimage of x in A. Then

wx = x = WX =% mod Vt,

where @ is some preimage of w in W. Thus for all 8 € A, (8, WX) =
{8, %) so that ¥ and @% lie in the same facette of A. By (n) @% = % and
@ € stab (%) which is finite. This proves I1I(b). Clearly

dmH/ Vit =21 —n— (2l —n) — 1) =1

Let 7 C H be the span of the coroots ¥, a € A and let U be its image
in H/ V¢t under the quotient map —: H — H/Vt. Now let xo € Ao — U
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be chosen so that distinct elements of A take distinct values on x,. Let
H = Rxo+ U and let V = Vo/HL, where HL = {v € V| (v, H) = 0}.
We have a non-degenerate pairing (-, - ): V X H — R. Since

TeXo = %o — {a, xo)&v €cEH

and U is W-invariant, we see that H is W-invariant.

By the choice of x, A is mapped injectively into V. Set A = Ao/ H.
Then A is a W-invariant open convex cone and is the union of facettes
(of H). In fact, regarding the facettes of H, given any x, y € H and
preimages ¥, ¥ € H, x ~ y if and only if & ~ 4. III(a) and (b) are then
clear.

We have dim V = dim H = 1 4+ dim U. Since dim U = I, and
dim U N Vot =1 — n, we find dim U = n. This completes the proof of
Theorem 2.

5. Comments. There is a well-known set of axioms for finite root
systems (see [1], [8]). These are simply (I) and (II) together with the
assumptions that A is finite and A spans V. Obviously (III) is satisfied
with A = H.

In the following, notation is as in Theorem 1.

TrEOREM 3 ([3]). A s finite of and only if A = H.

Proof. If A = Hthen0 € A and W = staby (0) is finite, so A is finite.

If A is finite then by Theorem 1, A is the image of a finite root system
A’. If Cis a chamber of A, then the opposite involution w, € W maps C
into —CC A,s00 € A and A = H.

In [4] I. G. Macdonald gave an axiomatic description of affine root
systems. These occur as affine linear functionals acting on certain affine
spaces. The explanation of this in our model is that A is an open half-
space and Macdonald's affine space is an affine hyperplane in A (parallel
to the defining hyperplane of A).

More precisely, we have the following result. (In order to keep matters
simple, we have restricted ourselves to indecomposable root systems.)

THEOREM 4. Suppose that A is an open half-space and the chambers of N
have only finitely many faces and define an indecomposable Cartan matrix.
Then A and A are Euclidean. Conversely if A and A are Euclidean with
null root v then N = {x € H| (v, x) > 0}, which is an open half-space.

Proof. The converse is proved in [3].

Suppose that A is an open-half space, say {x € H| (v,x) > 0} for
somev € V.Sincer, A = A for all ¢, and 7, has only +1 as eigenvalues,
we see that 7,» = » and in particular (v, @) = 0. By Theorem 3, A is
not finite. Suppose that A is not Euclidean. By a result of Kac [2, 5,
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Lemma 7] there is an ‘“‘imaginary root” ¢ = Zagn maa¥, me € N such
that (@, ¢) < Oforalla € II. Then —¢p € CC A and0 < (v, —¢) = 0,

a contradiction. Thus A is Euclidean.
As an exercise for the reader we leave:

TueoreM 5. (Notation as in Theorem 1). Let a, 8 € A be linearly
independent. Then (Ra + RB) M A is a root system of rank 2.

COROLLARY. If a, B € A then
(@,8") >0 (8,a") > 0.

Proof. Rank 2 root systems are symmetrizable [6]. Thus there is a
symmetric bilinear form ¢ for which the sign of (@, 8¥) is the same as
the sign of o (e, ).

6. Cartan matrices of row rank 3.

Definition. Let Ay be a Cartan matrix. A Cartan matrix 4 is called an
extension of A¢ if A is of the form

A=(A° *).
* | %

LEMMA 1. Let Ay be an n X n regular (i.e. det Ay # 0) Cartan matrix.

