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On Multiple Mixed Interior
and Boundary Peak Solutions
for Some Singularly Perturbed
Neumann Problems

Changfeng Gui and Juncheng Wei

Abstract. 'We consider the problem

E2Au—u+f(u)=0,u>0 inQ
%:0 on 092,

where € is a bounded smooth domain in RY, ¢ > 0 is a small parameter and f is a superlinear, subcritical
nonlinearity. It is known that this equation possesses multiple boundary spike solutions that concentrate, as
€ approaches zero, at multiple critical points of the mean curvature function H(P), P € 9. It is also proved
that this equation has multiple interior spike solutions which concentrate, as ¢ — 0, at sphere packing points
in .

In this paper, we prove the existence of solutions with multiple spikes both on the boundary and in the
interior. The main difficulty lies in the fact that the boundary spikes and the interior spikes usually have
different scales of error estimation. We have to choose a special set of boundary spikes to match the scale of
the interior spikes in a variational approach.

1 Introduction

Recently there is a large literature on the existence of spike layer solutions to the following
singularly perturbed elliptic problem

e2Au—u+ f(u) =0,u>0 inQ
(1.1) -
5 =0 on 0f),

5% . . . .
where A = Zfil % is the Laplace operator, (2 is a bounded smooth domain in RV, & > 0

is a constant, the exponent p satisfies 1 < p < % forN>3and1 < p <ooforN =2
and v(x) denotes the normal derivative at x € 9f2.

Equation (1.1) is known as the stationary equation of the Keller-Segal system in chemo-
taxis. It can also be seen as the limiting stationary equation of the so-called Gierer-
Meinhardt system in biological pattern formation, see [18], [21] and [23] for more details.

It is known that equation (1.1) admits boundary and interior spike solutions. For single
boundary spike solutions, please see [7], [18], [21], [22], [28], etc. For multiple boundary
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spikes, please see [5], [10], [13], [14], [19], [23], [32], etc. (When p = If,’izz, similar
results for the boundary spike layer solutions have been obtained by [1], [2], [3], [15],
[20], [24], etc.) For single interior spikes, please see [8], [26], [27], [29], [31], etc. For
multiple interior spikes, please see [4], [6], [17], etc. In particular, in [14], it was proved
that at a local minimum point Py of the mean curvature function H(P), for any positive
integer K € N, there exists a solution of (1.1) with K boundary local maximum points

!, ..., QF such that Q. — Py as e — 0. On the other hand, in [17] it was proved that
for any positive integer K, there exists a solution of (1.1) with K interior maximum points

Pl ..., PXsuch that

ex(PL,...,PX) — max o (P, P)

where pg(Py,...,Pg) = min#j_rk(d(Pk, o), %|P,' — Pj|).

In all the above papers, the boundary and interior spikes are separated. An interesting
question is the following: can we construct multiple spike solutions with both boundary
and interior spikes? The purpose of this paper is to construct such mixed boundary and
interior spike solutions.

The main difficulty in constructing mixed boundary and interior spike solutions is that
we need to deal with two completely different order of small terms. It is known that the
order of boundary spike is of algebraic while the order of interior spike is of exponentially
small. Since these two orders are simply incomparable, a new method should be employed
$0 as to separate the two scales.

In fact we will consider a more general problem (as in [14] and [17])

(12) eEAu—u+f(u)=0,u>0 inQ
’ % =0 on 0f2,

where f: R* — Ris of class C'*” and satisfies the following conditions

(fl) f(r) =0fort <0and f(t) — +ooast — oo.

(f2) £(0) =0, (0) = 0and f(x) = O(ul), f (1) = O(|ulP>~) as |u| — oo for
some 1 < pl,pz(l\]\,’izz)Jr(: % if N > 2;= o0 if N < 2) and there exists 1 < p; <

%)Jr such that

C|(]§|‘D3_1 lfp3 >2

|fulu+¢) — fu(w)] < {C(|¢ +]o[l) ifps <2

(f3) The following equation

(1.3) {AW—W+f(W):0,w>0 in RN

w(0) = max,epy w(y),w — 0 atoo

has a unique solution w(y) (by the results of [12], w is radial, i.e., w = w(r) and w < 0for
r = |y| # 0) and w is nondegenerate. Namely the operator

(1.4) Li=A—1+f (w)
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is invertible in the space H?(RY) := {u = u(|y|) € H*(RV)}

Remark Nonlinearities satisfying (f1)—(f3) can be found in [9] and [17].

Fix any two positive integers K; € N, K; € N. We shall construct solutions to (1.1) with
K; interior peaks and K, boundary peaks.

Our first assumption on the domain is the following:

(H1) EIQ‘])» € 0Qand r; > 0such thatH(Q(}) < H(Q),VQ € B,J.(Q‘;)ﬂ@ﬂ,j =1,...,K.

Remark Here we allow Q) = Q? ifi # j. Hence if the domain admits one strict local
minimum point Q% we may take Q? = QY j=1...,Kyri=r;
Set
I} =B, (Q)NoQ, I’ =T} x --- x g, H; = HQY),

A];: {Q:(Ql7'-'7QKz) EFB7W<M> <7757kal: 17"'3K27k7él}

3

where 7 is a small number and w is the unique solution of (1.3).
Forany P = (P),...,Px) € QK = Q x Q x - x §, the following function was
introduced in [17]

. 1
e (PrPo P = min  (d(PL 09, 5|Pc— ).

In order to include the boundary-interior-spike interactions, we introduce

- . 1
SDKI(PMPZv L 7PK1) = iil,....lglfilll,...,Kz(SDKI(PI, ... 7PK1)7 E|Pl - Q?‘)

Our second assumption on the domain is the following: there exists an open subset A’
of X such that

(HZ) maxp, wsPicy JEAT @Kl (Pl, e 7P[(l) > max(pl_,myPKl)eaA: @Kl (Pl, . 7PK1)-

We emphasize that such a set A’ always exists. For example, we can take A = QKXi, We
also observe that any such A’ can be modified so that for P = (Py, ..., Px,) € Al we have

(1.5) d(P;,00) > 6 > 0,|P; — Q}| > 28 >0, [P, — Pi| > 26 >0

for some sufficiently small § > 0, where i, k,I=1,...,K;,k# 1 j=1,...,K,.
The main result of this paper is the following.

Theorem 1.1 Assume that conditions (H1) and (H2) are satisfied. Let f satisfy assumptions
(f1)—(f3). Then for any K,,K, € N and for e sufficiently small problem (1.2) has a solution
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ue which possesses exactly K = K, + K, local maximum points Py, ..., Py, Qf, ..., Qk, with
P = (P,...,P;) e A, Q =(Q5,...,Q%) € AP Moreover Q5 — QY and

(16) @KI(P§7-~-;PIE(I)—>maX¢K1(P)~
PeA!

Furthermore, we have

bmini—y .k, j-1,.x(|x — Pf|, |x — Q‘?\))

(1.7) u:(x) < Cexp(— .

for certain positive constants C, b.

Remark (1) Note that we can put K, ; > 0 boundary spikes at Q(} as long as we have

K, = ZIZI K3,j. So there are many possibilities on the combinations.

(2) When (H1) is satisfied, for any positive integers K, K, there exists a solution with
Kj +K; spikes which are located near the centers of spheres packed in the following way: All
sphere are of largest possible equal radia, K, of them to be centered at Q?, i=12,...,K;
(which are defined in (H1) and could be repeated) and K of them are packed inside the
domain with the existence of of the above mentioned K, spheres. This follows from the
above theorem in the simplest cases when A’ = QX! or its modifications such that P =
(Py,...,Px) € Al implies

(1.8) d(P;,00)>6>0, |Pi—Q}>20>0, |P—P|>20>0

for some sufficiently small § > 0, where i, k,I=1,...,K;,k# 1L j=1,...,K,.