(40 X
Let A = (YAI

Then row rank (A) = n if and only if YAy X = A..

Proof. If row rank (4) = n, there exists an n X (! — n) matrix X’
such that

2z (7)
(Y X' = 4.,
ie.,4X' = X, YX’' = 4,. Then
X' = A4¢X,4, = YX' = YA, 1X.

The converse follows from

) be an | X I Cartan matrix which is an extension of A,.

E, _
(YAo_l)Ao(EnAo X) = A,
where E, is the n X » unit matrix.
Let 4, be the 3 X 3 regular Cartan matrix

2 -2 0
Ag=|—-2(,+1) 2 0], wherek € N.
0 0 2

O -t
==
™

\—/

1
det Ao = —8k, A = — —<k +1
0
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THEOREM 6. There exist Cartan matrices A which have the following

properties:
(1) 4 s an extension of Ao,
(ii) row rank (A) = row rank (4,) = 3,

(iii) 4 2s a (B 4+ 3) X (kB + 3) matrix.
Ay X .
Proof. Let 4 = v 4 be a (¢ + 3) X (kB + 3) Cartan matrix
1
which is an extension of 4y. Let X = (X1, ..., Xx), 'Y = (¥1, ..., ¥&),
where
Xy = (—%1i, —%2s, —%3¢)
Vi = (=15 —Y25 —¥31)
A1 = (4y) L =4,j k),
Xij, Y are non-negative integers and 4; is a Cartan matrix. From

Lemma 1, row rank (4) = 3 if and only if

(1) YA:X = A,
Therefore, to construct a Cartan matrix which satisfies (i), (ii) and
(iii), we have to find non-negative integers x;;, ¥;; which satisfy (1)

where 4; = (4,;) must be a Cartan matrix.
To simplify the problem, we consider the case where x;;, ¥;; and 4 ;;

are all non-zero and we assume so hereafter.

Let — —21_k ‘y;/ be the j th row of Y4,7, i.e.,

'y = (—{y + k+ Dyeyl, — 01 + 325), kysy).
We rewrite (1) as follows:
M)ty - xi= (—2kR)4A;, 1 £ 4,5 S k).

(1) :; becomes
)iy + (B 4+ Dyeddwrs + 1i + y2i)%es — kysixs; = —4k.

As y3x3; # 0, we have

(3)1 X3; = 'ky%' [{yli + (k + l)yn}x” -+ (yh- + y“)x” + 4k]
(13304 (& + D3adns + Guot Fadwad + 5

4| -

where
Fii = Y1i/Vs1 V20 = Y2:1/Vsae
AsAd,;; <0 (j # 1), from (1),; we have
()i {315 + (B + Dyeshers + 015 + y25)%2: — kysxs; > 0.
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Considering kys; > 0, we have

(3)is w30 < 3 15w+ (& + Diaferc+ Gy + Fageacl

From (3); and (3);, we have

@5 Oy = 30) + (& + 1) G2 = 520)

4
+ 20y = 31 + O — 520} — o= > 0.
Y31

Notice that (4),; is equivalent to 4,; < 0 when x3, is given by (3) .
Now let

iz + 1)

(5)37“—— By, =(kR+1—1)k ys,=2forl 15 k.

Then all y,; are positive integers and the sth row of YA4,™! is in Z3-
Furthermore, from (3); we have

{m +1)

3i —

+ k+DE+1 - z)}xh

+{1,('L+ 1) +(E+1- 1)}xu+ 2,

So, to prove the theorem it suffices to show the existence of positive
integers %14, %2; (1 < 2 < k) which satisfy (4),;. For then Y4,7'X defines
integral 4; with the required signs. Substituting (5) in (4).;, we have
4)i3G—2)0+ 71— 2k — )y,
+ 30 -0 +7— Dxyy —2>0;
ie. if j > 1,

1 4
—————-——(]. Yo {(2k +1—7—9)x1 + G- i)}

(2 ) 4 .
- (j+¢—1 Vot Grisng =9

Xog >

if j <1,
2k ) 4
— — 1)x1; — = ; ; <.

o< (J+'L" 1) T GFi— DG -
Let us observe the coefficients of x;; and the constant terms:
Ifj>j,

2k 2k
TFic1 Yot
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Ifji>ji >z,
4 S 4
G+i—-1DG -0~ G+i—-DG—19)°
Ifi>j7>7,

4 4
GHi—DG-5" G+i-DG-7)
Thus the validity of the inequalities (4);; follows from (4); ;-1 and
(4); 41 with the special cases (4)12 and (4)s 4-1.