(3) Note that there are domains which don’t satisfy condition (H1). A simple example
is a ball Q = Bg. In this case, one may use the symmetry to construct mixed boundary and
interior spike solutions. It is an open question whether or not there always exists mixed
multiple spike solutions.

We now outline the main idea of the proof of Theorem 1.1. Our idea is similar to that
of [14] and [17]. However, the key step lies in separating the boundary spikes and inte-
rior spikes. As we mentioned earlier, boundary spikes are driven by algebraic order terms.
Therefore, to minimize the algebraic effect of boundary spikes, one needs to find a func-
tion which approximates the boundary spikes up to exponentially small errors. To be more
precise, we introduce some notations first.

Let w be the unique solution of (1.3). For any smooth bounded domain U, we set Pyw
to be the unique solution of

Au—u+ f(w)=0 inU,
19 {Bu fw)
=0 onU.

For P € ), we set

Q={y:eyeQ}, Qp={y:ey+PecQ},

wep = Po_,w.
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If P € Q, we set

Ye p(x) = 5log< (w((x — P)/e) — W57p>>
%(P) = 1ps,P(P)-

(It is known (see [27]) that as e — 0, ¥.(P) — 2d(P, 9L2).)
Associated with problem (1.2) is the following energy functional

Jou) = %/(EZ\VM|2+142)—/QF(14)
Q

where F(u) = fou f(s)dsand u € H ().
Let

S-(u) = e’ Au— u+ f(u).

FixP = (Py,P,,...,Px) € A, welet

K
Wep = E We Py
i=1

C. Gui and J. Wei

OWep, .
fKE‘p:span{ Wg’P’,zzl,...,Kl,l:1,...,N}CH2(QE)
' 6Pi71
8WEP,‘ . 2
C’Epzspan{—’,lzl,...,Kl,l:1,...,N}CL(QE)
' oP;

Similarly, if Q = (Qy, .. ., Qx,) € AP, we can define

Ky
WeQ = § We,Q;»
=1

8W57Qj i 2
X.q —span{aTl(Qj),l— Lo N=1j =1, K} Ce H(S)
6W57Qj . 2
657P—Span{m,17 1,...,N* 1,]— 1,...,K2} eL (Qa)

where 7;(Q;) is the /-th tangential derivatives of Q; on Jf).
For mixed boundary and interior spikes, we define

WepQ = Wep T WeQ,
fKe,P,Q = :K:E,P ) fKe,Q C HZ(QE)’
GE,P,Q = Gap U G&Q C LZ(QE).
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In [14] and [17], the following two propositions are proved, respectively.
Proposition A (See Lemma 3.4 in [14]) For any (Q, ..., Qx,) € AP, there exists a unique
®F o such that
(1.10) S-(weq + @) € Ceq, B2 € Ko

Proposition B (See Lemma 3.4 in [17]) For any (Py,...,Px,) € A, there exists a unique
®! p such that

(1.11) Se(wep +®Lp) € Cop, @5 € K.
We now define
WeQ = We@ + q)g,Qa Wep = Wep + (I)é,P

Our main idea is to use W, g + W, p as approximate solution. It turns out this choice
separates the boundary and interior spikes.
Thus we let

U: = WE,Q + Wb-’p + <D57P7Q.

We first solve ®.pq in ij’P’Q by using the standard Liapunov-Schmidt reduction
method. We show that @, p q is C' in P, Q. After that, we define a new function

(1.12) M.(P,Q) := €_N]€(WE,Q +Wweq + (I)E,P,Q)

We maximize M.(P,Q) over A x Al. We show that the resulting solution has the
properties of Theorem 1.1.

The paper is organized as follows. We present some important estimates in Section 2.
Section 3 contains Liapunov-Schmidt procedure and we solve (1.2) up to approximate ker-
nel and cokernel, respectively. We set up a maximizing problem in Section 4. Finally we
show that the solution to the maximizing problem is indeed a solution of (1.2) and satisfies
all properties of Theorem 1.1.

Throughout this paper, unless otherwise stated, the letter C will always denote various
generic constants which are independent of ¢, for € sufficiently small. § > 0 is a very small
number.

We set

. / f(wye" dy
RN
= {/ fw(p)e® dy | b e R, [bo| =1}
RY

%= {/ fwy)e® dy | b= (by,...,by) € RN, by = 0,[b| = 1}-
RY
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2 Important Estimates

In this section, we first study boundary spikes and interior spikes separately. Then we ob-
tain some important estimates on the interactions of boundary spikes and interior spikes.

Many of the results are obtained in [14] and [17_]. i
We introduce some notations first. For P € A, Q € A8, we define

(u,v)e = / (VuVv+uv), (u,u). = ||ul|.
Qe

Let

I(w) ::/ %(|VW|2+W2)7/ F(w).
RN RN

We first consider boundary spikes.

Lemma 2.1 (See Lemma 3.4, Lemma 3.5 and Lemma 3.6in [14]) For any Q =
(Q1,-..,Qx,) € AP and e sufficiently small, there exists a unique <I>f_’Q € JCE%Q such that

SE(WE,Q + ‘ng) € GE;Q‘

Moreover ®F , is C' in Q and we have

Je(weq +®Lg) =V [—I(W)—6(70+0(1) ZH(Q,

i=1
K

Z (v +o(1)) ('Qk QI|>+0(E)],

(2.1)

NI'—‘

where vy > 0 is a positive number and g = vy € X. Furthermore, if w( P Pll) = ne, we
have vy € X.

We need some properties of @?Q
Lemma 2.2 Let <1>ny be the solution constructed in Lemma 2.1. Then we have
K
(22) 0o =06 (Y w)
=1
forany 0 < n < 1.

Proof Note that <I>BQ satisfies

aWEsQ7
S:(weq + ®:0) = E : C?l onQ;
. j

https://doi.org/10.4153/CJM-2000-024-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2000-024-x

Mixed Multi-Peak Solutions 529
Moreover by Lemma 7.1 in [31], one can show that
c?, = 0(&?).
Hence for fixed R large, <1>ny satisfies the following equation
K>

K,
ABFy — (1— )@+ O(EZW(}/ _ %)) —0 inQ, \ L Br(Qi/e)
=1

j=1

K
84/ <Ce on a(U BR(Qj/E))

j=1

0P8
=@ —_ 0 ondQ.
ov
Lemma 2.2 follows by comparison principle. ]

Next we consider the interior spikes. The following lemma is proved in [17].

Lemma 2.3 (Lem_ma 2.6, Lemma 3.4 and Lemma 3.5in [17]) For any P =
(Py,...,Px,) € Al and ¢ sufficiently small, there exists a unique <I>£7P € fKEL’P such that

I
SE(WE,P + (I)E,P) S GE,P~
Moreover ®!  is C' in P and we have
K

1 1
Je(wep + ®Lp) =¥ [Kll(w) -3 (71 +0(1)) Z e~ s ¥e(P)

i=1

(2.3) —(n+om) 3 w<|P’TPZ>],

i1=1,il
wherey; > 0 is given at the end of Section 1.
We need some properties of ! p.
Lemma 2.4 Let B! p be the solution constructed in Lemma 2.3. Then we have
Ky
(2.4) oLy = 0/ (ol

j=1

forany 0 <n < 1.
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Proof Note that ® , satisfies

OWe p,
I e,Pi
Se(wep + Pcp) = Z ci
, OP;
i=1,.K, =1, N ;

Moreover as Lemma 7.1 in [27], one can show that (since P € A7)

= o(e*wl(P)/s) — O(e™ V%),

1

The rest of the proof is similar to that of Lemma 2.2. ]
Let w.p = w.p + ®Lp and iw. g = wo g + P,
The next proposition considers the interaction between boundary and interior spikes.

Lemma 2.5

25) /ﬂ F 7@y = ¥ (335 + (D) 3 w(IPs — Qj1/2),
ij

26) | £ = ¥ 1+ o0) S wlle - )
ij

where 7y;; € .