For 7 =1, (4);2 becomes x; > (b — 1)x;; + 2. So take x1; =1,
x91 = k + 2. For 7 = k, (4); -1 becomes (B — 1)xz; + 2 < x1:. So take
Xor = 1, X1, = k + 2.

For i # 1, k, from (4) ;;—1 and (4);:+1, we have

k 2 k 2
(6): (;—:I - 1)xu — T > (1— - 1)9011 + R

Comparing both sides of (6),, it is necessary that
x1: > 2(27 — 1)/k.
The length of the interval

k z(_k_ ) __z__]
[(i_l)xli+i’\i——l_lx“_i—l

is equal to
k o — 2121 — 1)
G- iG—1)
which increases as x;; increases. And the left side (/7 — 1) x1; + 2/7 of

the interval is positive for x;; > 0. So there exist positive integers «x1;
and x.; which satisfy (6),. This concludes the proof of the theorem.

7. The minimal row rank of Cartan matrices. If 4 is an ] X !/
Cartan matrix of row rank 1 or row rank 2, we will see that, by simul-
taneously permuting the rows and the columns (if necessary), 4 becomes
an extension of a regular Cartan matrix 4, of same row rank as 4, and
that 1 =7 =< 2 or 2 £/ =< 4 respectively.

We begin with the following result.

vy = 0) n X n matrices such that A = YX is a Cartan matrix, then
A = 2E, and there exists ¢ € S, such that y,; = 0 1f 1 # o(j), x¢; = 0.
if 7 # (7).

Proof. From A = VX, if j s 4, Zk YuxXr; = 0. On the other hand

LEmMa 2. If X = (x4;), YV = (yi;) are non-negative (1.e., x; = 0,
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Zk Yy, = 0. So Zk yaxe; = 0, 1.e., A = 2E,. In particular X and ¥V
are regular matrices. Suppose y;; # 0. From Yy, = 0 (G # 1),
x4; = 0 for all j # 1. As X is regular, x;,; ¥ 0 and there exists only
one ¢; such that y;;, # 0. We can repeat this argument.

THEOREM 7. Let A¢ be an n X n regular Cartan matrix # 2E,. Assume
that the coefficients of Ay™! are all non-negative. If an | X I Cartan mairix A
is an extension of Ay such that row rank (4) = row rank (A,), then
I £ 2n — 1.

Proof. We prove the following; if there exists a 2n X 2n Cartan matrix
A of row rank n which is an extension of an n X 7 regular Cartan
matrix Ao, then A, = 2E,.

Let

(4o X)

a- (5 5.

From Lemma 1, YA4,7'X = A4,. Applying Lemma 2 to — Y4,7!, — X, we
have 4, = 2E,. Then 4,"! = 2Y-1X-!, 4, = 2-1XY. As each com-

ponent of 27XV is non-negative, 4o = 2E,. X, ¥ are of the form
described in Lemma 2.

We recall that the condition on 4, in Theorem 7 always holds if 4,
is of classical type # 2E,.

For A, = 2E,, there exist 2n X 2n Cartan matrices 4, of row rank =
which are extensions of 4, 4, is given as follows.

2E, X
Ar = ( Y 2E,,)
where X = (x,;), ¥ = (v4;) and ¢ € ¥, such that x;; = 0 for j % ¢(2),
Xis(y = —ay ¥i; = 0 for 7 # o(j) and v,y = —4/a; (a;, 4/a; € N).
There exists no (22 + 1) X (2 4+ 1) Cartan matrix which is of row
rank # and an extension of 4,.