Proof We first note that

/ fweg)wep, = (1+o(1))/ f(w(y))w<w)
. RY 15

(Qj—Piy)

= (1+0(1))w(|Q; —Pi\/e)/ f(w)e 1971
RY

= (ij +o(1))w(|Q; — P;| /¢)

and
[ Fovaiatalwnl= [ Oy )
Q. Qe
(2.7) = o(w(|P; — Qj|/e))
by Lemma 2.2.
Hence

/Q o= Y /Q Flweg

i=1,...,K;,j=1,...,.K,

+ / £/ Q)®L e
Qe

+o(' Z W(|P,'—Qj|/€)>
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This proves (2.5).
For (2.6), we observe that by Lemma 2.4

I _ N X=Qj\ e 1o (X Pi
/Qf(wE,Q])cbap_s /QEO<WP( - )e w n( - ))
(2.8) = eo(w(|P; — Qj|/e))
if n small, and

f(wep)weq; = (1+0(1) /N f(W(ﬁ)”’(W)

Q. R

(Qj—Piy)
= (1+o())w(|Q; — P;|/e) [ f(w)e %71 .
RN

Combining all the above estimates, we obtain the lemma. |

Lemma 2.6

Ki
N N 1 o
e N Je(Wep +90) = &V (e @) + Kil(w) — = (1 +0(1) > e ben(®)
i=1
K

—(m+o(1) W(L;P")

il=1,il

P CIE T REE

i=1,..K,j=1,..K

Proof

5_N]E(W5,P + WE,Q) = E_N]E(WE,Q) + 6_N]E(WE,P) + / [VWE,PVWE,Q + WE,PWE,Q]
Qe

_ / (F(.p + W.q) — F(ip) — F(7..0)]

€

= E_NJE(WE,Q) + E_N]E(WE,P)

ow,

~ ~ 1 P

+ f(Wep)Weq +/ Cila—Ws,Q
O, 0. P;

- /Q (F(.p + 1..q) — FO7p) — F(7..q)]

= E_NJE(WE,Q) + E_N]E(WE,P)

_ /QE f(W&Q)W&P + 0( Z W(|P,‘ — Q]|/€)>

i=1,..K,j=1,...K;

By Lemma 2.5, Lemma 2.1 and Lemma 2.3, Lemma 2.6 is thus proved. ]
The following lemma will be useful in the next section.

https://doi.org/10.4153/CJM-2000-024-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2000-024-x

532 C. Gui and J. Wei

Lemma 2.7
| f(Wep +Weq) — fOWep) — fFOWe0) 202

—o( X wim Qo)

foranyny < o = min(1, p — 1).
Proof Observe that

|f(W5,P + WE,Q) - f(ws,P) - f(WE,Q)| S C|f/(W5,P)|Wg,Q + |f/(WE,Q)‘WE,P'

Let us consider the first term on the right hand. We have

/Q Flmp)Pitq<CY / [ wep)Plweg P +C / (v p)] |82 2
= ,‘] =3 =

<CY Iw(Qj — Pil/e)*7 |+ O(e7) Y Iw(|Q; — Pyl /&) 7]
ij ij
< CZ|W(|Q] _ Pi|/6)1+rr—27]|
7']
where 1 > 0 is any small number.
The second term on the right hand side can be estimated similarly. ]

3 Liapunov-Schmidt Reduction

In this section, we use the standard Liapunov-Schmidt reduction procedure to solve prob-
lem (1.2). Since this is a routine procedure, we omit most of the proofs. We refer [17] and
[14] for technical details.

We first introduce some notations.

Let H%(2.) be the Hilbert space defined by

ou
v,

HA(Q,) = {u e HA Q) ‘ —0on aﬂg}.

Define
Se(u) = Au—u+ f(u)

for u € H§;(€2.). Then solving equation (1.2) is equivalent to
Sc(u) = 0,u € Hy(9.).

FixP = (Py,...,Px) € A, Q= (Qi,...,Qx,) € A’. Let.p = w.p + L p be given by
Lemma 2.3 and w. q = w.,q + ®, be given by Lemma 2.1.
In this section we solve the following equation

. ~ 1
SE(WE,P + We Q + (I)) c 657P7Q, o c :K&PyQ'

We first have
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Proposition 3.1 Foreach (P,Q) € A x AB, there exists a unique ®. p.o € KL, o such that
P q P.Q £P.Q

(3.1) Se(Wep + W+ Popq) € Copg
Moreover,
(3.2) 1P pallm) < Cllf(Wep +Weq) — f(Wep) — f(We@)ll 2

and ®_p q is C' smooth in P, Q.
Let us now define a new functional:
M.(P,Q) = & NJ.(W.q + Wep + P.pq)
M.: A" x A® - R
The following energy estimate for M, p q is very important.
Proposition 3.2 For any (P,Q) € A? x Al, we have
M.(P,Q) = e " J.(i=q) + Kil(w)

1 K : K; |P1 _ Pl|
_ 5(71 + 0(1)) Z(e_zi/ls(f’i)) — ('71 + 0(1)) Z W(T)

im1 i=1,il

1 1 |P; — Qi
- X g P2
i=1,...Ky,j=1,...K;

Proof By Lemma 2.5, we just need to show that the introduction of ®. p q is negligible.
Note that by Lemma 2.6 and Proposition 3.1, we have

|@-pallia) = 03w (P - Qil/e).
1/]

Hence
Ms(Py Q) = E_N]E(WE,Q + WE,P) + <W5,P7 (I)E,P,Q>e + <W5,Q7 QE,P,Q>€

- 57N/ fWep + W) @epq + O(|®epqll?)
Q.

= E_N]E(WE,Q + WE,P) + / [f(WE,P + WE,Q

2
— flmp) = 7. @epa + oD wPi - Qjl/2)
irj

:57N]5(W5,Q+W5,P)+0(W(|P_Q|/e))' u
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4 The Reduced Problem: A Maximizing Procedure

In this section, we study a maximizing problem.
Fix P € A, Q € AP. Let ®.p g be the solution given by Proposition 3.1. We define a
new functional

(4-1) ME(P7 Q) = ]E(WE,P + WE,Q + <Df;‘,P,Q) : AI X AB — R
We shall prove

Proposition 4.1 For € small, the following maximizing problem
(4.2) max{M.(P,Q) : (P,Q) € A’ x A?}
has a solution (P%, Q%) € Al x AP

Proof Since M. (P, Q) is continuous in P, Q, the maximizing problem has a solution. Let
M. (P?, Q°) be the maximum where P* € Al, Q° € AB.

We first claim that Q° € A,

In fact, suppose not. Note that IA® C {Q; € 8I‘1j3 or W(@) = en}. Hence if
Q € OAP, we have that either

H(Qj) > min H(P) > H; + 20¢
Pearf

for some j = 1,...,K; and §p > 0 (by condition (H1)) or

1 <|Qk - Qz|> _
SpYPY (. S ) B
€ €
for some k # I.
Hence if Q € AP we have

K,
1 1 QG -Q
MY HQ)+ - Z(Evkz + 0(1))W('le>
j=1 k#l
Ky
>m ZH]' +min (6o, min V).
15

s ket w( LA

Note that mink#l w(Bhl ) Y > inf ey, T > 79 > 0 since for any 7 € %, we have

T = fw)el?”) = l/ fw)e®”) > 0.
RY 2 Jpy

Therefore we have

K,
K -
Me(Pa Q) < (Kl + TZ)I(W) —€ |:’Y] E Hj + min(m&o, min 'Ykln)} + O(e_’)/a)_

Pp—P
j=1 kAL w( @ )=ne
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On the other hand, if we choose Q; such that H(Q;) — H; and w(@)é — 0. We
will have

X E __ =
M.(P,Q) > (K, +K2/2)I(W) — &M ZH(QIE) - Z(%’Ykl + 0(1)>W<|Qk Qll)

- g
i=1 k£l

Ky

> (K, + Ky /2)I(w) — ¢ [m S H - 5}

=1

forany § > 0.
A contradiction!
Hence Q° € AZ. Moreover the above argument also shows that Qi — Q? ase — 0.
We next claim that P* € AL,
In fact suppose not, we have that P° € 9A! and hence

B: = @k, (P7) < max ¢k, (P) := fi.
PcOA!