Now, if 4 is an [ X [ Cartan matrix of row rank 1, 4 is an extension
of 4y = (2), and ! = 1 or 2. Let us consider the Cartan matrices of row
rank 2. We remark that a 3 X 3 Cartan matrix all of whose principal
2 X 2 submatrices are of row rank 1 is regular. So we can restrict our-
selves to those ! X / Cartan matrices of row rank 2 which are extensions
of 2 X 2 regular Cartan matrices 4,. If det 4, < 0, all the components
of A,7! are negative, so there exists no such extension by Lemma 1. If
det 4y > 0 and 4y # 2E,, then by Lemma 2,/ £ 3. Therefore we have
214,

8. Examples. Here are two examples of Cartan matrices of row
rank 3 which were constructed by the method of Section 6.
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2 —2 0| -1 -3 -5 —6
—10 2 0| -6 -5 -3 -1
0 0 2 | —53 —86 —106 —103
—-8 -32 -2 2 -2 -—14 -—28|k=4)
—24 24 -2 | —1 2 -2 —11
—48 —16 —2 | —11 -2 2 -1
-8 -8 -2 |-—28 —14 -2 2
[ 2 —2 o] -1 -2 -3 -5 -7
—12 2 0| -7 -5 -3 -2 -1
0 0 2|—-75 —91 —101 —136 —165
—-10 —50 -2 2 -1 =10 =31 =58 = 5)
—30 —40 -2 | —1 2 -1 —13 -31
—60 —30 —2|—-12 -2 2 -2 —12
—-100 —20 —-2|—-31 —-13 -1 2 -1
—150 —10 —-2|—58 —31 —10 —1 2

9. Maxwell’s examples. Let 4 = (4;;) be a symmetric [ X [

generalized Cartan matrix with the property that (1) removal of any
two rows and corresponding columns leaves a generalized Cartan matrix
each of whose connected components is finite or Euclidean, and (2)
“two’’ cannot be replaced by ‘“‘one” in (1). Maxwell [5] proves that such
a matrix is hyperbolic in the sense that the quadratic form defined by 4
is of signature (/ — 1,1). Let V' = V, be as in Section 1 and let (-, -):
V X V— R be defined by (a;, @;) = A, Let w;, ..., w; be the dual
basis to ay, . .., a,; so that (w;, a;) = 8,;. Maxwell shows [5, Theorem
1.6] that for all4,j € {1,...,1} and for all w, w’ € W, (ww;, w'w,;) £ 0
unless ww; = w'w;.
Consider now the special case:

2 —2 —2 =2
—2 2 —2 =2
4= -2 =2 2 —2
-2 —2 =2 2

The matrix (w4 ;) is given by 4A~! which in this case is 274(4). The
lattice L: = 4 Y Z w, is W-stable and (-, -) is integral and in fact even
valued on L. Now suppose that xi, x», . . . are distinct elements of the
set W(4w;). Then

(%4, %;) = 16(w1, w1) = 2 for all 7 and
(x4, %;) € Zgoif 3 5% j.

Thus the matrix B = ((x;, x;)) is a symmetric Cartan matrix. It is
easy to see that the proof of Theorem 1.6 [5] actually gives (x;, x,) < 0
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for all 7 # j. Since x1, X3, . . . lie in V the row rank of B is at most 4. In
fact if we use the sequence

{4:(.01, 4:1’1(.01, 472710)1, 47’17’2710)1, 47’27’11’21’10)1, . } = {40)1, 4(0)1 - (11),
4(w; — a3 — 2a3), 4(w1 — 4a; — 2a3), 4(w1 — 4a; — 6as), .. .}

the vectors all lie in Rw; + Ra; + Ra; and the row rank is 3.
Here is the beginning of the corresponding matrix:

2 —-14 —-14 —-62 —62
—14 2 —-62 —14 -—142
—14 —62 2 —142 14
—62 —14 —142 2 —254
—62 —142 —14 -—-254 2
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