Note that since Q; — QY|P — Q| >20+o(1)fori=1,...,Ki,j=1,...,K.
In this case, we have by Lemma 3.2 and Lemma 2.5

Ms(Paa QE) = E_NJE(WE,PE + WE,Q5 + (I)E,Pf,Qf)

K
1 }
= E_NJE(W&,QE) +K11(W) - 5(’71 + 0(1)) Ze_ws(})f)

i=1

— Z (’yl +o(l))w<@)

kAL kJ=1,....K,

11 |P; — Q|
- Y (regmren(F
i=1,...,K,j=1,....Ky

(43) < (Izne}é eiN]E(WE,Q) + Kll(W) o Clef(ZJrO(l))ﬂs/E
S

On the other hand, if we take Qf such that
gg\’g e N(Weq) = N L(W-q2)
(hence Qi — Qo) and P, such that it attains the following maximizing problem
(4.4) masmin(px, (), 3[P; = ()} i= .
we obtain that

(4.5) M.(Py, Q%) > max eV L(W.q) + KiI(w) — e o) d:/e
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for some ¢; > 0.
Note thatas e — 0,

(4.6) lim d. — max @k, (P) > §; > lim .
e—0 PeA! e—=0

by assumption (H2).
Since M, (P?) is the maximum, we have by (4.3) and (4.5)

d: < B +o(1)
A contradiction to (4.6)!
Therefore P* € Al.
Moreover, the same arguments show that

¢K1 (Pi, Ce ,P;:(]) — 1’I‘13X(pK1 (P)
PeA!

as € — 0. This completes the proof of Proposition 4.1.

5 Proof of Theorem 1.1

In this section, we apply results in Section 3 and Section 4 to prove Theorem 1.1.

Proof of Theorem 1.1 By Proposition 3.1, there exists o such that for ¢ < £y we have a
C' map which, to any P € A’, Q € AP, associates @ p g € K  such that

8WEP 8WE Q;
Sc(Wep+Weq+Pepq) =Y =+ Y a7
e (W, £,Q p.Q) ; il dP;, Z jl aTlQ]‘

for some constants of; € RNN, o € RON1,

By Proposition 4.1, we have (P°, Q°) € Al x A5, achieving the maximum of the maxi-
mization problem in Proposition 4.1. Let @, = ®. p- o- and u, = W.p- + W q- + Pcp- -
Then we have

Proposition 5.1 u,. is a critical point of J. if and only if (P, Q%) is a critical point of M..

Proof The proof is similar to the proof of Proposition 4.1 in [17]. ]
By the above Proposition, u, is a critical point of J.. Hence u, satisfies
e Au. —u. + f(u) =0, in

ou,
ov

=0 ondN.

Multiplying the above equation by . = min(0, u.), we obtain

(U )e = / F s
Q.
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Hence we have
2/(p+1)
([ ™ e pzc [
€ QE

since p is subcritical.
Thus either

[ wr=c
Q.

or

u 0.

3
By our construction, it is easy to see that [, [u”[P*! = o(1). Hence u. > 0. By Max-
imum Principle u. > 0 in . Moreover ¥ J.(1.) — (K; + K;/2)I(w) and u. has only

K local maximum points PS,...,Pg, Qf,...,Qk,. By the structure of u. we see that
(up to a permutation) Pf — P5 = o(1), Qi — Q; = o(1). Hence o, (P5,...,P%) —
maxpe ! @k, (P1, . .., Px,). This proves Theorem 1.1.
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